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Theta Functions for Positive Definite Lattices

Let A be a positive-definite, even lattice. Theta functions are defined
as: .
Of(r,3) = > " peAT/A
neA+p
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Theta Functions for Positive Definite Lattices

Let A be a positive-definite, even lattice. Theta functions are defined
as:

93(773) — Z q%n2€27m'3-n’ LE A*/A
neA+p

e Elliptic transformations:
Q — @
®p(7—33+m)—®H(T,5) fOFmGA,

@E(T,Zﬁ +m7) = q_%m26_2m3'm @8(7,3) form € A.
e Modular Transformations:
02(r+1,3) = ™ 09(r,3),
. \N/2
@Q <_1 3) _— m 7”3 Z e—27rzp, I/@Q (7_ 3)
TT A A
veA* /A
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Theta Functions and Indefinite Signature Lattices?

Theta functions we defined do not converge for indefinite signature
lattices, signature (N4, N_), since q"2/2 factors grow unbounded
along negative-definite directions.

e However, we can form real analytic modular forms for indefinite
signature lattices.

3
Indefinite Theta Series and Applications /10 y



Theta Functions and Indefinite Signature Lattices?

Theta functions we defined do not converge for indefinite signature
lattices, signature (N4, N_), since q"2/2 factors grow unbounded
along negative-definite directions.

e However, we can form real analytic modular forms for indefinite
signature lattices.

e Preserving holomorphy?
2 ; . .
Example: Z q" ?e*™™3 where C is a non-negative cone.
ne(A+u)NC
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Theta Functions and Indefinite Signature Lattices?

Theta functions we defined do not converge for indefinite signature
lattices, signature (N4, N_), since q”2/2 factors grow unbounded
along negative-definite directions.
e However, we can form real analytic modular forms for indefinite
signature lattices.
e Preserving holomorphy?
Example: Z q”2/262m”'?’ where C is a non-negative cone.
ne(A+u)NC
An even more specific example:

N_
2 2% [T (sen(c; - n) —sen (¢ -n)) | 42"
n€A+p j=1
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Lorentzian Lattices and Mock Modularity

For signature (n — 1,1) (Lorentzian) lattices,

Z % [sgn (c-n) —sgn (' - n)] q"2/2,
n€A+p

the modular completion for signature (n — 1,1) (Lorentzian) lattices
is given by [Zwegers 2002]:

sgn(c-n)—sgn(d-n) — [erf (c-ny2mre) —erf (¢ - n 2777-2),]

where 2 =¢2=—1landc-c <0.
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Lorentzian Lattices and Mock Modularity

For signature (n — 1,1) (Lorentzian) lattices,

Z % [sgn (c-n) —sgn (' - n)] q"2/2,
n€A+p

the modular completion for signature (n — 1,1) (Lorentzian) lattices
is given by [Zwegers 2002]:

sgn(c-n)—sgn(d-n) — [erf (c-ny2mre) —erf (¢ - n 2777-2),]

where 2 =¢2=—1landc-c <0.

o erf(z+/7) :/due* v—u) sgn(u)
R
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Lorentzian Lattices and Mock Modularity

For signature (n — 1,1) (Lorentzian) lattices,

Z % [sgn (c-n) —sgn (' - n)] q"2/2,
n€A+p

the modular completion for signature (n — 1,1) (Lorentzian) lattices
is given by [Zwegers 2002]:

sgn(c-n)—sgn(d-n) — [erf (c-ny2mre) —erf (¢ - n 2777-2),]

where 2 =¢2=—1landc-c <0.

o erf(zy/m) = /duei 2=u) sgn(u) [Convolution: sgn(i)*e_”ﬂ
R
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Lorentzian Lattices and Mock Modularity

For signature (n — 1,1) (Lorentzian) lattices,

Z % [sgn (c-n) —sgn (' - n)] q"2/2,
n€A+p

the modular completion for signature (n — 1,1) (Lorentzian) lattices
is given by [Zwegers 2002]:

sgn(c-n)—sgn(c -n)— [erf (c-ny2mre) —erf (¢ - n 2777-2),]

where 2 =¢2=—1landc-c <0.

o erf(zy/m) = /duei 2=u) sgn(u) [Convolution: sgn(a:)*e‘”ﬂ

e In physics [Akhoury, Comtet]: H = &- iy T(W'(x )2 + W ()03
With ¢4 = W/(+00), the supersymmetrlc partition function is:

2 (o~ i67) e lono) o)
o
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Indefinite Theta Series for All Signatures
[Alexandrov, Banerjee, Manschot, Pioline 2016], [N 2016], [Westerholt-Raum
2016], [Kudla 2016], [Funke, Kudla 2017], [Zagier, Zwegers]
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Indefinite Theta Series for All Signatures
[Alexandrov, Banerjee, Manschot, Pioline 2016], [N 2016], [Westerholt-Raum
2016], [Kudla 2016], [Funke, Kudla 2017], [Zagier, Zwegers]

Z l% H (sgn (c; -m) — sgn (c; n)) q%nz

neEA+p j=1

Modular completion is achieved by replacing

T

Hsgn (—f(j) n) — E, ((f(l),...,f(T)), 2721’)

j=1

where the ‘generalized error function’ is defined by (in an orthonormal basis):

E.(M;u) = /dTu' B R O Pl (MT).

RT
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Indefinite Theta Series for All Signatures
[Alexandrov, Banerjee, Manschot, Pioline 2016], [N 2016], [Westerholt-Raum
2016], [Kudla 2016], [Funke, Kudla 2017], [Zagier, Zwegers]

Z l% H (sgn (c; -m) — sgn (c; n)) q%nz

neEA+p j=1

Modular completion is achieved by replacing

T

Hsgn (—f(j) n) — E, ((f(l),...,fm), 2721’)

j=1

where the ‘generalized error function’ is defined by (in an orthonormal basis):
E.(M;u) = /dTu' B R O Pl (MT).
R’V‘

2 . 5 .
[Imbimbo, Mukhi]: H = By L(0:W(x)” — xixb0:0;W (2). Defining
y’ = 9;W (x) and B the range of this mapping, the susy partition function is:

o ()" e
I 2
5/10
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Indefinite Theta Series for All Signatures
[Alexandrov, Banerjee, Manschot, Pioline 2016], [N 2016], [Westerholt-Raum
2016], [Kudla 2016], [Funke, Kudla 2017], [Zagier, Zwegers]

N_
Z 2% H (Sgn (¢j - m) —sgn (c; n)) q%n2
nE€A+u j=1

Modular completion is achieved by replacing

T

Hsgn (ff(j) n) — B, ((f(l)7 MY, 27273)

j=1

where the ‘generalized error function’ is defined by (in an orthonormal basis):
E.(M;u) = /dru' B R O Pl (MT).
R"‘

2 p 5 .
[Imbimbo, Mukhi]: H = % + 1 (W (x))® — $x1x30:0;W (x). Defining
y’ = 9;W(z) and B the range of this mapping, the susy partition function is:

N | dy (ﬁ)% e PWD/2,
I 27

ex: Elliptic genera of squashed toric sigma models [Gupta, Murthy, N 2018].
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Shadows or ‘What are these functions?’

The 7 derivative of E, (F;/2mx) is:

—Z ET ] 2mra (fO)-2)? o 77
Ry =1 @) g2 D2) N B, 1 (B0 L0y v/ 200)
]:
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Shadows or ‘What are these functions?’

The 7 derivative of E, (F;/2mx) is:

R — j 2o (£ .z)” .
" V2n > 1 @ . g 2r( D) N B,y (Fyy L0y v/200)
]:

0= [Indefinite theta series of signature (N4, N_) |
— 12 3 [[Weight 3 unary theta function]*] X

2

[[Indefinite theta series of signature (N, N_ — 1) ]]
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Shadows or ‘What are these functions?’

The 7 derivative of E, (F;/2mx) is:

_——27_2 ]gl f(]) . E,._1 (F[7]/{]}l{]}7 27-2;17)

0= [Indefinite theta series of signature (N4, N_) |
— 12 3 [[Weight 3 unary theta function]*] X

2

[[Indefinite theta series of signature (N, N_ — 1) ]]

e Mixed mock modular forms are defined as real analytic modular
forms satisfying %h(r, T) € ©; (ngMkJrrj ® M2+rj>.
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Shadows or ‘What are these functions?’

The 7 derivative of E, (F;/2mx) is:

_\/TTQ; - Byt (Fyy/yLy; V22z)

0= [Indefinite theta series of signature (N4, N_) |

= 7'2_1/2 3 [[Weight % unary theta function]*] X

[[Indefinite theta series of signature (N, N_ — 1) ]]

e Mixed mock modular forms are defined as real analytic modular
forms satisfying %h(r, T) € ©; (ngMkJrrj ® M2+Tj>.

¢ Indefinite theta functions lead us to a more general space where T
derivative could involve mock modular forms (of higher depth).
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An Example: Vafa-Witten Invariants
U(N) Vafa-Witten Invariants on P?:

e U(2) case: h;(igg) a = 0,1 where hy  is three times the Hurwitz

class number generator function. [Vafa, Witten 1995]
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An Example: Vafa-Witten Invariants
U(N) Vafa-Witten Invariants on P?:

e U(2) case: h;(igg) a = 0,1 where hy  is three times the Hurwitz
class number generator function. [Vafa, Witten 1995]

e U(3) case: h;’ijgg), 1=0,1,—1 where [..]

1
h3o(T) = g+ 3¢ +17¢% + 41¢* + 78¢° +120¢° +193¢" + . . .,

5 8 11 14 17
h371(7') = hg’_l(T) = 3q§ + 15(]§ + 36(]7 + 69q? + 114q? + ...

These functions can be written in terms of signature (2,2)
indefinite theta series [Manschot 2014, 2017].
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An Example: Vafa-Witten Invariants
U(N) Vafa-Witten Invariants on P?:
e U(2) case: h;(igg) a = 0,1 where hy  is three times the Hurwitz
class number generator function. [Vafa, Witten 1995]

e U(3) case: h;’ijgg), 1=0,1,—1 where [..]

1
h3o(T) = g+ 3¢ +17¢% + 41¢* + 78¢° +120¢° +193¢" + . . .,

5 8 1 14 17
h371(7') = hg’_l(T) = 3¢3 + 15¢3 + 363 +69¢3 + 11493 +....

These functions can be written in terms of signature (2,2)
indefinite theta series [Manschot 2014, 2017].

e Modular completion can be written as:

E?»,,u(T» 7:) = h3,,u(7—)

_2\/§7T
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Circle Method
h

Goal: A Rademacher series for f3 ,(7) = 73(‘;5—;) [Bringmann, N 2018]

extending results of [Bringmann, Manschot 2010] on mixed mock modular forms.
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Circle Method

. h
Goal: A Rademacher series for f3 ,(7) = 73(‘;5—;) [Bringmann, N 2018]
extending results of [Bringmann, Manschot 2010] on mixed mock modular forms.

Writing f3,(7) = 302 o as u(n) ¢" 2+ we have

it1 N
asz ,(n) =/ fau(T)e” mi(n—8u)T g7
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Circle Method
h3,u(r)

Goal: A Rademacher series for f3 ,(7) = 59 - [Bringmann, N 2018]
extending results of [Bringmann, Manschot 2010] on mixed mock modular forms.

Writing f3,(T) = 3202 o as u(n) ¢" 2+ we have

it1 N
asz ,(n) :/ fau(T)e” mi(n—8u)T g7

If f3,(7) were a weakly holomorphic modular form, this would be
an easy task. We would use an integration path that gets closer and
closer to the real line near the rationals and use f3 ,'s behavior at ioo:

1
fau(r) = §q_%5u,0 + non-polar terms.
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Circle Method
h3,u(r)

Goal: A Rademacher series for f3 ,(7) = 59 - [Bringmann, N 2018]
extending results of [Bringmann, Manschot 2010] on mixed mock modular forms.

Writing f3,(T) = 3202 o as u(n) ¢" 2+ we have

i+1 N
asz ,(n) :/ fau(T)e” mi(n= AT g

If f3,(7) were a weakly holomorphic modular form, this would be
an easy task. We would use an integration path that gets closer and
closer to the real line near the rationals and use f3 ,'s behavior at ioo:

1
fau(r) = §q_%5u,0 + non-polar terms.

That is not enough to determine the behavior near rationals, e.g.

1 ico U 2v3a (3w)
6

—Z) =773/2 T)+c P2.a(7) w
f3’u< T> - Zd’v,u [fs,u( )+ n(r)? /0 (—i (w+7))%d
| e (wa)V2esa (3w)
c — —dws dwy | .
- Zn(r)° / / (=i (w2 +7))2 (=i (w14 7))2 i 1]

Indefinite Theta Series and Applications



Application to Vafa-Witten Invariants
Each of f3, (1), hf](ig;) and n(i)g has ¢—3/8 pieces that contribute to

the Fourier coefficients. How about the integrals?
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Application to Vafa-Witten Invariants
Each of f3, (1), hf](ig;) and n(l)g has ¢—3/8 pieces that contribute to
the Fourier coefficients. How about the integrals?
For this purpose, we find Mordell-type representations, e.g. the two

dimensional integral can be expressed as

[ gl gt
RQ
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Application to Vafa-Witten Invariants
Each of f3, (1), hf](ig;) and n(l)g has ¢—3/8 pieces that contribute to
the Fourier coefficients. How about the integrals?
For this purpose, we find Mordell-type representations, e.g. the two
dimensional integral can be expressed as

[ gl gt
RQ

Comparing with ¢~3/8 term, the exponentially growing part is given
by restricting the integral to the w? 4+ w3 + wywy < % region.
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Application to Vafa-Witten Invariants
Each of f3, (1), hf](ig;) and n(l)g has ¢—3/8 pieces that contribute to
the Fourier coefficients. How about the integrals?

For this purpose, we find Mordell-type representations, e.g. the two
dimensional integral can be expressed as

[ gl gt
RQ

Comparing with ¢~3/8 term, the exponentially growing part is given
by restricting the integral to the w? 4+ w2 + wywy < % region.
Now, the circle method can be used with these modified polar terms.

e Fourier coefficients of depth-two f3 ,(7) are expressed as a series,
taking as input only the polar terms of the involved holomorphic
functions and some information on the shadow.

e The mock terms in the modular transformation contribute

power-law suppressed terms to the leading asymptotics of Fourier
coefficients.
(-
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Thank you!
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