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Mathieu Moonshine

Mathieu Moonshine conjecture

In 2010, Eguchi, Ooguri and Tachikawa observed that when the
elliptic genus of a K3 surface, the Jacobi form 2¢q 1(z; 7) of weight
0 and index 1, is decomposed into a sum of the characters of the N
= 4 superconformal algebra with central charge ¢ =6,

o0
2¢01(2;7) = —2ch100(2;7)+20ch1 1.0(2:7)4+2 Y  Anchyno(z:7),

n=1

the first few coefficients A,, are sums of dimensions of irreducible
representations of the largest Mathieu group Mboy,.
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Mathieu Moonshine

Mathieu moonshine conjecture

> Let
Y(q) =g 5(-2+2 Anq"). (1)
n=1

It is a mock modular form of weight %

» Their observation suggests the existence of a graded
Mas-module K = 3°0° ) K,q"~1/8 with graded dimension
¥(q). It is Mathieu analogue to the modular function J(gq) in
the monstrous moonshine

> It is a special case of umbral moonshine. (2013, Cheng,
Duncan and Harvey)
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Mathieu Moonshine

Mathieu McKay-Thompson series

» Subsequently the analogues to McKay-Thompson series in
monstrous moonshine were proposed in several works Cheng
and Duncan, Eguchi and Hikami, Gaberdiel, Hohenegger and

Volpato.
» The McKay-Thompson series for g in M4 are of the form
e ( )5
Ye(q)=q 5 ) q"Tracex, g = — “Te(q
¢ ; n(q)

where Y.(q) = £(q), e(g) is the character of the
24-dimensional permutation representation of My, the series
fg is a certain explicit modular form of weight 2 for some
subgroup M°(N,) of SL(2,7Z) and 1 is the Dedekind eta
function.
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Mathieu Moonshine

Gannon's result

Terry Gannon has proven that these McKay-Thompson series
indeed determine a Mys-module:

Theorem (Gannon2012)

The McKay-Thompson series determine a virtual graded
Mos-module K =577 K,q" /8. For n > 1, the K,, are honest
(and not only virtual) Maa-representations.
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Mathieu Moonshine

Symplectic automorphism groups of K3 surfaces

A complex automorphism g of a K3 surface X is called symplectic
if it preserve the holomorphic symplectic 2-form,

The finite symplectic automorphism groups of K3 surfaces are all
isomorphic to subgroups of the Mathieu group Ma3 of a particular
type. Mb3 is isomorphic to a one-point stabilizer for the
permutation action of Mys on 24 elements.

Theorem (Mukail988)

A finite group H acting symplectically on a K3 surface is
isomorphic to a subgroup of M»3 with at least five orbits on the
regular permutation representation of the Mathieu group

Mb>4 O Mb3 on 24 elements.
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Mathieu Moonshine

Relation to K3 surfaces

Thomas Creutzig and Gerald Hohn showed that

» the complex elliptic genus of a K3 surface can be given the
structure of a virtual Mys-module which is compatible with
the H-module structure for all possible groups H of symplectic
automorphisms of K3 surfaces under restriction.

> it is the graded character of a natural virtual module for the N
=4 super conformal vertex algebra.
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Mathieu Moonshine

Relation to K3 surfaces

If g is a symplectic automorphism of a K3 surface, the functions
Y ¢(q) admit a geometric interpretation in terms of K3 surfaces.

Theorem (Creutzig-Hohn2012)

For a non-trivial finite symplectic automorphism g acting on a K3
surface X, the equivariant elliptic genus and the twining character
determined by the McKay-Thompson series of Mathieu moonshine
agree, i.e. one has

e
Ellx g(z;7) = §g2)¢0’1 + fyb_21.
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Mathieu Moonshine

» We will construct a graded vector space
i 1
Ax(q) = 3 Aa(X)q" 5.
n=1

The graded dimension of Ax(q) is X(q) + 2q7%. For a finite
symplectic automorphism g acting on a K3 surface X,

o0
_1 -1
Y.(q) +2q7 8 = E q" straces,(x)g = traces,(q)8-

n=1

» We will show 2A, are even.(2012 Gannon)
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Mathieu Moonshine

original construction

Let Qf{’ be the chiral de Rham complex on X, by the following fact

» HO(X,Q$0) is the simple N = 4 vertex algebra with central
charge ¢ = 6;
> H(X,08) = HO(X,950),
» The graded dimension of
HO(X, Q8 — HY(X, Q) + H?(X, Q$) is the elliptic genus of
X.
» HY(X, Q%)) is a representation of H(X,Q$)
If the representaion is unitary, we immediantly get the
decomposition formular of the elliptic genus. However we can not
prove it. So we take a filtration F'H(X,Q$") of H}(X,Q$P"), such
that its associated graded object is a unitary representation of
HO(X,Q%). The space of highest weight vectors is what we want.
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Elliptic genus

A free system

Let V be an 2k dimensional complex vector space.
Let W(V) is be the vertex algebra generated by
even elements B(2), ¥ (z), X eVxeV*
odd elements b¥'(z), c*(z) x' eV, xe V*
with their nontrivial OPEs are

!

B (2)a (w) ~ (X', x)(z = w) 2.

b (2)cX(w) ~ (X, x)(z — w) L.

Here for P = 3, a, b or ¢, we assume ai PXt + a, P2 = pavxataye,
W(V) is a system of free bosons and free fermionics.
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Elliptic genus

An Hermitian form on W(V)

If there is an positive definite Hermitian form on V. Let x{,--- xy

be an orthonormal basis of V' and xi,--- xp be its dual basis in
V*. W(V) is equipped with a positive definite Hermitian form
(—, —) with the following property:

(BE(;';)A, B) = (A} ,B), forany n€Zn+0,YA BeW(V);

(bX;-")A, B) = (A, c(X’;nfl)B), for any n € Z,YA, B € W(V).
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Elliptic genus

A bilinear form

The state space of W(V) is the supercommutative ring freely

generated by CE(,‘;), b(X,"I), ),ﬁ(n , n < 0. The is a nondegenerate
symmetric bilinear form

(—, =) W(V)xW(V)—C,

given by (B, o) = 07X/ (x), (by', c) = 0px(x)
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Elliptic genus

An involution

Let Z: W(V) — W(V) be the antilinear vertex algebra
automorphism given by
b)) =ty L) = blay:
Z(Bm) =y o) =By

We have
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Elliptic genus

N=4 superconformal vertex algebra

Let V(V) be N = 4 superconformal vertex algebra with central
charge ¢ = 6k generated by the following elements:
2k

L(z) =) (: ¥ (2)a"(2) : — : b (2)0c"(2) 2),

i=1
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Elliptic genus

N=4 superconformal vertex algebra

We have
QEkn) = G(—n+1)7 J(*n) = J(—n)7
?n) = L(—n+2) —(n— 1)J(—n+1)7 D(*n) = _E(—n)'
Bioy = C—n+1):
So W(V) is a unitary representation of V(V).
Z(Qn)) = G(n); Z(Jn)) = =Jn>

Z(L(n)) = Liny + nd(n-1), Z(D(ny) = Eny-
Z(B(ny) = C(n)s

7 maps irreducible representation of V(V) to irreducible
representation of V(V).
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Elliptic genus

Irreducible unitary representations

For an irreducible unitary representation My p; of N = 4 vertex
algebra V(V) with central charge ¢ = 6k, there is a unique
element (lowest weigbt vector) satisfying condition(*)

L(,,)v:O,n>1; J(,,)v:0,n>0;

G(,,)v =0, Q(n)v =0,n>0;
B(n)v =0; C(,,)v = 0, n>0.
E(n)v:O,nZO; D(,,)v:O,n>0;

My ps is labeled by the conformal weight h and fermionic number
of v
L(l)v = hV, J(O)V = Iv.
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Elliptic genus

Character

There exist two types of unitary representations of V(V):

massless (BPS) : h=0, /=0,1,--- ,k

massive (non-BPS): h>0,/=0,1,--- ,k— 1.

The character of a representation M of the N = 4 vertex algebra is
defined by

chy(z;7) = (—y) *tracem(—y) @ q"w.

Let chy p(z; T) be the character of the representation M p ;. We
have chy pi1.1(2;7) = chy1,(z; 7)q", for h > 0.

Bailin Song Mathieu moonshine and K3 surfaces



Elliptic genus

Elliptic genus

For a complex manifold X, let W(TX) be the vector bundle of
vertex algebra over X, with its fibre at x € X is W( T X).

W(TX) = Sym* (@) (T & Ti)) QA (@DTy1g0 © T 1))

The complex elliptic genus of X is

_dimX

Elix(z;7) =y~ 2 Z(—l)i Traceyi(x w(rxy) (—y) @ g"0.
For an automorphism g of X, the equivariant elliptic genus of X is

Ellx g(z;T) =y 2 Z(—l)"TraceH,-(KW(TX)) g(—y)oqtm

Here g = €277

Bailin Song Mathieu moonshine and K3 surfaces



Elliptic genus

HyperKahler manifold

In this talk, we assume X is a HyperKahler manifold with
dimension 2k: a Kahler manifold with its holonomy group Sp(k).
Some properties:

» X has a holomorphic symplectic form w. If w is the Kahler

1 o ka =k __ 1 2k
form, we can choose w such that TawW AW = 2T

» lts Ricci curvature vanishes.

» lts elliptic genus Ellx(z; ) is a Jacobi form.

» HOX, W(TX)) = W(TX)%PH) so Q,G,J,L,D,E, the
generators of N = 4 vertex algebra are global sections of
W(TX).

Example: K3 surface.
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Elliptic genus

Duality operator 1

Let Q%/(X, W(TX)) be the space of (0, /) differential forms on X
with values in W(TX).

The Kaher form
w= \HZ @i \ @i
in terms of a unitary coframe 1, - , Yok.
Foraset | = {it,---,ii} C{1,---,2k}, let ¢ = @; A--- Ay, let
I'={1,---,2k} — I, let ¢, = £1 is the number such that

Let

s 0 QU(X,W(TX)) — Q¥2K/(X, W(TX))
such that for n = Y n,@; € QU/(X, W(TX), *n =" €, J(n1) @7
We have
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Elliptic genus

Duality operator 2

» The bilinear form on W(T,X) induce the bilinear form
Q%(X, W(TX)) x Q**~I(X, W(TX)) - C
1
(n,¥) = /szwr>k,wk Npr A er
/ !

» The K&hler metric induces an Hermitian metric on W(TX),
so we have an Hermitian metric on Q%/(X, W(TX))

1 _
) = [ Sy g

» We have

(n, x¢) = (n,9)

Bailin Song Mathieu moonshine and K3 surfaces



Elliptic genus

Duality operator 3

> We can use the complex (Q%*(X, W(TX)), ) to compute
the cohomology H'(X,W(TX)). The dual of 9 is

O =—%x0x*.

Let A = 00* + 0*0 be the Laplacian, the cohomology of
W(TX) is isomorphic to Ker A.

» H(X,W(TX)) is a unitary representation of the N = 4
vertex algebra.

» * gives an antilinear isomorphism from H'(X, W(TX))to
H2k=1(X, W(TX)).

» x maps irreducible representation of the N = 4 vertex algebra
to irreducible representation of the N = 4 vertex algebra.
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Elliptic genus

An operator on Q%*(X, W(TX))

> Let Fy : QO%(X, W(TX)) = Q*+1(X, W(TX)),

Fir= RGN ) = (P16 b5 gy g = PI00 2 99 ).

Here *(z) = Zn#o (2 " and R is the curvature of TX.
» The dual of Fy is F{ = — * Fy*.

» F; commute with the action of the N = 4 vertex algebra.
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Elliptic genus

The operators F;

F; comes from the chiral de Rham complex Q§<h.

The chiral de Rham complex on X has a soft resolution (Q;h’*, Q)
by "tensor” QS with Q())(’*, the sheaf of smooth (0, %) forms.
There is a canonical linear isomorphism

& - Q% (X, W(TX)) = Q" (X).

P(Q)=0+F+F+-
Q? =0 implies OF, + F10 = 0 and 0F> + F20 = F1Fi.
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Elliptic genus

A new cohomology

» OF; + F10 = 0. We get
Fi o H (X, W(TX)) — H (X, W(TX)).

» There is F : Q0% (X, W(TX)) — Q%*F1(X, W(TX)), such
that 5/‘_2 + Fzé = FF. So

Fi=0.

» (H*(X,W(TX)),F1) is a complex.
Let H*(X) be its cohomology.

H*(X) = Ker F1 N Ker Ff
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Elliptic genus

cohomology

H'(X) is a unitary representation of the N = 4 vertex algebra
with central charge ¢ = 6k.

% gives an isomorphism H/(X) to H?k~/(X). And #* = (—1)'.

HO(X) 2 W(TX)® = HO(X, Q),

here g is the space of algebraic vector fields on T, X which
preserve w|y.

HO(X) contain the N = 4 vertex algebra. We expect it is

exactly the N = 4 vertex algebra. It is true of K3 surface.

Bailin Song Mathieu moonshine and K3 surfaces



Elliptic genus

Space of highest weight vectors

> Let Ah /(X) be the space of the vectors satisfying condition
(*) (hlghest weight vector) of the unitary representation
H'(X) of the N = 4 vertex algebra with conformal weight h
and fermionic number /.

> E(Io)* gives an antilinear isomorphism form .A;'L,(X) to

AT (X)
> E(Io) * E(Io)* = (-1)*.

» If | + k is odd. E(Io) * E(Io)* = (—1)’+" =—1.
dim AZ’,(X) is even.
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Elliptic genus

Decomposition of elliptic genus 1

ook
HI(X) = @Mko@f\o: @ (D B Mipi @ Aj (X))
1=0 n=1 /=1

Let A, , = dim Aj ,(X)
The elliptic genus of X is

Ellx(z;7) = Z(—l)iTraceH,-(X)(—y)J(O)qL(l)

k 2k o oo k-1 2k o
= > QO (()'A Nehicos(zm)+) D (D (-1 AL )ehini(z:7))
I=0 i=0 h=11=0 i=0
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Elliptic genus

Decomposition of elliptic genus 2

Theorem
If X is a HyperKahler manifold, then its elliptic genus has
decomposition
k—1 oo
E//X Z 7‘ Zao/chkO/ Z, T —i—ZZahHthchk,l,/(z;T))
=0 h=0

Here ap; is even when k + | is odd.
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K3 surface

Elliptic genus of K3 surface 1

We apply the previous result of elliptic genus to K3 surface. If X is
a K3 surface.
» Unitary representation When k = 1:
massless: M1 g0 and My g1
Massive: Ml,h,l
» H2(X) = HO(X) is isomorphic to My gp.
» dim H%1(X) = dim H?>!(X) = 0 and dim H»'(X) = 20.
The weight zero part of H1(X) is HY1(X).
Obviously H11(X) = Aé’l(X) and A(l)vl(X) = 0.
> HUX,QF) = Mio1 ® HYH(X) ® (952 M1 po @ A7 o(X)).
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K3 surface

Elliptic genus of K3 surface 2

> We get the decomposition of the elliptic genus of K3 surface,

oo
Ellx(z; 7) = —2chy0,0(z; 7)+20ch1 0.1(z; 7)+2 Z Anchy no(z; 7).
h=1

Here A, = 1AL ((X).
» Since A,l70 is even, Ay is integer .

» We have constructed a graded vector space
> 1
Ax(q) =D A o(X)q" 5,
h=1

which has the exact dimension for Mathieu moonshine.
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K3 surface

Equivariant Elliptic genus of K3 surface

If g is a finite symplectic automorphism of X, elements of H°(X)
and H?(X) are g invariant. Action of g commute with the action
of N = 4 vertex algebra.

EIIX7g(z; 7') = —2Ch170’0(2; 7’) + Ch170,1(2; T)traceHl,l(X)g

o)
+ Z trace s (x)8 chi no(z; 7).
h=1
Compare with Thomas Creutzig and Gerald Hohn's result

e
Ellx g(z;7) = ig)fﬁo,l + a0 21,

we get :

)
1 _1
Zg(q) +2q8 = E q" 8 traceA};,z(X)g = traceAX(q)g.

n=1
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Questions

By Gannon's result, Ax(q) is an Mas module. How to construct a
concrete Mp4 module structure on Ax(q)?

By our construction, we can construct a vector bundle on the
moduli space of HyperKaher structure of K3 surfaces.

Can we glue the finite symplectic automorphism in different K3
surface?
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Thank you!
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