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2. The Moyal twist (Rieffel's version 1994)

Assume: A comes with an Abelian symmetry

a:RIxA—A:(x,a) ~ aya.
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2. The Moyal twist (Rieffel's version 1994)

Assume: A comes with an Abelian symmetry
a:RIxA—A:(x,a) ~ aya.

Then (A: C*-algebra, a: strongly continuous isometrical),
a,b € A (C vectors), 6 € so(d):

axgb = / e™Y a,(a) . agy(b) dxdy
RI xR

defines a pre-C*-associative algebra structure on A*°.
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3. Formal Drinfel'd theory

b: Lie algebra.
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3. Formal Drinfel'd theory

b: Lie algebra. A formal twist based on U{/(b) is an element
F e U(b) @ U(b)[[h]] such that
(A )(F).(F®1l) = (I®A)F).(1&F).
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3. Formal Drinfel'd theory

b: Lie algebra. A formal twist based on U{/(b) is an element
F e U(b) @ U(b)[[h]] such that

(AR N(F)(F®1) = (I A)(F).(1®F).

Fact 1: Every U(b)-module algebra (A, o) yields a deformed
associative algebra: Ar = (A[[h]], ur := o F) .
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3. Formal Drinfel'd theory

b: Lie algebra. A formal twist based on U{/(b) is an element

F e U(b) @ U(b)[[h]] such that

(AR N(F)(F®1) = (I A)(F).(1®F).

Fact 1: Every U(b)-module algebra (A, o) yields a deformed
associative algebra: Ar = (A[[h]], ur := o F) .

Rmk: when b non-Abelian, Ar is not U(b)-module algebra (broken
symmetry).
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3. Formal Drinfel'd theory

b: Lie algebra. A formal twist based on U{/(b) is an element

F e U(b) @ U(b)[[h]] such that

(AR N(F)(F®1) = (I A)(F).(1®F).

Fact 1: Every U(b)-module algebra (A, o) yields a deformed
associative algebra: Ar = (A[[h]], ur := o F) .

Rmk: when b non-Abelian, Ar is not U(b)-module algebra (broken
symmetry).

Fact 2: Up(b) = (UO)[[A], pus AF = AFLFr') underlies a
Hopf-algebra (Drinfeld non-standard quantum group).
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3. Formal Drinfel'd theory

b: Lie algebra. A formal twist based on U{/(b) is an element

F e U(b) @ U(b)[[h]] such that

(AR N(F)(F®1) = (I A)(F).(1®F).

Fact 1: Every U(b)-module algebra (A, o) yields a deformed
associative algebra: Ar = (A[[h]], ur := o F) .

Rmk: when b non-Abelian, Ar is not U(b)-module algebra (broken
symmetry).

Fact 2: Up(b) = (UO)[[A], pus AF = AFLFr') underlies a
Hopf-algebra (Drinfeld non-standard quantum group).

Af is a Up(b)-module algebra (external symmetry).
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Symplectic Lie groups

Observation: [F;] is a left-invariant Poisson structure on C*°(BB)
whose symplectic leaf S through unit e in B constitutes a
immersed Lie sub-group of B.
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Symplectic Lie groups

Observation: [F;] is a left-invariant Poisson structure on C*°(BB)
whose symplectic leaf S through unit e in B constitutes a
immersed Lie sub-group of B.

Definition [Lichnerowicz]: A symplectic Lie group is a pair
(S,wS) where S is a connected Lie group and w is a left-invariant
symplectic structure on S. This leads to the notion of symplectic
Lie algebra.
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Symplectic Lie groups

Observation: [F;] is a left-invariant Poisson structure on C*°(BB)
whose symplectic leaf S through unit e in B constitutes a
immersed Lie sub-group of B.

Definition [Lichnerowicz]: A symplectic Lie group is a pair
(S,wS) where S is a connected Lie group and w is a left-invariant
symplectic structure on S. This leads to the notion of symplectic
Lie algebra.

Rmk: Symplectic Lie algebras constitute the semi-classical limit
theory of the general Drinfeld twist deformation theory.
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Symplectic Lie groups

Observation: [F;] is a left-invariant Poisson structure on C*°(BB)
whose symplectic leaf S through unit e in B constitutes a
immersed Lie sub-group of B.

Definition [Lichnerowicz]: A symplectic Lie group is a pair
(S,wS) where S is a connected Lie group and w is a left-invariant
symplectic structure on S. This leads to the notion of symplectic
Lie algebra.

Rmk: Symplectic Lie algebras constitute the semi-classical limit
theory of the general Drinfeld twist deformation theory.

Structure theory for Kahler Lie groups [Piatetskii-Shapiro]:
building blocks are elementary normal J-groups i.e. lwasawa
factors of SU(1, n):

S = AN ~ Rx Heisenberg) .

solvable (
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1. Symmetric spaces

Proposition [Bieliavsky, Voglaire] Every elementary normal
J-group (S,w) admits a unique structure of Ricci type solvable
symplectic symmetric space i.e. admits a complete symplectic
affine connection V such that:

@ centered geodesic symmetries extends as global symplectic
affine transformations:

Sx:S—=>S:y—=sy (x€9)

Q@ S < Aff(V) N Symp(w)
© curvature endomorphisms (RY (X, Y)x : Tx(S) = Tx(S)) are
everywhere nilpotent.
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1. Symmetric spaces

Proposition [Bieliavsky, Voglaire] Every elementary normal
J-group (S,w) admits a unique structure of Ricci type solvable
symplectic symmetric space i.e. admits a complete symplectic
affine connection V such that:
@ centered geodesic symmetries extends as global symplectic
affine transformations:

Sx:S—=>S:y—=sy (x€9)

Q@ S < Aff(V) N Symp(w)
© curvature endomorphisms (RY (X, Y)x : Tx(S) = Tx(S)) are
everywhere nilpotent.
Global diffeomorphism:

S35 S3:(x,y,2) — (t, s, sys;t) t = s¢5,5,t

S(x,y,z) := Symplectic Area®d(x,y, z) .
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2. Hilbert algebras

Om(R)* = invertible Schwartz operator multipliers .
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2. Hilbert algebras

Om(R)* = invertible Schwartz operator multipliers .
Theorem [Bieliavsky, J. Sympl. Geom. 2002] There exists a map
5 Om(R)* — C=(S3)™V: such that to every
m € C®(R, Oy(R)) satisfying mg = 1 is associated an associative
Hilbert algebra (#g,m,*o,m) such that
@ D(S) C Hgm (dense inclusion).
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2. Hilbert algebras

Om(R)* = invertible Schwartz operator multipliers .
Theorem [Bieliavsky, J. Sympl. Geom. 2002] There exists a map
5 Om(R)* — C=(S3)™V: such that to every
m € C®(R, Oy(R)) satisfying mg = 1 is associated an associative
Hilbert algebra (#g,m,*o,m) such that
@ D(S) C Hgm (dense inclusion).
o

Uxgm v(x) =

1 i
GamS /S . VJace(x,y,z)dmy(x,y, z) e 300y:2) u(y) v(z) dydz
X
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2. Hilbert algebras

Om(R)* = invertible Schwartz operator multipliers .
Theorem [Bieliavsky, J. Sympl. Geom. 2002] There exists a map
5 Om(R)* — C=(S3)™V: such that to every
m € C®(R, Oy(R)) satisfying mg = 1 is associated an associative
Hilbert algebra (#g,m,*o,m) such that
@ D(S) C Hgm (dense inclusion).

(2]
Uxgm v(x) =
QTlms /S . VJace(x,y,z)dmy(x,y, z) e#S(xy:2) u(y) v(z) dydz
X
o

left reg. S C Aff(V) N Symp(w) C Aut(Ho,m,*o,m) -
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3. Universal Deformation Formulae

Kom(x,y) = zams v/ Jaco(x,y, €) dmg(x, y, ) e Stoye)
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3. Universal Deformation Formulae

Kom(x,y) = zams v/ Jaco(x,y, €) dmg(x, y, ) e Stoye)
Theorem [Bieliavsky, Gayral, 2010] A: Fréchet algebra;
a: S x A — A strongly continuous isometrical action by

automorphisms. Then
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3. Universal Deformation Formulae

Kom(x,y) = zams v/ Jaco(x,y, €) dmg(x, y, ) e Stoye)
Theorem [Bieliavsky, Gayral, 2010] A: Fréchet algebra;
a: S x A — A strongly continuous isometrical action by

automorphisms. Then
Q For all a,b € A>® (C*-vectors), the oscillating integral:

a*é“%m b = /S ) Kom(x,y) ax(a) ay(b)dy dz
X

makes sense as a element of A,
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3. Universal Deformation Formulae

Kom(x,y) = zams v/ Jaco(x,y, €) dmg(x, y, ) e Stoye)
Theorem [Bieliavsky, Gayral, 2010] A: Fréchet algebra;
a: S x A — A strongly continuous isometrical action by

automorphisms. Then
Q For all a,b € A>® (C*-vectors), the oscillating integral:

a*é“%m b = /S ) Kom(x,y) ax(a) ay(b)dy dz
X

makes sense as a element of A,
@ The map A® x A% — A% : (a,b) > ax4 . bis an
associative Fréchet algebra structure on A™°.
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3. Universal Deformation Formulae

Kom(x,y) = zams v/ Jaco(x,y, €) dmg(x, y, ) e Stoye)
Theorem [Bieliavsky, Gayral, 2010] A: Fréchet algebra;
a: S x A — A strongly continuous isometrical action by

automorphisms. Then
Q For all a,b € A>® (C*-vectors), the oscillating integral:

a*é“%m b = / Kom(x,y) ax(a) ay(b)dy dz
SxS

makes sense as a element of A,

Q@ The map A® x A® — A : (a, b) — a*ﬁm bis an
associative Fréchet algebra structure on A™°.

© When A is C*, (A, x4,,) is pre-C* (non-Abelian
Calderon-Vaillancourt).
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3. Universal Deformation Formulae

Kom(x,y) = g v/ Jaco(x,y, €) dmy(x, y, e) eaxye)
Theorem [Bieliavsky, Gayral, 2010] A: Fréchet algebra;

a: S x A — A strongly continuous isometrical action by
automorphisms. Then

Q For all a,b € A>® (C*-vectors), the oscillating integral:
a*é“%m b = / Kom(x,y) ax(a) ay(b)dy dz
SxS

makes sense as a element of A,

Q@ The map A® x A® — A : (a, b) — a*ﬁm bis an
associative Fréchet algebra structure on A™°.

© When A is C*, (A, x4,,) is pre-C* (non-Abelian
Calderon-Vaillancourt).

Q For fixed m, setting Ay := completion(A°, *9 ) defines a
continuous field of C*-algebras deforming A = Ay.

Pierre Bieliavsky Symmetry of universal deformation formulae



1. Multiplier Hopf algebras

Transvection group: Go = gr{s.s,}xyes -

Pierre Bieliavsky Symmetry of universal deformation formulae



1. Multiplier Hopf algebras

Transvection group: Go = gr{s.s,}xyes -
One-dimensional central extension: 0 # R — G — Gy — 1 ~~
Hamiltonian action G x S — S.
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1. Multiplier Hopf algebras

Transvection group: Go = gr{s.s,}xyes -
One-dimensional central extension: 0 # R — G — Gy — 1 ~~
Hamiltonian action G x S — S.

The symmetry at unit element se : S — S induces an involution:

c:G—= G
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1. Multiplier Hopf algebras

Transvection group: Go = gr{s.s,}xyes -
One-dimensional central extension: 0 # R — G — Gy — 1 ~~
Hamiltonian action G x S — S.

The symmetry at unit element se : S — S induces an involution:

c:G—=G p = {Xeg:=Lie(G) : o X =—-X}.

Pierre Bieliavsky Symmetry of universal deformation formulae



1. Multiplier Hopf algebras

Transvection group: Go = gr{s.s,}xyes -

One-dimensional central extension: 0 # R — G — Gy — 1 ~~
Hamiltonian action G x S — S.

The symmetry at unit element se : S — S induces an involution:

c:G—=G p = {Xeg:=Lie(G) : o X =—-X}.

Linear isomorphisms: p ~ T.(S) ~ s := Lie(S)
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1. Multiplier Hopf algebras

Transvection group: Go = gr{s.s,}xyes -

One-dimensional central extension: 0 # R — G — Gy — 1 ~~
Hamiltonian action G x S — S.

The symmetry at unit element se : S — S induces an involution:

c:G—=G p = {Xeg:=Lie(G) : o X =—-X}.

Linear isomorphisms: p ~ T.(S) ~ s := Lie(S)
Consider linear projection g* — p* ~ p.
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1. Multiplier Hopf algebras

Transvection group: Go = gr{s.s,}xyes -

One-dimensional central extension: 0 # R — G — Gy — 1 ~~
Hamiltonian action G x S — S.

The symmetry at unit element se : S — S induces an involution:

c:G—=G p = {Xeg:=Lie(G) : o X =—-X}.
Linear isomorphisms: p ~ T.(S) ~ s := Lie(S)

Consider linear projection g* — p* ~ p. Pre-compose with
moment map ~» 7 :S — p.
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1. Multiplier Hopf algebras

Transvection group: Go = gr{s.s,}xyes -

One-dimensional central extension: 0 # R — G — Gy — 1 ~~
Hamiltonian action G x S — S.

The symmetry at unit element se : S — S induces an involution:

c:G—=G p = {Xeg:=Lie(G) : o X =—-X}.

Linear isomorphisms: p ~ T.(S) ~ s := Lie(S)
Consider linear projection g* — p* ~ p. Pre-compose with
moment map ~» 7 :S — p.

Transported Schwartz space: Consider the Schwartz space

S :=S(p).
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1. Multiplier Hopf algebras

Transvection group: Go = gr{s.s,}xyes -

One-dimensional central extension: 0 # R — G — Gy — 1 ~~
Hamiltonian action G x S — S.

The symmetry at unit element se : S — S induces an involution:

c:G—=G p = {Xeg:=Lie(G) : o X =—-X}.

Linear isomorphisms: p ~ T.(S) ~ s := Lie(S)
Consider linear projection g* — p* ~ p. Pre-compose with
moment map ~» 7 :S — p.

Transported Schwartz space: Consider the Schwartz space

S :=8(p). Set:

S = 18 c C=(S).
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1. Multiplier Hopf algebras

Transvection group: Go = gr{s.s,}xyes -

One-dimensional central extension: 0 # R — G — Gy — 1 ~~
Hamiltonian action G x S — S.

The symmetry at unit element se : S — S induces an involution:

c:G—=G p = {Xeg:=Lie(G) : o X =—-X}.

Linear isomorphisms: p ~ T.(S) ~ s := Lie(S)
Consider linear projection g* — p* ~ p. Pre-compose with
moment map ~» 7 :S — p.

Transported Schwartz space: Consider the Schwartz space

S :=8(p). Set:

S = 18 c C=(S).
Lemma: Group co-product map A : S — M(S&S).
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1. Multiplier Hopf algebras

Theorem [Bieliavsky, D'Andrea, Gayral] Set

FL .= / Kom(x,y) R; @ Ry dxdy .
SxS
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1. Multiplier Hopf algebras

Theorem [Bieliavsky, D'Andrea, Gayral] Set

FL .= / Kom(x,y) R; @ Ry dxdy .
SxS

m =

(1) FL, FR  S&S — S&S continuous.
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1. Multiplier Hopf algebras

Theorem [Bieliavsky, D'Andrea, Gayral] Set
FL .= / Kom(x,y) R; @ Ry dxdy .
Sx§
(1) FL, FR  S&S — S&S continuous.

(2) *mm = po FL o FR is an associative (Fréchet) algebra
structure on S.
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1. Multiplier Hopf algebras

Theorem [Bieliavsky, D'Andrea, Gayral] Set
FL .= / Kom(x,y) R; @ Ry dxdy .
SxS
(1) FL, FR  S&S — S&S continuous.
(2) *mm = po FL o FR is an associative (Fréchet) algebra

structure on S.
3) (FR)™t = (FEH)T
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1. Multiplier Hopf algebras

Theorem [Bieliavsky, D'Andrea, Gayral] Set
FL .= / Kom(x,y) R; @ Ry dxdy .
Sx§

(1) FL, FR  S&S — S&S continuous.

(2) *mm = o FL o FR is an associative (Fréchet) algebra
structure on S.
() (FR) ™ = (FR)! 1= po Fl o (FRy)!.
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1. Multiplier Hopf algebras

Theorem [Bieliavsky, D'Andrea, Gayral] Set
FL .= / Kom(x,y) R; @ Ry dxdy .
Sx§

(1) FL, FR  S&S — S&S continuous.

(2) *mm = o FL o FR is an associative (Fréchet) algebra
structure on S.
() (FE)* = (FE)! %= o Fl o (FRy)!,

(4) Group co-product map A : § — M,(S&S)
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2. Multiplicative Unitaries

Recall: Kac-Takesaki operator: W : L%(S x S) — L%(S x S)
Wo(x,y) = O(xy,y)  (W:= (@ po)o(AxI))

is unitary and satisfies pentagonal equation:
Wi WisWhs = Wos Wio ( “multiplicative” )
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2. Multiplicative Unitaries

Recall: Kac-Takesaki operator: W : L%(S x S) — L%(S x S)
Wo(x,y) = o(xy,y)  (W:=({&®muo)o(Ael))

is unitary and satisfies pentagonal equation:

Wi WisWhs = Wos Wio (“multiplicative”).

Theorem [Bieliavsky, Bonneau, D'Andrea, Gayral] Consider odd
m = —m. Then:
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2. Multiplicative Unitaries

Recall: Kac-Takesaki operator: W : L%(S x S) — L%(S x S)
Wo(x,y) = O(xy,y)  (W:= (@ po)o(AxI))

is unitary and satisfies pentagonal equation:

Wi WisWhs = Wos Wio (“multiplicative”).

Theorem [Bieliavsky, Bonneau, D'Andrea, Gayral] Consider odd
m = —m. Then:

(1) the formula: fS ot x1) =: < ¢, >, defines a pre-Hilbert
structure on S.
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2. Multiplicative Unitaries

Recall: Kac-Takesaki operator: W : L%(S x S) — L%(S x S)
Wo(x,y) = O(xy,y)  (W:= (@ po)o(AxI))

is unitary and satisfies pentagonal equation:
Wi WisWhs = Wos Wio (“multiplicative”).
Theorem [Bieliavsky, Bonneau, D'Andrea, Gayral] Consider odd
m = —m. Then:
(1) the formula: fS ot x1) =: < ¢, >, defines a pre-Hilbert
structure on S.
(2) the formula
W, = (/®*)O(A®I)

defines a multiplicative unitary operator on H,&H, where
H* = (S, <, >*)
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