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1. Introduction

The human race has always been guided by the quest So that I may perceive whatever holds //
The world together in its inmost folds — or in the original, German version: Dass ich erkenne,
was die Welt // Im Innersten zusammenhdlt [1]. And it has been a long journey: the first strives
of the human spirit to understand the inner principles governing nature are as old as civilisation
itself. It has been remembered, for example, that more than two and a half millenia ago the
ancient Greek philosopher Leucippus claimed nature to possess inner elements of structure, the
atoms — or the indivisible ones (as coined by Democritus). An alternative theory of everything
foresaw the existence of four basic elements (ranging from water to fire) upon which nature is
built. Although the idea of the atom is an ancient one, a lot of time passed before the idea of
atomic clusters (that is, molecules) was established by Robert Boyle in 1661. Approximately a
decade later, Isaac Newton developed the corpuscular theory of light, for which he claimed that
it consists of minute particles (corpuscles).
Nowadays the prevalent explanation of the features of light is that of corpuscle-wave duality:
the light may behave more as a set of corpuscles or as a wave, depending on the experimental
surrounding. Indeed the light corpuscles — the photons — act as transmitters of one of the
fundamental forces of nature: the electromagnetic interaction. This interaction is known to affect
all particles carrying electric charge (electrons, protons, ...). It is essential for the attraction of
atomic nuclei (consisting of the positive-charge protons and neutrons that carry no charge) and
the electrons, that build a negative-charge cloud around the atomic nuclei and allow for atoms
to bind into more complex structures, the molecules.
It has been known since the age of Charles Coulomb (18" century) that the electromagnetic
(back then: only electric) interaction possesses an infinite range — it is inversely proportional to
the squared distance between two charges:
1

Fo ~ o
There is, however, another interaction with such a feature: the gravity. This interaction occurs
between objects that possess a mass, be it point-like objects such as electrons (mass ~ 1073! kg
or, in units more commonly used in physics nowadays, ~ 511 keV) or very large objects such as
the sun (~ 103" kg) or even planetary systems, galaxies and galaxy clusters.
According to Newton’s law of universal gravity, the magnitude of this force is also proportional
to 1/r2. Just as the electromagnetic interaction, gravity is expected to possess its transmitter
particles (gauge bosons), denoted as gravitons. Newton himself did not coin the name but was
reportedly dissatisfied with the action at a distance implied by his gravity law (and he expected
a mediator of gravity to exist). The problem of action at a distance is indeed solved by the
introduction of gravitons; however, these particles — if they exist — have remained elusive to
experimental observation. The basic difference between photons and gravitons is their spin:
photons possess spin one whereas gravitons are expected to possess spin two rendering them
rather difficult to examine theoretically [2]. However, gravity without gravitons would mark a
special case of an elementary force without gauge particles because not only the electromagnetic
interaction but also the other two elementary forces — the strong and the weak interactions —
possess their gauge bosons as well.



The weak force has actually been unified with the electromagnetic force into the electroweak
one in the groundbreaking work of Glashow, Weinberg, Salam and Ward in the 1960s and 1970s
[3]. The ensuing Standard Model of electroweak interactions describes simultaneously the twelve
building blocks of nature known to the modern physics:

6 quarks: u (up), d (down)
(strange), ¢ (charm)

s
b (bottom), ¢ (top)

and

6 leptons: e (electron), v, (electron neutrino)
p (muon), v, (muon neutrino)

7 (tau), v, (tau neutrino)

(plus twelve antiparticles). The masses of these particles vary significantly: for example, as we
will see in the next chapter, the mass of the ¢ quark is approximately 50000 times larger than
the masses of the v and d quarks. Nonetheless, the Standard Model actually starts with the
assumption that the particles possess no mass; this includes the gauge bosons of the electroweak
interaction, labelled as W+ and Z° as well as the gauge boson of the electromagnetic interaction,
the photon [in the language of modern physics: the local SU(2); x U(1)y symmetry]. The sym-
metry is broken by the famous Higgs mechanism that gives mass to all leptons except neutrinos
as well as to W* and Z°; the photon remains massless. The predictions of the Standard Model
have been confirmed to a high precision by various experiments [4]. Only the Higgs boson has
remained elusive at Tevatron as well as at the Large Hadron Collider LHC at CERN (but, if it
exists, it should be discovered at the LHC).

There are actually attempts to extend the Standard Model to the physics beyond (again, if such
physics exists — this is also, in principle, verifyable at the LHC). One extension is supersymmetry
[5], where one assumes that to each observed boson and the as-yet unobserved Higgs (integer-
spin particles) there is a supersymmetric fermion counterpart (and analogously for the observed
fermion). This renders the lightest of the supersymmetric particles — the LSP — stable under the
so-called R-parity; the LSP is a candidate for a dark-matter particle.

A further possible extension of the Standard Model is represented by technicolour models [6].
These models are based upon the observation that the Higgs boson — if it exists — would be the
only elementary scalar particle known to modern physics, i.e., it would possess spin zero. All the
other elementary particles are not scalar: the already mentioned quarks and leptons are fermions
as they possess spin 1/2 whereas the gauge bosons possess spin 1 or spin 2, depending on the
interaction considered. Indeed, until now all scalar states first assumed to be elementary were
eventually determined as composite (such as the o meson of the strong interaction, discussed
below). For this reason, technicolour models assume the Higgs boson to be composite as well,
consisting of so-called techniquarks. Techniquarks are expected to be several times heavier than
the heaviest observed quark (the ¢ quark) but should in principle also be accessible to the LHC.
(Note that there is also a technicolour candidate for the dark matter particle: technicolour-
interacting massive particle or TIMP [7].)



The work presented in this thesis will consider a different type of interaction: the strong one. This
interaction is responsible for the stability of the nucleons, i.e., protons and neutrons (and thus of
atoms and molecules); it is similar to the electromagnetic interaction as it also possesses massless
gauge bosons — the gluons. Given that the gluons are massless just as the photons, one might
expect the range of the strong interaction to be infinite, just as in the case of the electromagnetic
one. However the strong interaction actually possesses a very short range (~ 1 fm = 10715
m, the nucleon radius). Additionally, the gluons, while not charged electrically, nonetheless
carry a different sort of charge: colour. They are transmitters of the strong interaction between
quarks; however, their colour charge allows them to not only interact with quarks but also among
themselves. It is believed that the colour interaction holds quarks and gluons confined within
nucleons (which is in turn presumably related to the nucleon stability) — but confinement is an
experimental observation without (as yet) a commonly accepted theoretical explanation.
Quarks and gluons were not always confined to nucleons. According to the theory of the Big
Bang, an extremely short-lived phase of the primary matter (10744 s), where no complex matter
structures existed, was followed by a state of the quark-gluon plasma, without confinement of
quarks and gluons into nucleons. The expansion of the early universe implied the cooling of the
matter, allowing for the first complex structures to be formed by quarks. The simplest ones
consisted of one quark (g) and one antiquark (¢). Thus the exploration of the gq states allows us
to gain insight into the early universe — and the work presented in this thesis will have exactly
the gq states as the main topic.

Of course, there can be no true insight into the state of matter in the early universe from the
theoretical standpoint alone; there are various experimental undertakings attempting to recreate
the matter as it was shortly after the Big Bang (~ 13 billion years ago). To this end, heavy ions
(Pb, Au) or protons are collided at velocities comparable to the velocity of light; the collisions
produce very hot (at least 10'? K) and/or very dense (~ 10'° g/cm?®) matter. Let us mention
just three experimental facilities where this is (or will be) accomplished: proton-proton collisions
and heavy-ion collisions are performed at the LHC and at the Relativistic Heavy-lon Collider
RHIC in Upton, New York/United States; protons and antiprotons will be collided at the Facil-
ity for Antiproton and Ion Research (FAIR), currently being constructed at the Gesellschaft fiir
Schwerionenforschung (GSI) in Darmstadt/Germany.

As already indicated, the work presented in this thesis will be concerned with the strong inter-
action. Thus in Chapter 2 we describe some basic properties of the theory of strong interactions
— the Quantum Chromodynamics (QCD). We introduce the concepts of hadrons, quarks, gluons
and colour charge. We observe that the basic equation of QCD — the QCD Lagrangian — possesses
certain symmetries, most notably the chiral U(Ny) x U(Ny) symmetry between Ny left-handed
and right-handed quark flavours. However, as we discuss in Sec. 2.5, this symmetry is also ob-
served to be broken in vacuum by two mechanisms: explicitly, by non-vanishing quark masses,
and spontaneously, by the quark condensate. An additional symmetry-breaking mechanism is
the so-called chiral anomaly (a symmetry that is exact classically but broken at the quantum
level, discussed in Sec. 2.3).

The spontaneous breaking of the chiral symmetry leads to some profound consequences. Gold-
stone bosons (for example, the pions) emerge and the masses are generated for a range of mesons.
(The pions obtain their mass from the explicit breaking of the chiral symmetry.) Most (but not
all) mesons can be described as gq states; considering the approximate mass degeneration of the



non-strange [up (u) and down (d)] quarks, there is one scalar isosinglet state that can be con-
structed: oy = (@wu + dd)/+/2. If we consider the strange quark s as well, then we can construct
an additional scalar state: og = §s. However, as we discuss in Chapter 3, experimental data
demonstrate that the actual number of scalars is significantly larger: there are six non-strange
scalar states [fp(600) or o, fo(980), fo(1370), fo(1500), fo(1710) and fy(1790)]. Obviously, at
most two of them can be gq states — but the question is which two.

That is the main topic of the work presented in this thesis. In Chapter 4 we develop a generic
model of mesons for an arbitrary number of flavours, based on the symmetries of QCD. The
model can even be studied for various numbers of colours. Then, in Chapters 5 — 11, we apply
the model to investigate scalar gq states in the physical spectrum. It is known as the Linear
Sigma Model and it incorporates not only the global symmetries of QCD (chiral, C'P) but also the
mechanisms of chiral-symmetry breaking (explicit, spontaneous and the one induced by the chiral
anomaly). However, the Linear Sigma Model contains not only scalar states; a realistic model of
low-energy QCD will inevitably have to consider other states experimentally established in the
region of interest (in our case: up to ~ 1.8 GeV). For this reason, our model will also incorporate
vector (w, p) and axial-vector [f1(1285), a;(1260)] degrees of freedom from the onset. Then, in
Chapter 5, we develop a U(2); x U(2)r sigma model with scalars (sigma, ag), pseudoscalars
(pion and the non-strange component of the physical n state), vectors and axial-vectors and
describe their phenomenology. The states present in our model are of gg structure, as we discuss
in Sec. 4.3. Consequently, all our statements about the physical states depend on the assignment
of our gg model states to the physical ones (conversely, of course, assigning any of our gq states
to a physical state implies that the given physical state is of gg nature).

Given the already mentioned large number of scalar fjy states, we work with two different scenarios
in Chapter 5: in Scenario I, Sec. 5.3, we assume that the scalar gq states are to be looked for
in the energy region below 1 GeV. This implies, for example, that the fy(600) resonance is a
qq state. However, this assumption does not appear to be favoured when its implications are
compared with experimental data. The fy(600) resonance is too narrow. Therefore, in Sec. 5.4,
we start with a converse assumption (Scenario II): that the scalar gq states are actually above 1
GeV [then the fy(1370) resonance is the scalar gq state|. In this scenario, the overall description
of the data is decisively better: the scalar Gq states appear to be above 1 GeV rather than, as
one might expect, below.

The discussion of Chapter 5 is, however, not conclusive. The reasons are at least twofold: the
strange mesons (such as the K states) are missing; additionally, the gauge bosons of QCD, the
gluons, may, just as quarks, form their own bound states — the glueballs. These states could mix
with the scalar gq states already present in the model. Thus the question has to be addressed
whether the conclusions of Chapter 5 hold once the mentioned strange and glueball states are
included into the model. [In principle one could also consider the admixture of the tetraquark
(@qqq) states to the scalar resonances; this can be performed in succession to the results regarding
quarkonium and glueball phenomenology presented in this thesis.|

For this reason, in Chapters 6 — 11 we present the main part of this work: a sigma model
containing scalar, pseudoscalar, vector and axial-vector mesons both in non-strange and strange
sectors: an Ny = 3 model. This is the first time that all these states have been considered
within a single QCD-based model. Our formalism thus contains, but is not limited to, 7, 7/,
7, K (pseudoscalars); w, ¢(1020), p, K* (vectors) and fi(1285), f1(1420), a1(1260), K; (axial-
vectors). The model also contains two scalar isosinglet degrees of freedom oy (already present

4



in Chapter 5) and additionally og = §s. We also consider the ag triplet (already present in
Chapter 5) and the scalar-kaon quadruplet Kg. (Our scalar state Kg is to be distinguished from
the short-lived pseudoscalar K9 state that will not be discussed in this work.)

The model parameters are calculated using all masses except those of the two o fields. Then,
as in Chapter 5, we distinguish between two possibilities (labelled as Fits I and II in Chapters
6 — 11): in Fit I (Chapters 8 and 9) we discuss whether a reasonable meson phenomenology
can be obtained assuming that the scalar gq states are below 1 GeV. Thus we work with the
assumption that the fp(600) and KF(800) resonances are ¢q states (analogously to Scenario I
presented in Sec. 5.3). This allows us to consider not only scalar-meson phenomenology, but the
broader phenomenology as well — in particular the decays of the axial-vector states [e.g., f1(1285),
f1(1420) and a1(1260)]. We again obtain a negative result: if the scalars were below 1 GeV, then
the axial-vectors would have to have a decay width from 1 GeV up to 20 GeV — several orders of
magnitude larger than experimental data. For this reason, we turn to an alternative assignment:
that the scalar gq states are above 1 GeV. The ensuing fit yields an extremely improved meson
phenomenology: almost all the results are consistent with experimental data.

As already indicated, our study is motivated by the phenomenology of the scalar mesons. A
realistic description of the scalar states requires the inclusion of vector and axial-vector states
as well. Thus our study will also include the phenomenology of these states: indeed, in the
more general Ny = 3 version of our model in Chapters 8 — 11, we will calculate widths of all
experimentally observed two-body decays of mesons for which there exist vertices in the model.
This will be performed in both (pseudo)scalar as well as (axial-)vector channels. In addition,
three-body and four-body decay widths will also be calculated utilising sequential decays; 7w
scattering lengths will be calculated as well. This will in turn provide us with an extremely
powerful agent of discrimination between the two assignments where, respectively, the scalar
states are below and above 1 GeV.

Before the summary and outlook of the work are presented in Chapter 13, we present another
extension of the Ny = 2 model of Chapter 5 to Ny = 2 + scalar glueball in Chapter 12. Although
Chapter 12 does not present results with strange degrees of freedom, it is still another valuable
test of the assertion obtained in Chapter 5: that the scalar ggq states are above, rather than

below, 1 GeV.






2. QCD and Its Symmetries

2.1 Introduction

A large multitude of new particles was discovered in the 1950s and 1960s. They were usually
referred to as elementary, implying that they possessed no inner structure; however, their decay
patterns and large numbers imposed two questions:

e Why do we observe that the newly discovered particles do not decay into all other particles
into which their decays would be kinematically allowed?

e Is there a classification scheme for the new particles, but also for the already known ones,
such as protons and neutrons?

In other words: Is there a force binding more elementary blocks into the observed particles?

A classification scheme was proposed by M. Gell-Mann [8] and G. Zweig [9] in 1964 using the
SU (3) flavour symmetry. Zweig proposed the particle substructure elements to be denoted as aces
whereas, according to Gell-Mann’s classification, if one considers a unitary triplet ¢ consisting of
an isotopic singlet s of electric charge z and an isotopic doublet (u,d) with charges z+ 1 and z,
respectively, then

We can dispense entirely with the basic baryon b if we assign to the triplett

1
the following properties: spin 3 = - 3 and baryon number 3"

We then refer to members u%, d_%, and 573 of the triplet as ”quarks”

and the members of the anti-triplet as anti-quarks.

Therefore the particles originally denoted as elementary (protons, neutrons, hyperons, ...) were
suggested to possess an inner structure. Strictly speaking, they are then no longer elementary
as this role is thereafter played by their substructure partons, the quarks, but nonetheless they
are still sometimes referred to as elementary. All the particles containing quarks are subject to
the so-called strong interaction, described by

Quantum Chromodynamics (QCD).

We will discuss the Lagrangian of QCD later in this chapter. At this point we note that,
due to the electric charge of the quarks, the electromagnetic interaction also plays a certain,
though subdominant, role in quark interactions. The reason is that the fine-structure constant
of the electromagnetic interaction (that encodes the strength of the electromagnetic coupling)
a = 1/137.035999679(94) [10] is two orders of magnitude smaller than the fine-structure constant
of the strong interaction oy ~ 1 in vacuum. Additionally, the quarks can also interact weakly,
by exchanging weak bosons [4]; this mechanism is responsible for the 8 decay of nucleons.

The particles containing quarks are known as hadrons (Greek — adpds: strong). Hadrons are

classified into two groups according to their spin:



e Fermionic hadrons are known as baryons (Greek — Bapis, heavy: the lightest baryon, the
proton, is approximately 1836 heavier than the electron).

e Bosonic hadrons are known as mesons from the Greek word — péoog, the middle one: the
first discovered meson was the pion [11], approximately 280 times heavier than the electron
but still lighter than the proton; the name has remained although it is an experimental fact
nowadays that baryons and mesons typically accommodate the same mass region. Note
that the mesons are sometimes defined in terms of their quark structure as antiquark-quark
states. This definition is improper because not all mesons are gq states (some of them may
be of GGqq structure, or even represent bound states of other mesons). Consequently, this
work will utilise the definition of mesons based on their spin.

Current high-energy experimental data suggest that (as already indicated) there are six building
blocks of hadrons — i.e., six quark flavours with the following masses according to the Particle

Data Group (PDG) [10]:

my, = (1.7 —3.1) MeV; myg = (4.1 — 5.7) MeV;
ms = (80 — 130) MeV;

me = 1.29700 GeV; my, = 4.197018 GeV;

my = (172.9 + 0.6 £0.9) GeV.

These values are the estimates of the so-called current quark masses. The values of m, 4 are
not a product of direct experimental observations but obtained either in lattice calculations [12]
or in first-principle calculations [13] at the scale u ~ 2 GeV. Indeed, to our knowledge, there has
recently been only one article by an experimental collaboration regarding the light-quark masses:
the results of the ALEPH Collaboration suggest ms = 1761'?? MeV (at p =~ 2 GeV) from a 7-decay
analysis [14]. Similarly, the value of m, is also predominantly determined in theoretical calcula-
tions [15] although the BABAR Collaboration has recently claimed m, = (1.196 £ 0.059 £ 0.050)
GeV from B decays [16]. The value of m; stems from direct top-event observations published by
the Tevatron Electroweak Working Group (see Ref. [17] for the latest data and references therein
for the older ones). Similar is true for the b quark [10]. Note that the current u, d masses need to
be distinguished from their constituent masses ~ 300 MeV =~ m,,/3 where m, denotes the mass
of the proton.

Quarks carry electric charges as follows

2
u, ¢, t <> 3¢ (2.1)

1
d,s,b <+ —3% (2.2)

where e denotes the elementary electric charge. Following the Gell-Mann—Zweig classification, a
proton is a state containing two u quarks and one d quark (with the charge 2-2¢/3 —¢e/3 = e).
Given that the total spin of the proton reads 1/2, then the spin-flavour wave function of this
particle can be written as

1
lp) = —3(!uTqu¢> + [upuydy) + [uyurdy)). (2.3)
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An analogous relation holds for the neutron upon substituting u «+— d. These relations comply
with W. Pauli’s Spin-Statistics Theorem [18]. However, in 1965 a baryon with charge ¢ = 2e and
spin 3/2 was discovered [19]; the particle could readily be described in terms of u and d quark
flavours with spin 1/2, but only if the Pauli Principle were violated. The particle was labelled
as A1t [or, nowadays, A(1232)] and, given the charge, its spin-flavour wave function had to be
composed as

[AT) = Jupuguy). (2.4)

The solution to this paradox was found by introducing an additional degree of freedom for quarks:
colour. If we assume that each quark comes in three colours, red (r), green (g) and blue (b),
then the three quarks contained in A™" can be combined in the following antisymmetric way in
the colour space:

1
AT colowr = %|urugub + UgUply + Uplp g — UglpUp — UpUglly — UpUplly). (2.5)

Indeed, assuming that any baryon B contains three quarks ¢ 23, then the colour wave function
of such a composite object can be antisymmetrised as

1
’B>colour - %‘QUQQQCBb + q19g92093r + 416921939

— q1992r93b — Q1692993 — q1r926G3g) (2.6)

or simply

1
‘B>Colour = %gaﬁv‘Q1aQ25Q3W/>7 (2'7)

where %7 denotes the totally antisymmetric tensor and «, 3,v € {r,g,b}.

Then the direct product of the AT flavour-spin wave function (2.4) with the corresponding
colour wave function (2.5) yields a total wave function that is antisymmetric under exchange of
two quarks — in accordance with the Pauli Principle.

This is of course valid under the assumption that there are three quark colours in nature. This
statement cannot be validated in vacuum — it is an experimental fact that quarks do not appear
as free particles in vacuum but that they are confined within hadrons. There is (at least for now)
no analytic proof of confinement from QCD. However, there are indirect methods from hadron
decays allowing us to determine the number of quark colours.

Ezperiment 1. The neutral pion decays into 2y via a triangular quark loop; the branching ratio
is ~ 100% [10]. The Standard Model determines the corresponding decay width as [4]

a?m3 [N, 2 N, 2
F7T0~>2’y = 647‘1’73;7% (g) =7.73¢eV- <?> s (28)
where N, denotes the number of colours and f; = 92.4 MeV is the pion decay constant. The
experimental result reads F%r;% = (7.83 £0.37) eV [10] and it can only be described by the



Standard Model if N, = 3.

Ezperiment 2. Consider the ratio of the cross-sections for the processes ete™ — v (or Z) — qq
— hadrons and ete™ — p*p~. The ratio reads [4]

2N. (Ny=3)
= BN, (Ny=4)
LN, (Ny=5).

o(ete™ — v,Z — qq — hadrons)
oleter = ptu)

The best correspondence with experimental data is obtained if N, = 3 [4]. We thus conclude that
the physical world contains three quarks colours. Note, however, that QCD with two colours can
be explored nonetheless, at least from the theoretical standpoint, see, e.g., Ref. [20]. Addition-
ally, the limit of a large number of colours (large-N, limit) has also been subject of many studies
[21, 22] and represents a valuable tool of model building (see Sec. 4.3 for the application to the
model presented in this work).

Now that we know the number of colours, it is possible to build colour-neutral meson states:
1 _ _
|M>Colour = %| Fqr + q34qg + QEQb>- (29)

2.2 The QCD Lagrangian

In the previous section we have seen that the necessity to introduce a colour degree of freedom
for quarks arises from the requirement of an antisymmetric baryon wave function (that adheres
to the Pauli Principle). It has allowed us to construct putative colour wave functions for baryons
(2.7) as well as meson gq states (2.9). In this section we construct a Lagrangian containing
quarks and considering their flavour and colour degrees of freedom.

The Lagrangian is constructed utilising the local (gauge) SU (N, = 3) symmetry [23]. A quark
field ¢ in the fundamental representation transforms under the local SU(3) symmetry as

N2-1
qf — q} = exp —1 Z a“(m)ta ch = U(Jf, (210)

a=1

where t, = A\q/2 denotes the generators of the SU(3) group, A, are the Gell-Mann matrices and
a(x) are the parameters of the group. Let us remember that the Dirac Lagrangian for a free
fermion v possesses this form:

Lpirac = ¢(Z'ryﬂa“ - m¢)¢ (211)

Then, in analogy to the Dirac Lagrangian, we can construct the following Lagrangian involving
the quark flavours considering the requirement that the Lagrangian is locally SU(3). symmetric

(sum over flavour index f is implied):

,Cq = q]v(i’y‘uD“ — mf)Qf (2.12)
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where m; denotes the mass of the quark flavour ¢y,

D, =0, —igA, (2.13)
represents the SU(3) covariant derivative with the eight gauge fields A
N2—1
Ap= Y Altq, (2.14)
a=1

referred to as gluons. The (adjoint) gluon fields transform as follows under the local SU(3) group:

Ay = Al = UAU - é @,U) U (2.15)

The Lagrangian (2.12) is invariant under transformations (2.10) and (2.15). It is possible to
construct an additional gauge invariant term involving only gluons [24]:

1
Ly =~ GhGh” (2.16)

(sum over gluon-field index a is implied) where the field strength tensor G, is defined as

G4, = 0, A% — 0,A% + gf " AL AL (2.17)
and f%¢ denote the antisymmetric structure constants of the SU(3) group.
The sum of the two Lagrangians (2.12) and (2.16) yields the QCD Lagrangian:

. 1
Locp = qg(iv" Dy —my)qy — ZGZVGZW' (2.18)

2.3 The Chiral Symmetry

In addition to the local SU(3). colour symmetry, the QCD Lagrangian also exhibits a global
symmetry if quarks are massless — the chiral symmetry. To ascertain this symmetry in the
Lagrangian (2.12) in the limit my = 0, let us first define the following left-handed and right-
handed operators Pg, r:

Pr L = , (2.19)

where Pgr has the plus sign in the denominator and =5 is a matrix defined in terms of the other
Dirac matrices as

v5 = im0 Y, (2.20)

with (in the chiral representation)

70=<102 3)2>,7=<_OU g) (2.21)

and o denotes the triplet of the Pauli matrices. Thus we obtain

V5 = < _012 ?2 ) : (2.22)
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Consequently, the two operators Pg, 1, possess the following form, justifing their labels as right-

handed and left-handed
0 0 1o, 0
p— p— . 2.23
Pr < 0 1 >, Pr < 0 0 > (2.23)

By definition (2.20), the 75 matrix has the feature that v = 1 (i.e., unit matrix). This is
demonstrated using the well-known anticommutation formula of the Dirac matrices

{vw} = 2900, (2.24)

where g, = diag(1,—1,—1, —1) denotes the metric tensor

% = =107V P77 = %V
= Y'Yy = ()22 = =Py
= ()P =1 (2.25)
Additionally,
{75} = 0. (2.26)
Consequently,
1+75)?% 1+
Ph L= UE7w) 175 _ Pr, L (2.27)
) 4 2 )
and
PrPL = 0. (2.28)

Pr, 1 are therefore projection operators — we refer to them as chirality projection operators.
Utilising these operators allows us to decompose a quark flavour ¢y into two components, a
left-handed and a right-handed one:

qr = (Pr+Pr)qs =qrr +qsL- (2.29)
Analogously for the antiquarks:

G = qs(PR+Pr)=qrr+qsL- (2.30)
Using Eq. (2.19) we obtain from the Lagrangian (2.12)

'PR+'PL 1 _

Ly = qr(iv" Dy —my)qy Gs(Pr+ Pr)(iv* Dy — my)(Pr + PL)qy

(PrtBry =1 45 (PrPr + PLPL)(iv" Dy — my)(Pr + PL)ay

Eqs. (2.26), (2.27), (2.28) _ . . _ _
* = 4fPriv" DyPras + s PLiv¥ DyPrqs — 4 PrmyPray — @rPrmyPrLqy

= g0 PrIV" Dy Pray + 4} PLiv" DuPras — dy0PrmsPray — dyoPrmsPray
Eq. (2.26) ) .
=T g PLwin DuPLas + 4 Prywin DuPray — ¢y PryomsPras — qyPryom s Pras

=qriV"Duqrr + RV Dugr r — QGrpmyqr R — 4f RMpqS L- (2.31)
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Then the Lagrangian (2.31) less the terms ~ m is symmetric under the following, global U(Ny)x
U(Ny) transformations of the quark fields in the flavour space (¢;: group generators)

2_
Nf 1

grL — drp =Urqrr =expq —i Y at® b aqrr, (2.32)
i=0

2
fol

qu—>q}R:UquR:exp —1 Z Oé(]l%ta df R- (2.33)
=0

This symmetry is referred to as the chiral symmetry. As evident from Eq. (2.31), the terms
proportional to my break the chiral symmetry explicitly, i.e., the symmetry is exact only in the
case of vanishing quark masses: my = 0.

According to the Noether Theorem [25], a conserved current J* is implied by a global symmetry
(and vice versa) in a Lagrangian L(p(z#)) that is invariant under transformations of the form
o) = ¢'(x) = p(z) + dp(x) and = — 2/ (z) = = + dz with

oL
JH = = 5o+ Sxh L. 2.34
T0ne) © (2.34)

Thus the mentioned U(Ny)r x U(Ny)g implies the existence of the conserved left-handed and
right-handed currents L* and R*. It is usual, however, to work instead with currents of definitive
parity P: the vector current V# = (L* + R*)/2

PVt x) — VOt, —x), (2.35)
P:Vit,x) — —Vi(t,—x) (2.36)

(7 denotes the spatial index) and the axial-vector current A* = (L* — RM)/2

P: At z) — A't,—x), (2.37)
P At x) — —A"(t, —). (2.38)
Indeed the chiral group U(Ny)r, x U(Ny)rg is isomorphic to the group U(Ny)y x U(Ny) 4 of the
unitary vector and axial-vector transformations. From the features of the unitary groups we
know that U(Ny¢)y x U(Nf)a = U(1)y x SU(Ny¢)v x U(1)a x SU(Ny)a. Let us now discuss the

currents obtained from the Lagrangian (2.12) without gluon fields (A, = 0) under the stated
four transformations.

e U(1)y implies o} = o = af,/2 in Eqgs. (2.32) and (2.33):

Ury = exp(—ia{t?), (2.39)

ie., Uy = U = Ujg. We define t° = 1Nf/,/2Nf [we denote the other generators
of the unitary group U(Ny) as ' with ¢ = 1, ..., N¢]. It is clear that the Lagrangian
(2.12) is symmetric under the transformation (2.39). The corresponding conserved current

13



obtained by inserting the Lagrangian (2.12) into Eq. (2.34) and considering infinitesimal
transformation Uy =~ 1 — ia?,to reads

oL

The parameter a?/ can be discarded because the current is conserved:

9V = 0. (2.41)

Similarly, the generator ¢ is proportional to the unit matrix and the corresponding pro-
portionality constant can be absorbed into a(‘)/. Thus we obtain

Vo' = am"ay (2.42)
The zero component of the current reads
Vo = a7"ay (2.43)

and it corresponds exactly to the one that we could have obtained also from the Dirac
equation (2.11). Then we know, however, that integration over VOO yields a conserved
charge Q

Q= /d?’x(jffyoqf (2.44)
corresponding to the baryon-number conservation.

Group parameters for SU(Ny)y are obtained for af = ol = al, /2 with i = 1, ...,NJ% -1
or in other words
Uy = exp(—iak th), (2.45)

i.e., Uy = Uy = Up. Infinitesimally,
Uy ~ 1 — il t". (2.46)

Varying the quark fields g7 in the Lagrangian (2.12) under the transformation (2.46) yields
(we consider only terms up to order a%,, not higher-order ones):

Ly =igh(1+iatt")y 7" 9, (1 — iakt) g
— qh(1 +ial ) my(1 — iait))gs
= iqpy Ouay — ik (G it v qp — dyit' 4" duay)
— qymyay — iy (qy [t',my] ar)
= iqp"Ouay — apmyas — ik (a5 [t my] gp). (2.47)

The Lagrangian is only invariant under the vector transformations if the quark masses are
degenerate. The conserved vector current from Eq. (2.47) and the Noether Theorem is

VI = gpyFtiqy (2.48)
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but, as already indicated, the divergence of the current
MV =gy [t',my] gy (2.49)

is zero only in the case of degenerate quark masses.
An element of SU(Ny)a is given by

Uy = exp(—ialyst?), (2.50)

where Uy = Up, = U}T%. [SU(Ny)a is actually not a group because it is not closed with
regard to the product of two elements but this is not a problem here because the SU(Ny) 4
symmetry is spontaneously broken, see below.] The infinitesimal transformation reads

Ua ~1—ia'yst. (2.51)
Varying the quark fields g7 in the Lagrangian (2.12) under the transformation (2.46) yields

Ly = igh(1+ iayys5t)y 4" 0,(1 — ialyyst’ gy
— g} (1 +ialy st )y Omy (1 — ialyyst') gy
= iGry Oy — 10y (Gr it V'O s ar — ahit 95907 O dy)
— qpmyay +ialy (@ {t'smyg}ys ay)
B g0, — apmpay +icy (@ (' mp s ap). (2.52)

Thus the axial-vector current ' '
AP = qpyystia (2.59)
is only conserved if all quark masses are zero:
AL =iqe{t',ms}qy. (2.54)
Let us now turn to the axial-vector singlet transformation U(1) 4. It has the following form:

Uia = exp(—iav5t°) (2.55)

or infinitesimally
UlA ~1-— ia%%to. (2.56)

Then the Lagrangian (2.12) transforms under U(1)4 as follows:

Ly =igh(1+ia%75t°)7 "0, (1 — ia%5t°) gy
— b1 +ia%75t%)y"m s (1 — a5ty
= ig uar — 1% 3y 1t° "0 v5 a5 — a} it 5 %0 7" O a)

— qrmyqy +iay (qr {t° mys}ys ar)
Eq. (2.26) ._ - o
=G0 — armypqy +i0%(Gr my s qp). (2.57)
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Thus the axial-vector singlet current
AR = G yts g (2.58)
appears to be conserved in the limit my = 0:
OM AL = iqpmy 54y (2.59)

It is, however, only conserved classically. Considering quantum fluctuations one sees that
it is actually not conserved [26]:
g°N

3277;" Ge, G (2.60)

A | =0 = —

where G denotes the dual field-strength tensor G4 = e/*?G4, /2. Symmetries valid on
the classical level but broken on the quantum level are referred to as anomalies — Eq. (2.60)
indicates the chiral anomaly, a very important feature of QCD that has to be considered
also when a model is built (see Sec. 6.4 for the discussion of the chiral-anomaly term in
our model). Nonetheless, given that even the u and d quarks possess non-vanishing mass
values, we observe from Eq. (2.59) that, even classically, the axial-vector singlet current is
conserved only partially (PCAC).

Let us then summarise the results of this section as follows: we observe a U(Ny)r xU(Ny)g chiral
symmetry in the QCD Lagrangian with N; flavours (2.18); the symmetry is isomorphic to the
U(Ng)y xU(Ng)a =U(1)y xSU(Ny¢)y xU (1) 4 x SU(Ny) 4 symmetry and, in the limit of vanish-
ing quark masses, it appears to be exact (apart from the chiral anomaly). For non-vanishing but
degenerate quark masses, the symmetry is broken explicitly to U(Ny)y x U(Ny)a — U(1)y X
SU(Ny)y and for non-degenerate quark masses it is broken to U(Ny¢)y x U(Nf)a — U(1)y.
Thus, by discussing the properties of the QCD Lagrangian only, we conclude that the magnitude
of the symmetry breaking in nature should not be large if we consider u and d quarks only
because their masses are small. However, we will see later on that there is another mechanism
of chiral symmetry breaking, the spontaneous one, that leads to a variety of new conclusions.

Before we turn to the spontaneous breaking of the chiral symmetry, let us first briefly discuss
other symmetries of the QCD Lagrangian.

2.4 Other QCD Symmetries

2.4.1 CP Symmetry

The parity transformation for fermions (and thus also for quarks) reads

q(t,x) 5 ~%(t, —x) (2.61)

and thus
P
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If we transform the quark part of the QCD Lagrangian (2.12), then we obtain for u =i € {1,2,3}

Ly = qp(t,®)iv' Digs(t,x) — Gp(t, )meqs(t, )

P "
= qh(t,—2)7°1 %y (—Di)A as (t, — @) — g} (t, )71 "m gy (t, —)
Eq. (2.24) L
Y= gt~ iy Digy(t, —) — g} (t, —x)mysqy(t, —x)
= qr(t, —:c)i’yiDiqf(t, —x) — qf(t,—x)mypqs(t, —x). (2.63)

The parity conservation is trivially fulfilled in the case p = 0 due to Eq. (2.24). The gauge part
of the QCD Lagrangian (2.16) is obviously parity-conserving.
The charge conjugation of quarks S¢ is such that

45 Sed = Sc(")'q’ (2:64)
where the superscript ¢ denotes the transposed function and 5517“50 = (=v*). (In the case of
the Dirac notation, So = —i7?7%.) We note that, due to Sal = Sg (unitary transformation),

STC'y“SC = (—") = STC’y“ = (—’y“)tSal. (2.65)
Additionally,
g S 15¢(")'q) = ¢(1°)*SL. (2.66)

Let us consider how the quark part of the QCD Lagrangian (2.12) transforms under charge
conjugation. Note that D, = 9, — igA, contains gluon fields transforming as odd under C.
Remember that the quarks are fermions and therefore any commutation of the quark fields in
the following lines yields an additional minus sign.

Ly = qrin"* Dugy — armyqy

c . * . * * *

S igh (1) SEA (00 + ig AL So (V) — 45 (1°)* St msSe(10) g}

Eq. (2.65) . * - . * * — *
=g () (=) S Se (0 + ig A (V) qf — dh () (—10) S5 mySe(+0) qf
Sl Se=(—")t . . . . .
R iqs (1°)* (V) (") (O + ig A (V) s — a5 (7°) (=) s (10)

0( O)Tzl . * - - * * *
T g (M) () gt + gk () (i9) A (V0) = a5 () (=) myp (10) g

. w1t ) ) w1t w1t

= [igs (") () 0uds]” + [ids () (i9)Au (") a7]" + [afms(7°) af]

= —i(0uar )V ay — 1qpy" (igAu)ay — apmyay

= G Ouay — iGpy" (igAu)ay — apmyay

= 147" Dyay — agmyay, (2.67)

where we have used (70)*(7%)! = [y°(7°)1]* = 1* = 1 and also the well-known feature that the
following equality holds for an (N x N) matrix M, (1 x N) vector v and (N x 1) vector w under
transposition:

vMu = (vMu) (2.68)

because the result of the multiplication is a number.
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Then the QCD Lagrangian (2.18) is unchanged under P and C transformations (2.61), (2.62),
(2.64) and (2.66) — the strong interaction is C'P invariant. [A review of a possible, although
small, CP violation in strong interactions may be found, e.g., in Ref. [27].]

2.4.2 Z Symmetry

This symmetry is a discrete one. The general form of a special unitary Ny x Ny matrix U contains
also the centre elements Z,, (sometimes referred to simply as Z):

U= Zypexp(—ia't'), i=1,...,Nj —1 (2.69)
where
21
Zp=exp|—i—t" |, n=0,1,.... N, — 1. (2.70)
Ne

The determinant of Z,, reads

2mn\ 1N
det Z,, = |exp —iy = 1. (2.71)

For this reason, Z, is (as already indicated) a member of the SU(Ny) group. The quarks and
gluons transform under the Z group as

qr — q;c = Znqs, (2.72)
Ay — A, = Z,A,Z} (2.73)

and the Yang-Mills Lagrangian (2.16) is invariant under these transformations. The Z symmetry
is not exact in the presence of quarks because it does not fulfill the necessary antisymmetric
boundary conditions. Additionally, note that the symmetry is spontaneously broken in the
gauge (i.e., gluon) sector of QCD at large temperatures. This is an order parameter for the
deconfinement. The order parameter is usually represented (in models such as the NJL model
[28] but also in first-principle calculations) by the so-called Polyakov loop (see Ref. [29] for
Polyakov-loop extended NJL model).

2.4.3 Dilatation Symmetry

This is a symmetry of the gauge (or Yang-Mills — YM) sector of QCD, Eq. (2.16). The dilatation
(or scale) transformation is defined as

e W e (2.74)

where A denotes a scale parameter. Then, for dimensional reasons, the gauge fields in Eq. (2.16)
have to transform as

AL (x) = AY(2)) = NA% (). (2.75)
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Consequently, the Lagrangian (2.16) obtains a factor A* under the transformations (2.74) and
(2.75)

Lo— ML 2.76
g g

but the action

Sy = / d*zL, (2.77)

is invariant. This symmetry is known as the dilatation or trace symmetry. (Strictly speaking,
the notion of a symmetry always requires the action S to be invariant under a transformation
rather than the Lagrangian £ but in all the other examples discussed in this chapter there is
no transformation of space-time x. For this reason, in all the other cases, the symmetry of the
Lagrangian is simultaneously the symmetry of the action as well.)

Consequently, the obtained conserved current reads

JH = x, T, (2.78)
where TH is the energy-momentum tensor of the gauge-field Lagrangian (2.16):

oL
ny o _ g v AL v
T 0, 6)(9 AS — gL, (2.79)

Therefore,

D, J" = TH = 0. (2.80)

Similarly to the singlet axial current (2.59), the dilatation symmetry is broken both classically
and at the quantum level. On the classical level, the dilatation-symmetry breaking is induced
by the inclusion of quark degrees of freedom. We observe from Eq. (2.12) that the quark fields
have to transform in the following way so that the dilatation symmetry is fulfilled in the limit
myg = 0:

g5 — d = \q;. (2.81)

If we consider my # 0, then we observe that the dilatation symmetry is broken explicitly by
non-vanishing quark masses:

Ny
T =" myaq, (2.82)
=1

unlike Eq. (2.80). The degree of the dilatation-symmetry breaking is of course small if one
considers only light quarks and the symmetry is exact if one considers m; = 0.

However, at the quantum level (calculating gluon loops), the symmetry is never exact. The strong
coupling g is known to change with scale p (e.g., centre-of-mass energy) upon renormalisation of
QCD [30]: g — g(p). Perturbative QCD then yields

B(g)

@ﬂ:m:z;

G, G £ 0, (2.83)
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where ((g) denotes the famous S-function of QCD

99
= 2.84
Blo) =ng, (2.84)
that demonstrates how the strong coupling changes with the scale. At 1-loop level:
11N, — 2N
= b= B 2.
B(9) g TSR (2.85)

If the strong coupling did not change (g = const. = gg), then the dilatation symmetry would
not be broken and we would retrieve the result of Eq. (2.80). Solving the differential Eq. (2.85)
yields

gz

= 2.86
1+ 2bg2 log # (2:86)

g (1)
Given that b > 0 for Ny < 11N./2 [see Eq. (2.85)], the coupling decreases with the increasing
scale. Thus, at small scales, the coupling is strong: this is a sign of confinement. However, we
also observe that, at a certain scale, one can expect the interaction strength between quarks and
gluons to decrease sufficiently as to allow for the partons to no longer be confined within hadrons
— asymptotic freedom. Note also that Eq. (2.86) implies that the strong coupling g decreases
with the number of colours, a result of major impact also for deliberations in this work (see Sec.
4.3).
Note that Eq. (2.86) possesses a pole (the so-called Landau pole) at

1
11, = ALandau = s €XP <— 2593) . (2.87)

Then we can transform Eq. (2.86) as

B 1
~ 2blog —HA—"

ALandau

g (1) (2.88)

Of course, this result does not imply that the strong coupling ¢ diverges at p = uy, but rather
indicates that QCD is a strongly bound theory in the vicinity of the pole. The value of the
pole itself is, unfortunately, unknown because an initial value of p [needed to solve Eq. (2.85)] is
unknown as well. However, this nonetheless implies that a scale is generated in a dimensionless
theory via renormalisation — a mechanism known as the dimensional transmutation.

The breaking of the dilatation (scale) invariance is labelled as the trace anomaly. It leads to
the generation of a gluon condensate due to the non-vanishing vacuum expectation value of the
gluon fields:

11N, — 2Ny « 11N, — 2N
Tr\ — 22 T 2 Y a2 e T AN d 9
1) =~ (TG ) ~ gt 259)
where oy = g?/(4n) is the strong fine-structure constant and the values
C* ~ (300 — 600 MeV)* (2.90)

have been obtained through QCD sum rules (lower range of the interval) [31] and lattice simu-
lations (higher range of the interval) [32].
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This raises the possibility to study glueball fields — bound states of two (or more) gluons. We
will present a calculation involving, among others, a scalar glueball and a gq state in Chapter
12.

2.5 Spontaneous Breaking of the Chiral Symmetry

Until now we have only considered quarks and gluons as degrees of freedom. In this section we
turn to structures that are composed of quarks. Concretely, we will be working with gg mesons
(flavour index f suppressed). These states are colour-neutral therefore trivially fulfilling the
confinement.

States containing an antiquark and a quark can be classified according to their quantum numbers:
total spin J = L+ S (where L denotes the relative orbital angular momentum of the two quarks
and S denotes their relative spin), parity P, Egs. (2.61) and (2.62), and charge conjugation C,
Eq. (2.64) and (2.66). Let us restrict ourselves to the case of the light quarks u and d only,
i.e., § = (4,d) and ¢ the corresponding column vector; states with heavier quarks are discussed

analogously.

First we can define a state [33]:
aq (2.91)

for which we observe that it transforms as follows under parity, Eqgs. (2.61) and (2.62):

Eq. (2.24
a(t,2)q(t,x) 5 g (t,—2)70 1t —2) " 2 gt —2)q(t, —2) (2.92)
and under charge conjugation, Eqs. (2.64) and (2.66), as
_ G . * *
aq = ¢"i(7°) " (=i)v*1(7)'a
Eq. (2.24) . . « «
TET O () e = —d () (1)
! . » _
= [=' (")) = " () () e = g (2.93)

The gq state is therefore unchanged under parity and charge conjugation, and it obviously carries
no (total) spin. It is therefore a scalar. Note, however, that the mere fact of having J = 0 does
not necessarily imply that L and S vanish as well. Indeed one can demonstrate [34] that, for a

system of an antiquark and a quark,
P = (-1)l* (2.94)

and

C = (—1)E+s, (2.95)

For this reason, P =1 = C implies L =1 = S. In other words: the scalar gq state is a P-wave
state. We can denote it as oy, alluding to the famous o meson (see Sec. 3.1), or in other words

oN = qq. (2.96)

If we define a state
G754, (2.97)
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then we observe that it transforms as follows under parity

. P . Eq. (2.24) .
iq(t, @)vsq(t, ) = iql (t, —2)7° 57 0q(t, —) =T —ig(t, —x)vsq(t, —) (2.98)

and under charge conjugation (here exemplary for the Dirac notation) as:

. c . 4. e
iq(t, ®)v5q(t, ) = iq" iy vy s (—i)v%q
Eq. (2.24) . 4. . « Ba. (2.26) . *
=gt i s (=it T =T —ig' vy g
. ! . * . L
= i¢'"v5q" = (ig'"v5q%)" = —iq'57 g = igsq. (2.99)

The state gysq is thus P-odd and C-even: it is a pseudoscalar and we label the state as ny,
alluding to the physical 7 field: ny = §y5q. [Note, however, that the field defined in Eq. (2.97)
cannot be exactly the physical n field because we have restricted ourselves to two flavours, i.e.,
non-strange quarks, see Sec. 7.1.] Similarly, we define a pion-like state

T = iqtysq (2.100)

considering that the pion is an isospin triplett. The calculation of the behaviour of the state in
Eq. (2.100) under parity and charge conjugation is analogous to the one demonstrated in Egs.
(2.98) and (2.99).

Let us now define a state
"' (2.101)

for which we observe that it transforms as follows under parity

_ P
q(t, )y q(t, ) = ¢ (t, —2)y 70" q(t, —x)

Eq. (2.24) { q(t,—x)y°q(t, —x) for p =0

= } 2.102
—q(t, ~@)yalt, ~) for p=i € {1,2,3) (2102

or, in other words, the temporal component is parity-even whereas the spatial components are
parity-odd. Additionally, we observe that the state is odd under the C-transformation [the
calculation is analogous to the one in Eq. (2.99)]. Given that the field combination gy*q possesses
spin 1, we label it as a vector state that we denote as w]‘(,. Consequently, the state

p' = qty'q (2.103)

is an isospin-triplett vector state [just as the p(770) meson].

Finally, the states
fiv = ars7"q (2.104)
and

al = gty (2.105)

are even under both parity and charge conjugation and additionally have spin 1: we label them
as axial-vectors.
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Let us now discuss the behaviour of these states under vector and axial-vector transformations.
We observe, for example, that the vector transformation (2.46) of the pion field 7 (2.100) yields

™ = igtysq » igt (L +iay - t)ytys (1 —iay t)q
= iqtysq +iq' (it't afy — it/ ' al) Y0754
iqtysq —iq o, €7 R 0 5 g
= iqtysq — ie"* o, qt" 5 ¢
ETF—{—Z'&ijkOé{/(jtk’}/g)QEﬁ—Fav X T, (2.106)

where we have used the commutator [t?, 7] = ig™/Ftk,
Analogously to Eq. (2.106), we obtain from Egs. (2.96), (2.103) and (2.105):

oS o, (2.107)
pH LA Pl + ay x p*, (2.108)
ay LA al + ay x al. (2.109)

Thus the vector transformation corresponds to a rotation in the isospin space; as we have seen
in Sec. 2.3, the QCD Lagrangian is invariant under this transformation (for degenerate quark
masses) — the conserved vector current can thus be identified with an isospin current.

However, the behaviour of our composite fields is quite different under axial transformations
(2.51). Let us again first study the 7 field:

- A . .
T =iqtysq = iq (1+ivsaa-t) 10ty (1 —ivsoa-t)q
= iGtrsq +iq" (i 70751t aly —in0E ¢t aly)q
T2 gt yeal (P E)g
=m+q oy {t'ht' ¢=m+ ayo, (2.110)
where we have used the anticommutator {t',#/} = §“t°. Analogously to Eq. (2.110) we obtain
from Egs. (2.96), (2.103) and (2.105):

oo —aym, (2.111)
pt A P+ a xal, (2.112)
ay A al —ay x pt. (2.113)

Thus the scalar state o is connected to the pseudoscalar state w via the axial transformation
(and vice versa); the vector state p/ is connected to the axial-vector state a} (and vice versa) in
the same way. As we have discussed in Sec. 2.3, the axial symmetry SU(Ny)4 is exact within the
QCD Lagrangian, up to the explicit breaking due to non-vanishing quark masses. This implies
that, in the limit of small u, d quark masses, the breaking of the axial symmetry is virtually
negligible. Consequently, given that the scalar and the pseudoscalar can be rotated into each
other (just as the vector and the axial-vector), one would expect these states to possess the
same masses. Faperimentally, this is not the case. If we assign our vector state p# to the lowest
observed vector excitation, the p(770) meson with a mass of m770) = (775.49 £ 0.34) MeV and
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our axial-vector state aj to the lowest observed axial-vector excitation, the a;(1260) meson with
a mass of ~ 1230 MeV [10], then we observe that the mass difference of these two states is of the
order of the p(770) mass itself. Such a large magnitude of symmetry breaking cannot originate
from the (small) quark masses. The symmetry must have been broken by a different mechanism
— spontaneously — because, evidently, the axial symmetry realised in the QCD Lagrangian is not
realised in the vacuum states of QCD.

Let us remind ourselves that the chiral symmetry U(Ny)y x U(Ng)a = U(1)y x SU(Ny)y x
U(1)a x SU(Ny) 4 discussed in Sec. 2.3 is broken explicitly to U(1)y x SU(Ny)y in the case of
non-vanishing but degenerate quark masses [note also the existence of the U(1)4 anomaly (2.60)
even if all quark masses vanish]. If the quark masses are non-vanishing and non-degenerate then
the residual U(1)y x SU(Ny)y symmetry is broken completely to U(1)y, indicating baryon-
number conservation.

On the other hand, the mechanism of spontaneous chiral-symmetry breaking is based on the
existence of the chiral (quark) condensate [35]

(qq) = (0|gg|0) = —iTr lim Sp(z,y) (2.114)
y—aot

where Sp(x,y) denotes the full quark propagator. Then utilising Eqgs. (2.28), (2.29) and (2.30)
we obtain

(qq) = (g + qr)(qz + qr)) = (Gr9L + GL4R) # O. (2.115)

The existence of the quark condensate is a consequence of vacuum polarisation by means of
the strong interaction. The condensate breaks the chiral symmetry SU(Ng)y x SU(Ny)a to
SU(Ny)v; the magnitude of the condensate is a measure of the magnitude of the spontaneous
chiral-symmetry breaking — for (gg) — 0, the axial symmetry is exact again.

The spontaneous breaking of the chiral symmetry has at least two important consequences.
According to the Goldstone Theorem [36], one expects N]% — 1 massless pseudoscalar bosons to
emerge as consequence of the spontaneous breaking of a global symmetry. This is indeed observed:
e.g., for Ny = 2, three pions were discovered a long time ago [11] and their masses of ~ 140 MeV
are several times smaller than the mass of the first heavier meson. Their non-vanishing mass
arises due to the explicit breaking of the chiral symmetry, rendering them pseudo-Goldstone
bosons. For Ny = 3, experimental observations yield five additional pseudoscalar Goldstone
states: four kaons and the n meson. Note, however, that the latter mixes with a heavier r’ state
that would also represent a Goldstone mode of QCD if the chiral anomaly (2.60) were not present.

Additionally, it is expected that the quark condensate will diminish at non-zero values of tem-
perature and baryon density; the restoration of the chiral symmetry (the so-called chiral phase
transition) thus denotes the point where the chiral-symmetry breaking is no longer present (at
a temperature T, ~ 190 MeV [37]). The chiral phase transition may occur simultaneously with
the deconfinement; however, it is as yet not known whether this is actually the case.

2.6 Calculating the Decay Widths

As already indicated, mesons are very unstable particles. The typical lifetime of a meson is
(10724 — 107%) s, with some notable exceptions such as the pion with the mean lifetime of
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approximately 107® s. This work will analyse various two-body decays of mesons into final
states as well as into states that themselves decay further (sequential decays). For this reason it
is necessary to develop a formalism that allows us to calculate the corresponding decay widths,
denoted as I'; these are related to the time 7 necessary for a particle to decay with the following
relation

r=I"1 (2.116)

(There may be deviations from this law under certain conditions which we do not consider here;
see Ref. [38].)

Let us in the following derive a formula for the decay width I'y_,,,,, of a particle x decaying
into particles piand o.

1 2 1 o 5 1 9 1 5 5
Lyoreo 25(5;0() X +§(3u<ﬂ1) M P
1 1
+ 5 (0up2)” = SME 85 + gxpr2 (2.117)

where the last term, gxy1¢2, denotes the interaction of the field x(X) with the fields ¢;(X)
and 9(X); x denotes the Minkowski space-time vector. Let us, for simplicity, assume that
01 = @2 = . Let us also assume that m, > 2m, rendering the tree-level decay x — 2¢
possible.

The decay amplitude obtained from the Lagrangian in Eq. (2.117) then reads:

—iMy 2, = 129 (2.118)

where the symmetry factor of two appears due to the new form of the interaction part of the
Lagrangian (2.117): gxp1¢2 oy gxp>.

Let us consider the scalar fields y and ¢ as confined in a cube of length L and volume V = L3.
Let us furthermore denote the 4-momenta of y and ¢ as P and K, respectively; then it is known
from Quantum Mechanics that their 3-momenta are quantised: p = 2mnp/L, k = 2mng/L.

We denote the corresponding energies as Ep = /m2 +p? and Ep = |/m? + k2. It is also
known from Quantum Field Theory that a free scalar bosonic field can be decomposed in terms
of creation and annihilation operators (respectively a', b and a, b) utilising the following Fourier

transformation:

A d3p 1 7 —iP- 2 iP.

X)) = NN [b(p)e PX—i—bT(p)ePX} (2.119)
and

R d*k I S i

G(X) = \/Wm[a(k)e KX+aT(k)eKX]. (2.120)

The operators obey the following commutation relations:

[a(k1), a(k2)] = [a' (K1), a' (k2)] =0, (2.121)
[a(ky), af (ko)] = 6@ (ky — ka), (2.122)

[b(p1), b(p2)] = b7 (py), b (p2)] = 0, (2.123)
(1), b (p2)] = 6@ (p1 — ps) (2.124)



The x resonance represents our initial state |i):

iy = EL 5 ) 0 (2.12)

whereas the two ¢ resonances are our final states:

2m)3 .
|f) = ( V) al (k1)a' (k2) |0) . (2.126)
The volume appears in the definition of the initial and final states to ensure their correct nor-
malisation:
. 2m)3 o Eq. (2.124) (2m)3 A
il = E )it )10 ™ 2 BT 0159 0) — b )iip) )
(27)° (27m)°
= S0 0)0) = TL500) = 1, (2,127

under the following normalisation condition for the ¢ distribution:

oV
53 (0) = Jim e (2.128)

obtained from the well-known Fourier transformation

Bz
63 (p) = / p-T 2.129
®) = [ G (2129)
for p = 0. [As an equivalence but not equality, we can state simply 5(3)(0) = (2‘;)3.] The

calculation of Eq. (2.127) can likewise be repeated for the final state |f) (2.126).
The corresponding element of the scattering matrix then reads

(f1S13), (2.130)

with the scattering-matrix operator
S = Te i/ HXHX), (2.131)

where T’ denotes the time-ordering operator and H(X) is the interaction Hamiltonian that de-
pends on the interaction part of the Lagrangian (2.117):

H = —gx(X)p*(X). (2.132)
For a small coupling, we can consider the scattering matrix up to the first order only:
SW = / d*XT[H(X)). (2.133)
Let us now calculate the expectation value of S in terms of the initial and final states:

(15 1) = (flig [ AXTIRXONO]10)

3/2
- [@] g (0 alkn)aks) [ EXTLE OB B)[0) (2.134)
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Inserting Egs. (2.119) and (2.120) into Eq. (2.134) and performing time-ordered product of

creation and annihilation operators we obtain

N ot e 4
<f|s()|z>_z[ v } \/2Ep\/2Ek \/QEk/ \/gi 3./(@2r

x (0] a1 )a(ks) [b (p) =P 1 b (p)eP X]

x [alkn)eFX 4l (k)™ X [aRa)e KX 4 af (y)e 2] b1 (p) |0)

Z_[(2w)3r/29 1 1 1 1o d3p

(
)b (p)
)BT (p) o—i(K1—K2+P)-X
)bt ( )efz'(KlJerfP)-X
iK1+ K2+P)-X

—i(K1—Ks—P)-X

+ + 4+ + + + + x
/\/\/\E\)/-\/-\/—\

=
\_/\_/\_/l\\D_/\_/\_/\_/A
AAASZ/—\/—\/-\

B

—

>

—

B

—

S 5 B

d
V2Ep | 2By, |\ 28y, V(@) /(2m)? £/ (2m)3

(2.135)

Only the term in the last line remains as all the other terms are proportional to a(k;2)|0) =0,

to (0| bf (p) = 0 or to

a(ka)a(ky)a(ky)al (k)b (p) b (p) 0)

Y G )k )tk ) (k2) 6P (0) + b (p) b (p)] [0)
Eq. (2.122)

We therefore obtain

a(ka)a(ky)[6® (ki — ka) + af (ky)a(k2)]5% (0)0) = 0.

‘ ‘ (271')3 3/2 1 a3
<f’S(1)\Z>:Z[ 1% ] \/2Ep\/2Ek \/QEk: / \/QZ

x (0] a(kz)a(k)al (k)a' (k)b (p) b (p) ' H=P1X o)

Eq. (2.127) implies that our creation and annihilation operators are normalised as

Ol @) = s

and consequently Eq. (2.137) gains the following form:
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<f|5(1’|¢>=¢[(2”)3r/2 O S S

g 9
v V2Ep | 2By, 2By, ()
3 3 3
x/d4X d’p  d’k; dko i (K1+Ka—P)-X (2.139)
Vv (2m)3 /(2m)3 /(2m)3

If we consider the quantised version of the 3-momenta of the particles involved, then the usual
box normalisation yields p = 2mnp/L and k = 2mng /L, i.e.,

Ap = 2rnAnp/L and Ak = 2rAng /L. Substituting Ap — dp and Ak — dk yields [d3p =
(2m)3/V = [d3k and thus

1 3/2 1 1 1 V3 (271')9 ]
(IS iy = (—) g [ xR ey
4 V2P, B, 2B, (2m)° V3
=1 <l>3/2 g 1 1 1 /d4X6i(K1+K2P)-X
V) TV2Ep faEy, | 2By,
_ 1 ig /d4X6i(P—K1—K2)X
= V32
VIR 2By, 2By, 2Ep
ﬁ _ZMX—>2<P (271')45(4) (P - Kl B KQ) (2140)

~ V32
VA2 2By, 2Ey, 2Ep

where in the last line we have substituted the coupling g by the decay amplitude —iM, _;,
(2.118) multiplied by a symmetry factor VSF (in our case sy = 2 because the decay x — 2¢
contains two identical particles). The delta distribution §*)(P — K; — K3) corresponds to energy-
momentum conservation at each vertex.

The probability for the decay xy — 2¢ corresponds to the squared modulus of the scattering
matrix:

2_Sf 1

plfos L
1] = 7% 2Ey, 2By, 2Ep

2m)B[6W(P — Ky — Ka)]? [—iMysap* (2.141)
The square of the delta distribution can be calculated as follows:
(2m)*[(8W (P — K1 — Ko)P?

= (2m)*sW(P - K1 - K2)/d4XeiX(P—K1—K2)

= 2m)*0W(P — K| — K3) / d*x

¢
= 2m)* W (P — K| — K3) / Bz / dt
0
= (2m)*W(P — K| — Ky)Vt. (2.142)
Integrating over ki 2 we obtain
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/ / (<frs<1> [ ot Gk

iMy ol Vi, Vo3
S(P - K, — K>) A3k, dPkat
//QEk 2Ek 2Ep (27‘(‘)3 (271')3

=Tt (2.143)

where we have defined the decay width for the process x — 2¢ as
—iMy o |
r 2% (P Ky — Ko)d*kd?ks. 2.144
xe / / 2Ey, 2By, 2Ep ( 1 = Ko)d ke dhy (2.144)

Consequently, the probability to find two particles at the time ¢ is P, (t) = I'y_2,t. Then the
probability to find the particle y at the same time point is

Po(t) =1—Ty_pt (2.145)

OI‘, lf PX_>290 << t
Py (t) = e Txozet, (2.146)

Consequently, we define the median life-time of the particle y as
(2.147)

The latter expression is valid in the rest frame of the decaying particle; the life-time of the
particle in the laboratory frame reads
7' =T, (2.148)

where v = (1 — v?)71/2. We also know that the 4-vectors of all the particles involved have this
form: P = (my,0), K1 = (E}, k1) and Ky = (Ep,_, ko). Given that |ko| = [k1|, we obtain £,
= L}, . Let us then rewrite §W(P — K| — K>) as follows:
S(P — Ky — K3) = 6@ (ky + k2)3(my — Eg, — Ej,))
= 0O (k1 + ka)6(my — 2B}, ). (2.149)

Then integrating over d*ks in Eq. (2.144) we obtain

A / =M 5(m, — 2E;, )d®k (2.150)
~202m)2 ) (2Bp )22my X k)= '

Energy-momentum conservation implies

m
k1| =/ =2 —m2 = ky (2.151)

and therefore the § distribution in Eq. (2.150) can be expressed in the following way using the
generic identity §(g(z)) = >, 0(x — x;)/|¢'(x;)| where g(z;) = 0:

4dm,,
5(mx — 2Ek1) = k—é(’kl‘ — /{?f) (2.152)
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Let us then perform the integral in Eq. (2.150) using the spherical coordinates: d*k; = kid|k;|dS.
Integrating over d|k;| yields

kf . 2
=—>— [ dQ]|- 2.1
v / —iM| (2.153)
and, if the decay amplitude does not depend on 2

ky

- 2
87me

|—iM|?. (2.154)

We have to ensure that there is no double counting in case of a decay into identical particles.
This is performed by introducing a symmetry factor sy into the formula for the decay width:

k s
= sf8mf;2 |—iM|?. (2.155)
X

In the decay discussed in this section, the assumption was made that the particle x decays into
two identical particles . Consequently sy = 1/2 and from Eq. (2.155) we obtain:

k
Ty o = 477—f292' (2.156)
X

2.6.1 Parametrising the Scattering Amplitude

Two scattering particles will in general form an intermediate state before the scattering products
subsequently arise (see, e.g., Sec. 5.2.8 where 77 scattering entails contributions of the form 77w —
oy — mm and T — p — 77, i.e., with intermediate scalar and vector particles, respectively). A
scattering amplitude M of the incoming two particles (or, equivalently, the decay amplitude of
the intermediate particle into the incoming two particles) is in general a complex-valued quantity;
we expect it to depend on the centre-of-mass momentum p. Let us then decompose M in terms
of p and a quantity of dimension [E~1] that we will refer to as scattering length a as follows [39]:

N
= = 2.157
M= M(p) = ——. (2157)
with N a constant of dimension [E?] that assures [M] = [E]; N could in principle also be a

function (see for instance Ref. [40] and references therein for explicit ways how to parametrise
a scattering amplitude) but the exact nature of NV is not important for the statements in this
section. It is obvious that the limit where p = 0 leads to M(p) ~ —a. If we restrict ourselves to
the behaviour of M close to threshold, then we observe in Eq. (2.157) that the function is analytic
in this energy region (i.e., p ~ 0) except for a pole at p = ia~! = ipy (i.e., po = a~'). The value
of the scattering length can be determined from the scattering amplitude, with the latter being
a measurable quantity (for examples regarding the 77 scattering see also Refs. [41, 42, 43]). The
scattering length can have both positive or negative signs. If a < 0, then the pole is found in the
lower half of the complex p plane (Imp < 0); the pole corresponds to a ”virtual state” [39] or,
in the language of the hadronic physics, to a resonance. The lower half-plane is usually denoted
as the second (unphysical) sheet. Conversely, a > 0 implies the existence of a pole in the upper
half-plane (denoted as the first, or physical, sheet); it corresponds to a bound state. It is known,
for example, that the proton-neutron scattering produces such a bound state (deuteron) in the
38 channel. Conversely, a < 0 is also possible in the pn scattering, leading to a 1S virtual state.
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The p plane can also be mapped onto the complex s plane, where s denotes the Mandelstam
variable s = 4(m? + p?) with m being the mass of the incoming particles (taken for simplicity
to be identical). Thus the condition s > 4m? holds in any given experimental environment,
notwithstanding whether it explores a virtual or a bound state. However, the mentioned two
types of states do not behave in the same way below threshold. Although not accessible to
experiments, the region below threshold nonetheless can be explored mathematically by means
of analytic continuation p — ip (with p a positive, real number) yielding from Eq. (2.157)

1

M ~ — .
P —Po

(2.158)

Then there are two possibilities (see Fig. 2.1): (i) if pg > 0, i.e., a > 0 (bound state), then |M?
exhibits a pole at p = py, i.e., sp = 4(m? —pd); (ii) if pp < 0, i.e., a < 0 (virtual state), then |M|?
exhibits a cusp at the point § = 0, i.e., s = 4m?. Thus the behaviour of the two types of states
is fundamentally different below threshold; the dependence of |[M|? on s is a strong indicator
whether particle scattering has yielded a bound state or a virtual-type state.

I M I?
v .
P '
y s
4 AN
N
~»
~
2 2 2 S
4(m? -p3) 4m

Figure 2.1: Behaviour of | M|? for a bound state (dashed line) and a virtual state (full line).

Let us explore the behaviour of the decay amplitude on a concrete example. As demonstrated in
Eq. (2.155), the square of the decay amplitude is necessary for the decay width of an unstable
state to be calculated. Similarly to the Lagrangian (2.117), let us consider a decay of a resonance
S — 2¢p [44):

1 1 1 1
Lspp = i(ausf - 5m§52 + 5((9“(,0)2 — §m§,<p2 + gS¢?. (2.159)

Let us also introduce the tree-level decay width for the process S — 2¢p as

7M(\/§g)29(x5 — 2m,,), (2.160)

FS,O(xSamtp,g) = P)
8Ty

where xg denotes the running mass of the state S and the #-function implements the tree-level
condition that S is above the 2¢ threshold. The decay width of Eq. (2.160) can in principle be
calculated by setting xg = mg; however, quantum fluctuations are known to modify the value
of mg (see below) and consequently we evaluate I'so(zg,my,g) at the physical value of the S
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mass (let us denote it as m) rather than at the value of the Lagrangian parameter mg. The total
decay width of the state S is then

I's(m) =T'so(m,my,g). (2.161)

Note that the quantity 7w = 1/T's(m) represents the so-called Breit-Wigner mean life-time of
the particle S.

In general, a calculation of the decay width may be performed at tree level (see Sections 2.6.2
— 2.6.4). However, the optical theorem allows us to relate the tree-level decay width and the
self-energy of the decaying particle, the diagram for which is presented in Fig. 2.2. We first have
to evaluate the propagator Gs(p?) of the state S (with p the centre-of-mass momentum)

1
Gs(p’) = : 2.162
) e T (VRGP ) 1 e (216
by integrating over the loop diagram present in Fig. 2.2:
a 1
S(p*,m}) = —i/ ( a (2.163)

@+ 0 - ma ] [0 g +ie].

a+p/2

q+p/2

Figure 2.2: Self-energy diagram for the decay process S — ¢1201,2; ¢ is the vertex function, required
for regularisation of the self-energy diagram.

The integral stated in Eq. (2.163) has to be regularised because its real part is divergent (the
imaginary part is convergent). The regularisation is performed by introducing a function &(q)
at every vertex in the loop diagram of Eq. (2.162), see Fig. 2.2. Then we regularise X(p?, m?o) in
the following way:

d4q {GE(Q)T
P&+ 0" -t ] [(5-0)" - me 4]

S(p®,m?) = —i/( (2.164)

The function gz;(q) is also referred to as the vertex function. It does not have a unique form;
it can be defined for example as ¢(q) = (A% — ¢?) with the cutoff A [¢ represents the off-shell

momentum of the state @], ¢(xg) = (/A2 + mZ — x5/2) [38], #(q) = 1/[1 + (g/A)?] as in Ref.
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[45] or ¢(q) = 1/(1 + g*/A?) [46]. Different choices of ¢(q) do not change qualitative statements
of the given model [44].
We can simplify Eq. (2.162) by introducing the loop function

(p?) = (V29)*2(p*, m3) (2.165)

obtaining

1
pr - mG +I(p?) + i€

Gs(p®) (2.166)

The optical theorem relates the tree-level decay width in Eq. (2.161), evaluated at any value of
the running mass g, with the imaginary part of the loop function II(p* = z%):

ImII(z%) = z50s(zs) {&(q = (0, q))]2 (2.167)

2

with the energy-momentum conservation at vertex yielding > = x% /4 — mg,. Spatial isotropy

implies that &(q = (0,q)) has to be a function of g2. As a consequence,

Ps(m) = Ts(m) [5(a = 0.))] (2168)

i.e., for the decay widths in Eq. (2.160)

Csn(as. mg.g) = Dsolesme.0) [ala = (0.0)] - (2169)

We define the spectral function dg(zg) of the resonance S as the imaginary part of the propagator
(2.166)

_ 2xg

ds(rs) = = gi_%ImGs(x?g) , (2.170)
ie.,
ds(zs) = 225 |lim ImH(x%Q) i 5| (2.171)
T 520 (2% — m% + Rell(2%)]” + [ImII(z%) + €]

The differential value dg(zg)dzg is interpreted as the probability that the resonance S will
have a mass between xg and xg+ dzg. For this reason, the spectral function dg(xg) has to be
normalised properly:

/dxgdg(xg) <1 (2.172)
0

The renormalised (physical) mass m of the resonance S is usually defined as the zero of the real
part of the resonance propagator, i.e., from the implicit equation

m? —m% + Rell(m?) = 0. (2.173)

It is common that ReIl(m?) > 0 — in other words, quantum fluctuations usually decrease the
value of the model mass mg to the physical mass value m. Note, however, that Eq. (2.173) is
not the only way to define the regularised mass: the mass can also be defined as the position of
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the minimum of Im Gg(z%) but this definition leads to qualitatively the same results (see Ref.
[47] for an explicit example of the a; mass calculation).

There is an important approximation of Eq. (2.171). The approximation is obtained by neglecting
the real part of the loop function (justified for resonances that are not too broad): ReIl(m?) = 0,
using Eq. (2.167) without the vertex function ) [that is no longer necessary because the divergent,
real part of II(m?) is set to zero and ImII(m?) is convergent] and setting & — 0:

S x%l“s(xs)
ds(xs) = Ns (@% —m2)? + [zsTs(zs))’

O(xs — 2my, ,), (2.174)

where the constant 2/7 from Eq. (2.171) has been absorbed into Ng, the normalisation constant
obtained from the condition (2.172). Note that, conversely, the 6 function in Eq. (2.174) is no
longer absorbed into I's(zg) as was the case in Eq. (2.160). Eq. (2.174) can be simplified further
by approximating I's(xzg) with the experimental value FeSXp, i.e., by neglecting the functional
dependence of I'g(zg) on xg:

2 hexp
xSFS

ds(rs) = Ng
(CE% —m?)2 + (mSFgXp)Q

O(xs — 2my,). (2.175)

Equation (2.175) is known as the relativistic Breit-Wigner limit of the spectral function (or
simply the relativistic Breit-Wigner spectral function). The relativistic Breit-Wigner spectral
function will be used throughout this work to calculate decays via off-shell particles (see, e.g.,
Sections 2.6.2 and 2.6.4).

Let us finally note that, in the case of our resonance S, the scattering amplitude discussed in
Eq. (2.157) can also be parametrised in terms of the Mandelstam variable s = p? with a pole at
50 = (m —il's/2)%. The parametrisation can be motivated in the following way: let our starting
point be the propagator (2.166) where the loop function II is evaluated at the physical mass

value m:
1 B 1
p? —mZ +1(m2)  p2 —m% + Rell(m?) + i Im II(m?2)
Eq. (2.167) 1 Eq. (2.173) 1
 p2—mi+Rell(m?) +imls(m) p?>—m?+imlg(m)’

(2.176)

Let us assume that our resonance S fulfills the condition I'}(m) < m?, ie., I'4(m)/m? < 1.
Then we can add the term I'%(m)/4 to the denominator:

1 1
: ~ 2.177
p? —m? 4+ imIg(m) p? — m? + imTs(m) + F?gflm) ( )

= : . (2.178)



Substituting p? = s and sq = (m — i's/2)?, we obtain the following expression

1 1
= (2.179)

P2 — [m—ilg(m)]* s~ s0

Consequently, if an experimentally determined scattering amplitude can be parametrised as

1
)
S — S0

M ~

(2.180)

then it evidently contains a pole at s = sy describing a resonance with mass m and decay width
I's(m). This is a well-known criterion that allows one to ascertain whether scattering data entail
a resonance signal.

Applications of the discussion in this section are presented in the following, where some exemplary
tree-level decay widths are calculated.

2.6.2 Example: Decaying Axial-Vector State I

Let us consider a decay process of the form A — VP where A, V and P denote an axial-
vector, a vector and a pseudoscalar state, respectively, with the following interaction Lagrangian
describing the decay of the axial-vector state into neutral modes:

= A, pAVI P

+ By p | A 0,V = ,V0) 0" P 4 0 40 (V09,P° ~ V09, P") | . (2.181)

EAVP

E(uﬂ)(Pl)

~ N

P(P,)

Figure 2.3: Decay process A — VP.

We will consider the possible decay of the axial-vector state into charged modes at the end of
this section. For now, let us consider a generic decay process of the form A — VOPY.
Let us then denote the momenta of A, V and P as P, P; and P», respectively. The stated decay

process involves two vector states: A and V. We therefore have to consider the corresponding

polarisation vectors; let us denote them as €ELQ)(P) for A and e )(Pl) for V. Then, upon

substitutions O* — —iP* for the decaying particle and O* — iPl’f o for the decay products,

(ev,8)

we obtain the following Lorentz-invariant AV P scattering amplitude —iM PUCTTE

—IMET o = < (P (P1)

A0 PO p ig(a)(P)E(VB)(Pl)

ht"
AV P H
< {A y pg" + Bayp (PP + PYPY = (P Py)g™ — (P Po)g"™]}  (2.182)

35



with

h:z/P '{AAVPQMV—FBAVP[PiuPQV—FP;PV—(Pl'Pg)gw/—(P-Pg)guy]}, (2183)

Qv

where h WP denotes the AV P vertex.

It will be necessary to determine the square of the scattering amplitude in order to calculate the
decay width. We note that the scattering amplitude in Eq. (2.182) depends on the polarisation
vectors ELG)(P) and a(ﬁ )( Py); therefore, it is necessary to calculate the average of the squared
amplitude for all polarisation values. Let us denote the masses of the vectors states A and V'

as ma and my, respectively. Then the averaged squared amplitude | — iM|? is determined as
follows:
(e.) _ (o v A _
—iM ope = e (P)e) (PR 5 = |[~iM ool = Z ‘ Z/\/l/Hv(UDO
7/3 1
1< 5
=3 2 e PP PO pel (P) (PO 5. (2.184)
a,B=1
Given that
& PP
Zg;(fé)(P)gl‘(@a)(P) = <_gl“f + :7]2/{) (2185)
a=1 A

[an analogous equation holds for £(?)], we then obtain from Eq. (2.184):

- 1 P, P, P, P
. 2 . JTE 1vL1X * )\
| =My yopol” = 3 <—gw T ) < 2N m?, ) Wy VS

A
124 * 124 *\
_ 1 h _ e <hAVP > (h :VP > <hAVPP1”> (huAvﬁPA>
= 3 wAV P Ay P B mA - m%/
*UV
< vl Pl”) <hAV]5P Pl”)
mim’

_ 1 ‘ v ‘ ‘hAVP ‘ ‘hAVPPh’ ‘hAVPP Pl” (2.186)

3 AV P mA m%/ m%/mi .

Equation (2.186) contains the metric tensor g,, = diag(1,—1 — 1, —1). The decay width for the
process A — VOPY then reads

r k(ma, my,mp)

Yy 2
A—VOPO = 87Tm?4 | =My yopol” (2.187)

A non-singlet axial-vector field will in general also posses charged decay channels. Therefore, in
addition to the decay process considered in Eq. (2.187), we have to consider the contribution of
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the charged modes from the process A — VEPTF to the full decay width as well. To this end,
we multiply the neutral-mode decay width of Eq. (2.187) with an isospin factor I, i.e., we set
Ly vp =Tayopo + Ty yipr = IT 4 100, and obtain the following equation for the full

decay width:
k(ma,my,mp), . - 9
8mZ, | —iM 4 popol” (2.188)

r

A—VP =

The exact value of I can be determined from isospin deliberations, or simply from the interaction
Lagrangian of a given decay process (as we will see in later in this work).
Note that an off-shell vector state can also be considered within our formalism upon introducing
the corresponding spectral function as in Eq. (2.175)
xQ Fexp
dy(xy) = Ny 5 5 VQ 14 p— O(ma —my — mp) (2.189)
(23, —mi,)? + (avIPT)

with zy and I’?;(p denoting the off-shell mass and the tree-level width of the vector state V,
respectively, and Ny determined such that fooo dzy dy(zy) = 1. This allows us to calculate the
decay width for a sequential decay of the form A — VP — Py PP, i.e., to consider an off-shell
decay of the vector particle that possesses this assumed form: V' — Py P;. Then Eq. (2.188) is
modified as

mAfmp ( )
k MA, Ty, Mp . 9
FA%VP%PIPQP = / dCCV IW dV(IEV)| - ZMAHVOPO . (2190)
Mpy M p,

For future use we have introduced the momentum function

1

2my,

k(mg, mp, me) = \/mf; —2m2 (mi +m2) + (mi —m2)%0(m, — mp — me). (2.191)
In the decay process a — b+ ¢, with masses mg, my, m,, respectively, the quantity k(mg, mpy, me)
represents the modulus of the three-momentum of the outgoing particles b and c in the rest frame
of the decaying particle a. The theta function ensures that the decay width vanishes below
threshold.

Note that Egs. (2.188) and (2.190) will be very useful, e.g., in Sections 9.4.1, 9.4.4, 9.4.6 and
9.4.7.

2.6.3 Example: Decaying Axial-Vector State I1

Let us now consider a slightly different example (that will nonetheless also prove to be useful
in the subsequent chapters of this work): a generic decay of the form A — SP where A, S
and P denote an axial-vector, a scalar and a pseudoscalar state, respectively, with the following
interaction Lagrangian describing the decay of the neutral axial-vector component into neutral
states:

Lagp=AugpAS°0,P° + B oA P29, S°. (2.192)

As in the previous section, we denote the momenta of A, P and S as P, P, and P, respectively.
Unlike the previous section, the decay process now involves only one vector state: A. Let us

denote the corresponding polarisation vector as e,(f{)(P). Then, upon substitution 9* — P/,
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S(P2)
Figure 2.4: Decay process A — SP.

for the decay products, we obtain the following Lorentz-invariant ASP scattering amplitude

4 (@)
_ZMAHSP
g () _ _ o
—iMyop = 6& )(P)h:sp —st J(P) (A gpPl' + BygpPs) (2.193)
with
Wisp =~ (AaspPl' + Baspls), (2.194)

o
where h e denotes the ASP vertex.
As in the previous section, calculation of the decay width will require us to calculate the square of

the average decay amplitude. As apparent from Eq. (2.193), the scattering amplitude z./\/lf4 @) p
(c)

depends on the polarisation vector ;" (P). Then the averaged squared amplitude | — iM|? is
determined as follows:

3
e LS| o
—iM = Py = |=iM sl = 5 D0 M

3
Z ft)( )hisp e (P W isp: (2.195)
a,f=1

Let us denote the mass of the state A as m4. Then utilising Eq. (2.185) we obtain

‘hASP ‘

_ 1 PP, 1
. 12 2 w *U e N
|ﬂMmﬁm}<%ﬁwﬁ>%M%P3 V%4+_ET"(”%
From Eq. (2.194) we obtain
2 2
‘hASP‘ — A2 o+ B2 am? + 24,65 B 5Py - P2, (2.197)

where mp and mg denote the masses of P and S, respectively. Our calculations are performed
in the rest frame of the decaying particle, i.e., P* = (m4,0). Consequently,

Eq. (2.194)

W P, =h' = h' = — (A gpE1 4+ BgpE2) ma (2.198)

ASP sl AspMA
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with Fy = \/k:Q(mA,mg,mIs) —|—m?5, By = \/kQ(mA,ms,mp) +m% and k(ma, mg,mp) from
Eq. (2.191). Inserting Eqgs. (2.197) and (2.198) into Eq. (2.196) then yields

[(AASPEl + BAsﬁE2)2 - (A2 sm% + B’ m% + 24 ,5pBaspP1- P2)]

Y 2
’_ZMA—>S]—:" = ASP''P ASP

Wl =Wl

[(AZSP + B )k (ma,ms,mp) + 24,55 B 15 p(B1 By — Py - P2)} .
(2.199)

Given that P{ = (Ey, k(ma,mg,mp)) and Py = (Ea, —k(ma,mg,mp)), we obtain P; - P, =
EyE> 4+ k*(ma,mg,mp) or, from Eq. (2.199):
0 2 1 27,2
| —iMyspl” = g(AASP — Bygp)k(ma,mg, mp). (2.200)
The formula for the decay width of the process A — SP may need to consider not only the decay
A® — SOPO hut also A° — SEPF (depending on isospin of the decay products); for this reason,
we introduce an isospin factor I:

k(mA,mSamP) kg(mA’mSamﬁ)

2 ‘ - Z‘MA_>515‘2 =1

A,op— Bros) 2.201
8mm?, 24mm?, (Apsp = Basp) (2.201)

I\A—>SI5 =

2.6.4 Example: Decaying Scalar State

Let us consider the decay of a scalar state S into two vector states V, i.e., S — ViVsh. The
interaction Lagrangian may be given in the following simple form:

Lsvy = Agyy SV VS (2.202)

e (Py)

Figure 2.5: Decay process S — V1 Va.

Our calculation of the decay width has to consider polarisations of the two vector states. We
denote the momenta of S, V; and V5 as P, P; and P5, respectively, while the polarisation vectors
are denoted as 6&0[) (P;) and e,(,ﬁ) (P). Then, upon substituting 0* — iP{f2 for the decay products,

we obtain the following Lorentz-invariant SV; V5 scattering amplitude —iM(Saf‘),l‘,Q:

—iMEE) = @ (PP (PR, = i@ (PP (Py) Asyv g (2.203)
with
Wiy = iAsvvgt, (2.204)
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where hgl{,v denotes the SVV vertex.

The averaged squared amplitude | — iM|? is determined as follows:
_ngaf\)/lv2 = 5(a)(P1) (ﬁ)(P2)h§vv = { ZMSHVle = Z ‘_ZMS—MVQ
7/3 1
1< 8
=3 O e (PO (PR el (Pr)ey (Po) - (2.205)
a,f=1

Equation (2.185) then yields the same expression as the one presented in Eq. (2.186):

— h i F 2 h Y f 2 h Y f f 2
. 2 vviip vv+2 vyt ipt2
’— Z,/\/ls_ﬂzlv2 = |h9‘r‘r — | s 3 ‘ — | s 3 V| + | s 3 3 V‘ (2.206)
m‘,l 7ll‘r2 m‘rlﬂl‘rQ

From Eq. (2.185) we obtain Wi, P, = iAsvv P}, W\, P, = iAsyv Py and RS, P1uPay
=iAgyy P - P, and consequently

- 1 pP? pP? P - Py)?
‘ - ZMS—>V1V2‘2 = 3 4 - ; - g ( 2 2) A?S‘VV- (2-207)
my,  my, mi, my,
For on-shell states, PﬁQ = m%ﬁ , and Eq. (2.207) reduces to
.f L], (P Py)? L, (m§—mi —mi,)?
—iM P . ) - 21 A 2.208
| — iMsoviv| 34T m-m3, svv =3 |2t am3, m, svve ( )
The decay width is consequently
o k(mSa mvl 9 mVQ) w 2
FS—>V1V2 =1 5 ‘ — ZMS—>V1V2’ (2.209)

8mmyg

with k(mg, my,, my,) from Eq. (2.191); we have considered an isospin factor I in case the vector
particles are not isosinglets (then the contribution of the charged modes to the full decay width
would also have to be considered).

Suppose now that the two vector states were unstable themselves and decayed into pseudoscalars:
Vi — PPy and Vo — ]53154. Calculation of the decay width for the process S — ViV, —
P, P, P3P, requires integration over the spectral functions of the two vector resonances, Eq.
(2.189). The decay width then reads

mgs ms—Tv;

k(ms,zv,, vv;) - 5
L e Py y = / dzy, / dzv, IW dy (zv;)dv (2v;)| —iMs i1, 7.

5 +mp mp, +mp
P1+ Py P3+ Py

(2.210)
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3. Review of Scalar Isosinglets

The scalar isosinglet mesons have been an extremely interesting topic of investigation from both
theoretical and experimental standpoints for decades. Their features have often been ambiguous
due to large background and various decay channels. This chapter is a brief review of the
knowledge about scalar isosinglet mesons, what we think we know about them and how our
understanding of these resonances has developed in experimental work over the last decades.
It will contain a dedicated section regarding the putative new fy(1790) resonance which is of
particular importance for this work because it is very close to, and may interfere with, the
already established fy(1710) state — and the latter is of utmost importance for our calculations
in the three-flavour version of our model.

3.1 The f,(600) Resonance

The fo(600) state (or o; in older articles: € or 7p4) has a long and troubled history. The exis-
tence of this state was suggested in linear sigma models approximately a decade before it was
first discovered, see, e.g., Ref. [48]. The state was introduced theoretically as the putative chi-
ral partner of the pion; however, it was shown to be highly non-trivial to ascertain experimentally.

The earliest versions of the linear sigma model incorporated only the sigma and the pion. The
pion is a well-established gq state and consequently its chiral partner also had to be a quarkonium.
The naive expectation was that the mass splitting between the pion and its chiral partner would
not be large, or at least that the mass of the o state would be in the interval below 1 GeV, with
a predominant decay into pions (~ 100%). For this reason, many experimental collaborations
have looked closely into 77 scattering amplitudes up to 1 GeV (see below) in order to ascertain
if an I(JPY) = 0(0*) signal could be found. Note, however, that the theoretical gq scalar state
possesses the intrinsic angular momentum L = 1 as well as the relative spin of the quarks S = 1.
For this reason one could also easily expect the state to be in the region above 1 GeV. This is
contrary to the expectation of the first version of the o models. Additionally, four decades ago
Gasiorowicz and Geffen suggested how to introduce vectors (p, w) and axial-vectors (ap, f1) into
linear sigma models utilising the chiral symmetry [49]. (The latter article is also important be-
cause it suggested the existence of an axial-vector triplet, known nowadays as a1, almost 10 years
before the particle was first established reliably in the pr final state produced in K ~p reactions
[50].) It was subsequently demonstrated that the inclusion of (axial-)vectors requires us to assign
the scalar-isoscalar state present in the o models to a resonance above, rather than below, 1 GeV
[51, 52, 53, 54, 55, 56, 57]. Experimental data available nowadays seem to strongly favour this
assignment, particularly in view of the fact that the pure non-strange scalar state is expected
to mix with a pure-strange and a glueball scalar state leading to experimental observation of
three scalar states in the mutual vicinity: these could possibly be the established resonances
fo(1370), fo(1500) and fy(1710) [10]. (See below for a review of these resonances.) This implies
that scalar states below 1 GeV, including the f((600) resonance, cannot be of gg structure. The
mentioned theoretical ambiguity regarding the structure of this light scalar state is, however, not
the only problem related to fo(600) — the data on this resonance suggest that its mass and width
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are of comparable magnitude, rendering also the experimental search for this state rather difficult.

Before we proceed with a discussion of the experimental evidence for fy(600), let us summarise
the reasons why the hadronic physics requires the existence of a light scalar meson:

e It is the putative chiral partner of the pion in the sigma models; the vacuum expectation
value of the o state is used as means of modelling spontaneous chiral symmetry breaking
[48]. Therefore, the existence of the o meson [expected to possess a mass < 1 GeV in the
plain sigma models without (axial-)vectors] is a natural consequence of the existence of the
pion and of the chiral symmetry (and the breaking of this symmetry).

e As already indicated, subsequent calculations suggested that the scalar gq state present in
sigma models cannot correspond to a resonance below 1 GeV but rather to a state above 1
GeV. However, if we act on the assumption of the possible existence of tetraquark (ggqq)
states [58], then the search for a light scalar state is nonetheless justified: it may possess a
tetraquark structure.

e The Nambu—-Jona-Lasinio model [28] requires the existence of a light scalar-isoscalar meson
with mass 2m, where m, denotes the constituent-quark mass; the vacuum expectation
value of the scalar state is again utilised to model the spontaneous breaking of the chiral
symimetry.

e Nucleon-nucleon scattering is expected to occur with exchange of a light scalar meson [59];
f0(980) cannot fulfill this role as it strongly couples to kaons although it was established
as a resonance long before fy(600), see Sec. 3.2, and fy(1370) is too heavy to influence the
nucleon scattering at low energies.

e It is required for a correct description of w7 scattering data, see below.

Experimental evidence for the existence of the fy(600) resonance stems from analyses of w7 scat-
tering amplitudes. This is true historically as well as nowadays; however, given the notoriously
large decay width of the state and the limited statistics of the first experiments, the first data
on 7w scattering provided us only with hints rather than definitive proofs of the existence of this
particle.

In 1973, mm phase shifts were measured at CERN where pions were scattered off protons: a pion
beam was targeted at a 50 cm long liquid-hydrogen target inducing the reaction 7= p —7 7 n at
17.2 GeV, with 300000 events reconstructed [60]. The results of Ref. [60] were later combined with
results obtained from the same 7~ p reaction induced by targeting pions on butanol (C4H9oOH)
[61]. A broad enhancement in the 7w S-wave was observed but no definitive conclusions were
possible. In 1976, the Particle Data Group (PDG) removed this state from their listing. The
next decade saw pp — ppr ™7~ data suggesting a broad S-wave enhancement in the 77 scattering
below 1 GeV [62] but still without definitive conclusions regarding the existence of fp(600). The
resonance was reinstated by the PDG in 1996 after theoretical results amassed suggesting the
existence of the state: the 1993 review of 77 and K K scattering data in Ref. [63] found a pole
with a mass of (506+10) MeV and a width of (494+5) MeV; a model of 7w — nw and 7w — KK
scattering with crossing symmetry and unitarity found the data to require a light scalar meson
[64] and a model-independent analysis of 77 scattering data below the KK threshold in Ref. [65]
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found a pole with a mass of (553.3 £0.5) MeV and a width of (242.6 + 1.2) MeV (see also Ref.
[66]).

Contrarily, high-statistics data from pp annihilation [67, 68] did not yield a clear fy(600) signal;
additionally, there were no conclusive results from central pp collisions either, although a broad
enhancement below 1 GeV was observed [69].

However, subsequent experimental results did suggest the existence of a signal attributed to
fo0(600). The E791 Collaboration at Fermilab [70] used a sample of 2 - 10'” events from the 7~ -
nucleon reaction at 500 GeV to produce charm (D) mesons; 1172461 events D — 7~ 77" were
induced and strong evidence of a scalar resonance with a mass of 4781'% + 17 MeV and a decay
width of 3244_'3(2) +21 MeV was found in the w7 channel using a Dalitz plot. Similarly, the CLEO
Collaboration [71] produced 780000 DD pairs from reaction ete™ — ¥ (3770) — DT D~; vari-
ous analysis methods were used and a definitive contribution of fo(600)7" in the decay channel
D — 7 rntr" was observed (branching ratio ~ 50%). Additionally, the BES II Collaboration
produced 58 million J/v events from electron-positron annihilation and various decay channels
involving pions and kaons were analysed (see the following subsections). We note here that
a broad f,(600) peak was observed in the decay channel J/1) — w7~ for which the pole
mass was determined as (541 +39) MeV and the decay width as (504 £+ 84) MeV [72]. Thus, the
analyses found a very broad resonance with a mass of ~ 500 MeV and a comparable decay width.

On the other hand, the theoretical search for this state is confronted with various problems. As
already mentioned, fy(600) is very broad. It is one of rare meson resonances where the decay
width I' is virtually the same as the mass; this renders an extrapolation of the pole position
from the 77 scattering data highly non-trivial as the pole is very distant from the real axis.
The resonance may easily be distorted by background effects and by interference with other
scalar isosinglets. For this reason, a parametrisation of fy(600) in terms of a Breit-Wigner
distribution [see Eq. (2.175)] has to be performed with great care (if at all). Nonetheless, it is
possible to determine the pole position of the resonance utilising Roy equations [73] with crossing
symmetry, analyticity and unitarity. This allows one to demonstrate unambiguously that fo(600)
is a genuine resonance — e.g., in the work of Leutwyler et al. [41], a resonance pole was found
at m,e00) — i fo(600)/2 = (441780 — 027217, ;) MeV. Similarly, Peldez et al. [42] have found
m gy 600) — 1T fo(600)/2 = (4617122 — 1255 + 16) MeV.

These results were obtained from analyses of w7 scattering data with the pions produced from
kaon decays. Let us therefore briefly review kaon decays in the following. Kaons are produced
by targeting protons onto a metal (such as beryllium). Two types of charged-kaon decays are
relevant here — the exclusive decays into pions: K= — 75770 and K* — nnt7n~ (K3, decays;
branching ratio ~ 1072 [10]) and the semileptonic decays K+ — 77~ e*v (and hermitian conju-
gate for K~). The latter ones are referred to as K4 decays; they belong to the so-called rare kaon
decays because of the small branching ratio (~ 107 [10]). Note, however, that they also possess
a much cleaner environment than K3, decays where pion rescattering may induce an increased
error in the scattering amplitude. First measurements of the K4 decays were performed in 1977
[74] with a number of events several order of magnitudes smaller than the latest measurements
performed at CERN by the NA48/2 Collaboration in 2003 and 2004 [43]. Note that the pion
scattering data allow for determination of 77 scattering lengths, see Refs. [41, 42] and Sections
5.2.8 and 9.5 in this work. We will show in the mentioned sections that the pion scattering lengths
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require the existence of a light scalar state [i.e., fo(600)] as otherwise their proper description is
not possible. However, the broader phenomenology will disfavour a gg structure of this resonance.

We note that the PDG lists fp(600) as having a mass of (400 — 1200) MeV and a width of (600
— 1000) MeV [10]. Let us also note that s [or K5(800)], the strange counterpart of fy(600), has
similarly also been subject of a prolonged debate about its existence with some analyses finding
a corresponding pole [75] while others do not [76]. The fact that m, ~ T, renders it extremely
important not to fit the xk meson with a Breit-Wigner distribution of a constant width; such fits
can eagily fail to detect this state. There is, however, a scalar kaon in the region above 1 GeV as
well, the existence of which appears to be confirmed: this state, denoted as K§(1430), is found
in the Km channel (see Ref. [10] and references therein).

3.2 The f,(980) Resonance

This resonance is close to the kaon-kaon threshold rendering an experimental analysis somewhat
difficult, with different collaborations and reviews obtaining at times very different results. For
the same reason, the structure of the resonance is not clear: it may be interpreted as a quarkonium
(77, 78, 79], as a ¢%q> state [58, 80, 81, 82, 83, 84], as a KK bound state [85, 86, 87, 88], as a
glueball [89] or even as an nn bound state [90]. One of the most suitable of ways to ascertain
the fp(980) structure is utilising the decay fy(980) — ~7v. The PDG cite world-average value
is 'z (080) 57y = 0.29Jj8:8(73 keV. Various approaches have been utilised to calculate this decay
width: a relativistic nonstrange-quark model obtained values between 1.3 keV and 1.8 keV [77];
assuming a KK structure yielded values between 0.2 keV and 0.6 keV [85] and assuming a
strange-quarkonium structure of the resonance resulted in values ~ 0.3 keV [78]. Thus the
only assignment that appears to be excluded is the one where the resonance is a non-strange
quarkonium.

The work presented here contains only quarkonium states; the only possible interpretation of
f0(980) within our model could be as a gq state. In the U(3) x U(3) version of our model, it is
not possible to interpret f;(980) as a gq state within our Fit I, Chapter 9 (the decay width would
be several times too large), and it is strongly disfavoured as a gq state within Fit II, Chapter 11
[see in particular the short note on fp(980) at the end of Sec. 11.1.2].

The earliest evidence for f;(980) came from Berkeley in 1972 [91]. (There were even earlier data
from pp —7 7w at Saclay in 1969 where the analysis required an S-wave isoscalar structure at
~ 940 MeV [92]; however, no kaon events were considered.) A pion beam of 7.1 GeV was targeted
at protons (in a hydrogen bubble chamber) and reactions 7*p — 77~ AT* (32100 events) and
7tp — KTK~ATT (682 events) were observed. The 77 system was found to exhibit a rapid
drop in the cross-section in the energy region between 950 MeV and 980 MeV (i.e., close to the
KK threshold: 2mpg+ = 987.4 MeV [10]). This effect occurred due to strong coupling of the
7w and KK channels upon opening of the kaon threshold. Subsequent partial-wave analysis of
both the pion and kaon scattering data yielded a pole at (997 + 6) MeV; the pole width was
(54 £ 16) MeV. [Incidentally, the same analysis also found a pole at 660 MeV and the width
of 640 MeV, corresponding to the nowadays fp(600) meson, but the pole was not stable in all
parametrisations due to lack of data below 550 MeV.]

CERN-Munich data from 1973 confirmed a strong S-wave enhancement at approximately 1 GeV
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from the one-pion-exchange (OPE) reaction 7~ p —ntn n at 17.2 GeV [93]. Subsequent data
from 7~ p — 7wrm n and KK n taken at Rutherford Laboratory in Chilton, England, also
produced a sharp drop in the 777~ spectrum close to the KK threshold, assigning this signal
to a J = 0T resonance with pole mass of (987 + 7) MeV and pole width of (48 + 14) MeV
[94]. Further publications regarding f,(980) are listed in Ref. [95]; let us, however, discuss here
studies of the resonance performed by several collaborations:

e WA7T6 / WA102. Data were gathered using the CERN Omega Spectrometer in reactions
pp = py( T )ps, pp — py(E°70)ps, pp — pr(KTK )ps and pp — pp(KIKQ)ps at 85
GeV and at 300 GeV and in reaction 7tp —>7T}F7T+7T_ps at 85 GeV (subscripts f and
s denote the fastest and slowest particles in the laboratory frame, respectively). The
f0(980) resonance was identified in both pion and kaon final states; the coupling of the
resonance to kaons (gx) was found to be dominant in comparison to the pion coupling
(97): 9x/g= = 2.0 £ 0.9 [96]. A pole mass of (1001 £ 2) MeV and a pole width of (72 &+ 8)
were determined. Note, however, that care is needed when interpreting these results, as
a relativistic form of the Breit-Wigner distribution was utilised to analyse data, with no
dispersive corrections (that are important due to the effects of the K K-threshold opening).
In 1999, data from a higher-resolution reaction pp — ps(K K~ )ps and pp — pr(KIK2)ps
at 450 GeV indicated a Breit-Wigner mass of (985 £+ 10) MeV and a width of (65 + 20)
MeV, with interference effects of fy(1500) and fy(1710) included [97]. A similar analysis
was performed for pp — pp(m 77 )ps, also at 450 GeV [98] allowing for a combined analysis
to be performed in both pion and kaon channels [99]. Both the T-matrix formalism [100]
and the K-matrix formalism [101] were used. Results were obtained regarding four scalar
resonances: [fp(980), fo(1370), fo(1500) and fp(1710). For fp(980), the obtained mean
values were m g, (9g0) = (987 £6+6) MeV and Ty (1500) = (96 =24 4-16) MeV. The fo(980)
coupling to kaons was found to be approximately two times larger than the coupling to
pions.

e Crystal Barrel. The fy(980) resonance appeared in high-statistics data produced by 16.8
million pp collisions at CERN-LEAR (Low Energy Antiproton Ring) and analysed in 1995.
From these collisions, 712000 events for pp — 37" were selected [102]. The fo(980) reso-
nance was reconstructed with a K-matrix approach and the values m s 930) = (994+5) MeV
and I'g, 9g0) = (26 £10) MeV were obtained. Subsequently, data were taken from reactions
pp —7m07070 (712000 events), pp =77y (280000 events) and pp —7’nn (198000 events)
[67]. Data analysis was not conclusive in that different Riemann sheets in the T-matrix
formalism yielded somewhat different pole masses [(938 - 996) MeV] and widths [(70 - 112)
MeV]; nonetheless the existence of a pole (i.e., of a resonance) was ascertained.

e GAMS. Data were taken from the OPE reaction 7~ p — 7%7%n — (4v)n at GAMS-IHEP
(GAMS: Russian abbreviation for Hodoscope Automatic Multiphoton Spectrometer). A
pion beam at 38 GeV was utilised to induce the reaction. A drop in the 77 cross section
just below 1 GeV was observed allowing for a resonance with a mass of (997 + 5) MeV
and a width of (48 £ 10) MeV to be reconstructed [103]. The same experiment was later
repeated at the CERN-SPS accelerator using the electromagnetic hodoscope calorimeter
GAMS-4000 but with a pion beam of 100 GeV [104]. The results were similar to those
of Ref. [103] although an optimal fit was found for a Breit-Wigner mass of (960 £ 10)
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MeV, i.e., below the K K threshold. The Collaboration also used an additional production
mechanism that involved targeting protons at 450 GeV onto liquid hydrogen and inducing
the reaction pp — pf(ﬂoﬂo)ps — p¢(4v)ps at CERN-SPS. A Breit-Wigner fit was optimised
at a mass of (955 + 10) MeV and a width of (69 + 15) MeV without the consideration of
scalar states above 1 GeV [69]; once these states were considered, a fit to data yielded
M, 980) = (989 £ 15) MeV and Tz (90 = (65 4 25) MeV [105]. Note that already GAMS

0 invariant mass spectrum

data from Ref. [103] suggested an interesting feature of the 797
where f,(980) was reconstructed: there was a dip in the spectrum (for lower momentum
transfer of 7~ to the two neutral pions) as well as a peak (if higher momentum transfer was
considered). This unusual feature of f;(980) was analysed in Ref. [106] where the observed
alteration in the spectrum was suggested to occur due to an a; exchange contribution in

the 7~ p amplitude that rises with momentum transfer.

e CMD-2. Data regarding fp(980) obtained by this Collaboration were result of studies of
©(1020) radiative decays. To this end, 20 million ¢ events were produced in the annihila-
tion reaction eTe” — w777y and observed by the Cryogenic Magnetic Detector CMD-2 in
Novosibirsk. The ¢(1020) resonance was reconstructed in the 77~ final state; isolating
photons with energy below ~ 100 MeV and assuming that the pions in this final state
dominantly coupled to f,(980) yielded m fo(980) = 975 MeV. However, the resonance width
was not determined from the mentioned annihilation process but rather held at 40 MeV
[107]. The same process was subsequently repeated [108] with 7%7%y and 57"~ final states.
The lack of bremsstrahlung for the neutral final-state modes allowed for a better recon-
struction of f3(980) in the 7%7° channel. Again, a dominant coupling of pions to f(980)
was assumed once the photons of energy below ~ 100 MeV were isolated. The ensuing
results reflected those of Ref. [107] in mass; the width was determined to be (56 & 20 + 10)
MeV. These results are, however, obtained within certain models — as discussed in Ref.
[108]. Note that the annihilation process ete™ — mmy (at 1020 MeV) was also used by
the KLOE Collaboration in the ”Frascati ¢ factory”, with results very similar to those of
CMD-2 but unfortunately with no determination of the f,(980) width (see Ref. [109] and
references therein).

e Belle. The Belle Collaboration at KEK (High Energy Accelerator Research Organization,
located in Tsukuba, Japan) have used the annihilation process ete™ — ete " ntn™ at 10.58
GeV aquiring high-statistics data, see Ref. [110]. The f,(980) resonance was reconstructed
in the 77~ final state with m g (9g0) = 985.6712714 MeV and L f(980)smm = 3421130758
MeV. The stated result for the decay width suffers from large errors (particularly at the
upper boundary) and the reason is the possible interference of ete™ — eTe 7~ events
with dilepton events eTe™ — p*pu~ yielding an increased uncertainty in data evaluation.
Subsequent analysis of the same reaction with 7°7° final states [111] yielded m fo(980) =
982.2 £ 1.0f§:(1) MeV and T 980)—mr = 66.9 & 2.2‘:%;:2 MeV. The latter is very different
from the value of Ref. [110] because differential cross-sections (in S, D, G waves) were
fitted rather than the total one. However, no consideration was given to the kaon decays

of fo(980). A Breit-Wigner analysis was used in both cases.

The PDG estimates m s, 9g0) = (980 £ 10) MeV and Iz 9g0) = (40 — 100) MeV [10].
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3.3 The f,(1370) Resonance

The fp(1370) resonance decays predominantly into pions and is therefore a possible candidate for
a non-strange quarkonium state. We will discuss this possibility from the viewpoint of our model
in Fit II, Chapter 11. It is an established experimental fact that fy(1370) is a broad resonance
with T’y 1370y ~ (200 — 500) MeV [10]. Although the stated value of the decay width is not
comparable to the mass of the resonance, there large width nonetheless needs to be considered
with care when features of the resonance are analysed. One of the reasons for the large width
arises from the fact that fp(1370) is reconstructed in various decay channels (see below) that may
have different thresholds. For this reason, in this section we will prefer an analysis combining
different sets of data, in various channels and by various collaborations. The resonance is mostly
observed in pp annihilations, 7~ p scattering and J/v decays (see below).

There are several reviews offering combined analyses of fy(1370) features [40, 63, 101, 112, 113,
114, 115, 116, 117, 118, 119]. They are important for at least two reasons. Firstly, they clearly
demonstrate that f,(600) and fp(1370) are distinct resonances [63, 112, 113, 115]. Secondly,
a broad resonance with various decay channels — such as fy(1370) — is bound to experience
interference among different decay channels due to threshold openings. These have to be con-
sidered within comprehensive reviews combining different sets of production data (as performed,
for example, in references that have already been stated). In this section, we will in particular
emphasise results from a comprehensive review of fp(1370) by D. Bugg published in 2007 [40].
Nonetheless, let us first briefly summarise experimental data where a signal for f,(1370) was
seen.

e CERN. A bubble-chamber experiment involving pp — 7tz - 7t7~ 7% (antiprotons at 1.2
GeV targeted at hydrogen at rest) was analysed in 1969. A possible pp enhancement was
claimed at 1.4 GeV [120].

e Argonne. Data were taken from 400000 events observed at the Argonne National Labo-
ratory in 1976 from the reaction 7~ p producing neutrons and neutral pseudoscalar kaons
[121]. Pions were scattered off a 7.5 cm-long liquid-hydrogen target, with ensuing photons
(originating from the kaon decays) detected from scintillation counters in a hodoscope. An
enhancement with I' ~ 80 MeV was observed at approximately 1.25 GeV but with I = 1.
Subsequent data from higher statistics (110000 events in 7~ p — nK ~ K™ and 50000 events
in 7tn — pK~ K™') confirmed the enhancement, but found it to be rather broad (I' ~ 150
MeV, at ~ 1.3 GeV) and with I = 0 [122]; see also Ref. [123].

e BNL. Data from 15000 events on 7~ p — I_(gKgn taken at Brookhaven National Laboratory
suggested a resonance with a mass of ~ 1463 MeV and a width of T" ~ 118 MeV (but with
large errors for the width) [124].

e Crystal Barrel. The earliest evidence for fy(1370) by the Crystal Barrel Collaboration
was published in 1992 from nn final states [125]. Data were obtained from the reaction
pp —nnm® — 67, where the antiprotons were stopped by a liquid-hydrogen target at the
centre of the Crystal Barrel detector. In this way, pp annihilation states were limited to S
and P waves allowing for a better reconstruction of putative scalar resonances. The Crystal
Barrel itself was in essence comprised of a magnetic detector with a Csl calorimeter used to
detect photons. An optimised fit suggested the existence of a scalar resonance with a mass
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of 1430 MeV and a decay width of 250 MeV. The same Collaboration also analysed data
from pp — 7737 — pFtp~ 7" (antiprotons at 200 MeV stopped in a 4 cm long liquid-
hydrogen target at the centre of the detector); a strong signal with a mass of (1374 + 38)
MeV and a width of (375 + 61) MeV was reconstructed in both p*p~ and oo channels
[126]. Subsequent analysis of data from pp — 37% and pp — nn7° found both fo(1370)
and fo(1500) [114, 127, 128]. High-statistics data from reactions pp —37° (712000 events),
pp —nmr® (280000 events) and pp —nm7® (198000 events) were analysed in Refs. [67, 129].
They yielded not only evidence for f3(1370) and fy(1500) but also for the non-strange
isotriplet member of the scalar nonet above 1 GeV, the ap(1450) resonance, found in the
nm'70 final state [130]. Finally, a simultaneous fit [116] of the Crystal Barrel pp data with
CERN-Munich data regarding 7~ p— 7~ 7 "n [93] with BNL analyses from Refs. [124, 131]
and Argonne results from Refs. [123, 132] determined that 77 scattering data above 1 GeV
require the presence of fy(1370).

e Rome-Syracuse. A review of earlier data in Ref. [133] suggested a resonance with a mass
of (1386 £ 10 + 28) MeV and a width of (310 £ 17 +47) MeV.

e OBELIX. The Collaboration utilised reactions induced by antineutrons; they were pro-
duced by the charge-exchange reaction pp — nn in a 15 cm long liquid-hydrogen target
inside the OBELIX spectrometer at CERN-LEAR [134]. The ensuing beam produced re-
actions np — 77w~ 7w and fip — 7t w T T, A scalar state with a mass of (1345+12)
MeV and width of (398 + 26) MeV was reconstructed.

e Belle. Recently, the Belle Collaboration have claimed observation of a signal consistent
with fo(1370) from B meson decays produced in ete™ collisions: efe”™ — T — BgBO,
BYB} and B5BY (with By — vB2) and BY — J/vfo(1370) — J/¢mtm~. The signal
was observed at 1405 + 1571 MeV; the width was 54 + 3373* MeV [135]. However, no
interference with the nearby scalar states was considered due to low statistics, although
the observation of a signal for fp(980) was also claimed.

However, there are also claims disputing the existence of fy(1370). It has been claimed that
f0(1370) could be merely a broad background in the energy region up to 1.5 GeV interfering with
f0(1500) and producing a peak at 1370 MeV [136]. Additionally, fy(1370) was not unambiguously
identified in the CERN-Munich data of Ref. [93] and might even, with f,(600), represent a single
state - the scalar glueball [137]; see also Ref. [138].

This work will not follow the assertions of the stated references for several reasons:

e It is highly unlikely that f,(600) and f,(1370) merely represent two manifestations of a
single state; features of f(600) have been discussed in Sec. 3.1 where we have noted that
7w scattering data unambiguously require a light scalar state corresponding to a pole in
the 77 scattering amplitude. For this reason alone, fy(600) is a state distinct from other
resonances, including fy(1370). [We have already noted at the beginning of this section
that Refs. [63, 112, 113, 115] also demonstrate that f,(600) and fy(1370) are distinct. The
same is shown as well in Ref. [40] in a simultaneous fit of Crystal Barrel data on pp and
BES II data from J/v decays, see below.]

e The mentioned CERN-Munich data have to be refitted simultaneously with data that have
higher statistics if one would like to make a more elaborate statement regarding scalar
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resonances. This has actually been performed in Ref. [138] where, for example, Argonne
data on KK scattering from Ref. [123] (discussed above) were considered. The Argonne
data possess the largest statistics to date for the K K channel (~ 10° events), as noted in
Ref. [138]; however, there are even larger statistics in the 77 channel obtained by Crystal
Barrel from pp reactions (~ 7 -10° events in 7'7% ~ 3-10% events in nn) [67, 129].
Reference [138] does not consider the Crystal Barrel data, although they appear to be the
most definitive ones regarding f,(1370). For this reason, the ensuing conclusion disputing
the existence of fp(1370) is rather doubtful. The mentioned data from CERN-Munich and
Argonne (and also from BNL [124, 131]) were considered in Ref. [116]. As discussed above,
the combined fit required the presence of fy(1370) with a mass of (1300 + 15) MeV and a
full width of (230 £ 15) MeV.

e The issue whether fp(1370) is actually merely a broad background in the energy region
above 1 GeV was discussed in some detail in Ref. [40] where it was found to be a gen-
uine resonance. The stated publication contains various interesting statements regarding
f0(1370) and, as a final part of this section, we will discuss the most important ones.

Five sets of data have been simultaneously fitted in Ref. [40]: Crystal Barrel data on pp — 37
at rest in liquid [129] and gaseous hydrogen [101]; Crystal Barrel data on pp —nnm® at rest in
liquid [125, 127, 139] and gaseous hydrogen [101] and also BES II data on J/v¢ — on ™ [140].
The last set of data actually contains a peak at 1.35 GeV, contributed to interference of f,(1370),
fo(1500) and f2(1270); the corresponding data can be refitted with and without fy(1370). The
main conclusions from the combined fit are:

e Crystal Barrel data on pp — 37" require fp(1370) as a 320 signal in liquid-hydrogen pp
reactions (o: standard deviation) and as a 330 signal in gaseous-hydrogen pp reactions.

e Crystal Barrel data on pp —nnm® require fo(1370) as a 170 signal in liquid-hydrogen pp
reactions and as an 8¢ signal in gaseous-hydrogen pp reactions.

e BES II data on J/v¢ — @ontn~ require fp(1370) as an 8¢ signal.

e It is not possible to simulate fy(1370) as a high-tail representation of f,(600), neither in
the 77 nor in the nn channels, as the ensuing x? fit is noticeably worse than in the case
where fp(1370) is included as a separate resonance.

e If one fits the S-wave 77 scattering amplitude between 1.1 GeV and 1.46 GeV [putative
mass range of fy(1370)] without assuming a Breit-Wigner form (i.e., freely in bins of 7w
invariant mass), then a resonance form of the fitted amplitude is still obtained. The
resonance is labelled as f,(1370).

e CERN-Munich data [93] can be fitted slightly better with f,(1370) than without this state
but are not definitive in this regard.

e Due to lack of experimental data on 7 — 4, it is only possible to constrain I'y)(1370) 7 /
[ ,(1370)—s4r Tather than the two decay widths by themselves (I" refers to the Breit-Wigner
width). The 27 line-shape of f,(1370) can then be fitted with a range of values for both
4, (1370)—mr and Iy (1370) 4. The Breit-Wigner width in the 27 channel optimises the fit
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at ' g, (1370)—nr = 325 MeV and implies I'f)(1370)—4r = (54 2+ 5) MeV with m g 1370) =
(1309 + 1 £+ 15) MeV. Note, however, that the values of the 2r and 47 decay widths are
strongly dependent on the value of my 1370y at which they are determined. The reason
is that the 47 phase space increases rapidly above approximately 1.35 GeV (see the next
point).

e The quantitative features (mass/width) of fy(1370) are strongly dependent on the energy
range considered. Up to approximately 1.35 GeV, the 27 decay channel of fy(1370) is
dominant; thereafter, a rapid rise in the 47 phase space and cross-section occurs and thus
the 47 decay channel becomes dominant and the 27 contribution decreases rapidly. For
this reason, a proper dispersive analysis of w7 scattering in the energy region relevant
for fo(1370) has to consider contributions from both 27 and 47 channels but also the s-
dependence of these channels (s: pion invariant mass). This in turn implies that f,(1370)
has two pion peaks. The peak in the 27 channel is at 1282 MeV and possesses a full width
at half maximum (FWHM) of 207 MeV. The resonance mass at the centre of the FWHM
interval is 1269 MeV. (It does not coincide with the peak mass because the line shape
is not symmetric due to the opening of the 47 phase space.) The 47 peak is shifted by
approximately 50 MeV: the peak is at 1331 MeV and possesses a FWHM of 273 MeV
(these results are in reasonable agreement with 47 analyses of Refs. [126, 133, 134]). The
resonance mass at the centre of the FWHM interval is 1377 MeV — it is thus shifted by
more than 100 MeV in comparison with the 27 channel. We emphasise therefore that care
is needed when one quotes a value of a fy(1370) decay width: the mass of the resonance
always has to be specified as well.

Despite exhibiting the mentioned two peaks, fp(1370) is still a single resonance for at least
two reasons:

e A combined analysis of both 27 and 47 channels yields only one pole. Depending on
the sheet considered, the pole position varies between 1292 MeV and 1309 MeV (close
to the 27 peak because the s-dependence in the 27 channel is smaller than in the 47
channel). The pole width is at average ~ 181 MeV.

e Additionally, finding two distinct but near scalar resonances [~ (50 - 100) MeV mass
difference], one in the 27 channel and one in the 47 channel, would appear to violate
the well-known level repulsion of states with the same quantum numbers. Indeed such
proximate resonances with the same quantum numbers are only expected if they pos-
sess orthogonal wave functions. This can obviously not be the case if two hypothetical
states were both reconstructed from pions. Conversely, an example where this may
occur is given by the pair of resonances fy(1710) — reconstructed predominantly in
kaon final states — and f((1790), reconstructed predominantly in pion final states (see
Sections 3.5 and 3.6). There is another similar example: the f2(1565) resonance. It
possesses a small-intensity peak in the 77 channel at 1565 MeV and a larger-intensity
peak in the ww channel at 1660 MeV; however, a dispersive analysis similar to that
performed in Ref. [40] still yields a single pole at 1598 MeV [141].

The PDG nonetheless accumulate all available data on fo(1370) estimating m s (1370) = (1200 -
1500) MeV and Ff0(1370) = (200 - 500) MeV [10]
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3.4 The fy(1500) Resonance

The discovery of the fp(1500) resonance originated in search for the scalar glueball state. This
resonance is found mostly in pion final states from nucleon-nucleon (or antinucleon-nucleon) and
pion-nucleon scattering processes. If such processes produce four pions, then fy(1500) is recon-
structed from pp final states in the 2(7 7~ ) channel and from oo final states in the 2(7 "7 ™) or
2(7%7%) channels. The resonance is therefore at least partly reconstructed in channels containing
a double Pomeron exchange rendering the state a glueball candidate [142]. Our results from the
U(2) x U(2) version of the model will confirm this assertion, see Chapter 12.

The fo(1500) resonance was first observed by the Columbia-Syracuse Collaboration in 1982
[143]. A 76-cm bubble chamber at BNL-Columbia containing deuterium at rest was exposed to
antiprotons of various energies yielding the reactions p + p — 7% fy(1500) — 37° and p +n —
7~ fo(1500) — 7~ 7 7~. The mass of the resonance was (1525 + 5) MeV; the decay width was
(101 £ 13) MeV. The new scalar, found in the pion channel, was determined to be virtually
degenerate in mass with the already-known tensor state fé(1525), produced predominantly in
the kaon channels in the same annihilation process. The state was swiftly confirmed by the
GAMS data (obtained from 7~ p and 7~ n annihilation at IHEP) in the subsequent few years
[144, 145], with mass values typically (50—100) MeV larger than the value reported by Columbia-
Syracuse. Note that the GAMS Collaboration typically utilised Breit-Wigner fits, known to
shift in different sets of data due to interference of fy(1500) with the nearby states fp(1370)
and fo(1710). (The same is true for data from 7~ Be — nn/r~Be [146] and 7~ Be — nnn~ Be
[147] from the Vertex Spectrometer VES, also at IHEP.) Later GAMS publications considered
interference effects with f((1370) [104, 105] and f,(1710) [148]. In Ref. [105], GAMS data from
the reaction pp — pr(7°7°)ps — ps(47)ps were utilised. The photons were detected by the
Hodoscope Automatic Multiphoton Spectrometer (the Russian abbreviation for which is, as
already indicated, GAMS), momenta of p; were measured by a magnetic spectrometer with gas
chambers while momenta of p; were measured by a recoil proton detector.

o WA7T6, WA91 and WA102. A range of data regarding fy(1500) were presented by the
WAT76, WA91 and WA102 Collaborations using the CERN Omega Spectrometer. In 1989,
data from the reaction pp — pp(ntm nt77)ps at 300 GeV were analysed confirming a
scalar state with a mass of (14494+4) MeV and a width of (78£18) MeV from a Breit-Wigner
fit [149]. The same reaction and the same analysis method were used in the subsequent years
[150]. A five-time increase in statistics allowed for a range of resonances between 1.2 GeV
and 2.0 GeV to be observed by the WA102 Collaboration. This included a J¢ = 07 peak
at 1.45 GeV, found to be a superposition of two scalar resonances, fp(1370) and f,(1500)
[151]. Subsequently, data from reactions pp — p(KTK ™ )ps and pp — pr(KIK2)ps [97]
and pp — ps(rT 77 )ps [98] allowed for a combined analysis to be performed in both pion
and kaon channels [99]. Both the T-matrix formalism and the K-matrix formalism were
used to obtain results regarding four scalar resonances: f(980), fo(1370), fo(1500) and
fo(1710). For fo(1500), the mean obtained values were m 1500y = (1502 12 £ 10) MeV
and 'y 15000 = (98 & 18 & 16) MeV. The best WA102 data stem from an analysis of
pp = pp(r°m07070)ps, pp — pp(r70n T )ps and pp — pr(rtr AT AT )ps (at 450 GeV)
because they allowed for a study of both co and pp contributions to scalars above 1 GeV.
Both decay channels were observed for fo(1500) with m (1500) = (1511 +9) MeV and
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L5000 = (102 £18) MeV [152]. Additionally, data from pp — py(nm)ps production
(identified via n — vy and  — 77~ 7) also allowed for fo(1500) to be reconstructed
[153], with a pole position virtually the same as in Ref. [152].

Crystal Barrel. The earliest evidence for fy(1500) by the Crystal Barrel Collaboration
at CERN-LEAR was published in 1992 from nn final states [125]. Data were obtained
from the reaction pp —nnm® — 6+ involving antiprotons stopped in liquid hydrogen. Data
analysis in Ref. [125] suggested m g, (1500) = (1560+£25) MeV and 'y (1500) = (2454+50) MeV
from a Breit-Wigner fit but no interference with the nearby scalar states was considered.

Further analyses of pp —

7079 and pp —ym7® [127] as well as pp —nn'w° [154] confirmed
the state [with the latter reaction having a small branching ratio to fp(1500) due to the
phase-space suppression|. Data with highest statistics were analysed in 1995; they included
16.8 million pp collisions. From these collisions, 712000 events for pp — 370 were selected,
see Ref. [102]. The fy(1500) resonance was reconstructed with m g 1500) = (1500 £ 15)
MeV and I'f 15000 = (120 + 25) MeV. Additionally, 198000 events for pp — mm° were
selected yielding m g 1500y = (1505 & 15) MeV and T (1500) = (120 + 30) MeV [139]. The
Collaboration also utilised the pp annihilation to study 47° decay channel of fu(1500) via
pp — 57 in 1996 [68]. This channel is nowadays known to represent approximately 50% of
the fp(1500) decays [10]. In Ref. [68], an enhancement in the 47 scalar channel was observed
at 1505 MeV; the width was 169 MeV. In subsequent work, an additional production
channel was used by the Collaboration: pd — 7~ 47%p; in this way, data evaluation was
simplified as only one combination of four pions had to be considered (unlike in pp — 57°
where four-pion states could be reconstructed in five different ways from the five pions)
[155]. Results were nonetheless consistent with Ref. [68]. Note that the Collaboration
has also observed subdominant fo(1500) decays into kaons from pp —K? K970 [156] and
pp — K+ K~—7Y [157], suggesting a small contribution of s to fo(1500).

OBELIX. Data taken from the reaction pp =77~ 7% at CERN-LEAR were analysed in
1997 [158]. Three scalar poles were found in a K-matrix formalism: f;(980), fo(1370)
and fo(1500), with m g (1500) = (1449 & 20) MeV and Iz 1500y = (114 £ 30) MeV. It was
necessary to include fp(1500) in particular into the fit as the x/d.o.f. increased from 1.53
to 1.71 if f,(1500) was omitted. The existence of the resonance was subsequently confirmed
by data from np — 7 a7~ [159)].

The PDG cites a world-average mass m 1500y = (1505 & 6) MeV and decay width I'g (1710 =
(109 + 7) MeV [10].

3.5 The fy(1710) Resonance

The fp(1710) resonance is of importance for this work because it decays predominantly into

kaons (see below); thus experimental data suggest that it may be a ss state. This is confirmed

by our findings in Fit II, Chapter 11. Other approaches suggest that fo(1710) may possess a large
glueball component [160]; however, this may be in doubt due to the latest ZEUS results that
do not exclude coupling of fy(1710) to photons (see below as well). Experimentally, fo(1710) is

reconstructed in 7~ p and e p scatterings and J/1) decays.
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The earliest evidence for the fy(1710) resonance was obtained from the decay J/¢ — ynn at the
SLAC Crystal Ball detector from e*e™ annihilation and published in 1982 [161]. A resonance
with a mass of (1640 £ 50) MeV and a decay width of 220f%80 MeV was found. The resonance
was determined to have positive charge-conjugation quantum number (C' = +1) because it was
produced in a radiative J/1 decay. Given that it was reconstructed from two pseudoscalar final
states, it could only have even spin and parity (i.e., J© = 0%, 2%, ...) and the initial data
analysis in Ref. [161] preferred J = 2 rather than J = 0 [but the nearby spin-two state f}(1525)
was omitted from the analysis].

Confirmation of the new resonance was published several months later by the Brookhaven Na-
tional Laboratory from data on 7~ p — KYK2n [162]. Discovery of a resonance with mass
of (1730 + 10 £+ 20) MeV was claimed; the value of the decay width was later determined as
2001 5° MeV [124]. An isoscalar resonance of similar mass [(1650 & 50) MeV] and decay width
[(200+100) MeV] was found by the MARK II Collaboration at SLAC in 1982 from .J /1) — ~p"p°
[163]. Afterwards, J/v¢ decays into etas were used by the Crystal Ball Collaboration at SLAC
to reconstruct the resonance, see Ref. [164], confirmed soon thereafter by Ref. [165] (but with no
JP determination).

First DM2 data about this state were published in 1987 [166] citing a resonance at approximately
1.7 GeV (width: approximately 140 MeV). Further analysis yielded a mass (1707 +10) MeV and
a width (166.4+33.2) MeV in 1988 [167]. The two sets of data were obtained from .J/v radiative
decays into pions and kaons, respectively. However, no J determination was possible due to
a low signal-to-background ratio. The same issue prevented a determination of J in a further
set of data (J/¢ — onta~, pKTK ™, gpf(gKg, wKTK™, ngKg, @K K* and oppp; only decays
into kaons were relevant) [168].

There were several publications claiming this resonance to possess J = 2 rather than J = 0 (see
Ref. [169, 170] in addition to Ref. [161]). However, more recent data suggest that the resonance
is spin-zero:

o GGAMS. Experiments regarding nn final states, performed at the GAMS-IHEP proton syn-
chrotron from 7~p — nnyn — (4v)n reactions, suggested a mass of (1755 £+ 8) MeV and
a width < 50 MeV in 1986 [171]. In 1992, an improved version of the same experiment,
considering also reactions 7~ p — nyn* — (4y)n7® and 7~ p — gyn* — (4y)n770 (where
n* denotes an excited neutron), allowed for analysis of new data combined with the old
1986 data. The Collaboration obtained a mass of (1744 +15) MeV and a width < 80 MeV
at 90% CL [172]. The resonance was found to possess J = 0 already in 1986; the 1992
data suggested that it does not decay into 1’ or 797%. A Breit-Wigner fit of GAMS data
yielded mass of (1670 + 20) MeV and width (260 4+ 50) MeV in 2005 [148].

o MARK-III In 1986 and 1992 the MARK-III Collaboration at SLAC [173] published results
regarding pion production from decays ete™ — J/¢p — yrtn ata” and ete” — J/¢ —
yrta07 =70 claiming the discovery of two pseudoscalar pp states at 1.55 and 1.8 GeV.
Similar results were published in 1989 by the DM2 Collaboration at DCI-Orsay [174] where
the discovery of three n-like states in the region between 1.4 GeV and 2.2 GeV was claimed
(see also results by the E760 Collaboration at Fermilab published in 1993 [175]). The
MARK-IIT and DM2 Collaborations made use only of 3S; 77 final states (p). A re-analysis
of MARK-III data was performed in 1995 by the Crystal Barrel Collaboration [176]; here,
scalar 3Py 7 final states (o) were considered in addition to the vector 3S; states. A
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different picture emerged: no pseudoscalar peak was found (there was a 0~ signal over
the entire energy range between 1.6 GeV and 2.4 GeV but no clear resonance); inclusion
of the o-like 77 final states yielded a new scalar resonance, denoted as fo(1750) with
mg,ar50) = (1750 4+ 15) MeV and I'f (1750) = (160 + 40) MeV. The resonance was found
to decay predominantly into ¢ mesons; decay into p states was found to be approximately
4.5 times less probable. The mass of this resonance is close to the PDG-preferred value
Mo (1710) = (1720 +6) MeV but nonetheless appears to be too large when compared to the
value of m, 1710y accepted nowadays. Thus the mentioned MARK-III result may be viewed
as evidence that there exists a scalar resonance between 1.7 GeV and 1.8 GeV; however,
it may also be viewed as superposition of two distinct states: fo(1710) and f,(1790), with
evidence for the latter state discussed in the next section.

BES. Results consistent with the MARK-III reanalysis of Ref. [176] were obtained by
the BES Collaboration at BEPC (Beijing Electron Positron Collider) in 2000 [177] where
an I(JPC) = 0(0**) resonance labelled as fo(1740) with my,(1749) = 174075 MeV and
Tyara0) = 120:518 MeV was found. This result was again obtained in the decay channel
ete” = J/ip — vy~ ntr~. Note, however, that these data involved no kaon decays of
J /1. Subsequently, the same collaboration performed an analysis of a larger number of .J /1)
decay channels: J/¢ - yKTK~, wKTK~ and o K™K~ as well as J/¢ — yrtn ntn,
wrtr~rtr~ and ontn~ [178]. The kaon channels allowed for reconstruction of the
fo(1710) resonance [referred to as fo(1710 £ 20)] while the pion channels suggested the
existence of a separate fo(1760 £ 20) resonance. Thus a resonance with a mass distinct
from f(1710) appeared to have been found; it was also produced in different decay channels
[i.e., those involving pions whereas the fy(1710) resonance was reconstructed predominantly
in kaon final states]. This new resonance was later denoted as f(1790), see next section.

BES II. An upgrade of BEPC allowed for 58M of .J/v events to be collected at BES II. In
2003, fo(1710) was confirmed as a J¥ = 0% resonance reconstructed in kaon final states
from J/¢p — yKTK~ and vKJK2 with my, 1710y = 1740 & 4730 MeV and Lyaro) =
16675110 MeV [179]. These results were confirmed in 2004 from J/¢ — wK+t K~ [180].
Additional evidence for the existence of fy(1710) was presented in Ref. [181] from the
Xeo — 7T KTK™ decay; however, this analysis also suggested the existence of a further
scalar state between 1.7 GeV and 1.8 GeV, referred to as fo(1790).

WA102. Experiments involving pp collisions at 450 GeV were performed by the WA102
Collaboration. Final states were reconstructed from reactions pp — py(K K~ )ps and pp —
P f(f(gKg)ps (subscripts f and s denote the fastest and slowest protons in the laboratory
frame, respectively). Results for the fy(1710) resonance suggested m g 1710y = (1730 + 15)
MeV and 'y (1710) = (100+25) MeV [97]. The same experiment also allowed for resonances
in the pion final states to be looked for [98]. The corresponding reaction pp — p f(7r+77*)p5
allowed for the reconstruction of fp(980), fo(1370) and fo(1500) but the fit of fy(1710) was
conspicuously worse than in pp — py(K TK~)ps. The two stated publications presented
results of respective Breit-Wigner fits. A coupled-channel analysis of both pion and kaon
final states yielded a pole at m 1719y = (1727+12411) MeV and 'z 1710y = (126+16+18)
MeV [99]. Note that a subsequent T-matrix analysis [153] of pp — p¢(nm)ps production
data (identified via n — vy and n — 777~ 7%) yielded results very close to those of Ref.
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[99]. Note also that all the mentioned results implied J¥ = 0% for fo(1710).

e ZEUS. Electrons at 27.5 GeV were collided with protons at 820 GeV and 920 GeV at the
HERA storage ring in Hamburg (DESY) during the 1996-2000 running period. Reactions
were observed using the ZEUS detector and K3K? final states were studied. The fo(1710)
was observed from a 50 JP = 07 signal yielding mg,aro) = (1701 £ ng) MeV and
Lsya710) = (100 £ 2477,) MeV [182]. However, the Collaboration was not able to exclude
the coupling of f,(1710) to photons, implying that this resonance is not a certain candidate
for a predominantly glueball state. Indeed calculations in our model prefer fy(1710) to be
predominantly strange quarkonium, as we will discuss in Chapter 9.

The PDG cites a world-average mass m y,(1710) = (1720 £ 6) MeV and a decay width T’ fo(1710) =
(135 £ 8) MeV [10]. A more detailed discussion of the fy(1710) decay channels can be found in
Sec. 3.7.

3.6 The Peculiar Case of f,(1790)

Our results in Fit II, Chapter 10, will suggest the existence of an I(JF¢) = 0(0*"), predomi-
nantly Ss state in the energy region of approximately 1.6 - 1.7 GeV. Assignment of this state
to an experimentally established resonance will depend on decay patterns of our model state;
however, experimental results regarding the I(J7¢) = 0(0"T) channel in this energy region are
far from clear [although admittedly the issue is less ambiguous than in the case of fy(600)].
The reason is that the existence of two distinct resonances is claimed within an energy interval
of only 100 MeV: in addition to fy(1710), the BES II Collaboration [140] have claimed that a
state labelled as fp(1790) also exists. In the following we will discuss data regarding this reso-
nance; if fp(1790) does exist, then the disentanglement of data regarding this state from those
regarding the close-by state fy(1710) in experimental observations becomes imperative, as en-
tangled data are bound to lead to results that could certainly be described as peculiar (or at
least such that they should not be used in models and theories). Note that data sets regarding
f0(1790) — described in the following — provide us with a rather straightforward tool to distin-
guish this resonance from fy(1710): the fo(1790) resonance decays predominantly into pions and
only marginally into kaons. For fy(1710), the opposite is true. Thus a careful analysis of exper-
imental data should be able to discriminate between these two states. [Additionally, the feature
of predominantly decaying into pions and the mass difference to f,(1370) qualify f(1790) as a
putative radial excitation of fo(1370).]

Experimental evidence for f,(1790) reads as follows:

e MARK-III / Crystal Barrel. In the previous section we have already discussed the re-
analysis of MARK-III data performed in 1995 by the Crystal Barrel Collaboration [176].
We have indicated that a careful analysis of the mentioned data yields a scalar resonance
denoted as fo(1750) with m g, (1750) = (1750 & 15) MeV and I'f,(1750) = (160 £ 40) MeV.
However, the mass of this resonance appears to be too large to describe fp(1710) alone;
it appears more probable that the mentioned data actually yield a superposition of the
fo(1710) resonance (the existence of which may be regarded as proven) with a putative

new resonance (the existence of which would require more experimental data, discussed in
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the following). Therefore, the central value of the mass of this resonance may indicate a
superposition of a state denoted nowadays as fp(1790) with fo(1710).

e (Crystal Barrel. The Crystal Barrel Collaboration also published analysis of data from the
reaction pp — nnr¥ in 1999 [183]. An 8o signal was found; the resonance was referred to
as fo(1770) with m g 1770) = (1770 £ 12) MeV and Iy, 1770y = (220 £ 40) MeV.

e BES. As mentioned in the previous section, in 2000 the BES Collaboration claimed the
existence of a resonance denoted as fp(1760 + 20), found to be distinct from the fp(1710)
state [178]. Factors of distinction involved not only the mass but also production channels:
f0(1710) appeared in the J/y — YyKTK~, wK+TK~ and o K"K~ channels while fo(1760

+ Tr~atn~ and pr T, More conclusive

20) was reconstructed in J/¢ — yr Tt wrt
evidence for a second resonance between 1.7 and 1.8 GeV was obtained by the BES II
Collaboration (see below). Note that already in 1996 the BES Collaboration claimed the
existence of a scalar resonance with a mass of 1781 + Sfé(l] MeV and a width of 85 &+ 24f%§
MeV that appeared to correspond well to a resonance at 1.79 GeV [i.e., to the putative
fo(1790) resonance] but was, however, found in the J/i¢) — yK+TK~ channel only [184].
Thus results of Ref. [184] did not include J/v decays in the pion channels and possible

interference effects with kaons; therefore they need to be considered with care.

e BES II — J/v. An upgrade of BEPC allowed for 58M of J/1 events to be collected at BES
II. A clear f3(1790) peak corresponding to a 150 signal was observed in the .J/1 — onta™
decay [140] yielding m ,(1790) = 1790730 MeV and Ty 1799y = 27075 MeV. This is the
best available set of data on fy(1790). Conversely, the fy(1710) resonance was observed
in the J/v — @Kt K~ channel confirming this resonance as decaying predominantly into
kaons [m 1710y and ' (1710) were fixed to the PDG values]. An additional reason for
the assertion that there exist two scalar states in the region between 1.7 GeV and 1.8
GeV was presented in Ref. [140]. As already mentioned, a fit of the J/1) — @ntn~ data
allows for determination of the fp(1790) mass and width. Let us assume that fo(1710)
and fp(1790) actually represent the same resonance and let us denote this resonance as
fo — ie., let fo be the only I(JPC) = 0(0t*) resonance between 1.7 GeV and 1.8 GeV.
We can then remove (artificially) the fo(1710) resonance from the J/¢ — KT K~ data.
This yields the branching ratio FfoHWﬂ/FfOHKK = 1.82 + 0.33 (in addition to a poorer
fit). However, according to Ref. [180] the same ratio for a scalar state between 1.7 GeV
and 1.8 GeV should possess a value < 0.11, obtained from different production channels:
J/p — wrtr™ and J/¢ — wKTK ™. A single resonance must possess the same value of a
branching ratio in all production channels — in our case regardless whether it is produced
in J/vp — prtn~ and J/ip — oKTK™ or in J/¢ — wrtr~ and J/¢ — wKTK~. For
the case of the assumed single scalar resonance fo between 1.7 GeV and 1.8 GeV this is
obviously not true: the branching ratios differ by at least a factor of 17. Therefore, there
must exist two distinct resonances.

e BES II — x.0. Additional confirmation of the fy(1790) state can be found in Ref. [181]
from a BES II analysis of the x, — 777~ KK~ decay; see also Ref. [185].

Thus there appears to be sufficient evidence for existence of a sixth isoscalar resonance below 1.9

GeV, fp(1790), in addition to f,(600), fo(980), fo(1370), fo(1500) and fy(1710). The relative
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vicinity of fp(1790) to fo(1710) makes it imperative to consider carefully and, if necessary, to
disentangle published results regarding both resonances. We illustrate this point in the following
section where the partial decay widths of fy(1710) are determined.

3.7 Consequences for the fy(1710) Decay Channels

Considering the experimental ambiguities discussed in the previous section, let us now discuss nu-
merical values regarding the f(1710) decay channels. The PDG [10] lists five decay channels for
this resonance: fo(1710) — KK, 7w, nn, vy and ww. The existence of the decay fp(1710) — ww
was determined only recently by the BES II Collaboration in 2006 [186]. No precise determina-
tion of the branching ratio was possible because the decay was reconstructed from the reaction
J /¢ — yww, yielding a strong pseudoscalar contribution and rather weak scalar and tensor con-
tributions. There is no published value of the corresponding I s (1710)—we that is expected to be
small. The latter is also true for I'y)(1710)—~. We therefore consider only the first three decays:
into kaons, pions and etas:

Uyaro) = pano ki + Uyario) s + 1 ar10)—m
pamoy kK N Lo (1710)—=m

=T am0)—mr |1+ (3.1)

Pf0(1710)~>7r7r Pf0(1710)~>7r7r

In the next three subsections we will calculate decay widths of f(1710) in various channels using
the experimentally known ratios I 1710)srr /T (17100 & a0d T 1710y = /T o710k - I
Section 3.7.1 we discuss implications of data on fy(1710) preferred by the PDG; they include
Loanoy—ar/Tario—rx = 0.41%511 from the BES II Collaboration [187] as well as the ra-
tio I'fy(1710)—mn /T fo1110)»x k= 0.48 & 0.15 from the WA102 Collaboration [153] (the latter
experiments performed at CERN Omega Spectrometer). Subsection 3.7.2 contains analogous
calculation with the alternative BES II ratio Ty (1710)—nr /L fo(1710)— k& < 0.11 [180] (not used
by the PDG) but retaining the WA102 ratio Iz, (1710)—nn /T g, (17100 x = 0.48 £ 0.15. In Sub-
section 3.7.3 we use only the WA102 ratios I ¢, (1710)—nr /T fo(1710)»x k = 0.2 £0.024 4 0.036 [99]

and Ffo(1710)_mn/Ff0(1710)_,KK =0.48 = 0.15.

Note that there are also corresponding results from a combined fit in Ref. [188] that, however,
do not constrain the 27 /2K ratio very well: Ffo(lﬂo)_)m/I‘fo(lno)_)KK = 5.81‘2:%. Addition-
ally, there are older data from the WA76 Collaboration at CERN [96] reading T's (1710)=mr
/T gamoy—»rxx = 0.39 + 0.14; these are qualitatively consistent with results of Ref. [99] and

therefore omitted from our discussion.

3.7.1 The fy(1710) Decay Widths from Data Preferred by the PDG

As already mentioned, the BES II [187] ratio cited by the PDG reads I, (1710)—rr /T 1710 K K =
F]}zol?f?m) ! r;’ggm) KK = 0.417911. Two comments are in order for this result. Firstly, data
used to extract the stated ratio (J/v — ymTn~ and yr7Y) suffer from a large background in
the 77~ channel (of approximately 50%). This raises doubts about the reliability of the ratio.
Additionally, the ratio was obtained for a scalar resonance with a mass of 1765f§ MeV and width
of (145 £8+69) MeV. Although the resonance may be assigned to fp(1710) (due to the value of

its width; the mass is too large), the mass of the resonance appears to suggest that it could also
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be a superposition of fy(1710) and fp(1790) rather than representing only a signal for f,(1710).
This possibility was also discussed by the Collaboration itself [187]. Therefore, the stated ra-
tio for I'f 1710)—xr/T fo(1710)5 Kk has to be regarded with care. Indeed we will also consider
alternative values of the I'f,(1710)5 7 /T fo(1710) K K ratio, such as for example a more reliable
result of I' ¢, (1710)—nr /T fo(1710)> K K < 0.11 from Ref. [180], also by the BES II Collaboration (see
Subsection 3.7.2).

Despite the mentioned drawbacks, let us discuss the consequences of 'z (1710)—rr /I’fo(lﬂo)_)KK =

PDG PDG
Ffo(1710)—>7r7r/rfo(1710)—>KK

tral value of 2.44. The error value A(T ¢, (1710)— k& /T fy(1710)—7r) 1S Obtained from

= 0.41f8:%. The inverse ratio l“fo(1710>%KK/I’f0(1710)%7T7r has the cen-

Tro(1710) s

ng(l?lO)—>KK _ 1 Arfo(lﬂo)—)KK _ | T Trpano-kk
L1710 7 M L(1710) 7 [Ffo(lﬂo)ﬁﬂr r
fo(17T10) > K K Trar0)»kK
T
fo(1710) K K 0.65
= AF——— =T (3.2)
fo(1710)—mm
Thus, in total:
r PPDG
Jo(17T10)—»KK _ ~ fo(1710)=»KK +0.65
T = TPDq = 2447757 (3.3)
fo(1710)—7m Fo(1710)—7r

The PDG also uses the ratio I (1710)—mm /T fo (17100~ x k = 0.48 & 0.15, published originally by
the WA102 Collaboration in 2000 [153]. Then we obtain for the central value of the ratio

L o(1710)=mm /T fo (1710)—7m

Lranoy—m  Tranoy—m 1 048

_ _ 087 (3.4)
Uianoysar  pano—skxk Lnanoo- 041
I'tyamo)—»kk

(Note that the line above the observable denotes the central value.) Additionally,

Lranoy—m  Trano-m Lpano-kxi

Lramoysmr Lm0y six ik L fo(1710)—mr

2
N Arfo(lﬂo)ann _ \/[ T fo(1710)—=mm ArfounoHKK] N |:Ff0(1710)aKK A L fo(1710)—=mm

I (1710) =7 Urano—xrx  Tgparo)—ser Fianoy—m  Tparnoy—kxx
(3.5)
and consequently from Eq. (3.2):
r FPDG
fo(1710)—nn = fo(1710)—mn 1.177+0:48 (3 6)
T = TPDG = L1l _pe61- .
fo(1710)—mm fo(1710)—7r
From Eq. (3.1) we obtain
r
B fo(1710)
Ffo(1710)~>7r7r B Uyo710)— KK Tyo(1710)—nn (3'7)
It(1710)=nr I'tyar10)—nn
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and thus, given that ' 1710y = (135 £ 8) MeV [10], Egs. (3.3) and (3.6) yield the central value
ffo(lﬂo)_,m = 29.28 MeV. The corresponding error value Al'f)(1710)—7r is obtained from Eq.
(3.7) as follows:

2 L f0(1710) > 2
AT _ AFfo(1710) Ffo(1710) Arfg(lno)—»m
fo(1710) —mm 1 4 Dano-xr | Trario)—m 1+ Dranooxx | Loy sm 2
L jo(1710) s 7m L fo(1710) 577 |: Tyo1710)—mn Tyo1710)
T AFf0(1710)—>KK 2) 2
. Jo(U710) =Ty (710) mn (3.8)
r r 2 '
[1 Fo(1710) 5 KK Fo(1710)—nn }
Tyo1710)—mn Tyo1710)—mn
Equations (3.3), (3.6) and (3.8) yield
AT fo (1710) s mm =265 MeV. (3.9)
Thus,
L fo1710)nr = Dy (1110) s = 29-287365 MeV. (3.10)
We obtain from Egs. (3.3) and (3.10) for ' 1710)—» k k:
- Irano kK =
Lpano—rxx = 5 ——— T pa710)»rr (3.11)
fo(1710)— 7
= Tfya710)— KK = 71.44 MeV. (3.12)
Error values ATy (1710)— kx k are obtained from
2 273
Uiaroskk Uyarno ik :
ATy amo—xrx = || Dparioy—rr AF— 7 AT f(1710) =7
fo(1710) =7 fo(1710) =7
3.13)
= ALy a710)5 KK =500 MeV. (3.14)
Thus in total:
Lrano-kx = F]F:o]?lGﬂO)aKK = TL44T33 55 MeV. (3.15)
Analogously, in the fp(1710) — nn channel we obtain from Egs. (3.6) and (3.10):
- L t0(1710) = =
Lhoanoysm = ¢~ — L p@rio)—rn (3.16)
fo(1710)—7m
= T4, (1710)—my = 34.26 MeV. (3.17)

while the error values ATy 1710) are obtained from

—mm
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=

Isario 2 Iyario 2
AT j(1710) =y = [(Ffo(lﬂo)—)mr JINELICLEL i/ R (G LEL S AT f(1710) =7 (3.18)

Lo (1710) 7 L0 (1710) 7
= AT 171055 =300 MeV. (3.19)
Therefore,
_ PDC 15.42
L po1710)=mn = Lgo1710) 5 = 34.26% 505" MeV. (3.20)

3.7.2 The fp(1710) Decay Widths from Alternative BES II Data

Results for ' 1710y mr [ fo(1710)> k& and T g (1710)—ny» Stated respectively in Egs. (3.10), (3.15)
and (3.20), depend among others on the result 'z (1710)—rr /T 171005 K K = 0.41*_'8:}% from Ref.
[187], the reliability of which was discussed at the beginning of Sec. 3.7.1. In this subsection we
discuss implications of an alternative (and more reliable) BES II result:

r ['BES II
fo(1710)—7m — Bf]%(SIZ%O)HWW <0.11. (321)
Lramo-kx Ff0(1710)aKK
This result implies
r kK _ Lotmo)y sk
LT - DO > 0.00. (3.22)
Jo(1710)—7m fo(1T10)— 77
From T (1710)—mn /T fo(1710)> K K = 0.48 [153] we obtain
BES II
Lramoy—m _ Lpno—m  Lioario)—n 1 0.48
- = lTom — > 5o = 436, (3.23)
fo710)smr T8 7710y srn fo(17T10)—» KK Haumozrr 0.
fo(1710) > KK

We will restrain from calculating errors because the ratio T s (1710)—rr/I 17100 »xx < 0.11
provides us only with an upper boundary and no error information. The condition (3.23) implies

L or10)smr _ F?O%%IOH” 0.23 3.24
T ~ TBESII < U2, (3:24)
fo(1710)—mm fo(1710)—nn

From conditions (3.7), (3.22) and (3.23) we obtain
I (1710)—7r = P?O}%§7IIIO)~>7F7T < 9.34 MeV. (3.25)
Note that a similar calculation of an interval for T4 (1710)— xx Would yield

'raro) kK

Lrarnoysrx = L fo(1710) s (3.26)

Pfo(1710)~>7r7r
then constraining I'y (1710)— x x 18 not possible because condition (3.22) determines the lower
boundary for T’y 1710y kK /T fy(1710)—== and, contrarily, condition (3.25) suggests the upper

boundary for I' 4 (1710)—xr- For analogous reasons, a calculation of I' s 1710) is also not pos-

—nm
sible. However, given that I 1710) = ' sy 1710) 55K + L fo1710)=7r + o (1710)—snn» the condition

(325) leads to 125.66 MeV < Ffo(l'?lo)*)KK + Ff0(1710)ﬁ7777 < 135 MeV = Ffo(1710)'
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3.7.3 The fp(1710) Decay Widths from WA102 Data
The WA102 result [99]

FWAIOQ

F yiwie T
SUTOZmn — _SUTOZTT _ .9 +0.024 + 0.036 = 0.2 = 0.06 (3.27)
Loanoy-xr ng(l?lO)HKK

implies that the central value of the inverse ratio I'f; 1710y ki /T fo(1710)= 7 18 5.0. Corresponding
error values are calculated using the first line of Eq. (3.2):

AM —15. (3.28)
Ly (1710) 7
Thus in total we obtain
Lrari0) s KK F%ﬁ%olzo)afa(
. = i = 5.0+ 1.5. (3.29)
Jo(1710)—=mm Fo(1710)—7r

From Ff0(1710)—>7m/Ffo(l'?lo)—)KK =0.48 £0.15 [153] we obtain

L 0(1710) = _ L fo(1710) =y ; = 0.48 =24, (3.30)
Lranoy-rr  Tiano—kx Yrnano—mr 0.2
I'toamo)—»kk
Then Eq. (3.5) yields
T/ (1710 Ve
Ffo( o = _SUTDZm _ 9 441,04, (3.31)
fom10)smr  Lyi710)

Given that I'f 1710y = (1354 8) MeV, we obtain the central value ffo(lno)ﬂm = 16.1 MeV from
Eq. (3.7). The error is calculated from Eq. (3.7); we obtain Al'f (1710)—rr = 3.6 MeV. Thus in
total

T o (1710) s mn = r}(‘jﬁ%)%ﬂ = (16.1 4 3.6) MeV. (3.32)

Equations (3.11), (3.29) and (3.32) yield ffo(lno)ﬁKK = 80.5 MeV whereas from Eq. (3.13) we
obtain Arfo(l'no)_)KK = 30.1 MeV. In total:

Ljamo—ki = i) sk = (80.5 £ 30.1) MeV. (3.33)

Finally, from Egs. (3.16), (3.31) and (3.32) we obtain ffo(lﬂo)
yields ATy (1710 = 18.8 MeV. In total:

= 38.6 MeV while Eq. (3.18)

—nm
—mm

L 1m10)=mm = L (o) sy = (38.6 £ 18.8) MeV. (3.34)

We note from Eq. (3.32) that T'j (1710)5rr is approximately by a factor of two smaller in the
WA102 data than in the combined BES I1/WA102 data that lead to I'g (1710)—rr = 29.28f§:§3
MeV, Eq. (3.10). This is due to the difference of the Iz (1710)—rr /T g, (1710)— K & Tatios from Refs.
[99] and [187].

Therefore, we are now in possession of three distinct sets of data regarding decay widths of
fo(1710): those preferred by the PDG [Egs. (3.3), (3.6), (3.10), (3.15) and (3.20)], those from
BES II, not used by the PDG [Egs. (3.21) - (3.25)] and those from WA102 [Egs. (3.27), (3.29),
(3.31), (3.32), (3.33) and (3.34)]. We will discuss implications of these results for our model in
Sec. 11.1.3.
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4. Construction of a Meson Model

4.1 General Remarks

We have seen in Chapter 2 that QCD possesses an exact SU(3). local gauge symmetry (the
colour symmetry) and an approximate global U(Ny¢)r x U(Ny)r, symmetry for Ny massless
quark flavours (the chiral symmetry). For sufficiently low temperature and density, quarks and
gluons are confined inside colourless hadrons [i.e., SU(3). invariant configurations]. Thus, it is
the chiral symmetry which predominantly determines hadronic interactions in the low-energy
region. However, QCD is strongly non-perturbative in the low-energy region as is evident from
the running coupling ¢*(p), Eq. (2.86). Thus, in the non-perturbative regime, effective theories
and models based on the features of the QCD Lagrangian are utilised.

Effective field theories which contain hadrons as degrees of freedom rather than quarks and
gluons have been developed along two lines which differ in the way in which chiral symmetry is
realised: linear [48] and non-linear [189]. In the non-linear realisation, the so-called non-linear
sigma model, the scalar states are integrated out, leaving the pseudoscalar states as the only
degrees of the freedom. On the other hand, in the linear representation of the symmetry, the
so-called linear sigma model, both the scalar and pseudoscalar degrees of freedom are present.
In this work, we consider the linear representation of chiral symmetry. Let us discuss the reasons.

e Chiral partners. The linear sigma model contains not only pseudoscalar states but also their
so-called chiral partners from the onset. The definition of the chiral partners requires us to
introduce a quantum number denoted as G-parity [next to the parity P (2.61) and charge
conjugation C' (2.64)]. To this end, consider a special case of the flavour transformation
(here exemplary for two flavours)

U U
()=l )

where Us = exp(inty). Then the G-parity operator is defined as G = C'- U with the value of the
corresponding quantum number calculated from [190)]

G = (_1)L+S+I (41)

where I denotes the isospin. [Remember Egs. (2.94) and (2.95) for the parity P and the charge
conjugation C.] The G-parity is defined in such a way that it possesses true eigenvectors, e.g.,
for pions

G |7%) = —|70), (4.2)
G ’7T+> - _‘ﬂ+>7
G’7T7> - _‘ﬂ-7>7

unlike the charge conjugation that, per definition, flips the charge of the state concerned:

63



Clrt)y = —|n), (4.5)
Clr™) = —|a").

Note that the G-parity is also conserved under strong interactions. [It is slightly broken, e.g., in
the decay w(782) — mt7~ — the branching ratio is ~ 1.53% [10].]

Then we define the chiral partners as states that have the same quantum numbers with the
exception of parity and G-parity — for example, the scalar states sigma and pion are chiral
partners, see Egs. (2.110) and (2.111). The particular version of the model constructed in this
work will in addition also include vector mesons and their chiral partners, the axial-vectors. For
example, the vector state p and the axial-vector state a; are chiral partners [see Egs. (2.112) and
(2.113)]. Thus the existence of the chiral partners is a consequence of an exactly realised QCD
chiral symmetry (see Sec. 2.5).

e Fuxtensions. The linear sigma model can be extended straightforwardly to a larger number
of flavours. This chapter will see the construction of a sigma model with two quark flavours
(light quarks u and d). The extension of the model to three flavours (u, d, s) will be
presented in Chapters 6 — 11. The model can also be extended to four flavours (u, d, s,
¢) to account for the abundant meson spectrum around 2 GeV [191]. The extension of
the model to include a scalar glueball state will be presented in Chapter 12. The model
presented in this work contains mesons up to spin 1. It can, however, also be extended
to include tensor mesons [192]. Additionally, the model can be extended to include a
pseudoscalar glueball [191, 193], tetraquarks, i.e., gggqg mesons [194] and the nucleon and
its chiral partner [59, 195].

e Non-zero temperatures and densities. Although this thesis will be concerned with meson
phenomenology in vacuum, the model can be readily extended to T # 0 # u to study the
chiral phase transition, the critical point of QCD or matter at finite densities [37, 194, 196,
197, 198].

A model based on QCD must, of course, implement features of the QCD Lagrangian demon-
strated in Chapter 2. Let us summarise these features now.

e Colour symmetry. The SU(3). gauge symmetry is one of the basic features of QCD. It is an
exact symmetry of the QCD Lagrangian (see Sec. 2.2). In accordance with the confinement
hypothesis, all the states in our model have to be colour-neutral. As we will be working
with gg meson states, the confinement will be trivially fulfilled. Note, however, that the
model will contain no order parameter for deconfinement.

o Chiral symmetry. As we have discussed in Sec. 2.5, the QCD Lagrangian with N; quark
flavours possesses a U(Nyf)r x U(Ny)gr chiral symmetry. This symmetry is exact in the
limit of vanishing quark masses and it has to be considered in any field theory or model

based on QCD.

e Spontaneous breaking of the chiral symmetry. Experimental data in vacuum (and at suf-
ficiently low temperatures and densities of matter) demonstrate that the chiral U(Ny)r x
UNg)r=U(1)y xU(1)a x SU(Nys)y x SU(N¢)a symmetry is broken spontaneously by a
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non-vanishing expectation value of the quark condensate (2.114): (qq) = (qrqr+qrqr) # 0.
As we have seen in Sec. 2.5, this symmetry breaking leads to the emergence of NJ% -1
pseudoscalar Goldstone bosons. The scalar states representing the chiral partners of the
Goldstone bosons remain massive. For Ny = 2, the three lightest meson states, the pions,
are identified with these Goldstone bosons of QCD. They will be present as explicit degrees
of freedom in our model (together with scalar, vector and axial-vector states).

e Chiral anomaly. As we have seen in Sec. 2.3, the U(Ny)r, x U(Ng)r symmetry is broken
by quantum effects to U(1)y x SU(Ny)v x SU(Nyf)a [the U(1)4 anomaly (2.60)]. The
chiral-anomaly term will allow us to generate the splitting of mass between the pions and
the 1 meson (as well as 1/ in Chapter 6).

e Faxplicit breaking of the chiral symmetry. The explicit breaking of the axial symmetry
SU(Ny)a is due to non-zero quark masses. The vector symmetry SU(Ny)y is broken by
non-zero, non-degenerate quark masses. Our model will therefore contain terms propor-
tional to quark masses to implement this symmetry-breaking mechanism.

e CPT. QCD also possesses discrete symmetries such as charge conjugation (C'), parity
(P) and time reversal (7') symmetry (CPT), which are to a very good precision separately
conserved by strong interactions. We have demonstrated in Sec. 2.4 that the C P-invariance
is a feature of the QCD Lagrangian; therefore, according to the famous C'PT theorem
(see Ref. [199] and references therein), QCD is also T-invariant. This fact offers further
constraints in the construction of effective models of QCD as all the terms in such models
have to be C'PT invariant.

In Chapter 5 we will study the Ny = 2 version of a linear sigma model which contains scalar (o,
ap) and pseudoscalar (ny, ), and in addition also vector (wy, p) and axial-vector (fin, a1)
degrees of freedom. Usually, such models are constructed under the requirement of local chiral
invariance U(Ny¢)r x U(Ny)r, with the exception of the vector meson mass term which renders
the local symmetry a global one [49, 53]. In a slight abuse of terminology, we will refer to these
models as locally chirally invariant models in the following.

As shown in Refs. [49, 52, 53, 54, 57, 200], the locally invariant linear sigma model fails to
simultaneously describe meson decay widths and pion-pion scattering lengths in vacuum. As
outlined in Ref. [52], there are at least two ways to solve this issue. One way is to utilise
a model in which the (up to the vector meson mass term) local invariance of the theory is
retained while higher-order terms are added to the Lagrangian [49, 53, 200]. The second way
which is pursued here is the following: we construct a linear sigma model with global chiral
invariance containing all terms up to naive scaling dimension four [47], see also Ref. [201]. (Note
that the chiral symmetry of the QCD Lagrangian is also a global one.) The global invariance
allows for additional terms to appear in our Lagrangian in comparison to the locally invariant
case presented, e.g., in Ref. [37]. (We remark that, introducing a dilaton field, one can argue
[59, 202, 203] that chirally invariant terms of higher order than scaling dimension four should be
absent. The consequences of the dilaton-field introduction will be discussed in Chapter 12.)

We have to distinguish between two possible assignments for the scalar fields o = (au+dd)/v/2
and a = (au — dd)/\/2:

e They may be identified with fp(600) and a(980) which are members of a nonet that in
addition consists of f,(980) and K3 (800).
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e They may be identified with fp(1370) and ag(1450) which are members of a multiplet that
also consists of fy(1500), fo(1710), and KF(1430), where the additional scalar-isoscalar
state emerges from the admixture of a glueball field [204, 205, 206, 207].

In the second assignment, scalar mesons below 1 GeV are not (predominantly) quark-antiquark
states. Their spectroscopic wave functions might contain a dominant tetraquark or mesonic
molecular contribution [58, 208, 209, 210, 211]. The correct assignment of the scalar quark-
antiquark fields of the model to physical resonances is not only important as a contribution to
the ongoing debate about the nature of these resonances, but it is also vital for a study of the
properties of hadrons at nonzero temperature and density, where the chiral partner of the pion
plays a crucial role [194].

It is important to stress that the theoretical o and ag fields entering the linear sigma model
describe pure quark-antiquark states, just as all the other fields. This property can be easily
proven by using well-known large-N, results (see Sec. 4.3 and Ref. [21]): the mass and the decay
widths of both o and ag fields scale in the model as NO and N !, respectively.

4.2 The Lagrangian with Global Chiral Symmetry

In this section we conduct the construction of a linear sigma model with vector and axial-vector
mesons in two flavours. The model is constructed based on the requirements from the QCD
Lagrangian discussed in the previous section. This chapter will discuss the model construction

in the meson sector; for a discussion regarding the model construction, e.g., in the nucleon sector,
see Ref. [212].

We first note that all the states in our model will be hadrons, i.e., colour-neutral. Thus the
confinement hypothesis and the SU(3). colour symmetry of the QCD will be fulfilled per con-
struction. Note, however, that the model parameters will depend on the number of colours (N.),
as discussed in Sec. 4.3.

The basic step in the construction of our model is the definition of the meson matrix

D, = \/ifij,qu‘,L- (4.7)

The equivalence sign in Eq. (4.7) states merely that ®;; and ¢ rg;, 1, transform in the same manner
under the (left-handed and right-handed) chiral groups. It is not to be comprehended as the
statement that ®;; contains perturbative gq pairs as the matrix ®;; is a non-perturbative object.
The reason is that the perturbative (bare) quarks are non-perturbatively modified in vacuum due
to their strong interaction and the interaction with gluons. The ensuing non-perturbative (or
constituent) quarks are then, in a good approximation, elements of the matrix ®;;. It is actually
possible to connect ®;; with the perturbative currents g; rg; 1 by rendering ®;; non-local:

Py = \/§/d4y 4j,r <9€ + %) qi,L <w - %) () (4.8)

where f(y) denotes a non-perturbative vertex function and the perturbative limit is, of course,
obtained by setting f(y) = d(y). It is clear from Eq. (4.8) that the global flavour transformations
are the same for the non-perturbative object ®;; and the perturbative quarks. Considering our
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discussion in the previous section regarding the chiral symmetry and its breaking mechanisms,
it is clear that the transformation behaviour of the objects in our model will be pivotal for the
model construction. Thus given our interest in the transformation behaviour only, it is then
sufficient to start with the equivalence ®;; = \/icjj, RYi,L-

Considering transformation properties of the quarks (2.32) and (2.33), we obtain immediately
that the matrix ¢ transforms as

® — ULoU},. (4.9)
From Egs. (2.19) and (4.7) we obtain

®;; = V245, rei.L = V24 PLPLG = V2 PLy;

1 1 .
=75 (@9 = G 4) = 7 @+ i317°q;) - (4.10)

Then comparing to Egs. (2.96) and (2.100) we recognise the scalar current
Sij = —=q;q; (411)
and the pseudoscalar current
Py = —=4;i7" 4. (4.12)
In other words,

=S +iP. (4.13)

Thus our matrix ® is a combination of scalar and pseudoscalar currents. Additionally, the
matrices S and P are hermitian and therefore they can be decomposed in terms of generators ¢*
of a unitary group U(Ny) with a =0, ...,NJ? —1:

S = S, (4.14)
P = P%°, (4.15)
where
S = /2qt%, (4.16)
P =/2giv°t%. (4.17)

As a first step toward the model construction, we consider only terms that implement the chiral
symmetry exactly (note again that the symmetry is exact in the QCD Lagrangian as well up to
the axial anomaly that is of quantum nature):

Leym. = Tr[(8"®)1(9,®)] — mZTr(®T®) — A [Tr(®T®)]> — A Tr(0Td)2. (4.18)

The Lagrangian in Eq. (4.18) is invariant under the transformation (4.9). This is the original
version of the sigma model containing only scalar and pseudoscalar degrees of freedom. Note
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that Ly, contains only terms up to order four in the naive scaling dimension. Higher-order
terms are usually discarded to preserve renormalisability of the model. However, the model is
not valid up to arbitrary large scales (it is valid only up to the energy of the heaviest resonance
incorporated into the model). For this reason, we consider an alternative criterion allowing us
to constrain the order of terms considered in the Lagrangian. The criterion is the dilatation
invariance rather than renormalisability. The dilatation invariance of the QCD Lagrangian has
already been discussed in Sec. 2.4. In the language of our model where only composite states
rather than partons are present, once a dilaton field G has been included then only terms with
dimensionless couplings are allowed in the Lagrangian in order that, in the chiral limit, the trace
anomaly in the model is generated in the same manner as in the QCD Lagrangian [202, 203]; see
also Chapter 12. Then terms of the form

a[Tr(®Td))° (4.19)

are disallowed because the coupling o would possess dimension [E~2]. The coupling a could
actually be rendered dimensionless by modifying the mentioned term as

!
G?
that would, however, lead to a singularity for G — 0. Therefore, in the following, we will only

[Tr(®®)]° (4.20)

consider terms up to order four in the fields.

The validity of our model is determined by the energy of the heaviest state present in the model.
In Chapter 3, we will discuss the features of the physical scalar resonances that can in principle be
assigned to the scalar states present in our model. These resonances possess energies up to ~ 1.8
GeV — thus they belong to an energy region where a multitude of vector and axial-vector states is
experimentally established as well [10]. Additionally, (pseudo)scalars are known to interact with
(axial-)vectors [10] and thus any realistic model of QCD should in principle contain as many as
possible of all the mentioned states. For this reason, we need to extend the Lagrangian in Eq.
(4.18) to include the (axial-)vector degrees of freedom. Indeed we will see in Sec. 5.3.2 that the
inclusion of (axial-)vectors into our model necessitates the interpretation of scalars above (rather
than below) 1 GeV as gq states.

We construct the vector and axial-vector matrices analogously to those in Eqgs. (4.11) and (4.12).
We first define the right-handed matrix

_ Eq. (2.29) Eq. (2.19) 145 1+ s
Rl =V2qmtan = V24 Pry°y*Pra = V2] el g

i 2 2
V2
= T(Q}VOW“% + @7 a + a8 s + sy s 00)
Eq. (226) 1 ,_ _
=5 (@79 — 47"+ a) (4.21)

and the left-handed matrix

_ 1, -
L= V2317 i = 2 (7" + 37" 41) - (4.22)
As in the case of currents from the QCD Lagrangian, we define
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R = VI — Al (4.23)

LF =VH 4+ A (4.24)
and thus
(- L Ba. AM = L HAS 4
Vij = 500" A = 500" (4.25)
or, upon decomposition in terms of the U(Ny) generators,
VH = VHue, (4.26)
At = AP, (4.27)
where
Vi = Vaghiag, (4.28)
AH = \2qy1~ 0t (4.29)

With Egs. (2.32), (2.33), (4.21) and (4.22) we obtain immediately that R* and L transform as

R" — UrR'U}, (4.30)

and
LM — UL L'U}. (4.31)

Let us define the right-handed field-strength tensor R*” and the left-handed field strength tensor
LM as

RM = 9"R" — 0" RM, (4.32)
LM = 9FLY — 9" LM (4.33)

Then considering the transformation properties (4.9), (4.30) and (4.31) we can construct further
chirally invariant terms containing both (pseudo)scalars and (axial-)vectors, up to order four in
the fields:

1 m2
Loym.1 = —ZTr(LfW + wa) + Tr [71@3 + Ri)]
.g2 v v
+ Z;(Tr{LW[L“7 L]} + Tr{ Ry [RF, R]})

h
+ 71Tr(q>fq>)Tr[(L“)2 + (R")?] + hoTr[|L*® % + |®RM|*] + 2h3Tr(®R, ®TLH)

+ g3[Tx(L, L, L" L") + Te(R, Ry R"R")] + g4[Tr (L, L"L, L") + Tx (R, R"R,R")]
+ g5Tr (L, L") Tr (R,R") + g¢[Tr(L, L") Tr(L, L") + Tr(R,R") Tr(R,R)].  (4.34)

The explicit symmetry breaking has to be modelled separately in the (pseudo)scalar and (axial-
Jvector channels. In the (pseudo)scalar sector we introduce the term

Lrgp = Tr[H(® + &1, (4.35)
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where

H = diag [h(l], K2, ...hf)vf} (4.36)
and hJ is proportional to the mass of the n'® quark flavour. Similarly, in the (axial-)vector
channel we introduce the term

Lesp,1=Tr [A(L, + R))], (4.37)

where

A = diag [0y, 04, Js...| ~ diag [mi,mfl,mQ ]. (4.38)

s

The chiral anomaly is usually modelled as [213]

Lanomaly = c(det ® + det ®T) (4.39)
because the determinant is invariant under SU(Ny)r, x SU(N¢)g but not under U(1)4. Note,
however, that the chiral anomaly can also be modelled as

Lanomaly, 1 = c1(det & — det ®T)2, (4.40)
We will discuss the implications of the two anomaly terms in Sec. 6.4; only the term (4.39) will

be used in the two-flavour version of our model (see Chapter 5).

Finally, for the modelling of the spontaneous breaking of the chiral symmetry, let us consider
the (pseudo)scalar Lagrangian (4.18) along the axis ® = oyt
Veym.(on) = mgox + (A1 + Aa)oy. (4.41)

The minimum 0](\(,]) # ( for mg < 0. This implies spontaneous symmetry breaking because the
vacuum is no longer symmetric under the axial transformation. Note that the scalar isosinglet
state is the only one that can condense in the vacuum because that state is the only with the
same quantum numbers as the vacuum (J, P, C and I).

Then utilising the Lagrangians of Eqgs. (4.18), (4.34), (4.35), (4.37) and (4.39) we construct the
following meson Lagrangian for an arbitrary number of flavours Ny and colours NV.:

L = Tr[(D*®)(DH®)] — m2Tr(dT®) — A\ [Tr(2T®)]? — A\ Tr(0Td)?
- iTr(Liy +R,)+ T [(m; + A) (L2 + Ri)} + Tr[H(® + @)
+ c(det ® + det BT) + ig—;(Tr{LW [LF, LV]} + Tr{ R, [R", R*]})
+ %Tr(qﬂq))Tr[(Lﬂ)? + (R")?] + hoTr[| L7 ®|? + |®RM?] + 2h3Tr (PR, ®TLH)
+ g3[Tr(L, L, L'L") + Tr(R,R,R'R")] + ga[Tr (L, L" L, L") + Tr (R, R"R, R")]
+ gsTr (L, L") Tr (R,R") + g¢[Tr(L, L") Tr(L, L") + Tr(R,R") Tr(R,R")], (4.42)
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where

DD = 0HD — ig (LHD — DRM). (4.43)
The Lagrangian is invariant under P and C' transformations. The (pseudo)scalar matrix ®
transforms under parity as
P et
O(t,x) — P (¢, —x). (4.44)
This is due to Eq. (2.61) and the definition of ®, Eq. (4.7):

_ Eq. (2.29
yy(t,@) = V2, r(t @) (@) = V24, p(t @ s n(te) " E2 Vgl (1 @) Pry Prai(t, @)
P Eq. (2.26)
B V2l (t, =)y PP lait, —a) L Vagl(t, —2) Py Prai(t, —a)
1_
=V2q!  (t, — 2 g r(t,—) = |V2q|  (t,—2)7° s r(t, —T)| = @ (t,—x).  (4.45)

Parity transforms the left-handed matrix L* into the right-handed matrix R* and vice versa:

Rt x) 5 g™ Ly (t, —x), (4.46)
it ) 5 g™ R, (t, ), (4.47)

due to Eq. (2.61) and the definitions (4.21) and (4.22):

_ Eq. (2.29)
Rl = V2g; m(t )7 g r(t @) = V2q) ot @) g r(t @) =" V24 (t, 2)Pry v Pra(t, @)
P Eq. (2.26)
B Vgl (1, ~ @) P P ai(t, —) " 27 Vagl(t, —2) Py Prait, )

ba. 22 [ G0(t —2)2 a0 (t, —@) for =0,
= V24! (t, —2)y") g 1 (8, —x) = % ’
4l =2 gt —) — G0t —)Voqi o (t, ) for p =k € {1,2,3}
(4.48)
and analogously for L*.
The matrix ¢ transforms under charge conjugation as

o5 9. (4.49)

The proof is analogous to the calculation in Eq. (2.93). Similarly, the left-handed matrix L* and
the right-handed matrix R* transform as:

C
R, = —Lj, (4.50)
C
L, = —Rj,. (4.51)
Then it is straightforward to demonstrate that all terms in the Lagrangian (4.42) fulfill P-
invariance as well as C-invariance; given that the model is Lorentz-invariant, it is consequently
also T-invariant [199].

Before we discuss the Ny = 2 and Ny = 3 applications of the Lagrangian (4.42), let us discuss
the large-N. dependence of the model parameters.
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4.3 Large-N. Behaviour of Model Parameters

It is important to determine the large-N. dependence of the model parameters for two reasons:

e It allows us to estimate the relative magnitudes of parameters (different parameters will
possess different large- N, scaling because they may be associated to different vertices). In
this way, parameters shown to be suppressed in comparison with other parameters may be
set to zero.

e It enables us to prove that the states present in our model (up to the dilaton field introduced
in Chapter 12) are indeed gq states. This is essential because the goal of this work is to
study whether experimentally ascertained meson states can be interpreted as quarkonia.
Such a study is, of course, only possible if the theoretical framework presented in this work
already contains gq states that are to be assigned to physical states — and the success of
the assignment is determined by comparison with experimental data.

The large-N, dependence of the parameters in Lagrangian (4.42) is [21]:

g1, g2 X Nc_l/Qa

>\2, h?, h3a 93, 94 X Nc_17
)‘1, hla g5, 96 X Nc_27

2 2 0
mOa my, 5u,d,8... X Nca

—Ng/2
cox N¢ f/,

Lo N2, (4.52)

(n_2)/2. As a conse-

Let us remember that a vertex of n quark-antiquark mesons scales as N,
quence, the parameters g;, go scale as N, Y 2, because they are associated with a three-point
vertex of quark-antiquark vector fields (of the kind p3). This has already been discussed in Sec.
2.4, see Eq. (2.86).

Similarly, the parameters Ao, hg, h3 scale as N !, because they are associated with quartic terms
such as 7* and 72p?. The parameters \;, h; also describe quartic interactions, but are further
suppressed by a factor 1/N, because of the trace structure of the corresponding terms in the
Lagrangian. The quantities m3, m? are bare-mass terms and therefore scale as N2. Note that
our mass terms will be proportional to the square of the pion and kaon decay constants f, and

[ [see Egs. (5.14) — (5.19) in the Ny = 2 case and Eqgs. (6.34) — (6.47) in the N; = 3 case].
Consequently, fr and fx have to scale as NC1 2,

The suppression of the parameter ¢ depends on the number of flavours and colours considered.
The axial anomaly is suppressed in the large-N,. limit. Note that ¢ possesses a dimension for
Ny # 4. This is an exception to the rule illustrated via term (4.19) where we have discussed that
only dimensionless couplings should appear in the Lagrangian. This is, however, not problematic
because the chiral anomaly also stems from the gauge sector of the QCD Lagrangian, see Eq.
(2.60). [Note that the chiral anomaly can also be modelled using an alternative term: ¢;(det ® —

det ®1)2, see Eq. (6.1) and Sec. 6.4. In this case, ¢; o NG holds.]
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Note that without any assumptions about the fields we obtain immediately that their masses
scale as N and their decay widths as N !, as we shall see in Chapters 5 — 11. Therefore, they
must also correspond to quark-antiquark degrees of freedom.
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5. Two-Flavour Linear Sigma Model

Having constructed a generic Lagrangian containing meson fields for an arbitrary number of
flavours and colours, let us now discuss the implications of the Lagrangian for the case of two
flavours (and, of course, three colours).

5.1 The Ny = 2 Lagrangian

The globally invariant U(2);, x U(2)r Lagrangian possesses the same structure as the one in Eq.
(4.42):

L = Tr[(D*®)T(DH®)] — m2Tr(®T®) — A [Tr(T®)]? — M Tr (0T @)?
2

1
= T(L, + R) + T K% + A> (L + Ri)] + Tr[H(® + 1))

+e(det  + det ®) + i%(Tt{LW (L, ')} + Tr{ R, [R", R"]})

h
+ 71Tr(q>f<1>)Tr[(L“)2 + (R")?] + hoTr[|L*® % + |®RM*] 4 2h3Tr(®R,®TLH)

+g3[Te(L, L, LM L") + Tr(R, R, R'R")) + g4[Tr (L, L*L,L") + Tr (R,R'R, R")]
+g5Tr (L, L") Tr (R, RY) + g6[Tr(L, L") Tr(L, L") + Tr(R,R") Tr(R,R")). (5.1)
In Eq. (5.1),
= (oy +inn)t° + (ag +im) - t (5.2)
contains scalar and pseudoscalar mesons, where t°, t are the generators of U(2) in the fundamental
representation and 7y denotes the non-strange content of the  meson (more details will be given

in Sec. 7.1). Vector and axial-vector mesons are contained in the left-handed and right-handed
vector fields:

LM = (why + i) 10 + (p + af) - t, (5.3)
RF = (wh — )0+ (p* — al) - t, 5.4

respectively. The covariant derivative
DH® = 9D — igy (LF® — DR*) — ie AH[t3, D] (5.5)

couples scalar and pseudoscalar degrees of freedom to vector and axial-vector ones as well as to the
electromagnetic field A*. [The derivative leads to a kinetic term invariant under U(2)r x U(2)r
and will allow us to calculate the decay width I'y, -, in Eq. (5.74). For this reason it contains
AF, unlike the derivative in Eq. (4.43).] The left-handed and right-handed field strength tensors
(again with A*)

LM = 9rLY —ieAM[t3, L] — {9" LM — ie AV [t*, LM}, (5.6)
RM = OMR” —ieAM[t*, RY] — {0"R" — ie A”[t*, R"|}, (5.7)
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respectively, couple vector and axial-vector mesons to the electromagnetic field A*. Explicit
breaking of the global symmetry is described by the term Tr[H (® + ®1)] = hoyo (hon = const.)
in the (pseudo)scalar sector and by the term Tr [A(Li + Ri)] in the (axial-)vector channels, with
A = diag(én,dn) and Sy ~ m? ;. The chiral anomaly is described by the term c (det ®+det @),
see Sec. 4.2. (Note that a sligﬁtly different form of the chiral-anomaly term will be utilised in
Sec. 6.4.)

In the pseudoscalar and (axial-)vector sectors the identification of mesons with particles listed
in Ref. [10] is straightforward, as already indicated in Egs. (5.2) and (5.3)-(5.4): the fields =
and 7y correspond to the pion and the SU(2) counterpart of the 7 meson, ny = (tu + dd)/v/2,
with a mass of about 700 MeV. This value can be obtained by ”"unmixing” the physical 1 and
n’ mesons, which also contain ss contributions. The fields w” and pH represent the w(782)
and p(770) vector mesons, respectively, while the fields f1’y; and a1* represent the f1(1285) and
a1(1260) axial-vector mesons, respectively. (In principle, the physical w and f; states also contain
ss contributions, however their admixture is negligibly small.) Unfortunately, the identification
of the o and ayg fields is controversial, the possibilities being the pairs { fo(600), ap(980)} and
{f0(1370),ap(1450)}. As already mentioned, we will refer to these two assignments as Scenarios
I and II, respectively. We discuss the implications of these two scenarios in the following.

The inclusion of (axial-)vector mesons in effective models of QCD has been done also in other
ways than the one presented here. Vector and axial-vector mesons have been included in chiral
perturbation theory in Ref. [214]. While the mathematical expressions for the interaction terms
turn out to be similar to our results, in our linear approach the number of parameters is smaller.
In Ref. [215] the so-called hidden gauge formalism is used to introduce vector mesons, and
subsequently axial-vector mesons, into a chiral Lagrangian with a nonlinear realization of chiral
symmetry. In this case the number of parameters is smaller. This approach is closely related
to the locally chirally invariant models [49, 53] (also called massive Yang-Mills approaches). We
refer also to Ref. [216], where a comparative analysis of effective chiral Lagrangians for spin-1
mesons is presented.

One may raise the question whether vector meson dominance (VMD) is still respected in the
globally invariant linear sigma model (5.1). As outlined in Ref. [217], there are two ways to
realize VMD in a linear sigma model. The standard version of VMD was introduced by Sakurai
[218] and considers vector mesons as Yang-Mills gauge fields [24]; see also Ref. [54]. The gauge
symmetry is explicitly broken by the vector meson masses. Another realization of VMD was first
explored by Lurie [219] whose theory contained a Lagrangian which was globally invariant. It
is interesting to note that Lurie’s Lagrangian contained direct couplings of the photon to pions
and p mesons, as well as a p-m coupling. It was shown in Ref. [217] that the two representations
of VMD are equivalent if the p-m coupling g,r~ equals the photon-p coupling g, (the so-called
“universal limit”). It was also shown that, if the underlying theory is globally invariant, the
pion form factor at threshold Fy(¢?> = 0) = 1 for any value of the above mentioned couplings.
On the other hand, in Sakurai’s theory Fy(¢?> = 0) # 1 unless one demands 9prm - gp, or other
parameters are adjusted in such a way that F,(¢?> = 0) = 1. In other words, for any globally
invariant model, and thus also for ours, one has the liberty of choosing different values for the
photon-p and p-7 couplings, without violating VMD.
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5.1.1 Tree-Level Masses

The Lagrangian (5.1) contains 16 parameters. However, the parameters g, with k =3, ..., 6 are
not relevant for the results presented here; additionally, the explicit symmetry breaking in the
non-strange sector is negligible because the quark masses are small — therefore, we set dny = 0.
Then the number of undetermined parameters decreases to eleven:

mo, )\17 )\27 mi, 91, g2, G h0N7 h17 h27 h3' (58)

The squared tree-level masses of the mesons in our model contain a contribution arising from
spontaneous symmetry breaking, proportional to (JS?V The value ¢ is the vacuum expectation
value of the o field and coincides with the minimum of the potential that follows from Eq. (5.1).
The oy field is the only field with the quantum numbers of the vacuum, JF¢ = 01+, ie., the
condensation of which does not lead to the breaking of parity, charge conjugation, and Lorentz
invariance. The potential for the oy field reads explicitly

1 1 A
V(UN) = §(mg—0)0']2v+1 <)\1+72> O'jlv—hQNO'N, (5.9)

and its minimum is determined by

dVv A
0= (—) = [mg —c+ <)\1 + —2> ¢%V:| oN — hon. (5.10)
don oN=bN 2

Spontaneous symmetry breaking corresponds to the case when the potential V(¢y) assumes its
minimum for a non-vanishing value oy = ¢n # 0. In order to determine the fluctuation of
the oy field around the new vacuum, one shifts it by its vacuum expectation value ¢y # 0,
onN — on + ¢n. The shift leads also to ny-f1 and w-a; mixing terms and thus to non-diagonal
elements in the scattering matrix:

— 910N (f{nOunn + af - 9,). (5.11)
These terms are removed from the Lagrangian by shifting the f; and a; fields as follows [220]:

f{LN - f{LN + vawfwa“ﬁN, a'lf — alf + Zﬂ'walaﬂﬂ-?

NN = ZynyTIN, T — ZpT, (5.12)

where we defined the quantities

~1/2
GLoN g3
Wey = Way = m2 Zm\r =Zr= (1 - ;lQN . (5.13)

al al

More details on these calculations can be found in Ref. [220]; alternatively, see the analogous
calculation performed in the Ny = 3 case later in this work (see Chapters 6 - 11). Note that the
field renormalisation of ny and 7 guarantees the canonical normalisation of the kinetic terms.
This is necessary in order to interpret the Fourier components of the properly normalized one-
meson states as creation or annihilation operators [49]. Once the shift oy — on + ¢y and the
transformations (5.12) have been performed, the mass terms of the mesons in the Lagrangian
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(5.1) read:

m¢27N :m%—c+3<)\1+ )QSN, (5.14)
m,] =72 [mo—i—c—i— ()\1—1— )qﬁN] =m2 4 2c22, (5.15)
Mgy =mg +c+ (M +3 ) 58 (5.16)
10) Z2h
N
M,y =mp =mi + ¢_N(h1 + ha + hg), (5.18)
m?ClN = m2 = ml + gl(ﬁN + = ¢N (h1 + ha — h3). (5.19)

Note that the p and wy masses as well as the fiy and a; masses are degenerate. In Sec. 5.6
we show the Lagrangian in the form when all shifts have been explicitly performed. From Egs.
(5.18) and (5.19) we obtain:

mg, =mp + giok — hadi. (5-20)
The pion decay constant f is determined from the axial current,
Ja = 9N = 0, +... = on=2Ff (5.21)
A = Tz K s = Jr0u N =4 ’

Note that the photon coupling entailed in Egs. (5.5), (5.6) and (5.7) yields the correct coupling
of photons to pions as the corresponding term from the Lagrangian (5.1) reads

Lorr = 622(1 — g1wg, oN ) A¥ ( 1(9 - 7T2(9ﬂ771)

Way =g18N/mi, ﬁw/w (718, — 729,m)
it 1

m2,
=eZ27 2 A" (71'13M7T2 — 7T20M771) = eA! (7718M7T2 — 7T23M771)
=ieA(m~ Oyt — 7t O,m), (5.22)

where in the last line we have substituted 7! = (7* 4+ 77)/v/2 and 72 = i(7* — 77)/v/2. The
photon-pion coupling is thus equal to the elementary electric charge e = v4wa where o denotes
the fine-structure constant o = 1/137.035999679(94) in vacuum [10].

We note that the phenomenology of low-lying axial-vector mesons is also considered in approaches
where the Bethe-Salpeter equation is used to unitarise the scattering of vector and pseudoscalar
mesons — see, e.g., Ref. [221]. Here, the Bethe-Salpeter kernel is given by the lowest-order effective
Lagrangian. This leads to the dynamical generation of resonances, one of which has a pole mass
of 1011 MeV and is consequently assigned to the a;(1260) meson. This unitarised approach is
used in Ref. [222] to study the large- N, behaviour of the dynamically generated resonances, with
the conclusion that the a1(1260) resonance is not a genuine quark-antiquark state.

However, it was shown in Ref. [202] that, while unitarising the chiral Lagrangian by means of
a Bethe-Salpeter study allows one to find poles in the complex plane and identify them with
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physical resonances, it does not necessarily allow one to make a conclusion about the structure
of those resonances in the large-N, limit. In order to be able to draw correct conclusions, a
Bethe-Salpeter study requires at least one additional term of higher order not included in the
Lagrangian of Refs. [221, 222]. Alternatively, the Inverse Amplitude Method of Ref. [83] can be
used.

A very similar approach to the one in Refs. [221, 222] was also used in Ref. [223] where a very
good fit to the 7 decay data from the ALEPH collaboration [224] was obtained by fine-tuning
the subtraction point of a loop diagram. Note, however, that detuning the subtraction point by
5% will spoil the agreement with experimental data. Alternately, these data may be described
by approaches with the a1 (1260) meson as an explicit degree of freedom, such as the one in Ref.
[47], where a1(1260) is a quark-antiquark state and where the experimental a;(1260) spectral
function is fitted very well. In Ref. [47], m,, (1260) = 1150 MeV and a full width I, 1260y =~ 410
MeV are obtained. Note that our results, as will be shown later, give very good results on the
a1(1260) phenomenology, for example in the a1(1260) — 7y and a1(1260) — pm decay channels,
see Sec. 5.3.3.

For the following discussion, it is interesting to note that the p meson mass can be split into two
contributions:
2 5 | %

mp:ml—%?(hl—i—hg—i—hg). (5.23)
Without further assumptions, it is not possible to relate the quantity m? to microscopic conden-
sates of QCD. However, invoking dilatation invariance, the term m?Tr[(L*)? + (R*)?]/2 in Eq.
(5.1) arises from a term aG*Tr[(L*)?+(R*)?]/2 where G is the dilaton field and a a dimensionless
constant [see Eq. (12.5) and Chapter 12]. Upon shifting the dilatation field by G — Gy + G,
with GGy being the gluon condensate, one obtains the term in our Lagrangian upon identifying
m? = aG%. Thus, the quantity m% in Eq. (5.23) is expressed as a sum of a term which is directly
proportional to the gluon condensate G, and a term which is directly proportional to the chiral
condensate gb%\,

We shall require that none of the two contributions be negative: in fact, a negative m? = aG%
would imply that the system is unstable when ¢y — 0; a negative ¢3;(h1 + ha + h3)/2 would
imply that spontaneous chiral symmetry breaking decreases the p mass. This is clearly unnatural
because the breaking of chiral symmetry generates a sizable effective mass for the light quarks,
which is expected to positively contribute to the meson masses. This positive contribution is
a feature of all known models (such as the Nambu-Jona-Lasinio model and constituent quark
approaches). Indeed, in an important class of hadronic models (see Ref. [225] and refs. therein)
the only and obviously positive contribution to the p mass is proportional to (b?v (i.e., my = 0).

In the vacuum, the very occurrence of chiral symmetry breaking can be also traced back to the
interaction with the dilaton field: in fact, the quantity —mgTr(CDTCD), where m < 0, arises from
a dilatation-invariant interaction term of the form bG*Tr(®7®) upon the identification m2 = bG2
[see Eq. (12.5)]. This property also implies that the chiral condensate ¢y is proportional to
the gluon condensate Gy, ¢y ~ Go. This means that the vacuum expression in Eq. (5.23)
can be rewritten in the form mf) ~ ¢3;, which resembles the KSFR relation [226]. However,
the quantities Gy are ¢ may vary independently from each other at nonzero temperature and
density, thus generating a nontrivial behaviour of m%.
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5.1.2 Equivalent Set of Parameters

Instead of the eleven parameters in Eq. (5.8), it is technically simpler to use the following,
equivalent set of eleven parameters in the expressions for the physical quantities:

May Moy Magy My s Mpy Mgy, Z7r’ ¢Na 92, hl, h2- (524)

The quantities my, m,, mq, are taken as the mean values of the masses of the 7, p, and a; meson,
respectively, as given by the PDG [10]: m, = 139.57 MeV, m, = 775.49 MeV, and m,, = 1230
MeV. While m, and m, are measured to very good precision, this is not the case for m,,. The
mass value given above is referred to as an ”educated guess” by the PDG [10]. Therefore, we
shall also consider a smaller value, as suggested e.g. by the results of Ref. [47]. We shall see that,
although the overall picture remains qualitatively unchanged, the description of the decay width
of a; into pm can be substantially improved.

As outlined in Ref. [57], the mass of the 1) meson can be calculated using the mixing of strange
and non-strange contributions in the physical fields n and 1’ (958):

0 = NN COS Py + Mg sin gy, ' = —ny sin @, + s cos oy, (5.25)

where ng is a pure 5s state and ¢, ~ —36° [227]. (A detailed discussion of the ny-ng mixing will
be presented in Sec. 7.1, i.e., in the Ny = 3 version of our model where the pure-strange field 7g
will be included as an explicit degree of freedom.) In this way, we obtain the value m,, = 716
MeV. Given the well-known uncertainty of the value of ¢, one could also consider other values,
e.g., pp = —41.4°, as published by the KLOE Collaboration [228]. In this case, m,, = 755 MeV.
The variation of the ny mass does not change the results significantly.

The quantities ¢ and Z, are linked to the pion decay constant as ¢n/Zr = fr = 92.4 MeV.
Therefore, the following six quantities remain as free parameters:

Mern s Mag, Z7Ta 92, hla h?' (526)

The masses m,, and m,, depend on the scenario adopted for the scalar mesons.
At the end of this subsection we report three useful formulas which link the parameters g, hs,
and my of the original set (5.8) to the second set of parameters (5.24) [see also Eq. (5.13)]:

= q1(Z,) = 1—— 5.27
91 = 91(Zx) 71 7z (5.27)
m? m? 1
hy =h3(Z;) = =% | -2 — — |, (5.28)
Z2f\ms, 2%
1
m3 =m2(Zz, hy, ho) = 3 [m2 +m2, — Z2f2 (g7 + b+ ha)] - (5.29)

5.2 Decay Widths and 7 Scattering Lengths

In this section, we calculate the formulas for the decay widths and the mw scattering lengths
and specify their dependence on the parameters mgy, mg,, Zx, g2, h1, and ha. Using the scaling
behaviour (4.52) we obtain that all strong decays and scattering lengths scale as N !, as expected.
The decay widths are calculated from the interaction part of the Lagrangian (5.1).
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5.2.1 Decay Width p — &7

The prr interaction Lagrangian obtained from Eq. (5.1) reads

Loprr = Aprr (Oum) - (p" X ) + Bprr (Opp,) - (07 x 0V) . (5.30)

with the following coefficients

Ap7T7r = Z72r [gl(l — J1Wq, (bN) + hgwalth] = Zzgl m; , (531)

al

Bprr = —Z2gow? . (5.32)

Let us consider the decay of p° only; the decays of the charged states are calculated analogously
and possess the same values because of the isospin symmetry that is manifest in our model. The
third p component possesses the following interaction Lagrangian

Lyorr = iApnnpy, (n7 07t — 70" 77) + iBorrOyp), (O~ OFnt — 0"n oM7) (5.33)

Let us denote the momenta of p, 7™ and 7~ as P, P; and P, respectively. The p meson is a
vector state for which we have to consider the polarisation vector labelled as 6,(?)(]3).

7T(P1) //
el (P)
Ao~ NnANANK
N
P AN
m(P)

Figure 5.1: Decay process p — 7.

Then, upon substituting 0* — —iP" for the decaying particle and " — z'Pl’f o for the decay
(@)

products, we obtain the following Lorentz-invariant prm scattering amplitude —z'./\/lp0 .
the Lagrangian (5.33):

from
s

—iM = e (Pl = e (P)[Apen(PY = PU') + By P (PLPY = PLPY)], (5.34)
where
hifmr:Apmr(PQM_Plu)+Bp7r7rPV(P2MP1V_P1MP2V)- (5.35)

denotes the prm vertex.
The vertex can be transformed in the following way:

w\
NS

A B (p“pl P{LPé/):ApM(PQM_P{L)"‘BpM (PM P1M)

2
< p7r7r‘|' p7r7r7p> Pﬂ (536)

p7r7r
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where the equality P, P{" = P,P} = m?)/ 2 was used. The calculation of the decay width will

require the determination of the square of the scattering amplitude. Given that the scattering

amplitude in Eq. (5.34) depends on the polarisation vector 6&00 (P), it is necessary to calculate the

average of the amplitude for all values of E,(La)(P). For a general scattering amplitude —iM (@)

(a)

= ¢, (P)h* of a process containing one vector state with mass m, the calculation reads as

follows:
e 1 1
—iM® = (P) = | —iM|? = s S =M = s > el (Pyhrel (P)h”
a=1 a=1
3
1 1 P,P, 1 (P,ht)?
_ - (a) (@) v__ — | _ H-v v __ | _ 2 M
= 3@215“ (P)ef (P)RhY = 3 ( G + > hih = 2 [ (W) + =51
(5.37)
where, in the second line of Eq. (5.37), we have used
’ PP,
Zgia) (P)eS) (P) = =g + ;;121/' (5.38)
a=1

Equation (5.37) contains the metric tensor g,, = diag(l,—1 —1,—1). Note that, if the vector
particle decays, then P, = (Fp,0) in the rest frame of the decaying particle and thus

P hH 2 P hO 2 2 hO 2
( a4 > ) = ( 0 2) — m ( > ) — (hO)Q. (539)
m m m
It is clear that in our case hgm = 0, see Eq. (5.36). Therefore we only have to determine (hf-)%:

m2\” m2\ >
(h;jm)Q - (Apm + BPW”# (mfr +mi = 2PPy) = | Aper + BPFWTP (4m3r - mi) .

(5.40)
Inserting Eq. (5.40) into Eq. (5.37) yields
2
- 2 1 m; 2 2
| = iMposr|” = 3 Aprr + Bmﬂ? (4m7r - mp)
4 m2\’
P 2
=3 (Apm —|—Bpm7> k*(mp, mz, mr), (5.41)
where in the second line we have used Eq. (2.191).
Finally, the full decay width reads
2
k(mp, my, my) L /<:3(mp,m7r,m7r) mz
R 871'—772%’ — iMyosrr| = 6rm? Aprr + Bprn - |- (5.42)

Note that the formula presented in Eq. (5.42) can be transformed further using Egs. (2.191),
(5.31) and (5.32); we make explicit the dependence of the decay width on the parameters Z, and
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g2:

mP om.\ 2 8/2 2
r 7o gy) = —P |1 (Zx [ 724 (1— 22 @} . 5.43
p—>7r7r( 7r792) 487ngl < m, > 914, + ( 7r) 2 ( )

The experimental value is I'; % = (149.1 £0.8) MeV [10]. The small experimental error can be
neglected and the central value is used as a further constraint allowing us to fix the parameter
g2 as function of Z:

2 Am? 3nrS%
= go(Z.) = 724w pmn ) 5.44
92 = 92(Zn) = 73 (91 " Tm, \/(mg — Am2)3/2 (5:44)

Note that all input values in Eq. (5.44) are experimentally known [10]. The parameter g; =
91(Zz) is fixed via Eq. (5.27).

As apparent from Eq. (5.44), two solutions for gy are obtained. The solution with the positive
sign in front of the square root may be neglected because it leads to unphysically large values for
the a; — p7m decay width, which is another quantity predicted by our study that also depends on
g2 [see Eq. (5.94)]. For example, the value Z, = 1.6 (see below) would lead to go = 40 which in
turn would give I'y, - ,r = 14 GeV — clearly an unphysically large value. Therefore, we will take
the solution for go with the negative sign in front of the square root. In this case, reasonable
values for both go (see Table 5.1) and I'y,—, ,r (see Sec. 5.2.7) are obtained.

5.2.2 Decay Width f;(1285) — aom

The finyaom interaction Lagrangian from Eq. (5.1) reads

ﬁleaoﬂ - Aleaoﬂf{LN (8M7T ’ ao) + Bf1Nao7FffN (auao : 7T) (5'45)

with the following coefficients:

Aleamr = 4rd1 (2glwa1 ¢N - 1) + Zﬂ'wal (h2 - h3)¢Na (546)
B yaor = Zxg1- (5.47)

The decay width of an axial-vector into a scalar and a pseudoscalar has already been considered
in Sec. 2.6.3; the obtained formula for the decay width from Eq. (2.201) can be used here with
I=3:

E3(myg, s May,m
( - 2 = ﬂ) (Aleamr - Bleamr)Q- (5.48)

fin

Using Egs. (2.191), (5.46) and (5.47), Eq. (5.48) can be transformed as follows (we make explicit
the dependence on Z, and hy):

Fle—mmr = Fy—

272 1.3 2
G125 k> (Mg, s Mag, M) 5 1 9
T y—aon (Mag, Zry h2) = m2 — —(ha + h3)da | . (5.49)
INTrao 0 2 m?wmgl P2

There is a subtle point to comment on here. When the quark-antiquark ag state of our model
is identified as the @¢(980) meson of the PDG compilation (Scenario I, Sec. 5.3), then this
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decay width can be used to fix the parameter hy as function of Z,, hy = ho(Z,), by using the

corresponding experimental value T':° |, = (8.748 £ 2.097) MeV [10].
2 hs o mlemZ QWF;)”XP —aogm
ho = ho(Z;) = — | m? — =2¢% + 0 LV 40 . 5.50
( ) ¢?V 14 2 N ngﬂ' kg(mle7ma0’m7r) ( )

Again, there are two solutions, just as in the case of the parameter g». How strongly the
somewhat uncertain experimental value of I'f, ; _, 4.~ influences the possible values of ho, depends
on the choice of the sign in front of the square root in Eq. (5.50). Varying I'f, y q» within its
experimental range of uncertainty changes the value of hy by an average of 25% if the negative
sign is chosen, but the same variation of I'¢, , 4.~ changes ho by an average of only 6% if the
positive sign is considered. This is due to the fact that the solution with the positive square root
sign yields larger values of hy ~ 80, while the solution with the negative sign leads to ho ~ 20.
The absolute change of ho is the same in both cases. Our calculations have shown that using
the negative sign in front of the square root yields a too small value of the -’ mixing angle
¢ = —9°. This follows by inserting hs into Eq. (5.64) so that it is removed as a degree of freedom
(i.e., replaced by Z;) and calculating the mixing angle ¢, from Eq. (5.58) using the experimental
value of the ay — nm decay amplitude from Ref. [114]. For this reason, we only use the positive
sign in front of the square root in Eq. (5.50), i.e., the constraint leading to higher values of hs.
Then ¢, = —41.8° is obtained, in very good agreement with the central value quoted by the
KLOE collaboration [228], ¢, =2 —41.4° (see also Sec. 5.3.1).

It may be interesting to note that only the (disregarded) lower value of hs leads to the expected
behaviour of the parameter h; which [according to Eq. (4.52)] should be large-N, suppressed:
the lower value of he yields h; = 1.8 whereas the higher value of hy yields hy = —68 (see Table
5.1).

Note that if the quark-antiquark ag meson of our model is identified as the ap(1450) meson of
the PDG compilation (Scenario II, Sec. 5.4) then the described procedure of replacing hy by
Zr using Eq. (5.50) is no longer applicable because the decay fin — ao7 is kinematically not
allowed and its counterpart ag — finym has not been measured.

5.2.3 Decay Width on — 7

The interaction Lagrangian of the scalar state on with the pions from Eq. (5.1) reads:

£0N7r7r = AO'N7T7TO-N7r2 + BO'NT(ﬂ'O-N(a;,LTr)2 + CUNNWO'NTFDTF (551)
with
_ A2 2
AO'N7T7T - = )\1 + 7 ZW¢N, (552)
hi+ho—h
Boyrr = _291Z72rw(11 + (9% + %) Zzw21¢N7 (5.53)
CO'N7T7T = —91Z72rwa1- (554)
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The corresponding decay amplitude reads

m2  —2m?
_Z.MO'N*HTTK'(mO'N) =1 (AO'NWT(' - BO’Nﬂ'TK’M - CUN7l'7Tm72'r> (555)

and, consequently, summing over all decay channels o1 — 7070, 7F 7T we obtain the following

formula for the decay width I'y, rr:

k(Mg , My, My )

|- Z.MO'N_””T(mO'N)‘Q' (5.56)

Ty =
N —TT 2
drmg

Note that, using Eqgs. (2.191) and (5.52) - (5.54), we can transform Eq. (5.56) as follows (we
make explicit the dependence on free parameters):

3 om, \ 2 [ m2, —m?
Loy, Zeolash) = gy 1= (222 {gif
273 2 2
9123 ] ¢
_ 1m31 s {mi — TN(hl + hy + hg)] (m2, — 2m72r)} . (5.57)

It is apparent from Eqs. (4.52) that the sigma decay width decreases as the number of colors
N, increases. Thus, the sigma field in our model is a gq state [83]. In Scenario I, Sec. 5.3, we
have assigned the oy field as f,(600), correspondingly we are working with the assumption that
f0(600) [as well as a(980)] is a gq state. In Scenario II, Sec. 5.4, the same assumption is valid
for the fy(1370) and ap(1450) states.

Note that in Eq. (5.57) the first term in braces arises from the scalar oy7m vertex, while the
second term comes from the coupling of the oy to the ay, which becomes a derivatively coupled
pion after the shift (5.12). Because of the different signs, these two terms interfere destructively.
As the decay width of a light o meson into two pions can be very well reproduced in the linear
sigma model without vector mesons (corresponding to the case g; — 0), this interference prevents
obtaining a reasonable value for this decay width in the present model with (azial-)vector mesons,
see Sec. 5.3.2. This problem does not occur for a heavy oy meson, see Sec. 5.4.2 and Ref. [55].

5.2.4 Decay Amplitudes ag — 7 and a9 — n'w

Our Ny = 2 Lagrangian (5.1) contains the unphysical field ny. However, by making use of Eq.
(7.23) and invoking the OZI rule, it is possible to calculate the decay amplitude for the physical
process ag — 17w as

—iMagnr = €08 o(—iMagpyr)- (5.58)

The following CL8’I7N7TO interaction Lagrangian is obtained from Eq. (5.1):

Lagnnr = Aagnyr@0 - INT + Bagpyr@o - 0N + CopyynOuao - (m0Hny +nyotm)  (5.59)
with
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Aaom\ﬂr = _)\2Z72r¢N7 (560)
Bagnyr = 291Z7%wa1 (g1wa, oN — 1) + (eral)Q(h2 —h3)on

2 1 74 £2
= _zglﬁN {1— L2t Zrln (hy — hs) |, (5.61)

mg, 2 ma1
Caomwr = 01Wqy Z72|— (562)

As in Sec. 5.2.3, we obtain
2 2 2

—iM =i [ Augyr — Bagyur 2o — "0 =% 4 2 5.63
ad—nym0 = | Haonnm aonN T 9 + CagnymMa, (5.63)

Using Eqgs. (2.191) and (5.60) - (5.62), Eq. (5.63) can be transformed in the following way:

—iM g0y pr0 (Mag, 2, h2) =

7rf { My — M ao

+ <1 212> [1— %Z;¢N(h2—h3):| (m?2 —m,%—m,%)}. (5.64)

al

Note that Eqgs. (5.63) and (5.64) contain the unmixed mass m,, which enters when expressing
the coupling constants in terms of the parameters (5.24), as well as the physical mass m,, = 547.8
MeV. The latter arises because the derivative couplings in the Lagrangian lead to the appearance
of scalar invariants formed from the four-momenta of the particles emerging from the decay, which
can be expressed in terms of the physical (invariant) masses.

The decay width I'yy—yr follows from Eq. (5.58) by including a phase space factor:

k(mag, My, my)

2
Lap—nr(Mag, Zr, ho) = —iM 0_>nN7T0(ma07Z7T7h2) . (5.65)

8mm2,
In the case of Scenario I (Sec. 5.3), in which ag = a¢(980), we shall compare the decay amplitude
—iM 0 0 sy 0> Eq. (5.58), with the corresponding experimental value deduced from Crystal Barrel
data: _ZMZOI:MO = (3330 4 150) MeV [114]. This is preferable to the use of the decay width
quoted by the PDG [10] for a¢(980), which refers to the mean peak width, an unreliable quantity
due to the closeness of the kaon-kaon threshold.
In the case of Scenario II (Sec. 5.4), in which ay = ap(1450), it is also possible to calculate
the decay width a(1450) — n'zm, using the OZI rule. The amplitude —iM gy r(Mag, Zr, ho) is
obtained following the same steps as in the previous case, Eq. (5.64):

] sin
~iMagypn(Mags Zrs h2) = =i Jf’ (m2, —m2
1 1 Z%N 2 2

where the difference compared to Egs. (5.58) and (5.64) is the prefactor — sin ¢ and the physical
7’ mass m,y = 958 MeV. The corresponding decay width reads:

k(mag, Moy, M)

. 2
Pa0(1450)ﬁn’7r(ma07 Znr, h2) = ‘_ZMGOW'W (mam L, hQ)‘ : (5'67)

2
8mwmg,
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5.2.5 Decay Width a;(1260) — 7y

The a;7y interaction Lagrangian from Eq. (5.1) reads

Loyry = €J, A", (5.68)

where A denotes the photon field and J, the a;-7 current of the form

Jy, = —iBg ry (atﬂr_ - afﬂﬂ'+> —1Cq vy (atw(?”ﬂ'_ - aiwayﬂ"') (5.69)
with
Baymy = ngﬁfm (5.70)
Z2fx _ Bayny

_ Damy (5.71)

Camr'y = ZrWa, = G1 m2
al

2
a1
and aiy = Bualiy - 8,,a1iu. The calculation of I'y, 7 is performed analogously to the generic
one presented in Sec. 2.6.2; considering that the photon has no mass and denoting the momenta

of a1, m and ~ respectively as P, P, and P, we obtain

k 7 0
| ezw 3B2 ., +C2 ..

[m2, mZ +2(P - P1)?| = 6B, 5y Cayny (P - )|

(5.72)
From P = (mg,,0) and Py = (Ey,k(mg,, mx,0)) we obtain P - P; = mg, /k2(ma,, mx,0) + m2
= (mZ, +m2)/2 using Eq. (2.191). Additionally, we can substitute By, ry in Eq. (5.72) by Co,ry
using Eq. (5.71) and transform Eq. (5.72) as follows:

24mm2,

Fony = 2% ‘3Cglmm31 bSO (md, it 42 m?)
1
= 303, aymig, (g, +m3)]
:6202 m2 k(mal’mﬂ—,o) l(mw>4_<mw>2+1
oy 247 2 \mg, Ma, 2
Eq. (5:71) 5 o Z2 12 k(mg,, mx,0)

2
“a m2 247

1
al 2
m 2
- ()
May

Bq. (2.191) e2g? Z2f2

48mmyg,
Eq. (5.27) €2(Z2 — 1)myq me \2| |1/ me \? m.\2 1
O s L] Z — + = (5.73)
487T mal 2 mal ma1 2
or in other words
e2 9 My 2]
Fa1%7w(Z7r) = 96—7T (ZT( — 1) Ma, 1-— <mal> . (574)

Note that the a; — 7y decay width depends only on the renormalisation constant Z,, explicitly
denoted in Eq. (5.74). In fact, it is generated via the aj-m mixing and vanishes in the limit
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Z» — 1. [A similar mechanism for this decay is described in Ref. [214].] The fact that we include
photons following the second realisation of VMD described in Ref. [217] renders this process
possible in our model. Inverting Eq. (5.74) we obtain

96T
2 a1 —Ty
Z:=1+ L 3
oy [1- ()
967 0, or
=7 = |1+ T aom (5.75)

273"
e2ma, [1 — (—7;”” > }
ay

The first line of Eq. (5.75) yields in principle two opposite-sign solutions. We work, however,
only with the positive-sign renormalisation.

Using I'/% 7y = (0.640 £0.246) MeV [10], one obtains Z, = 1.67+0.2 from Eq. (5.75). Unfortu-
nately, the experimental error for the quantity I'y, ., is large. Given that almost all quantities
of interest depend very strongly on Z,, a better experimental knowledge of this decay would be
useful to constrain Z,. In the study of Scenario I, Sec. 5.3, this decay width will be part of a x?
analysis, but still represents the main constraint for 7.

5.2.6 Decay Width a1(1260) — on™

The interaction Lagrangian obtained from Eq. (5.1) reads

[,QIONW = Aa/lo'Nﬂ'allu -onOt T + BalUNﬂalu -wolon (5.76)

with the following coefficients:

Aalo'Nﬂ' =27 [91(—1 + 2glwa1 ¢N) + (hl + h2 - h3)wa1 ¢N] s (577)
Balo'NT(' = glzw- (578)

As in Sec. 2.6.3 we obtain

kg(malamUNamw)

(ACHO'NTF - BalaNW)2a (579)

FalﬂoNTF = 247Tm2
al

where we have set the isospin factor I/ = 1 in Eq. (2.201). Equation (5.79) can be further
transformed using Eqs. (2.191), (5.77) and (5.78):

9
(h1 + ha + h3)

(5.80)

kjg ON ™ X
(May, Mgy, m )g%Zi m?)—(%N

I\(11—>0N7r = Pa1—>0N7r(m0Na Z7ra h17 h2) -

5.2.7 Decay Width a1(1260) — p=

We obtain the following a;pm interaction Lagrangian from Eq. (5.1):
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Loy pr = Agipr@iy - (7 x p"') + By pray, - (0" p” — 0" p") x 0, 7]
+ Calmr(al/al,u - ap,a'll/) : (P“ X ayﬂ') (581)

with the following coefficients:

Aaypr = Zx(97 — h3)dn, (5.82)
B, pr = ZrgoWay, (5.83)
Calpﬂ' = LngJ2Wq - (584)

Let us isolate the interaction Lagrangian of the neutral a; component from Eq. (5.81):

ﬁa(l)pﬂ = _Z.Aalpﬂa(l),u(p‘uiﬂﬂr - pﬂJrﬂ'i)
- iBalpﬂa(l]ﬂ[(a”p“* — O p" )0, mt — (0¥t — 0 p" ) Dy
— iCaypr (D0, — 0,00, (7~ p'™ — 7 ph7). (5.85)

Let us for the beginning consider the decay a — p~ 7" only:

Lpp-nt = —iAalpﬂa?Mp“_ﬂ'+ - iBalma?M((?”p“_ — Ot p” )0, T
+ iCalpw (aua?u - 8110’?1/)81/7(—’—/)“_
= _iAalpﬂa?upu_77+ - Z‘Ba1p7ra(1)u(aypu_ — """ )om"

— iCaypr0yal, (07T p" ™ = ¥t ph 7). (5.86)

Let us denote the momenta of ay, p and m as P, P, and P,. Our decay process involves two
vector states: aj; and p. For this reason we have to consider the corresponding polarisation
vectors labelled as affé) (P) for a; and ef )(Pl) for p. Then, upon substituting 0* — —iP* for

the decaying particle and 0" — iP{f o for the decay products, we obtain the following Lorentz-
(v, 8)

invariant a;pm scattering amplitude —zMa(l)_m,w I

—iMGE) = D (PP (PR, = £ (P)) (Pr)
X {Ampﬂgw + Baypr [PfLPQV — (P~ P)g"]
+Carpr [P P" = (P P)g"]} (5.87)
with
hgl”m = Aupn " + By pr [PI'PY — (P - Py)g"] + Caypr [PyPY — (P - P2)g"™], (5.88)

where hly) = denotes the a; pm vertex [more precisely, this is only the a;p~ 7" vertex but, as evident
from Eq. (5.85), it is the same as the a;p™ 7~ vertex up to a sign that is of no importance for
the calculation of the decay width]. Given that B, ,r = Cy pr [see Egs. (5.83) and (5.84)], we
observe that the vertex of Eq. (5.88) possesses exactly the same form as the one presented in Eq.
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(2.182). Consequently, we can utilise results from Sec. 2.6.2 where the generic decay of an axial-
vector into a vector and a pseudoscalar was presented. The squared averaged decay amplitude
for the decay a; — pm then reads

|h5fp7rpu|2 _ \hgmeh,]Q + |hgfpﬂPuP1u|2

2 2 2,12
ms mg mgmeg,

m2)/2, P- P =mg Fy and P - Py = m,, Eo, we can
iMgo_y pn+|? in Eq. (5.89):

2
| —iM 0spm 2= [\ham - (5.89)

Using the identities Py - P, = (m2 —m

2
p
now calculate the four contributions to | —

|ha1p7r| = 4A¢211/J7r + Bglmr[m?rm/% + 2(P1 ) ] + CglPW[mimgl + 2(P ' P2)2]
- 6Aa1p7r a1p7r(P1 ) P2) - 6Aa1p7rca1p7r(P : P2) + GBmpralmr(Pl ’ P2)(P ’ P2)
Fas. (5.82) - (584) 4 o [ 5 2, Gi% 4 4, 4, 2 o
= Z 4(g] — h
7rf7r { (gl 3) m4 [ +m7r+mp+m7rmp
o+ g, (i = 2m5) + 3(mG, — m = m)ma, By
2—h
IVl ) A S S S } (5.90)
mg,
|t Pul* = A2 om2 + C2, [(P PL)*m2 + (P - Py)*m2 = 2(P - Py)(P - Py)(Py - Py)]

+ 2Aa1p7rca1p7r [(P ’ Pl)(Pl ’ P2) - (P ’ PQ)m;Q)]

Egs. (5.82) - (5.84 2,2
= G- Uﬁﬁ{@%—@ﬁmi+-%? [(m2, — m2)2(m2, +m2 — 2m?)

4
+ (m2 +mi my — A(m2, —m2 — m2)m?, i B
h
L L N my — mi>mZJ} : (5.91)
ai

hafmply\ = A2 omi + B [(P-P)*m2 4 (P Py)*ml —2(P- Py)(P-Py)(Py - Py)]
+ 2Aa1p7r a1 pm [(P : Pl)(P . P2) - (Pl . P2)m21]

Egs. (5.82) - (5.84) G793
: ﬁﬁ@ﬁ—mﬁﬁ+12nm2 :

Ama ™ P
+ (m2 + m%)mil —4(m? — m% —m2)ym?2 E1E,)
2—h E
+—9192(912 3) [(mgl - m?r)mm Ey —2mq,m (Ez + —1>] } ; (5.92)
mg,
Eqgs. (5.82) - (5.84)

with By = \/k2(ma1,mp,m7r) +m2 and E3 = \/k*(mq,,mp, mz) + m2.
The formula for the decay width I'y, _,  is the same as the one presented in Eq. (2.187), multiplied

by a factor of two in order to consider the two decay channels a{ — p~ 7+ and a — p*7~ from
Eq. (5.85):

k(ma,,mp, ms)

| = iMoot |? (5.94)

Fal —pm — Am2
ail
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with | — i./\;la(l)_m77r+|2 from Eq. (5.89), i.e., Egs. (5.90) - (5.93).

5.2.8 Tree-Level Scattering Lengths

The calculation of the tree-level wm scattering lengths has been described in detail in Ref. [220];
in this section we will repeat the main points.

Figure 5.2: Diagrams contributing to the w7 scattering lengths. The dashed lines denote the pions, the
solid lines denote the intermediate scalar meson whereas the wavy lines denote the intermediate vector
state.

The scattering lengths are calculated from three contributions: the ”"pure” n7 (contact) scat-
tering, 7w scattering via the virtual oy meson (s, ¢, u channels; s, t, u denote the Mandelstam
variables) and 77 scattering via the virtual p meson (also s, ¢, u channels). Consequently, the
corresponding scattering Lagrangian consists of a term containing 47 vertices (L4,) and terms
describing interactions of pions with oy [depicted in L, rr, Eq. (5.51)] and interactions of pions
with p [depicted in £, Eq. (5.30)]:

£7r7r = £47r + £0N7r7r + £p7T71'7 (595)

where the following form of L4, is obtained from the Lagrangian (5.1):

1 A2 1
1 (A1 + 7) Zi(m*)? + 3 (97 — hs)wg, Zy (O - m)?

1
+ 5+ ha+ h3)w?, Za w2 (0,m)>. (5.96)

‘C47T =

Note that Eq. (5.95) may also contain contributions proportional to [(0#m) x (0V7)]? from the
g3,4 terms in the Lagrangian (5.1). However, we do not consider these terms because all our
calculations will be at threshold where the terms with only pion derivatives do not contribute.

Let us denote the incoming pions with labels @ and b and the outgoing pions with labels ¢ and
d. The 77 scattering amplitude M (s, t,u) obtained from the Lagrangian (5.95) then has three
contributions, one for the s, t and u channels, respectively:

Mar(s,t,u) = 1095 A(s, t,u) + 6“6 A(t, u, 5) + i0°%6° A(u, s, 1), (5.97)
where
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A
Alsiton) = (6 = )bt s =2 (A 52 ) 28 (4 o ) Z0u (s — 22)

1
- [_Qm?rCUNWﬂ’ + BUN7T7T(2m72T —5)+ 2A0’N7T7T]272
s —m2,
2
t u— S u\2 t—s
# (Ao 4 Borey ) Fy 4 (e Biee)” (s
P p

(5.98)

A
Altws) = (6 = h)Ziud, =2 (M4 ) 20 = (o + o) 22— 22

1
- [_2m72rCoN7r7r "’ BO'N7T7I'(2m72-( - t) + 2A0’N7T7T]272
t—mg,

S\2 u—t

+ (Apmr + Bp7r7r§>

“)2 i (5.99)

+ (Apmr + Bp7r7r_

2/ u—m?2’

— 2
mp p

A
Alu, s,t) = (g7 — h3)Z7rwalu -2 ()\1 + ;) ZE — (hy + hy + h3)Z§wgl (u — 2m?2)

1
- [_2m72TCUN7F7T + BUNWW(2m3r —u)+ 2AUN7F7T]2 2
oN

t—u

5\ 2 t\? s—u
+ <AP7T7T + Bp7r7r§> 2 + <Ap7r7r + Bpﬂ'ﬂ"_) - 5 (5100)

5 —m32 2) t—m?

with Ay rr, Boyrrs Coynrs Aprr and By respectively from Egs. (5.52), (5.53), (5.54), (5.31)
and (5.32). Note that the scattering amplitude M, vanishes at threshold: M.(0,0,0) = 0
[220].

We can now calculate the three contributions to the scattering amplitude at threshold (p, =
0= P2 =m2 and thus s = 4P2 = 4m2,t = 0, u = 0). Let us first substitute the coefficient
Ayrr in Eqgs. (5.98) - (5.100) using Eq. (5.31); note that, at threshold, there is no contribution
from the terms ~ B,. We then obtain

A
A(s,t,u) | s—am2 = 493 7202 m2 — 2 <)\1 + 2> ZE —2(hy + ho + 3h3) Z2w? m2

T™ray m™ral
1

4m2 —m2
2

- 4[(B0'N7T7T + Conr)mgr - AO’Nﬂ'TK’]Q

m
+8[g1Z2(1 — grwa, én) + thfrme]Qg; (5.101)
P
)\ 4 2 4m2 m/%
Al ) smamz = =2 (N + ) 224 200+ by + hy) Zhwl m? — 4gRZET
a1
1
+ 4[(B0'N7T7F - Conr)mgr + Aonr]Q—Q (5.102)
m2,
and
A, 8,t) [ s—amz2 = A, 4, 8)]s—am2 - (5.103)
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The scattering amplitude 70 for zero isospin is obtained from [229]

To|s:4m$r = 3A(5’ t u) |s:4m3r + A(t’ u, S) |s=4m3r + A(u’ S, 75)|s=4m$r . (5'104)

Additionally, the interdependence of T° and the S-wave, isospin-zero 77 scattering length a is,
at threshold, given by the following formula [see Ref. [220], Eq. (4.30)]:

1
ETO|3=4m§- (5.105)

a8 |s:4m3r -

Inserting Eqs. (5.101) - (5.103) into Eq. (5.104) and substituting T°[,_4,,,2 in Eq. (5.105) yields
(in units of m_1):

1 A
a8|s=4m3r = 397 {12(9% - hg)Zﬁwglmi —10 <)\1 + ;) Zf? —2(h1 + h2 + hs)ZwaZlm?r

1

12 Bo T CO' T 2 _AO' 7T7T27
+ [( nam T N )mn N ] mgN_4m72r

1 m2m?
+ 8[(Byyrr — Conmrn )2 + AUNW]ZT + 1697 72 L0 (5.106)
mg, Mg,

Upon substitution of A,y rr, Byyar and Coy xr, respectively, from Egs. (5.52), (5.53) and (5.54),
we obtain the following formula for the scattering length:

1 m; 3
a81s=4mg = a8‘s=4m%(Z7ram0Na hi) = A <2Q%Z§m4 {m% + 12[ [129% - 2(h1 + h2) - 14h3]}
ai
2
3) 5 o, m2 2 s O ZzmZ —m2 1
— = Z 12 — 2 (hy + ho +h3)| — N
2
2 2 2.2 2

25,2, Mz 2 PN Zimg, — mx 1

Z — X (h1+ho+h
+ {91 ¢ng1 [mp 5 (h1+ ho + 3)} + 2N } mZ,

5 nggN —m2
8 f2

We use the value a8 “P = 0.21840.020 in accordance with the data from the NA48/2 collaboration
[43].

Given that Tt = A(t, u, s)—A(u, s,t) [229], we obtain T* = 0 at threshold because of A(u, s,t) |s—dmz2
= A(t, u, 8)|s—am2 [see Eq. (5.103)]. Therefore,

(5.107)

ag|s—amz2 = 0. (5.108)

The S-wave, isospin-two 77 scattering length is obtained from the corresponding I = 2 scattering
amplitude T2 given by [229]

Eq. (5.103)
TQ|s:4m3r = A(ta u, 5)|s:4m3r + A(ua 5, t) |s=4m2r ! = 2A(t’ u, 5)|s=4m3r : (5'109)

Analogously to Eq. (5.105),
327—‘-ag|5:4mgr = T’2|s:4m$r (5.110)
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or

167Ta%|s:4mgr = A(t, u, S)|s:4m%’ (5.111)

implying

1
a3’8:4m2‘. = EA(t/L% S)’s:élmg‘,- (5112)

Then inserting Eqgs. (5.52), (5.53), (5.54) and (5.102) into Eq. (5.112) we obtain:

2 _ 2 1 2 74 m72r 2 ‘ﬁv
aO‘s:4m$r = a0‘5:4m%(zﬂ7m01\77h1) = _E ngﬂmgl My — 2 (hl +he + h3)
2
2 2 20,2 2 2,2 2
272 mx 2 (bN Zﬂ'moN - mx 1 Zﬂ'mO'N — Mz
- Z — —=(h h h
{gl tonie [ Gt h)] + 2R } gy T
(5.113)

The experimental result for a? from the NA48/2 collaboration is ag P = —0.0457 +0.0125 [43].
Note that the 77 scattering lengths were also studied away from threshold in Ref. [230], in a

model quite similar to ours. We will discuss the scattering lengths also within the extended
U(3) x U(3) version of our model in Sec. 9.5.

5.3 Scenario I: Light Scalar Quarkonia

We can now discuss two different interpretations of the scalar mesons. Sections 5.3.1 - 5.3.4
describe the results obtained when f,(600) and a((980) are interpreted as scalar quarkonia (Sce-
nario I). Then, in Sec. 5.4, we discuss the results obtained when fy(1370) and ag(1450) are
interpreted as scalar quarkonia (Scenario II).

5.3.1 Fit procedure

As a first step we utilise the central value of the experimental result I‘Zﬁ)m = 149.1 MeV [10]
in order to express the parameter g as a function of Z; via Eq. (5.44). Moreover, we fix the
mass Mg, = 980 MeV [10] and we also use the central value I'f, q0r(Zr, h2) = 8.748 MeV to
express hs as a function of Z,. The results are practically unaffected by the 6% uncertainty in
hs originating from the uncertainty in I'f, 40, see Eq. (5.50).

As a result, the set of free parameters in Eq. (5.26) is further reduced to three parameters:

Z7ra Meys hl- (5114)

Note that in this scenario the field oy is identified with the resonance fy(600), but the exper-
imental uncertainty on its mass is so large that it does not allow us to fix m,,. We therefore
keep m,, as a free parameter.

We now determine the parameters Zr, hi, and m,, using known data on the a; — 7y decay
width (5.74) and on the 77 scattering lengths a) and a3 reported in Egs. (5.107) and (5.113).
This is a system of three equations with three variables and can be solved uniquely. We make
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use of the 2 method in order to determine not only the central values for our parameters but
also their error intervals:

2 4 , 2
r (Zz) — T al(Zny Moy, h1) —ag
2 o a]—my ™ al—my 0 Ty ON 0
X2 (Zns Mgy, h1) = < AT + > S . (5.115)
Y 1€{0,2} 0

The errors for the model parameters are calculated as the square roots of the diagonal elements
of the inverted Hessian matrix obtained from XQ(ZW, Mgy, h1). The minimal value is obtained for
x? = 0, as expected given that the parameters are determined from a uniquely solvable system
of equations. The values of the parameters are as follows:

Zp=1.67+0.2, my, = (332 +456) MeV , hy = —68 + 338. (5.116)

Clearly, the error intervals for m,, and h; are very large. Fortunately, it is possible to constrain
the hy error interval as follows. As evident from Eq. (5.18), m% contains two contributions —
the bare mass term m? and the quark condensate contribution (~ ¢3:). The contribution of
the quark condensate is special for the globally invariant sigma model; in the locally invariant
model m, is always equal to m; [37]. Each of these contributions should have at most the
value of 775.49 MeV (= m,) because otherwise either the bare mass or the quark condensate
contribution to the rho mass would be negative, which appears to be unphysical. A plot of
the function my = m1(Zx, h1, ha(Zz)), see Eq. (5.29), for the central values of Z, = 1.67 and
ree® = 8.748 MeV is shown in Fig. 5.3.

fin—aom

m1(MeV)

2000
1500

1000

500

hp
~400 ~300 ~200 ~100

Figure 5.3: m; as function of hy, constrained at the central value of Z, = 1.67. The black dot marks
the position of central values h; = —68 and m; = 652 MeV.

exp
fin—aom
slightly change h; by 4+4 and this parameter is thus unaffected by the experimental error for
exp
Ffuvﬂﬂtoﬂ'
hy via Zr. However, given that at this point we can only state that 0 < m; < m,, for each

Note that varying the value of I" within its experimental boundaries would only very

If the value of m; were known exactly, then Eq. (5.29) would allow us to constrain

Z. one may consider all values of hy between two boundaries, one obtained from the condition
m1(Zx, h1,h2(Z7)) = 0 and another obtained from the condition m1(Zx, h1,h2(Z;)) = m,. For
example, using the central value of Z, = 1.67, we obtain —83 < h; < —32. The lower boundary
follows from m; = m, and the upper boundary from m; = 0, see Fig. 5.3. Note that the
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central value hy = —68 from Eq. (5.116) corresponds to m; = 652 MeV. If the minimal value of
Zr = 1.47 is used, then h; = —112 is obtained from m; = m, and h; = —46 from m; = 0. Thus,
—112 < hy < —46 for Z; = 1.47. Analogously, —64 < h; < —24 is obtained for the maximal
value Z, = 1.87.

Clearly, each lower boundary for hy is equivalent to m; = m, and each upper boundary for h;
is equivalent to m; = 0. Thus, in the following we will only state the values of Z, and my; hy
can always be calculated using Eq. (5.29). In this way, the dependence of our results on m; and
thus on the origin of the p mass will be exhibited.

The value of m,, can be constrained in a way similar to h; using the scattering length a8; the
scattering length a3 possesses a rather large error interval making it unsuitable to constrain m, .
Fig. 5.4 shows the different values for a8 and ag depending on the choice of Z, and mj.

ag(msz)

—-0.03¢
Z,=167,

—0.03§ m; = 652 MeV

T e Z,=187, m=0
_004c """"" Z, =147, m =0

3 Z,=187, my=m,
—0.042} ™. - — — Z,=147, m=m,
-0.044 e
M 11 ma-N(MeV)
400 600 c0U T00C

Figure 5.4: Scattering lengths a and a3 as function of m,, (the shaded band corresponds to the NA48/2
value of a3; no error interval is shown for a3 due to the large interval size [43]).

It is obvious that the value of af is only consistent with the NA48/2 value [43] if m,,, is in the
interval [288, 477] MeV, i.e., my, = 3327115 MeV. This value for m,,, follows if the parameters
Z and mj are varied within the allowed boundaries. If we only consider the a) curve that is
obtained for the central values of Z and m;, a much more constrained value of m,, = 3321‘%1
MeV follows from Fig. 5.4. We will be working with the broader interval of m,,. Even then,
constraining my to the interval [0,m,], the error bars for m,, are reduced by at least a factor
of three in comparison to the result (5.116) following from the x? calculation.

We summarise our results for the parameters Z and mg:
Zp =1.67+0.2, m,, = 33277 MeV. (5.117)

The central values of all parameters of the original set (5.8) are given in Table 5.1. They follow
from the x? fit (my,, h1), via decay width constraints (hg, g2), and from Eqgs. (5.14) - (5.19) and
(5.27) - (5.28). The central values of Z., m,, and hy, Eq. (5.116), have been used to calculate
all other parameters. We neglect the errors, apart from those of mi, which in this scenario vary
in a large range.

Note that the values of a% depend strongly on the choice of the parameters Z,; and m;. Whereas
for the central values of Z, and m; this scattering length is constant and has the value ag =
—0.0454, its value increases if Z; and m are considered at their respective boundaries, see Fig.
5.4.
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Parameter Mgy h1 ha hs
Value 332 MeV | -68 80 2.4

Parameter g1 go mo mi
Value 6.4 3.1 | 210 MeV | 6527525 MeV

Parameter A Ao c hon
Value -14 33 | 88744 MeV? | 1-10°5 MeV?

Table 5.1: Central values of parameters for Scenario I.

The value of Z; alone allows us to calculate certain decay widths in the model. For example, as

a consistency check we obtain Ty, ., = 0.64070251

MeV which is in good agreement with the
experimental result. Also, given that the ag — ny7 decay amplitude only depends on Z, it is
possible to calculate the value of this amplitude, Eq. (5.64). For Z, = 1.67, we obtain the value
of 3939 MeV for the decay amplitude ag — nm involving the physical 7 field if the n-n’ mixing
angle of ¢, = —36° [227] is taken. The Crystal Barrel Collaboration [114] obtained 3330 MeV
and hence there is an approximate discrepancy of 20%. If the KLOE Collaboration [228] value of
¢y = —41.4° is considered, then the value of Ay _,r = 3373 MeV follows — in perfect agreement

with the Crystal Barrel value. From this we conclude that this scenario prefers a relatively large

value of the -7’ mixing angle. In fact, if we use the Crystal Barrel value A, = 3330 MeV
as input, we would predict ¢, = —41.8° for the central value of Z, as well as ¢, = —42.3° and

¢p = —41.6° for the highest and lowest values of Z, respectively, i.e., ¢, = —41.8°f8:§2.

This
is in excellent agreement with the KLOE collaboration result ¢, = —41.4° £ 0.5° but also with

the results from approaches using the Bethe-Salpeter formalism, such as the one in Ref. [231].

5.3.2 Decay Width on — 77

The sigma decay width 'y, _,zr depends on all three parameters Z., m; (originally h;), and
My, . In Fig. 5.5 we show the dependence of this decay width on the sigma mass for fixed values
of Z, and my, varying the latter within their respective boundaries.

r oy - an(MeV)

Z, =167, m =652MeV /' .
; :
800} --m-mmmmmmees Z,=1.87,m;=0 s
'''''''' =Z,=147,m =0 / o
Z,=187, my=m, , X

600} , /
400}
200}

o] 2 . L m MeV

400 600 800 1000 7N (Mev)

Figure 5.5: [, as function of m,, for different values of Z, and m;. The PDG [10] notes I',,, =
(600 — 1000) MeV; the results from the chiral perturbation theory suggest I'y, = 544 MeV [41] and
T, =510 MeV [42)].

Generally, the values that we obtain are too small when compared to the PDG data [10] and to
other calculations of the sigma meson decay width, such as the one performed by Leutwyler et
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al. [41] who found I'yy _rr/2 = 272;“1)2_5 MeV and Peldez et al. [42] who found T'sy _yrr/2 =
(255 £ 16) MeV. The largest values for the decay width that we were able to obtain within our
model are for the case when Z is as small as possible, Z, = 1.47, and m; = 0, i.e., when the
p mass is solely generated by the quark condensate. As seen above, for this case the scattering
lengths allow a maximum value m,, = 477 MeV, for which I'y, _rr = 145 MeV. In all other
cases, the decay width is even smaller. However, as will be discussed in Sec. 5.3.3, the case
my = 0 leads to the unphysically small value I'y, 5, =~ 0 and should therefore not be taken too
seriously. As apparent from Fig. 5.4, excluding small values of m; would require smaller values
for my, in order to be consistent with the scattering lengths. According to Fig. 5.5, however,
this in turn leads to even smaller values for the decay width.

Hence, we conclude that the isoscalar meson in our model cannot be fy(600), thus excluding
that this resonance is predominantly a gq state and the chiral partner of the pion. Then the
interpretation of the isospin-one state a¢(980) as a (predominantly) quarkonium state is also
excluded. The only choice is to consider Scenario II, see Sec. 5.4, i.e., to interpret the scalar
states above 1 GeV, fy(1370) and ag(1450), as being predominantly quarkonia. If the decay
width of fy(1370) could be described by the model, this would be a very strong indication that
these higher-lying states can be indeed interpreted as (predominantly) gg states. Note that
very similar results about the nature of the light scalar mesons were also found using different
approaches: from an analysis of the meson behaviour in the large-N, limit in Refs. [83] and [232]
as well as from lattice studies, such as those in Refs. [233].

We remark that the cause for preventing a reasonable fit of the light sigma decay width is the
interference term arising from the vector mesons in Eq. (9.27). In the unphysical case without
vector meson degrees of freedom, a simultaneous fit of the decay width and the scattering lengths
is possible, see Fig. 5.6 and Ref. [55].

r oN— an(MeV)

1500f
1000

500f

Z, =167, m; =652 MeV

n . L+ M MeV
400 500 600 700 goo N ( )

Figure 5.6: ', as function of m,, in the case without (axial-)vectors (upper line, corresponds to
Zr =1) and in the case with (axial-)vectors (lower line, exemplary for the central values of Z, and m;).
A strong suppression of I, is observed upon inclusion of the (axial-)vectors into the model.

5.3.3 Decays of the a1(1260) Meson

We first consider the decay width I'y, . For a given m,,, this decay width depends only on
Zr. The PDG quotes a rather large band of values, F&?E’m = (250 — 600) MeV. For m,, = 1230
MeV, our fit of meson properties yields Z; = 1.67 £ 0.2. The ensuing region is shown as shaded
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area in Fig. 5.7. For m,, = 1230 MeV, I'y, , ,x decreases from 2.4 GeV to 353 MeV, if Z varies
from 1.47 to 1.87.

We also observe from Fig. 5.7 that the range of values for Z., which give values for I'y, _ r
consistent with the experimental error band, becomes larger if one considers smaller masses
for the a; meson. We have taken m,, = 1180 MeV and m,, = 1130 MeV, the latter being
similar to the values used in Refs. [47] and [234]. Repeating our calculations, we obtain a new

range of possible values for Z,, Z, ~ 1.69 £ 0.2 for m,, = 1180 MeV and Z, ~ 1.71 + 0.2 for
Ma;=1180 MeV

mgq, = 1130 MeV. For the respective central values of Z; we then compute I'q; % pr = 483
MeV (Zg 1= MY 169) and T, 0 MY = 226 MeV (201~ MY — 1.71), in good

agreement with experimental data. All other results remain valid when m,, is decreased by
about 100 MeV. Most notably, the fy(600) decay width remains too small.

I a,-pr(MeV)
m,, = 1230 MeV

2000

1500k Ma, = 1180 MeV

1000

15 1.6 17 18 Zr

Figure 5.7: 'y, ) for different values of m,,. The shaded area corresponds to the possible values of
'y, —pr as stated by the PDG.

We also consider the a; — on7 decay width. Experimental data on this decay channel [10] are
inconclusive. The value I'y, 55y » = 56 MeV is obtained for the central values of Zr, mi, mey
and I'f, , q9x (Which was used to constrain hy via Z;). Taking the limit m; = 0 pulls the value of
', o= down to practically zero, regardless of whether Z, = Z; iy or Zr = Zrmax. This is an
indication that the m; = 0 limit, where m,, is completely generated from the quark condensate,
cannot be physical. Note that the case Z; = Z; nax = 1.87 and my = m,, i.e., where the quark
condensate contribution to the p mass vanishes, leads to a rather large value of I'y, 57, €.8.,
for the central value of m,, = 332 MeV the value of I'y, 5~ = 120 MeV follows. Interestingly,
this picture persists even if lower values of m,, are considered. Improving experimental data for
this decay channel would allow us to further constrain our parameters.

5.3.4 The Case of Isospin-Exact Scattering Lengths

So far, the values of the scattering lengths used in our fit, a8 = 0.218+0.020 and a% = —0.0457 %
0.0125 [43], account for the small explicit breaking of isospin symmetry due to the difference of
the up and down quark masses. However, in our model the isospin symmetry is exact. Thus,
one should rather use the isospin-exact values ag O — 0.24440.020 and ag O — 0.0385+0.0125
[235]. In this section we will briefly show that the conclusions reached so far remain qualitatively
unchanged if the isospin-exact values for the scattering lengths are considered.
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Performing the 2 fit, Eq. (5.115), with | AP ag D and ag D as experimental input yields
Zn = 1.67+ 0.2 — unchanged in comparison with the previous case (Z; is largely determined by
I'q, -7 which is the same in both x? calculations), hy = —1164 70, and m,, = (2844 16) MeV.
Note that in this case the errors are much smaller than previously. The reason is that the mean
value of m,, is almost on top of the two-pion decay threshold and thus leads to an artificially
small error band. For such small values of m,, the decay width I'y, . is at least an order
of magnitude smaller than the physical value, but even for values of m,, up to 500 MeV (not
supported by our error analysis) the decay width never exceeds 150 MeV, see Fig. 5.5.

5.4 Scenario II: Scalar Quarkonia above 1 GeV

A possible way to resolve the problem of the unphysically small two-pion decay width of the
sigma meson is to identify the fields on and ag of the model with the resonances fy(1370) and
ap(1450), respectively. Thus, the scalar quarkonium states are assigned to the energy region
above 1 GeV. In the following we investigate the consequences of this assignment. However, the
analysis cannot be conclusive for various reasons:

e The glueball field is missing. Many studies find that its role in the mass region at about 1.5
GeV is crucial, since it mixes with the other scalar resonances. Indeed, we will extend the
Ny = 2 model in Chapter 12 to include the dilaton field representing the scalar glueball;
however, the ensuing result about the structure of f,(1370) as a gq state (see Sec. 5.4.2)
will remain unchanged.

e The light scalar mesons below 1 GeV, such as fp(600) and ap(980), are not included as
elementary fields in our model. The question is if they can be dynamically generated from
the pseudoscalar fields already present in our model by solving a Bethe-Salpeter equation.
If not, they should be introduced as additional elementary fields from the very beginning
[see also the discussion in Ref. [202]].

e Due to absence of the resonance f(600), the w7 scattering length a8 cannot be correctly
described at tree-level: whereas ag stays always within the experimental error band, a8
clearly requires a light scalar meson for a proper description of experimental data because
a large value of m,, drives this quantity to the Weinberg limit (~ 0.159 [236]) which is
outside the experimental error band (see Fig. 5.4).

Despite these drawbacks, we turn to a quantitative analysis of this scenario.

5.4.1 Decays of the a¢(1450) Meson

As in Scenario I, the parameter g» can be expressed as a function of Z by using the p — 7 decay
width (5.43). However, the parameter he can no longer be fixed by the finy — apm decay width:
the ap meson is now identified with the ap(1450) resonance listed in Ref. [10], with a central
mass of mg,, = 1474 MeV, and thus fiy is too light to decay into ap and 7. One would be able
to determine hy from the (energetically allowed) decay ag(1450) — finm, but the corresponding
decay width is not experimentally known.

Instead of performing a global fit, it is more convenient to proceed step by step and calculate
the parameters Zr, h1, hy explicitly. We vary myy = m,(1370) Within the experimentally known
error band [10] and check if our result for I (1370)—x~ i in agreement with experimental data.
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We first determine Z, from ay — 7y, Eq. (5.75), and obtain Z; = 1.67 + 0.21. We then
immediately conclude that the a; — pm decay width, Eq. (5.94), will remain the same as in
Scenario I because this decay width depends on Z,; (which is virtually the same in both scenarios)
and g [which is fixed via I',r, Eq. (5.44), in both scenarios|.

The parameter hi, being large- N, suppressed, will be set to zero in the present study. We then
only have to determine the parameter hy. This is done by fitting the total decay width of the
ap(1450) meson to its experimental value [10],

Tag(1450) (Zr h2) = Tagsmn + Fagmn + Tagr ki + Lagsown = Dgolias) = (265 4 13) MeV.
(5.118)

Although kaons have not yet been included into the calculations, we can easily evaluate the decay
into K K by using flavour symmetry

k(maoamK,mK) T

Loo1450) > K K (Zs ha) = 2 Fp— | — iMoo (1450)— K K (Zs h2) (5.119)
ag
. 1 1
—iMay1450) s KK (Zry h2) = 27 {mfm —m2 + <1 — ﬁ)
1 Z2¢3
X [1 -5 mQN(hz - hs)} (m2, — 2m%<)} : (5.120)
al

The remaining, experimentally poorly known decay width Iy (1450)—swyx can be calculated from
the sequential decay ag — wnyp — wymmw. Note that the first decay step requires the p to be
slightly below its mass shell, since mq, < m,+my,. We denote the off-shell mass of the p meson
by z,. From the Lagrangian (6.1) we obtain the following agwyp interaction Lagrangian:

Lagunp = (h2 + h3)dnao - wnup. (5.121)
The generic calculation of the decay width of a scalar state S into two vector states Vj o has
already been presented in Sec. 2.6.4. We identify the state V5 in the decay amplitude (2.207)
with our off-shell p meson; the vertex from the Lagrangian (5.121) reads hfgwy, = i(ha+h3)on g
and consequently we obtain from Eq. (2.209):

k agp WN
(m 0 mQN xﬂ) (h2+h3)2Z7%f7%

ao
ag p

5 x%
X |3——5+
2 2 2
ms 4mg,, . m;

Pa0(1450)%w1vp(mp) = FRy—

(3, — % — 2, )?

(5.122)

with I = 3 used in the formula presented in Eq. (2.209).
The full decay width Iy, (1450)—wyrr s then obtained from Eq. (2.210):

o0

Lap1450)swymr = /dxpraoﬁuwp(xp) dp(zp), (5.123)
0

where d,(z,) is the mass distribution of the p meson, which is taken to be of relativistic Breit-
Wigner form [see Eq. (2.175)]:
l‘%rg)ﬂiﬂ'ﬂ'

X 2
(CE% - m%)2 + (xprggﬂw)

dy(xz,) =N, 0(z, — 2my), (5.124)
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where I';2% = 149.1 MeV and m, = 775.49 MeV [10]. [As demonstrated in Eq. (2.174), one
should in general use the theoretical quantity I'y_,rr(z,) instead of I')%rr, see Refs. [46, 237].
This is, however, numerically irrelevant in the following.] The normalisation constant N, is

chosen such that
o0

/dmp dy(z,) =1, (5.125)
0

in agreement with the interpretation of dx,d,(z,) as the probability that the off-shell p meson
has a mass between z, and z, + dx,.

Inserting Eqgs. (5.65), (5.67), (5.119) and (5.123) into Eq. (5.118), we can express hg as a function
of Z,, analogously to Eq. (5.44) where g, was expressed as a function of Z;. Similarly to that
case, we obtain two bands for hy, —115 < hy < —20 and —25 < hy < 10, the width of the bands

corresponding to the uncertainty in determining 7, Z, = 1.67+0.21. Both bands for hs remain
exp

ao(1450)
thus we only use the mean value 265 MeV in the following. Since h; is assumed to be zero, Eq.

practically unchanged if the 5% experimental uncertainty of T is taken into account and
(5.29) allows to express my as a function of Z,, mi; = my(Z,h1 = 0,he(Z;)) (we neglect the
experimental uncertainties of m,, mq,, and fr). The result is shown in Fig. 5.8. The first band
of (lower) hy values should be discarded because it leads to m; > m,. The second set of (higher)
values leads to m; < m, only if the lower boundary for Z; is 1.60 rather than 1.46. Thus, we
shall use the set of larger ho values and take the constraint m; < m, into account by restricting
the values for Z, to the range Z, = 1.67J_r8:(2)%. As can be seen from Fig. 5.8, this sets a lower
boundary for the value of mq, mq > 580 MeV. Thus, in this scenario we obtain m; = 720f§’20

MeV.

mi

1209
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“oed
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Figure 5.8: Dependence of m; on Z,. The upper curve corresponds to the lower set of hs values and
the lower curve to the higher set of hy values. The horizontal line corresponds to m,.

The values for the other parameters can be found in Table 5.2 (only central values are shown
with the exception of m; where the corresponding uncertainties are stated as well).

Note that A\; < Ay, in agreement with the expectations from the large- N, limit, Eq. (4.52). The
value of m; = 720 MeV is sizable and constitutes a dominant contribution to the p mass. This
implies that non-quark contributions, for instance a gluon condensate, play a decisive role in the

p mass generation.

As a final step, we study the ratios 'y, (1450)—m/x/Tag(1450)—nr and Fao(1450)—>K?/Fa0(1450)ﬁ777r'
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Parameter | hy ha hs g1
Value 0 4.7 2.4 6.4
Parameter | go m% mq A
Value | 3.1 | -811987 MeV? | 720733, MeV | -3.6
Parameter | Ao c hon
Value 84 | 88747 MeV? | 1-10° MeV?

Table 5.2: Central values of the parameters for Scenario II.

Their experimental values read [10]

exp
ao(1450)—n'm
ao(1450)—nm
exp
LU0 KK _ (.88 +0.23. (5.127)

ao(1450)—nm

= 0.35 +0.16, (5.126)

Using the central value Z, = 1.67 and ¢, = —36° for the 7-n' mixing angle, we obtain
Lo (1450)>n'x/Tag(1450) sy = 1.0 and I‘OLO(1450)%KF/1“QO(1450)%,77r = 0.96. The latter is in very
good agreement with the experiment, the former a factor of two larger. Note, however, that ac-
cording to Eqgs. (5.58) and (5.66) the value of the ratio g, (1450)—n/n /T ag(1450)—snr 13 Proportional
to sin? gon/cos2 ¢p. If a lower value of the angle is considered, e.g., ¢, = —30°, then we obtain
L a0 (1450)—n'x/Tag(1450)syx = 0.58 for the central value of Z; and the central value of I'y(1450)
in Eq. (5.118). Taking Z, = Z;max and the upper boundary I’Z);?ME)O) = 278 MeV results in
Lo (1450) =7/ Tag(1450)—ne = 0.48, i.e., in agreement with the experimental value. Therefore,
our results in this scenario favour a smaller value of ¢, than the one suggested by the KLOE
Collaboration [228].

It is possible to calculate the decay width I'y(1450)—wyrr using Eq. (5.123). We have obtained
a very small value Iy (1450)5wynr = 0.1 MeV. From Eq. (5.65) we obtain Iy, (1450)—nr = 89.5
MeV, such that the ratio g (1450w mr/Tag(1450)—nr = 0.0012, in contrast to the results of Ref.
[238].

5.4.2 Decays of the fp(1370) Meson

It is now possible to calculate the width for the fy(1370) — 77 decay using Eq. (9.27). The
decay width depends on the fy(1370) mass, Z;, h1, and hy which is expressed via Z, using Eq.
(5.118). The values of the latter three are listed in Table 5.2. In Fig. 5.9 we show the decay
width as a function of the mass of fy(1370).

Assuming that the two-pion decay dominates the total decay width (true up to a mass of 1350
MeV, see Sec. 3.3), we observe a good agreement with the experimental values. The values of the
decay width are ~ 100 MeV larger than those of Ref. [40] but this is not surprising as the current
version of the model contains no strange degrees of freedom (they are discussed in Chapters 9
and 11) and no glueball (discussed in Chapter 12). We will see in the mentioned chapters that the
currently missing contributions to the decay width will reduce the upper boundary on m s 1370)-
Nevertheless, the correspondence with the experiment is a lot better in this scenario where we
have identified f((1370) rather than f,(600) as the (predominantly) isoscalar gq state. Note that
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this result has been obtained using the decay width of the ap(1450) meson (in order to express
ho via Zr) which is also assumed to be a scalar gg state in this scenario.

It is remarkable that vector mesons are crucial to obtain realistic values for the decay width of
fo(1370): without vector mesons, the decay width is ~ 10 GeV and thus much too large. This
is why Scenario II has not been considered in the standard linear sigma model.

T oy san(MeV)
650,
600]
550
500]
450

400

350

Moy ( MeV)
125C 130C 135C 1400 145C 150C

Figure 5.9: Dependence of the oy = f(1370) decay width on m,,. The experimental value of the width
is expected to be in the range (1200-1500) MeV [10].

The four-body decay fo(1370) — 4m can also be studied. Similarly to the ag(1450) — wyp decay,
we view fp(1370) — 47 as a sequential decay of the form fy(1370) — pp — 47. The Lagrangian
(6.1) leads to

1
Lopp = §(h1 + ho + h3)¢NUNPi (5.128)
and repeating the calculation of Sec. 2.6.4 we obtain

3 k(mfo’ T1p, x?p)

I\fo(1370)ﬁpp('%'1p7 pr) = (hl + ho + h3)2

167 mfc
0
2 2 2 2 2 12
x{,+x (m% — a7, —x3,)
< 7242 14 _ 1p 2p fo P 4 5.129
7Tf7T ml% 4m;1) Y ( )

where 1, and w2, are the off-shell masses of the p mesons. The decay width I'y, 4. is then
given by

I 40 (1370)s4r = //dl“lp dwap T gy (1370) 5 pp (T1p, 2p) dp (71)) dp(22), (5.130)
00

with T' g (1370)— pp(T1p, T2p) from Eq. (5.129) and d,(z,) from Eq. (5.124).

Using the previous values for the parameters we obtain that the pp contribution for the decay is
small: Ty (1370) pp—sar = 1010 MeV. (The error comes from varying Z; between 1.6 and 1.88.)
Reference [40] quotes 54 MeV for the total 47 decay width at ~ 1300 MeV. Since Ref. [239]
ascertains that about 26% of the total 47 decay width originates from the pp decay channel, our
result is qualitatively consistent with these findings.

5.5 Conclusions from the Two-Flavour Version of the Model

In this chapter we have presented the two-flavour version of the generic Lagrangian with vector
mesons and global chiral invariance introduced in Chapter 4. This Lagrangian describes mesons
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as pure quarkonium states. As shown in Sec. 5.3, the resulting low-energy phenomenology is
in general in good agreement with experimental data — with one exception: the model fails to
correctly describe the fp(600) — 77 decay width. This led us to conclude that fy(600) and
ap(980) cannot be predominantly Gg states.

Assigning the scalar fields oy and ag of the model to the fp(1370) and ag(1450) resonances, re-
spectively, improves the results for the decay widths considerably. We have obtained I (1370)—rr
>~ (300-500) MeV for m 1370y = (1200-1400) MeV (see Fig. 5.9). Thus, the scenario in which
the scalar states above 1 GeV, fp(1370) and a(1450), are considered to be (predominantly) gq
states appears to be favoured over the assignment in which fp(600) and ap(980) are considered
(predominantly) gq states. However, a more detailed study of this scenario is necessary, because
a glueball state with the same quantum numbers mixes with the quarkonium states. This allows
to include the experimentally well-known resonance fo(1500) into the study.

Of course, interpreting fp(1370) and ao(1450) as Ggq states leads to question about the nature
of fo(600) and a(980). Their presence is necessary for the correct description of 77 scattering
lengths that differ from experiment for too large values of the isoscalar mass (see Sec. 5.3.1). We
distinguish two possibilities: (i) They can arise as (quasi-)molecular states. This is possible if the
attraction in the 7w and KK channels is large enough. In order to prove this, one should solve
the corresponding Bethe-Salpeter equation in the framework of Scenario II. In this case f,(600)
and ag(980) can be classified as genuinely dynamically generated states and should not appear
in the Lagrangian, see the discussion in Ref. [202]. If, however, the attraction is not sufficient
to generate the two resonances fp(600) and ao(980) we are led to the alternative possibility that
(i1) these two scalar states must be incorporated into the model as additional tetraquark states
[194]. In this case they shall appear from the very beginning in the Lagrangian and should not
be considered as dynamically generated states. Of course, the isoscalar tetraquark, quarkonium,
and glueball will mix to produce f(600), fo(1370), and fy(1500), and the isovector tetraquark
and quarkonium will mix to produce a¢(980) and ag(1450).

An extension of the model to Ny = 3 will be performed in the next chapters. One reason is that
much more data are available for the strange mesons, which constitute an important test for the
validity of our approach. In addition, an extremely important question arising from the results
presented so far will be addressed: whether the conclusions reached at Ny = 2 [in particular that
fo(1370) rather than fy(600) is a gq state] hold in the more general three-flavour case.

5.6 The Full Ny = 2 Lagrangian

This is the final form of the Lagrangian (5.1) that is obtained after the shifts (5.12) and the
renormalisation of the pseudoscalar wave functions; p* = 9tp¥ — 9" pt; a¥ = OHay —d¥a!; (A)s
marks the third component of the vector A. Note that the term £4 contains the (axial-)vector
four-point vertices [the terms ~ g3 4 5 ¢ in the Lagrangian (5.1)]. We do not give the explicit form
of L4 because it is not relevant for the results that are presented here.

L= ("oN+ g1 Zs - a + grwe, Z20'm - 7 + g1 Zenn 1 + grwa, Z2nn 01y )?

[mg_c+3<xl+§>¢§v]ag

N = DN =
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+ = (Zwauﬂ- + 91Z7TPM X T — glfiuNaO — J1Wq, ZwaunNG'O - glo-Na'!lL — 91Wq, Z7T0'Nauﬂ-)2
+ 5 (Z aMnN glaNle 91Way Lr UN(9“77N g1 G,l ap — §1Wa, Zrn ot - aO)

2 )\ 2,2 1 2 )\ 2
mg —c+ )\1+ o3| 72 —3 my + ¢+ )\1+ o3| Z%n

[0"ag + g1p" X ao + 1 Zx fiNyT + q1wa, Z2mO* NN + g1 Z:nN @Y + g1we, Z2n NOF T

3 A
mg +c+ <)\1 + 5)\2> (b?v} aj — 72[(01\/(10 + Z2nn )% 4 Z2akw? — Z%(ag - 7))

e e VR R R I ORI NG I N

A A
(Al +3) kot ad s 2+ 2 - (4 ) owow (0 + af + 23 + 22n)
2

1
— Xagnag - (onag + Z2nn ) — 1 (O why — 0"why)? + 7 L (wh)?

1
3 [OFp” — 0V pt + gapt X p¥ + gaal X @ + gowa, ZzO0'm X @ + gowa, Zray x O

+ ggwgl Zg(@“ﬂ' ) X (6“7\')]2
mi

5 (pu)2 _ % (D" ¥y — 3Vf{LN)2 m1 + 91¢N (le) m1 + 91¢N (a ;f)

2

— i [0May —0"a} + gap" x @ + gowa, Znp" X O'T + gaa!l X p’ + gowa, Zr (0'm) x p*]?
— gion @ [P X Zn — [finao — wa, Zxag 8]

— GWa, Zr ON oum - [Zpp" x ™ — flyag — wa, Z:0"nN ao)

93 O fing (@Y - ag + wa, Zp 0" T - ap)

GrWa, Zrn ON ounn (@l - ag + wa, Z: 0" 7 - ay)

9t o on [(Fin)? + 2wa, Za fiw 00w + wal ZZ(0"nn)?

gt on o [(af)? + 2way Zrany, - O + wi, Z3 (0" 7)?]

1 91¢N
2 m2,

+ eAu{(ag x 9"ag)s + Z2(m x O"m)3 — 4(p" x p,)3 — 4[(@1y + Zrwa, O, m) x al]3

+ 91{2Z(fiy + Zzwa, 0" nn)(ag X ™)3 + Zz(on + ¢n)[(a) + Zzwe, O') x )3

+an[ag x (af + Zrwa, 0"7)]3 — ap(app’ + agph®) — Zzn® (whpt 4w ph?)

+p(ag)? + (ag)? + ZZ(x')? + ZZ(7*)?]}

+4go{[p% + a3, + 72w 21 (8,7)% + Zywa, ar, - 07| pH

+ 2p, - (@Y + Zrw,, 0 m) X (a‘f‘?’ + Znwg, OM3)

—(p, - p" + @y, - ai + Zywe ay, - O + Zpwg, @l - O, + Zfrwgl@ﬂr ot'm)p”

—(p" - an, +al - p, + Zewa, p - 0,7 + Zrwa, p,, - ')a’}}

+ B—;AuA“[(atl))z +(ag)? + Z2(m' )2 + Z2(x%)? + (") + 4(p™?)?

+ 4(al, + Zzwa, 0,m)* + 4(a?, + Zrwa,0,7°)?]

— 22 A, A [Pt + P27 4 (0B Zpwa, 9T (a4 Zpwa, 87 TY)

+ (a4 + Zpwa, 0" 7%) (0% + Zrwe, 0" 72)] + Lhyys+ La (5.131)

+ o+ +

Z2 (00N + O, - ')

106



1 ho
£h1,2,3 = <_ Z

»p|b

> (o} +20n0N + Z7n} + af + Z77°) (Wi, + pp)

Z72r 2 1@umn)? + (0,7)%) + 2Znwa, (finu@*nx + @y, - 04m)}
h h h h h h
+<41+Z2+ 3>¢N(wN,u+pu)+<41+Z2_ 43>¢N(f1N,u+a1u)

+ (ho + h3)wnul(on + én)aog + ZH?NTF] -pt
+ (ha — h3)[(on + On)ao + Z2nnT) - [fivua)
+ Zpway (a1,0" N + find'm) + Z3wy (9unn) (047)]
+ (ho + h3)Zr(ag X ™) - (wNual + Zrwq, wn,0M' )
+ (ha = h3)Zz(ao x ) - (finup" + Zzwa, p,0"nN)
+ h3Zz[nnao — (on + ¢n) ] - [p, ¥ (@ + Zrwq, 0" 7))
— (a0 x 9"~ lao x (@} + Zewa, ) + Z2m x )
— Z2[m x (@} + Zpwq, 0" 1))} (5.132)
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6. Three-Flavour Linear Sigma Model

In this chapter we discuss the application of the generic Lagrangian from Chapter 4 to three
flavours: scalar, pseudoscalar, vector and axial-vector strange mesons are added to the model.

6.1 The Ny = 3 Lagrangian

The globally invariant U(3), x U(3)r Lagrangian possesses the same structure as the one in Eq.
(4.42) up to the chiral-anomaly term c¢; (see discussion in Sec. 6.4):

L =Tr[(D,®)(D,®)] — m3Tr(®T®) — X\ [Tr(T®)]* — N\ Tr (0T )2
1 m?

- ZTr(wa +R>)+Tr K?l + A> (L2 + Ri)] + Tr[H(® + @1
+ e (det ® — det ®1)2 + ig—;(Tr{LW (L, L)} + Tr{ R, [R", R"]})

h
+ 71Tr(q>Tq>)Tr(L,3 + R2) + hoTr[| L@ + |®R,.[*] + 2h3Te(L, PR D).
+ g3[Tr(L, L,L*L¥) + Tr(R, R, R*R")] + g4[Tr (L, L*L,L") + Tr (R, R" R, R")]
+g5Tr (L, L") Tr (R, RY) + g6[Tr(L, L") Tr(L, L") + Tr(R,R") Tr(R,R")). (6.1)

In the three-flavour case, it is more convenient to write the (pseudo)scalar and (axial-)vector
matrices explicitly straightaway rather than implicitly in terms of the U(3) group generators.
The scalar states present in the U(3), x U(3)r version of the model are [see Eq. (4.11)]:

on-+ag + +
1 ]\7\/i (0] a’O ) KS
— — ON —Q,
S = NG ag N\_/i 0 Kg (6.2)

Ks_v Kg os
and the pseudoscalar states are [see Eq. (4.12)]:

nn+m° at K+

1 V2 .
P = ﬁ T mv\/%7r KO (6.3)
K= K% s

Consequently, the ® matrix from Eq. (4.7) now reads

(on+ad)+i(ny +7°) at +irt KT +iK™*
1 72 0" ) S
Ky +iK~ K¢ +iK? o5 +ins
and the adjoint matrix ®T is
1 (UN+a8>;;(nN+w°) af —int K{ —iK*
_ 40V _; _ 0
R I L = == B (6.5)
Kg —iK~ K9 —iK° a5 —ins
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(Note again that, in this work, Kg does not denote the short-lived pseudoscalar kaon but a
neutral scalar kaon.)

The matrix containing vectors is [see Eq. (4.26)]:

0
ONFPD ot ot

R I S 66)
NoR I o K '
Ko R0 b

whereas the matrix containing axial-vectors is [see Eq. (4.27)]:

ffN}aTO (Zét+ K{L+
1 2 0
A=—"— - fix—af o 1. )
\/5 a‘f 1N\/i 1 Kf (6 7)
- 110
K{ K" fis

The matrices from Egs. (6.6) and (6.7) are combined into a right-handed structure just as in Eq.
(4.23):

why+pH° _ f{LNJra;lLO ut o pt A+ oMt
1 V2 72 P . ay . K K
RF = — _ — why—p" fin—al *10 iy 6.8
NG) P = ay Mg - A KO — K (6.8)
KA — K K0 jgh0 wh — fy

and into a left-handed structure just as in Eq. (4.24):

w+pH0 | flytal® At bt K+ Ht
1 V2 - V2 n puo +a;} 10 r tH
LF = % P+ alll* UJN\;; + f1N\/_§a1 K*H0 K{LO . (6.9)
K*= 4 K"~ K*HO K{‘O ws + fls

The covariant derivative is defined in accordance with Eq. (4.43):
DHO = oHdD — igy (LHD — PR¥) (6.10)

couples scalar and pseudoscalar degrees of freedom to vector and axial-vector ones and, unlike
the one in Eq. (5.5), it contains no photon field A*. The reason is that this and the subsequent
chapters will be dedicated to meson decays into other mesons only; the only exception will be
the decay a; — 7y but the a;my Lagrangian in the Ny = 3 case would be exactly the same as
the one presented in Eq. (5.68) for Ny = 2 and thus we do not need to recalculate it in this
version of the model.

The left-handed and right-handed field strength tensors are defined just as in Eqs. (4.32) and
(4.33):

L = oMLY — 0" L*, (6.11)
R* = OFR” — 0" RM. (6.12)
Explicit breaking of the global symmetry in the (pseudo)scalar channel is described by the term

Tr[H(® + ®1)], see Eq. (4.35), and in the (axial-)vector channel by the term Tr [A(Lz + Ri)],
see Eq. (4.37), where
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hoy 0
H= 8 "O?N hgs , (6.13)
V2
Sy 0 0
A= 0 o6y 0 |. (6.14)
0 0 dg

As in Chapter 5, the spontaneous breaking of the chiral symmetry will be implemented by
condensing scalar isosinglet states — in the case of Ny = 3, there are two such states [see Eq.
(6.2)]: on = (du + dd)/v/2 and oy = 5s. Let us denote their respective condensates as ¢y
and ¢g. The relations between ¢y, s and the pion decay constant fr as well as the kaon decay
constant fx are determined analogously to Eq. (5.21)]:

ON = Zn[r, (6.15)
_ ZK[K
o5 = 3 (6.16)

where fr = 92.4 MeV and fx = 155.5/v/2 MeV [10]. Then the chiral condensates ¢ and ¢g
lead to the following mixing terms in the Lagrangian (6.1):

- gléN(ffNaunN +af - opm) — \/§g1¢sff55ws

- (ﬂés + %th) (K{‘OBMI_(OJrK{”BMK‘ + h.c.) and

V2
+ (i gs —iLoy | (B0, K4+ K*+=0,K)
V2 S 9 PN ut s nit g
+ <—i%¢s +i%¢N> (K00, K9+ K 0,K5) . (6.17)

The first term in the first line of Eq. (6.17) corresponds exactly to the term (5.11) obtained in
the Ny = 2 case; the other contributions are new. Note that, in the Ny = 3 case, the mixing
between the pseudoscalars and the axial-vectors is accompanied by the vector-scalar mixing of
the fields K* and Kg. The corresponding coupling is imaginary but this is not problematic as
the Lagrangian is nonetheless hermitian, i.e., real.

The mixing terms (6.17) are removed by the following suitable shifts of the (axial-)vector states:

fin = fin T wpy 0w, (6.18)
al — af'+w, o', (6.19)
fis = fig +wp0Mns, (6.20)
K" = K" 4wy, 0" K° (and h.c.), (6.21)
K0 — K0 4w M K2, (6.22)
K — KM 4 wg- 0" K (6.23)
K0 B0 4w, 0" KY, (6.24)
K™ o K™ 4wl MK 5. (6.25)
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The shifts (6.18) and (6.19) correspond to the one performed in the Ny = 2 case (5.12). The
quantities wy, \, Wa,, Wy, ¢, Wk, and wk+ are calculated from the condition that the mixing terms
(6.17) vanish once the shifts of the (axial-)vectors have been implemented:

hl h2 h3 hl
—q16N + (gl + 7 + 7 - 7) wle(b?V + (m% + 25N)U)f1N + wa1N¢%:|
!
X (fiNOunn +af - 9,m) =0, (6.26)
[ h h !
—V2g105 + (29% + 71 +ho — h3> wy s + (M3 + 265)wy,  + %wflsﬁv} f1s0uns =0,
) (6.27)
[ 2_h 24 hi+h
—%tbs + gl\/ﬁ Jwi, pnos + %wmqﬁ% + (mi + 65 + ds)wr, — %qﬁN
i 2 h h _
+ <% + o+ f) Wi, ¢§V] (K0, KO+ Kt 0K~ +he.) 2 0, (6.28)
, hs — g2 24 hi+h .
[2%% + 3\/591 WKPNPs + %wwqﬁ?g + (mi + 6N + 6)wi+ — Z%qﬁN
g% hl h2 *140 0 *h— +) L
H( G+ T ) ek ok | (K900, Ks+ K™ 0,Kg) =0,
: hs — g3 P+hi+h
+ [—Z%Gﬁs + 3\/591 Wi+ PN Ps + % Wiced% + (M3 + On + 0g)wic + iZ ¢N
@ hi hy 410 0, okt !
+H T3t wic ¢ | (K0, K+ K1 0,Kg) = 0. (6.29)

Equation (6.26) corresponds exactly to the fI'y-9,nny and af-9,7 mixing terms obtained upon
the stated shifts in the Ny = 2 case. Equations (6.26) — (6.29) are fulfilled only if we define:

JGION
Wey = Way = mgl s (6.30)
V29165
Whs = 7 (6.31)
m
fis
1= P) ) .
QmKI
Qm%(*

The definitions (6.30) — (6.33) require the knowledge of the following mass terms obtained from
the Lagrangian (6.1):

mgN = m <)\1 + > QSN + )xlqbs, (6.34)

Z2hon
on

m2 = 72 [ ()\1 + A2 ) A + )\1¢S] = (6.35)
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me, = <>\1 +3— > x + A1o%, (6.36)

Ao
my =22 [mo + (hr3) et ok k| =+ ez (6:31)
mZ, =mg+ My + 3(A1 + A2)dz, (6.38)
¢4 h
ma, = Z2, [mo + MG + (M + Ao)ol + a1 | = Z7 gbls + ¢N (6.39)
2 Z by 2 A A 2 6.40
My, = Zies |mg + 1+ PN + \/§¢N¢S+(1+ 2)03| (6.40)
m3 = Z% {mg + <A1 - > PN — 725¢N¢S + (A + A2)¢§] , (6.41)
h
m2, =m2=m}+ 20y + -2 ¢N (hi + hy + hs) + éqﬁ%, (6.42)
@2 h
M, = mg, =mi + 20N + gi ok + N (h1+ ho — h3) + Elq%, (6.43)
h
mZ, =mi + 265 + Eﬁv + ¢% (7 + hy + h3> , (6.44)
2 _ 295 Mo o000 oM, 6.45
my g =mi+ 5+7¢N+ gids + d5 - tha—hs (6.45)
h 1 2

m%. =m?} + oy + 05 + - o < +hy+ 2> +E¢N¢S(h3—9%)+% (62 + h1 + ha)

(6.46)
) 5 % AP iy

mi, =mi + 0y + 05 + +h1+ +%¢N¢S( — h3) + 5 (91 + h1 + ha),

(6.47)

with the renormalisation factors ensuring the canonical normalisation of the ny g, @ and Kg
wave functions

Zy =Ly, = —¢ (just as before), (6.48)
— 91PN
2
Zg = Ky : (6.49)
VA, — g0 +V26s)?
Zns = mels — (6.50)
Mg — 291 (bS
2Mm g«
Ziy = HES . (6.51)

Vam%. — g (én — V365)?

It is obvious from Egs. (6.48) - (6.51) that all the renormalisation coefficients will have values
larger than 1.

Note that the right-hand sides of Egs. (6.35) and (6.39) are obtained by minimising the potential
V(én, ¢ds) present in the Lagrangian (6.1). The potential reads:

V(on, ds) = 1m0(¢N +%) + (¢N +20% 0% + 05) + T <¢N + ¢s> —honodN —hosds (6.52)
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and, consequently, the first derivatives of the potential V(¢n, ¢g) from the above Eq. (6.52) are

9% xS A
A 05) — fm + (0% + 920w + 26k — how, (6.59
NV (on,
OAE05) o+ 2a(e + 6B + Do — hos. (6.54)
Then we obtain
NV (PN, ! A
% = 0 hoy = mf + M (9} + 6%)lon + T 6% (6.55)
9% , !
PACY05) L0 45 hos = i+ M (6 + 6B)I6s + had: (6:56)
and the right-hand side of Egs. (6.35) and (6.39) ensue.
Note also that from Eq. (6.48) we obtain the g3 = g1(Z,) dependence, just as in Eq. (5.27):
—i(Ze) = 1 (6:57)
A Z '
and also from Egs. (6.42) and (6.43):
m2 [ m? 1
hy = h3(Zy) = —5 L—— . .
3 3( ) ngg (m(gll Zg (6 58)
Utilising Eq. (6.57) we can transform Eq. (6.30) as follows:
ma1 1 _ qu 1 _ L
Zn fr zZ PN ) 72 -1
Way = — = _Vor (6.59)
a1 a1 7May
Additionally, from Eqgs. (6.49), (6.50) and (6.51) we obtain
2m
91 = 91(Zx, Zk) = B

1
SR LS W § (-
ZT(fT(—"_ZKfK Z%(
g1 = gl(ZK,Zns)

(6.60)
Mfis 1
_ Fp— 6.61
Zk fr Z2, (6.61)
me* 1
= Z 7Z = 1 — . 6.62
9 gl( " KS) Z7rf7r - ZKfK V ZIQ(S ( )
Then analogously to Eq. (6.59) we obtain from Eqs. (6.32) and (6.60):
2m 1 1
gyl T on TV20s) (1o gr 73 -1
w = = == .
K Qm%(1 Mg
(6.44) and (6.45) we obtain

ZKMmE,
2 2 _
My g —Myg =

(6.63)
1
It is very important to stress that Eq. (6.49) is not the only equation regarding Z. From Eqgs.

Ag2(Ze) — ha(Z)%

K
= [g%(Zw) - h3(Z7r)]Zl2(fl2(
1 mfc — m?us
= Z = — 15
T fx \/g%<z7r> -

(6.64)
114



with g1(Zz) and h3(Z;) from Egs. (6.57) and (6.58), respectively. Also, from Egs. (6.46) and
(6.47) we obtain

¢S:%ZKfK7¢N:ZTrfTr
mi, —mi, = V20N¢sg(Zx) — h3(Zx)) P= ZnfrZi [K (97 (Zn) — h3(Zr)]
m%ﬁ — m%(*

ZﬂfoK[g%(Zﬂ) - hB(Zﬁ)] ‘

=g = (6.65)
Therefore, in order to be consistent, the values of Zx have to simultaneously fulfill three equa-
tions: (6.49), which is the definition of Zx; (6.64) and (6.65). This will represent a very strong
constraint on the values of the parameters in the Lagrangian (6.1).

We also emphasise that the explicit form of the Lagrangian (6.1) is an extremely complicated
function due to the abundance of terms permitted by the global U(3)r, x U(3)r symmetry [in-
creased further by the eight shifts (6.18) — (6.25)] and also because of the large number of fields
from both non-strange and strange sectors. For this reason, the evaluation of the Lagrangian
and the extrapolation of vertices necessary for the calculation of decay widths in this chapter
as well as Chapters 7 — 11 have been performed using a computer algorithm (available from the
author upon request).

Most model parameters can be calculated from the meson mass terms (6.34) — (6.47). However,
using only mass terms as means of parameter calculation would leave some important parameters
undetermined, such as, e.g., g2 [that strongly influences the (axial-)vector phenomenology, see
below]. For this reason, our parameter calculation will use some decay widths as well, but only
as few as necessary to determine the model parameters. All other decay widths will then be
calculated as a consequence, thus raising the predictive power of the model.

Before we determine the parameters we first need to assign the fields from our model to the
physical ones.

6.2 Assigning the Fields

The model contains four nonets: scalar (6.2), pseudoscalar (6.3), vector (6.6) and axial-vector
(6.7) containing both non-strange and strange states. If we consider isospin multiplets as single
degrees of freedom, then there are sixteen resonances that can be described by the model: oy,
0s, ag, Kg (scalar); ny, ng, 7, K (pseudoscalar); wh,, wg, pt, K** (vector) and fiy, fig, af,
K, (axial-vector). All of the states present in the model possess the gg structure, for the same
reasons as those presented in Sec. 4.3.

As in Ref. [52], in the non-strange sector we assign the fields 7w and 7y to the pion and the SU(2)
counterpart of the n meson, ny = (4u + dd)/v/2. The fields wh, and p# represent the w(782)
and p(770) vector mesons, respectively, and the fields f!‘y and a/ represent the f1(1285) and
a1(1260) mesons, respectively. In the strange sector, we assign the K fields to the kaons; the ng
field is the strange contribution to the physical n and 7’ fields; the wg, fi5, K* and K fields
correspond to the ¢(1020), f1(1420), K*(892), and K;(1270) mesons, respectively.
Unfortunately, the assignment of the scalar fields is substantially less clear. Experimental data
presented in Chapter 3 suggest the existence of six scalar-isoscalar states below 1.8 GeV: fy(600),
f0(980), fo(1370), fo(1500), fo(1710) and fy(1790). Our model contains the pure non-strange
isoscalar oy, the pure strange isoscalar og and the scalar kaon Kg. We will see in the subsequent
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chapters that our model yields mixing of o and og producing a predominantly non-strange state,
labelled as o1, and a predominantly strange state, labelled as 9. Assigning o1 and o9 to physical
states will be the primary focus of Chapters 9 and 11. Therefore, a conclusive assignment of the
latter states is not possible at this point.

Similarly, the isospin triplet ag can be assigned to different physical resonances, although in
this case there are only two candidate states: a¢(980) and ap(1450). An analogous statement
holds for the scalar kaon Kg that can be assigned to the resonances Kj(800) or K§(1430). In
the following chapters we will therefore consider two possibilities for assignments of scalar fields
performing two fits:

e Fit I, where ayg is assigned to a¢(980) and Kg to K;(800) (Chapters 8 and 9) — we assign
our scalar states to resonances below 1 GeV.

e Fit II, where ag is assigned to ag(1450) and Kg to K;(1430) (Chapters 10 and 11) — we
assign our scalar states to resonances above 1 GeV.

Note that Fit I implies that ag(980) is a non-strange gq state and that KJ(800) is a strange gq
state. Conversely, Fit IT implies that ao(1450) is a non-strange gq state and that K;j(1430) is a
strange gq state. Given the large number of the fy resonances, it will not be possible to assign o
and oo ab initio in the two fits; the assignment of these two states will depend on the fit results.
However, some remarks regarding the model parameters are in order before the calculations can
proceed.

6.3 General Discussion of the Model Parameters
The model contains 18 parameters:

mg7 m%a C1, 5N7 557 gi, 92, 93, 94, 95, g6, h0N7 h057 h17 h27 h37 )‘17 )‘2' (666)

Let us make following observations regarding the model parameters:

e The parameters hoy and hgs model the explicit breaking of the chiral symmetry (ESB)
in the (pseudo)scalar sector via the term Tr[H (® + ®7)] in the Lagrangian (6.1); they are
calculated using the extremum equations (6.53) and (6.54) of the potential V(¢n, ¢g) or,
equivalently, from the mass terms of the pion, Eq. (6.35), and of g, the strange counterpart
of the 7 meson [see Eq. (6.39)]. From Egs. (6.35), (6.37) and (6.39) we can then conclude
that the masses of 7, ny and 7ng are generated by ESB: the pion mass completely and the
nn,s masses via interplay of ESB and the chiral anomaly. Given that hoy and hgs are
determined uniquely from Eqgs. (6.35) and (6.39), we are then left with 16 free parameters.

e The parameters oy and dg model the explicit symmetry breaking in the vector and axial-
vector channels. The ESB stems from the non-vanishing quark masses and therefore we
employ the correspondence oy mi g and dg o m?2. Given that My,q K Mg, we will set
dn = 0 throughout this work; ds will be determined by the fit of (axial-)vector masses.
Consequently, the number of free parameters is decreased to 15.

e Our fit will make use of all scalar mass terms except me, and mq4 due to the well-known
ambiguities regarding the phenomenology of scalar mesons (see Chapter 3). However, the
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mass terms that will be used in the fit only contain the linear combination m%+)\1(¢?\, +gz%)
rather than the parameters m% and A\ (that only appear separately in m,, and mg,).
Nonetheless, the knowledge of the mentioned linear combination will allow us to express
the parameter A\; via the bare-mass parameter mg. Consequently, the number of free
parameters is decreased to 14.

Similarly, the (axial-)vector mass terms [Eqgs. (6.42) - (6.47)] allow only for the linear
combination m% + hl((b?v + (b%) /2 rather than the parameters m% and h; separately to be
determined. Given that the parameter h; is suppressed in the limit of a large number of
colours (large-N, limit, see discussion in Sec. 4.3), we will set h; = 0 throughout this work.
Thus the number of unknown parameters is decreased to 13. [Note that the parameter
A1 is also large-N, suppressed and could also in principle be set to zero; however we do
not set A\; = 0 as in that case there would be no mixing between oy and og, see Eq.
(9.16). Nonetheless, the mixing between the two pure o states is shown to be small in Sec.
9.1.3 (see Fig. 9.4) — this is in line with expectations because the mixing is governed by a
large- N, suppressed parameter.|

The parameter go is determined by the decay width I')_x, see Eq. (5.44). Additionally,
the parameters gs, g4, g5 and gg do not influence any of the decays to be discussed in this
work and are therefore also left out from the fit. Thus the number of unknown parameters
is decreased to eight.

The parameter ¢; can be substituted by the -’ mixing angle ¢, as we will see in Sec. 7.1,
Eq. (7.24). The value of the mixing angle ¢, can be determined in a way that the masses
of n and 7’ are as close to the physical masses as possible. That in turn implies that the
value of the parameter ¢; is determined uniquely by m,, and m,, — and therefore, c; is not
a free parameter in the model.

It is obvious from Egs. (6.57) - (6.62) that the parameters g; and hs can be substituted
by a pair of renormalisation coefficients. In principle, any pair of coefficients can be used;
however, given that the coefficients Z, and Zx appear respectively in the chiral conden-
sates ¢y and ¢g (that, in turn, influence all observables in this work), it is convenient to
substitute g1 and h3 by Z; and Z. The coefficients Z,; and Zx  can be calculated from
Egs. (6.50) and (6.51).

We are therefore left with six parameters: Z., Zx, m?2, hy, ds and Ay and one parameter

combination: m% + )\1(@%\7 + q%) Before we turn to the calculation of the parameters, let us

briefly discuss the chiral-anomaly term in the Lagrangian (6.1) and the large-N,. behaviour of

the model parameters.

6.4 Modelling the Chiral Anomaly

We turn now to the chiral-anomaly term present in our Lagrangian (6.1). The goal of this sub-

section is to clarify how different ways of chiral-anomaly modelling influence the mass terms;

the mass terms in turn represent a crucial part of the fit that will enable us to determine model

parameters.
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The term c;(det ® — det ®7)? in the Lagrangian (6.1) describes the chiral anomaly of QCD as
was first discussed by Veneziano and Witten in 1979 [240]. We will refer to this chiral-anomaly
term as the VW term in the following. The term has been subject of further calculations in Ref.
[241]. However, this is not the only way to model the chiral anomaly; an alternative had been
discussed in 1971 by Kobayashi, Kondo and Maskawa [242]. This alternative term has the form
c(det ® + det ®T) as described by 't Hooft [213]; see also Ref. [243]. We will refer to this term
as the Kobayashi-Kondo-Maskawa-"t Hooft (KKMH) term in the following. Although the two
terms model the same (chiral) anomaly of QCD, there are some notable differences between the
two terms.

e The Veneziano-Witten term is of order O(6) in the naive scaling of fields whereas the
KKMH term is of order O(3) in fields. We have stated in Sec. 4.2 (see also Chapter 12)
that, in principle, our Lagrangian only allows for terms up to order O(4) in fields so that
the dilatation invariance is satisfied. However, the chirally anomalous terms do not need
to fulfill this invariance and therefore one can choose either of the two terms, or both, or
even additional terms compatible with the anomaly.

e The Veneziano-Witten term of the chiral anomaly influences only the phenomenology of
the pseudoscalar singlets (ny and ng, i.e., n and 1’). The contribution can be inferred from
Egs. (6.1), (6.37) and (6.39):

(my )W =mi ~ aZ2eN 6%, (6.67)
¢4
(i) = mag ~ e Zy = F (6.68)
Zps Zn
Lyxns = =1 Lo PsINS- (6.69)

(See also Sec. 7.1.) Additionally, we can see from Eq. (6.37) that the chiral anomaly is
responsible for the mass splitting between the pseudoscalar isotriplet 7 and its SU(2)
counterpart, the isosinglet ny. Contrarily, the KKMH term influences phenomenology of
other scalar mesons as well [244]. The (pseudo)scalar mass terms and other relevant parts
of the Lagrangian are in this case as follows:

(mg )M = m{ +3 ()\1 + Ao ) X+ Mo — \/5¢Sa (6.70)

(ma )SEMIT = 72 [mo + (Al 422 ) P + Mio% + Wm} = (m2)**M! 1 V2cZ2 ¢,

(6.71)

(KR e+ (04352 ) o + Mo + o (672
(m2)KIME _ 72 [mo " <A1 2 > B+ M — 7@} - Z’ZjN, (6.73)

(mg )M = mf + MgR + 3(M + A2) 5, (6.74)
(P = 22 i M+ O+ o) = T s + 2263, 75
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A A c
(e SN = ZE [mé + <A1 + g) O + Tonds + (O +Ae)oh+ 5@4 :

(6.76)

(mQ )KKMH _ 2 2 \ A2\ o A2 N o) — & 6.77

K =Zk |mo+ | Mt ) oN \/5¢N¢S+(1+ 2)95 59N , (6.77)
A

LrE = —07\/57” PNTINTS, (6.78)

ﬁff]}v((E/éHN %(?NUNU& (6.79)

C

2v/2

From Egs. (6.70) - (6.77) we can see that the KKMH term influences all scalars and
pseudoscalars except for §s states (and analogously to the case of the Veneziano-Witten

V(on, ds) M~ ——=¢% 0. (6.80)

term, it induces the mass splitting between 7 and 7y ); the contributions from the KKMH
term have the same magnitude but opposite sign for pairs of states with the same parity but
different isospin (on-ag and ny-7) or with the same isospin but different parity (Kg-K).
Additionally, the KKMH term influences not only the ny-ngs mixing but also the mixing
of oy and og. Note that the contribution to the potential V(¢n, ¢s), Eq. (6.80), does not
change the conditions regarding the spontaneous symmetry breaking, i.e., the potential
with this contribution still yields Egs. (9.4) and (9.15).

Although one might assume that the results regarding phenomenology to be presented in this
work will differ depending on the choice of the chiral-anomaly term, this is not the case for the
following reasons: (i) for the ny-ng mixing, the constants ¢ and ¢; are mutually dependent, as
obvious from a comparison of Egs. (6.80) and (6.69):

3 2
c(b—N 501¢N¢S @czclqux\}gs;

NG 2

(ii) Egs. (9.4) and (9.15) regarding the correct implementation of the spontaneous breaking of

(6.81)

the chiral symmetry are not affected by the lack of presence of the chiral-anomaly term in the
potential and (i) for the on-0g mixing, the full mixing term is the sum of Egs. (9.16) and
(6.79): LEIMH — (c/V2 — 2M\1¢N)psoNos; the parameter \; cannot be calculated but only
constrained from the linear combination m3 + A\i(¢3% + ¢%) and therefore the value of \; can
always be adjusted in such a way that it absorbs the contribution from the parameter ¢ to the
mixing: for this reason, the results regarding the oxn-0g mixing are unaffected by our choice of
chiral-anomaly term. Of course, this may not be true for all the decays that could in principle
be calculated from our Lagrangian. The reason is that the contributions of the full ¢ and ¢;
terms to the Lagrangian would not be the same (although both describe the same anomaly);
we nonetheless note that the chiral anomaly does not influence any other decays that will be
presented in this work other than those already mentioned. Then for reason of simplicity we
will be using the VW term in the Ny = 3 version of our model. Note that this form of the
chiral-anomaly term allows us to incorporate a pseudoscalar glueball field G into our model in
a very simple way: the term i¢G(det ® — det ®T) couples our (pseudo)scalar fields to G with a
single constant c.
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7. The Fit Structure

As already mentioned, there are six free parameters: Z., Zx, m2, hs, 6s and A2 and one
parameter combination: mg + Al(qﬁ?\, + gz%) that need to be determined from our fit. Let us
note at the beginning that these parameters can be combined into three groups: (i) parameters
influencing only (pseudo)scalar phenomenology: m3 + A1(¢% + ¢%) and Ao; (ii) parameters
influencing only (axial-)vector phenomenology: m?, hy and §g and (iii) parameters appearing in
Lagrangian terms relevant for the phenomenology of both (pseudo)scalars and (axial-)vectors:
Z. and Zg. If there were no parameters from the group (4ii), then the other parameters would
neatly split into two independent groups thus noticeably simplifying the fit; however, the presence
of the renormalisation coefficients Z, and Zx complicates the search for a fit considerably. The
following observables enter the fit:

e In the (pseudo)scalar sector, we consider all mass terms except for mg,, and my,,. We
do not consider the ¢ masses because the data regarding the I(JF¢) = 0(07F) states is
poor [10], especially in the region under 1 GeV. Therefore, six mass terms enter the fit,
i.e., Egs. (6.35) - (6.37) and (6.39) - (6.41). Note that we first have to implement the
mixing of the pure non-strange state 7 and the pure strange state ng that will allow us to
calculate m,, and m,y. Note also that the inclusion of mg, into the fit forces us to consider
two different assignments of the isotriplet scalar state [given that the experimental data
ascertain the existence of two I(J¢) = 1(0%T) states, ag(980) and ag(1450)]. This in turn
means that we will have to consider two different fits, each containing an assignment of the
ag state in our model to the physical state in the region under 1 GeV (referred to as Fit
I in the following) or above 1 GeV (referred to as Fit II in the following). Note that the
scalar kaon state Kg present in the model can also be assigned to a physical state in two
different ways: although the PDG confirmes the existence of only one meson with quantum
numbers I(JF) = 1/2(07), the K}(1430) state, we will nonetheless also work with K} (800)
or k in our Fit I. This is necessary as otherwise a scalar isotriplet from the region under
1 GeV [ap(980)] would enter the same fit as the scalar kaon from the region above 1 GeV
[K((1430)] which would be counter-intuitive because it would imply a large mass splitting
(~ 400 MeV) between a non-strange meson and a kaon whereas one would expect the mass
splitting to be ~ 100 MeV, i.e., close to the strange-quark mass.

e In the (axial-)vector channel, we consider all mass terms that follow from the Lagrangian
(6.1), i.e., Egs. (6.42) - (6.47).

e Our result regarding the decay a; — my from the Ny = 2 version of the model is still
valid as the corresponding interaction Lagrangian remains the same once the U(3) x U(3)
version of the model is considered. We have seen in Sec. 5.2.5 that this decay width depends
only on Z; but does not constrain Z, very well due to lack of precise experimental data.
Still, the fit to be performed in the following sections should also take this constraint into
account (by producing Z, within the limits provided by I'q, ). Note that in principle
Zr can also be determined from 7-lepton decays [245]. However, the model presented in
this work neglects weak interactions and, for this reason, only I'y, - will be used.
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e Each of the two fits to be performed will have a decay width that only depends on hs. In
the case of Fit I, this will be the decay width I'y | 4980~ and in the case of Fit II, this
will be the total decay width of ap(1450). This is analogous to Scenarios I and II in the
U(2) x U(2) version of the model.

e We have already noted that there are three formulas for the renormalisation coefficient Zg:
Egs. (6.49), (6.64) and (6.65). These equations have to be pairwise the same:

2
2mi, I N L mf%s (7.1)
Lo s _
Vamk, - gion + 2652 TR 91— hs

2 2
2mp, L M, — M

\/4m?<1 — (PN + V2¢5)? T Znfafr (g2 —hg)

(7.2)

However, each of the Egs. (7.1), (7.2) contains mass terms (mg+, myg, mg,, my ) that
are not mere numbers but also themselves functions of the parameters Z., Zx, m?, ho
and dg [see Eqgs. (6.46), (6.44), (6.47) and (6.45)]. Additionally, the equations also contain
parameters g; and hs [see Egs. (6.57) and (6.58)] that depend on m, and my,, with the
latter two themselves mass terms depending on the parameters Z,, Zx, m? and hy. Note
also that the parameters g; and hg enter all of the mass terms mentioned.

Therefore, Eqs. (7.1) and (7.2) actually represent a system of implicit equations for the fit
parameters:

2, [Zx, Zi,m3, hy, 0s]
\/4771%(1 I:ZT(" ZK, m%a h2, 65] - g% [Zﬂ') ZKa m%a h2](¢N[Z7T] + \/§¢S[ZK])2

L 1 m?fls[ZﬂWZKam%ahQaéS]_mz;s[Zﬂ7ZK7m%7h2755] (7 3)
fr g%[ZW’ZK’m%’hﬂ _h3[Z7r,ZKam%,h2] ’ )
2mu, [Zr, Zxc,m2, ha, dg]
\/4771%(1 [Zﬂa ZK7m%a h2,65] - g%[Zﬂ',ZKam%a h2](¢N[Z7r] + \/§¢S[ZK])2
1 mg(l[Zﬂ,ZKam%,hQa(SS] - m%{*[ZWaZK’m%ah%éS] (7 4)

B wawa(g%[ZwaZKam%ahﬂ _h3[Z7TaZK,m%,h2]) ‘

Equations (7.3) and (7.4) have to be considered as well, and represent an additional, strong

constraint in the fit.

We therefore have 16 equations for seven unknowns [Zy, Zi, m?, ha, dg, A2 and m% +)\1(¢%\, +

¢2)]-

Before we perform the fits, it is necessary to discuss the issue of the -7’ mixing in the model

given that the corresponding masses enter the fit (and also determine the value of the parameter

1, as we have already mentioned).

7.1 Mixing of n and n’

The pure non-strange and strange fields 7y and ng mix in the Lagrangian (6.1):

Lns 2
Lyyns = —€1 %(ﬁ\“ﬁan”S- (7.5)
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The full ny-ng interaction Lagrangian has the form

1 1 1 1
Linns, full = §(au77N)2 + 5(%775)2 - §m37N77N2 - §m72737752 + 2yNNTS, (7.6)
where 2, is the mixing term of pure states ny = (4u — dd)/v/2 and ng = 3s.

Comparing Egs. (7.5) and (7.6) we see that in the case of our model Lagrangian the mixing term
Zy 18

Lo 2
=N s (7.7)
However, the mixing between the pure states nny and ng can be equivalently expressed as the

Zn = —C1

mixing between the octet state

1 - 1 2

g = \/g(uu +dd — 25s) = \/;UN - \/;775 (7.8)
1, - _ 2 1

Ny = \/;(uu +dd + 3s) = \/;UN + \/;775. (7.9)

We determine the physical states 7 and 7’ as mixture of the octet and singlet states with a mixing
angle @p:

n cospp —singp 8

7 singp  cospp o

or, using Egs. (7.8) and (7.9),
8
. 7.11
() 711

. 1 2
n\ _( cospp —sinpp \/; V3
n sinpp  cospp 2 \/g
If we introduce arcsin(1/2/3) = 54.7456° = ;, then the trigonometric addition formulas lead to

3
77, _ C?S(@P + 1) —sin(ep + 1) oy (7.12)
n sin(pp +@r)  cos(op + ¢r) ns

Defining the n-1’ mixing angle ¢,

and the singlet state

on = —(pp +¢1), (7.13)
we obtain
n cos @ sin nN
n —sing, cosyy, ns
or in other words
1 = cos N + sin gy1s, (7.15)
n = —sing,nn + cos p,ns. (7.16)

The interaction Lagrangian, Eq. (7.6), contains only pure states ny and ng. Inverting Eqs. (7.15)
and (7.16)
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NN = €os pyn — sin gy, (7.17)
ng = sin p,n + cos oy, (7.18)

and substituting ny and ng by n and 7' in Eq. (7.6) we obtain

1 . .
Loy = =1(8,m)%(cos n)* + (0,n) 2 (sin ¢y)? — sin(2¢,,)9,md" 1]

+ [(3u77)2(8in %077)2 + (3u77')2(008 %077)2 + Sin(QSDn)@wa“n']

m? [n*(cos o) + () (sin@y)* — sin(2¢, )nn']

N =N o

— 5 [0 (510.09)* + (1) (c0s y)* + sin(2 )1 |

+ zp{[n* — (1')?] sin @, cos gy, + cos(20,)nn'}
1 1

= 5(({“);”7)2 + §(au77l)2 -

1 . .

— My (sin ) +mi (cos gy)* + 2y sin(20)) (1)
1 .

— lmig —ma,) sin(2pn) — 22, cos (2 iy (7.19)

From Eq. (7.19) we obtain the following relations for m,, and m, in terms of the pure non-

strange and strange mass terms my, and m,, [with the latter known from Egs. (6.37) and

1 . .
2 [, (cos pn)? + mi (sin n)? — 2, sin(2¢y)]n”

(6.39), respectively]:

m?l = m%N cos? py, + m?,s sin? ¢, — 2, sin(2¢p,), (7.20)
m%/ = m%N sin? @, + mfzs cos? gy, + 2 sin(2¢p,). (7.21)

Additionally, assigning our fields n and 7’ to physical (asymptotic) states requires that the
Lagrangian L,  does not contain any 7-7’ mixing terms and thus from Eq. (7.19) we obtain
!
2y = (m%s - m ) tan(2¢;)/2. (7.22)

Consequently, from Eqs. (7.7) and (7.22) we obtain

(m%s — m V) tan(2¢,) = —c12, qub?Vqu. (7.23)
Given that m,, and m,, depend on c; [see Egs. (6.37) and (6.39)], we obtain from Eq. (7.23)
that

¢4

{Zrzz [mo + NN + (A1 + A)od + 017} -7 [mg + <)\1 + AQ) Px + Mde + 01¢N¢S] }

X tan(2py,) = —c1Zyg Zr b s
Z2 %
& {(Zis = 2l + Mok + 63 + do (Zﬁsqz% - 7%) +e1 (fqb?v - Zﬁcb%) ¢?v}

x tan(2¢y,) = —c1Zys Zx PXbs
A(ZZ = Z3 ) mi + M(oF + 9%)] + 22 (Z2¢N — 273 6%)

(Z; ¢N — 4Z20%) ¢ tan(2p,) + 42,5 Zn 9%, 65 tan(2ey). (7.24)

= Cc1 =
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Using Eq. (7.24) it is possible to calculate ¢; from the -7’ mixing angle ¢, (and vice versa) if
the other parameters are known. We will choose ¢;, such that our results for m,,, and m,,, are
as close as possible to their experimental values; then ¢; is no longer a free parameter, as already
mentioned in the general discussion of the fit.
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8. Fit I: Scalars below 1 GeV

Seven unknowns [Z, Zx, m3, ha, ds, A2 and m3 + A1 (¢% + ¢%)] enter the fit together with 16
equations: for mr, mg, miy = M (800)=r> Mag = Mag(980)5 My My [the latter two via Egs.
(7.20) and (7.21) from my, and mygl, my, Mg, Mug, Mays MKy, Mpgs Daysryy Tp g g 980)7
(Fit I) or Ty 1450y (Fit II) as well as Eqs. (7.3) and (7.4). Explicitly, the fit results should
satisfy the following equations (experimental central values from the PDG [10]; at this point we
disregard the experimental uncertainties):

Z2 [mg + M (PN + %) + %qﬁv] = (139.57 MeV)? = m2, (8.1)
Z2 [mg + M (P} + %) + Ao <% — @\V/?S + ¢S>] = (493.677 MeV)? = m?,, (8.2)
Z% [mg + M (P} + %) + Ao <¢N @\V/?S + ¢S>} (676 MeV)? = m?, (8.3)
mé 4+ M\ (d% + 0%) + gmﬁv = (980 MeV)® = m? s0) (8.4)

A
22 w4 20064+ 63) + 26k + adhal] cos? i
2 2 2 2 2 ¢Z]l\[ .2
+ Zys |mo + M(Pn + O5) + Ao + c1=,~ | sin” oy

Z T
+ 01 =T 4% 0 sin(2¢,)) = (547.853 MeV)? = m? (8.5)

7]’

A2 .
Zn [m% + M (@ +85) + 5 o% + clqﬁqu%] sin?
2 2 2 9 9 P )
+Zpg | Mo+ AP + O5) + Aads + 1| cosT gy

g Lr

— o1 =9} s sin(2p,) = (957.78 MeV)? = m7, (8.6)
¢2

2t (he + hg) X o = (775.49 MeV)? = m?, (8.7)

7n1+gpmv+«h2—fm>¢N——uzm)NEV> =2, (538)

2
m3 + 85 + (g7 + ha) 2 08 1 L (hy - )onos + (67 + ) % 95 _ (891.66 MeV)? = m%., (8.9)

7

2
ﬁ+@ﬂﬁmg@+7@—wm%ﬂﬁwm%zmmWw%m% (8.10)
mi + 265 + (hg + hs) ¢% = (1019.455 MeV)* = m?_, (8.11)
mi + 205 + 297 ¢% + (ha — hs) ¢% = (1426.4 MeV)® = m7, _, (8.12)

3
€2 My 2
96—77(273 — 1)mq, [1 - <ma1> = 0.640 MeV =Ty, 7y, (8.13)
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Q%ZEr [mz}uv — Qm?uv (mzo + m72f) + (mzo - mgr)z]3/2

5
fin

167 m
1 2
X |m2 — §(h2 + h3)dk | =8.748 MeV =T'f, a0 (980)m> (8.14)

4
Mg,

and additionally the Zx Eqs. (7.3) and (7.4). We have set hy = 0 = dn; note that ¢; = ¢1(¢y) by
Eq. (7.24) and that we also use ¢n = Znfr (fr = 92.4 MeV), ¢s = Zk frc/V2 (fx = 155.5//2
MeV), g1 from Eq. (6.57), hs from Eq. (6.58), Zk from Eq. (6.51) and Z,; from Eq. (6.50).
Note also that the mass terms present in Egs. (6.57), (6.58), (6.51) and (6.50) are themselves
functions of the parameters stated at the beginning of this section.

Therefore, a comment is necessary before we proceed with the parameter determination. Equa-
tions (8.1) - (8.14), (7.3) and (7.4) could in principle be subject of a x? fit analogous to the one
performed in the Ny = 2 version of our model, see Sec. 5.3. However, the Ny = 3 version of the
model requires us to consider a significantly larger number of equations and parameters. For this
reason, a 2 fit in N = 3 is extremely complicated to perform numerically, not least because the
large number of input equations would imply an extremely large number of local minima that
would have to be considered. In addition, the minima strongly depend on the initial conditions
of the parameters. To circumvent the technical issues that a y? fit would bring about, we will
use an iterative procedure (described below) rather than a fit to determine the parameters of the
model. The procedure does not allow for errors to be determined (this would be possible in a
fit) but nonetheless the parameters determined in this way can in turn be used as initial condi-
tions in a x? fit ascertaining that a global minimum has been found. Such a y? fit is currently
under development [246] and it appears to assign small errors to our parameters (of the order of
several percent). Thus all results presented in this and the subsequent chapters 9 — 11 should be
considered as possessing an error < 10%. Then we can refer to the parameter determinations in
the stated chapters as "Fit I” and "Fit I1”.

The parameter values can be found iteratively in the following four steps:

o Step 1: Z., Zi, (pseudo)scalar parameters. Solve the first four equations in the fit [Egs.
(8.1) - (8.4)] and determine Z,; and Zx (among others).

o Step 2: (axial-)vector masses. Constrain the values of m,, mq,, M+, Myg, M, and my,
via the Zx Egs. (7.3) and (7.4).

e Step 3: (axial-)vector parameters. Calculate hy, m? and dg from the mass values determined
in Step 2.

o Step 4: n-n' mizing angle ¢,. Calculate ¢, from m, and m,,; additionally, ¢; is calculated
from Eq. (7.24).

Step 1. Let us note that the first four equations entering the fit, i.e., Eqgs. (8.1) - (8.4) contain
four variables: Z., Zg, Aa, mg + )q((b?v + (b%) if we assign certain values to m,, and mg~ (e.g.,
Mg, = 1230 MeV and mg+ = 891.66 MeV [10]) in order for Zx to be calculated [subsequently, it
is possible to choose (axial-)vector parameters in the mass terms for m,, and mg+ — see Egs. (8.8)
and (8.9) — in such a way that the values assigned are correct]. Note, however, that the starting

values of m,, and mg+ are not strongly constrained because Zg, changes by approximately 0.1%
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if my, and mg+ are varied, see Fig. 8.1. Indeed, experimental data allow for a rather large interval
in particular of m,, because a;(1260) is a very broad resonance, with Iy, (1260) = (250 — 600)
MeV [10].

ZKS Zy.

1.006( s

1.005¢€

o
1.0054 1.0054
1.0052
1.005(
1.005(
1.0044 1.0044

1.0044

my (MeV)

ma,(MeV)

1200 125C 130C 135¢C 140¢ 820 840 860 880 900

Figure 8.1: Dependence of the renormalisation coefficient Z ., on m,, (left panel) and m g« (right panel).

We thus obtain a system of four equations with four unknowns. This equation system can be
solved exactly with a numerical analysis yielding the following parameter values:

Z. = 0.31,
Zx = 0.51,
Ao = 931,

mi + A (¢% + ¢%) = —172665 MeV>.

Unfortunately, the stated solutions cannot be used because that would imply Z, < 1 and Zx < 1
that cannot be true due to the definitions of Z., Eq. (6.48), and Zk, Eq. (6.49) as otherwise
one would have to allow either for imaginary scalar-vector coupling g; in the Lagrangian (6.1) or
for imaginary condensates ¢ . Therefore, we have to consider other (approximate) solutions
of Egs. (8.1) - (8.4). A numerical analysis leads to the parameter values shown in Table 8.1.

Parameter Value Observable | Value [MeV]
Z. 1.38 M 138.04
A% 1.39 M 490.84
)\2 58.5 mao(ggo) 978
mé 4+ M (P + %) | —463425 MeV? my, 1129

! !
Table 8.1: Best solutions of Eqs. (8.1) - (8.4) under the conditions Z, > 1, Zx > 1.

The parameters produce an excellent agreement with all input masses except m,, where the value
from the fit is almost by a factor of two larger than the PDG value my;* = (676 & 40) MeV.
However, we note that the s resonance is very broad [[';" = (548 4 24) MeV]| and therefore we
will, for the moment, disregard the large mass difference between the fit result and the PDG
value. Additionally, I'q, sz, = 0.322 MeV is obtained from the parameter values in Table 8.1,
slightly smaller than the lower boundary on this decay width cited by the PDG to be 0.394 MeV.

Step 2. Let us now turn to the parameters in (axial-)vector mass terms. The most convenient
way to proceed is to first determine the values of vector and axial-vector masses that lead to
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the pairwise equality of the three Zx formulas, Egs. (7.3) and (7.4). Note that the calculation
involving Eqs. (7.3) and (7.4) requires knowledge of Z; and Z (see Table 8.1) and also of m,,
May, MK*, Mg, M, and my . We start with the PDG values of all masses except m,, (as
already mentioned, the variation of m,, is experimentally allowed by the large decay width of this
resonance and it does not lead to an inconsistency with the determination of scalar parameters
in Table 8.1). We then look for conditions under which the pairwise equality of the three Zx
formulas can be obtained. Unfortunately, the mentioned equality does not exist for the PDG
values of masses. We therefore alternate all the mass values (holding all masses except m,, as
close as possible to their respective experimental values) until the pairwise equality of the three
Zr formulas has been reached. In this way we obtain (axial-)vector masses as follows:

Mg, = 1396 MeV, m, = 775.49 MeV, my+ = 832.53 MeV,
Myg = 870.35 MeV, mg, = 1520 MeV, my , = 1643.4 MeV.

Step 3. Once the values of the (axial-)vector masses are known, then the (axial-)vector fit
parameters are determined in such a way that the mass values determined by the three Zg
formulas are reproduced. Note, however, that this does not require for many parameters to be
calculated: hy is already known from Ty 40 (980)x; 91 and hg are determined from m, and mg,
[see Egs. (6.57) and (6.58)] and consequently we need to calculate only the values of m? and dg.
As already mentioned in Chapter 7, it is possible to calculate the parameter hy via I'y, |40 (980)7
Eq. (8.14). In Scenario I of the two-flavour version of the model (Sec. 5.3) we have seen that in
this way two sets of ho values arise, a set of relatively lower and a set of relatively higher values,
see Eq. (5.50). We have also seen that the set of relatively lower hy values does not yield a correct
value of the a(980) — nm decay amplitude. Therefore, we are also in this case naturally inclined
to use the set of higher hs values, i.e., ho ~ 80. However, the only way to obtain a fit in this case
is to allow for negative values of m? and g (see Table 8.2). However, such a fit could not be
considered physical as it would imply an imaginary vector meson mass in the chirally restored

phase.
Parameter Value
m? —697% MeV?
dg —404% MeV?
ho 161

Table 8.2: (Axial-)vector parameters from Eqs. (8.7) - (8.12) using the higher set of ho values from Eq.
(8.14). The parameter hy has a rather large value due to the large value of m,,, constrained from the Zx
formulas (7.3) and (7.4).

For these reasons, we have to use the smaller set of hy values [and later ascertain whether it is
still possible to obtain a correct value of the a¢(980) — nm decay amplitude, see Sec. 9.2]. In
this case, the fit yields positive values of m? and J.

Step 4. Using Egs. (7.20) and (7.21) we can calculate the n-n’ mixing angle ¢, under the
conditions that m, and m,, are as close as possible to their respective experimental values.
Additionally, we also require ¢, <| 45° | as otherwise we would have the (counter-intuitive)
ordering my,, < my, . Under the latter condition it is actually not possible to exactly obtain the
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Parameter Value
m? 6972 MeV?
Ss 2292 MeV?
ho 40.6

Table 8.3: (Axial-)vector parameters from Eqs. (8.7) - (8.12) using the lower set of ho values from Eq.
(8.14).

experimental value of m, but rather a slightly lower one: m, = 517.13 MeV. We obtain also
myy = 957.78 MeV = mf]),(p with ¢, = —42°; Eq. (7.24) yields ¢; = 0.0015 MeV 2.
Table 8.4 shows results for all parameters from Fit 1.

Parameter Value Parameter Value
Zr 1.38 g1, Eq. (6.57) 7.54
2K 1.39 g2, Eq. (5.44) —11.2
A2 58.5 hs, Eq. (6.58) —26.3
m 4+ M(p% + ¢%) | —463425 MeV? | hon, Eq. (6.35) | 1.279 - 105 MeV?
mi 697 MeV hos, Eq. (6.39) | 3.443 - 107 MeV?
dg 2292 MeV? ha 0
ho 40.6 ON 0
Cc1 0.0015 MeV~—2 93,4,5,6 0

Table 8.4: Best values of parameters from Fit I (experimental uncertainties are omitted).

Table 8.5 shows the results for all observables from Fit 1. Note that the implemented iterative
calculation of the parameters does not allow for an error determination and thus we also do
not cite experimental errors in Table 8.5. Additionally, some mass values (e.g., m, and mp)
are known very precisely (up to several decimals), i.e., the corresponding errors are very small.
Our model does not aim to reproduce these mass values to such a high precision — it suffices to
reproduce the experimental masses sufficiently closely. Then our results for some masses [such
as Mg, (9g0)] Will be within errors, others will not (m, and my) but they will still be sufficiently
close to the experimental result (within several MeV) rendering them acceptable.

Nonetheless, the proximity of our results to the experiment is actually not accomplished very
well at this point (because the underlying assumption of scalar gg states below 1 GeV is generally
disfavoured by our model, see below) — we will see that the correspondence of our results with
the data is significantly improved once the scalar gq states are assumed to be above 1 GeV, see
Table 10.3.

We observe from Table 8.5 that, in addition to a rather large value of m,, the fit also yields too
large values of m,, and myg . The a1(1260) resonance is very broad: I’Zﬁ)l%o) = (250 — 600)
MeV [10] and thus the discrepancy between our and the experimental results is not too serious;
however, the f1(1420) = f15 resonance is much narrower [F;TI(DMZO) = (54.9 £ 2.6) MeV] and
therefore, in this case, the discrepancy with the experimental value is rather large. The same
holds for the wg = ¢(1020) resonance, a sharp peak with a width of 4.26 + 0.04 MeV [10] and
also for K*(892), although for the latter resonance the discrepancy with the experimental mass
is of the order of the decay width, i.e., (50.8 & 0.9) MeV. Note that the discrepancy between
the fit value and experimental result is also very large for our K7 resonance; however, this can
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Observable | Our Value [MeV] | Experimental Value [MeV]
My 138.04 139.57
MK 490.84 493.68

Mag(980) 978.27 980
My 1128.7 676
my 517.13 547.85
My 957.78 957.78
my 775.49 775.49
May 1396 1230
MK+ 832.53 891.66

Mg 870.35 1019.46
mg, 1520 1272
My 1643.4 1426 4
Loy sy 0.369 0.640
L' fin a0 (980) 8.748 8.748

Table 8.5: Observables from Fit I.

be amended by assigning the Kj state in the model to the K;(1400) resonance rather than
to K1(1270). Data regarding the former resonance suggest mg, 1400y = (1403 £ 7) MeV and
Ui (1400) = (174 £ 13) MeV and then the discrepancy between our value mpyg, = 1520 MeV
and the experimental result is smaller than the value of the K;(1400) decay width. [Note,
however, that the stated correspondence to K7(1400) is actually in itself problematic because
axial-vector kaons are expected to mix, see Sec. 10.3. The mixing of the K states is well-
established [10, 247, 248, 249, 250, 251]; thus the absence of the mixing within Fit I represents
another discrepancy with experiment.]

Note that the results also imply m; = 697 MeV, i.e., non-quark contributions are favoured to

play a decisive role in the p mass generation.
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9. Implications of Fit I

Despite some discrepancies between results stemming from the fit and experimental data, we will
proceed with calculations of hadronic decay widths in scalar and axial-vector channels (as these
channels possess the most ambiguities regarding not only the decay widths but also regarding
the structure of resonances).

9.1 Phenomenology in the I(J¥¢) = 0(0**+) Channel

As apparent from Egs. (6.34) and (6.38), the masses of the strange and non-strange sigma fields,
Mg, and me, depend on mg + 3)\1¢%V + )q(]ﬁ% and mg + )q(b?v + 3)\1¢%, respectively, and thus
cannot be calculated with the knowledge of the parameter combination m% + Al(qﬁ?\, + gz%) stated
in Table 8.4. However, if the linear combination mg + Al(‘ﬁv + (b%) is known, then the parameter
A1 can be expressed in terms of the mass parameter mg (given that Z, and Zk are also known).
Nonetheless, this is not satisfactory because it does not allow us to constrain the masses and
decay widths of the two I(JFY) = 0(0*") resonances present in the model. In the next two
subsections we will therefore derive a constraint on mg and Aq, using the spontaneous breaking
of chiral symmetry. We will discuss conditions under which the vacuum potential V(¢n, ¢g)
arising from the Lagrangian (6.1) allows for the Spontaneous Symmetry Breaking (SSB) to
occur while having the correct behaviour in the limit of large values of condensates ¢ and ¢g

(lim¢N,s—>OO V(on, ps) — 00).
9.1.1 A Necessary Condition for the Spontaneous Symmetry Breaking

Calculating the elements of the Hesse matrix from the potential V(¢n, ¢g) with respect to the
condensates ¢ and ¢g yields:

2
%W — w3+ 2 (36 + 63) + Shad, (9.1)
063 2
2
% = m3 + Mk + 300 + M)k, (9.2)
S
PV(on, ¢s)

From Egs. (9.1) - (9.2) we obtain the following form of the Hesse matrix in the limit ¢y = ¢g = 0:

2
m 0
H(m2) — 0
and the vacuum is unstable only if the Hesse matrix has negative eigenvalues or in other words
g !

This is a necessary condition for the Spontaneous Symmetry Breaking to occur. However, we
still need to ascertain whether the potential V(¢n, ¢g) from Eq. (6.52) has the right behaviour
in the limit ¢ ¢ — oco. This will be verified in the following subsection.
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9.1.2 A Condition for ;2 from SSB

Let us isolate the quartic terms from the potential V(¢n, ¢g), Eq. (6.52), in the following ex-
pression Va(¢n, ¢s):
)\1 )\2 ¢4

wwN¢w=~Zw%+w%%+¢®+q;(§+¢§- (9:5)

The quadratic terms in the potential V(¢n, ¢g) represent a negative-sign contribution due to
!

the condition m3 < 0. Thus, a correct implementation of the Spontaneous Symmetry Breaking
requires that the quartic term Vy(¢n, ¢s) is a positive-sign contribution to V(én, ¢g) because

otherwise the potential V(¢n, ¢s) would not exhibit minima. Let us now define the variables
T, = ¢% and y, = ¢%, bringing Vi(¢n, ¢s), Eq. (9.5), to the following form:

2N + A AL+ ) A
AT 2 gyﬁ + 2y, (20 > 0,5, > 0). (9.6)

V4(¢N7¢5) - ] s 4 2

! !
Obviously the conditions 2A\; + Ao > 0 A A1 + A9 > 0 have to be satisfied. In other words:
LA
Al > —72 for \g >0 (97)

!
A1 > — A for Ay < 0. (9.8)

Additionally, we have to ascertain that Vi(¢n, ¢g) is a positive-sign contribution to V(¢n, ¢g)
in all directions of the condensates. In order to verify that this is fulfilled, we set y, = n,2s
(ne > 0) yielding the following form of V4(¢n, ¢s):

Vi(on, ¢5) = aox’ + benoxl + colloTe = fo(no)22 (9.9)

! ! !
with a, = (2A01 +X2)/8 > 0, by, = (A1 +A2)/4 > 0, ¢; = A\1/2 and f5(0y) = bon2 + oMo +ax > 0.
The latter can be written in the following way:

co \2 2
fU(nU) = by <77<7 + ﬁ) + (ao - ﬁ) . (910)

! 2 |
Thus, additionally to the already stated condition b, > 0 we also need to ascertain that a, — 46—" >

o

!
0 in order for f,(n,) > 0 to be fulfilled. Consequently, we obtain
2
ap > 4%" = ¢y < 2v/a5bg (9.11)
g
or in other words

% < 2\/(2)\1 +)\3)2()\1 +)\2) _ %\/<)\1 + %) ()\1 —i—)\g) SN < \/()\1 + %) ()\1 —i—)\g).
(9.12)

The square root on the right-hand side of inequality (9.12) is well defined due to the already

!
stated conditions (9.7) and (9.8). For A\; < 0, only the condition (9.7), i.e., \; > —A2/2 and
A2 > 0 can be fulfilled. Consequently,

—A
TQ <A <0and Ay > 0. (9.13)
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For A1 > 0, the square of the inequality (9.12) yields

(

A <0OAN < —)\2/3
3 \2 [contradiction to A ; — Ao
A <A+ §>\1)\2 + 72 < 0<A2(3M\ +A2) & { from condition (9.8)]
Ao >0A N > —)\2/3
(fulfilled per definition because A\; > 0).
(9.14)

\

Combining both conditions (9.13) and (9.14) yields

A2 > 0 and A\; > _TAQ (9.15)

The conditions (9.4) and (9.15) will be used in the following calculation of the decay widths in
the scalar meson sector.

9.1.3 Scalar Isosinglet Masses

The Lagrangian (6.1) yields mixing between the ox and og fields with the mixing term given by

Lonos = —2MONPsONTS. (9.16)

The full ox-0g interaction Lagrangian has the form
1 1 o 1

1
Loyos, full = 5(8“01\/)2 + 5((%05)2 — imgNaN — §m05052 + 2,0N0Cg, (9.17)

where z, is the mixing term of the pure states o = (au + dd)/v/2 and o5 = 3s.
The mixing between the states oy and og yields two fields, denoted henceforth as o1 and o9

o1\ _ COS Py Sin s ON (9.18)
o9 —sinp, €osp, og | )

At this point, it is not possible to assign the fields o1 and o9 (considered to be physical just as

[analogously to Eq. 7.10]:

the resonances n and 7’ in Sec. 7.1). The reason is that the experimental data suggest a larger
number of physical resonances in the scalar isosinglet channel than can be accommodated within
the model (as discussed in Chapter 3). We will therefore calculate masses and decay widths of
the resonances o; and o3; the resonances will then be assigned to physical states depending on
the results regarding the oy 2 masses and decay widths.

We can calculate the masses of the mixed sigma states, m,, and m,,, and the on-0g mixing
angle ¢, analogously to the calculations concerning m,,, m,y and ¢, in Eqgs. (7.20) - (7.23). We
obtain

mgl = mz'N COSZ Po + mtzj's Sin2 Po — Zo Sin(2¢0)7 (919)
mg, =me sin® g, +m7 cos” 9y + 2o 5in(2p) (9.20)

with mg, from Eq. (6.34), ms, from Eq. (6.38) and the mixing term

2 = (m2, —m2,) tan(2,)/2. (9.21)

g
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Consequently, from Eqgs. (9.16) and (9.21) we obtain

(mgs - mgN)tan(ngo) = —4\ONOs (9.22)
or, in other words,
_ ( AN PN Ps )
s = —— arctan 5 5
m2, —m2,
Egs. (6.34), (6.38) 8A1ONGs
= — arctan ) 9.23
2 [(4)\1 + 3X2)P% — (4A1 + 6X2) % 929

with Ay constrained via mg + A1 (¢ + ¢%) = —463425 MeV2.
Using the parameter combination m% + )q((b?v + (b%) allows us to remove A; from the mixing
term (9.16) as well as from the mass terms (6.34) and (6.38). The parameter A\; then fulfills the
condition (9.15), as is evident from Fig. 9.1.
A1
50
40
30
20
10

m?(MeV?)

—2.0x10° -1.5x10° —-1.0x10° —500

Figure 9.1: Dependence of parameter A\; on m2 from Fit I. The condition (9.15), i.e., A\; > —Xa/2, is
apparently fulfilled for all values of m3 < 0.

This leads to the dependence of m,, and m,,, Eqs. (9.19) and (9.20), on m3 only. The dependence
is depicted in Fig. 9.2, with m3 < 0 in accordance with Eq. (9.4).

We conclude immediately from Fig. 9.2 that the values of m,, and m,, vary over wide intervals,
respectively, and that it is therefore not possible to assign the mixed states o1 and o9 to physical
states using only the masses of the mixed states. Note also that, at m3 ~ —2.413 - 106 MeV?,
Mg, becomes larger than mgg, ¢, = 45° (see Fig. 9.3) and thus o, and o9 interchange places.
Therefore, m% = —2.413 - 105 MeV? represents the lower limit for m% and thus, together with
Eq. (9.4), we obtain

—2.413 - 105 MeV? < m2 < 0. (9.24)

From the previous inequality we obtain the following boundaries for m,, ,:

456 MeV < my, < 1139 MeV, (9.25)
1187 MeV < m,, < 2268 MeV. (9.26)
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Figure 9.2: Dependence of m,, (full lower curve), m,, (full upper curve), m,, (dashed lower curve) and
My (dashed upper curve) on m2 under the condition m$ < 0.

Considering the mass values, o1 may correspond either to fp(600) or fy(980) and o2 may cor-
respond to fo(1370), fo(1500) or fo(1710). [We do not consider the as yet unconfirmed states
f0(2020), fo(2100) and fp(2200) although they could also come within the m,, range. Note also
our comments in Sec. 3.6 regarding the f,(1790) resonance that decays predominantly into pions
and appears to be a radial excitation of fy(1370) — therefore it cannot correspond to our state oy
that is predominantly strange, as we will see in the following.] Therefore, a mere calculation of
scalar masses does not allow us to assign the scalar states o1 and o9 to physical resonances. To
resolve this ambiguity, we will calculate various decay widths of the states o1 and o9; comparison
of the decay widths with experimental data [10] will allow for a definitive statement regarding
the assignment of our theoretical states to the physical ones.

‘Pa’(deg)
—

40f

O.
. . . . N m2(MeV?
—25xJ0° —2.0%x10° —15x10° —1.0x10° —5Q600C o )

_20.

—40F

Figure 9.3: Dependence of the ox-0s mixing angle ¢, on m%, Eq. (9.23).

Nonetheless, from the variation of the oy - 0g mixing angle ¢, we can conclude that the o field is
predominantly non-strange and the o9 field is predominantly composed of strange quarks, see Fig.
9.4. Note that the two diagrams on Fig. 9.4 were obtained from two simultaneous, implicit plots of
9o (A1), Eq. (9.23), and mg, ,[¢o(A1)], Egs. (9.19) and (9.20), with mg + Ay (¢% + ¢%) = —463425
MeV? and mg from inequality (9.24).
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Figure 9.4: The oy-0g mixing angle ¢, as function of m,, ,.

We illustrate the contribution of mgs, to my,, and of msg to me, in Fig. 9.5. The contributions

expectedly decrease with m,, , because the mixing angle approaches —45 (see Fig. 9.4) where oy
and o9 interchange places.

Cos 9o

1.00 Cos’ ¢0r
: 1.00
0.99 0.95
0.9¢ 0.9
0.85 0.
]
0.80 0.8Q
0.75 0.75
m MeV m MeV
600 700 800 900 100C 11(\( o ) 130C 1400 150C woc o )

Figure 9.5: Contribution of the pure non-strange field oy to oy (left panel) and of the pure strange field
os to oy (right panel), respectively in dependence on m,, and m,,.

9.1.4 Decay Width o012 — 7w

The Lagrangian (6.1) contains the pure states oy and og; the interaction Lagrangian of these
states with the pions reads:

£0'7T71' = AO’NT(ﬂ'O-NI:(TrO)Q + 27T+7T_] + BaNer'N[(a;ﬂTO)Q + 28M7T+6M7T_]
+ CO'NT('ﬂ'O-N(ﬂ-ODﬂ-O + 7T+|:|7T_ + 7T_|:|7T+)
+ Aogrras[(10)? + 270777 4 Bygrnos](0,m°)? 4 20,7+ ) (9.27)

with
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Agymr = — ()\1 + %) Z2¢pN, (9.28)

hi+hs —h
Boyrr = _29127%1”111 + <g% + %) Z72rwc2n¢Na (9.29)
CO'Nﬂ'T( = _glzzwala (930)
Aasmr = _A127%¢S7 (931)
h
BO’Sﬂ'TK’ = ézﬁw?n QSS- (932)

Note that the term By, zr, Eq. (9.29), can be further transformed as follows:

2 2 +

al al

BUN7r7r

Ba. (630) g7 ON (_2 L 910k | Mt he = by >

2
2 mg,

2
giPN hy + ha — h3
=237 (—2m21 +gioN + ———— %
Mg, 2
2 h 2
Ba. (6-43) Zfrgl(iN (—Qmil +m2 —mi— %(ﬁ% — 25N> = —ZfrglqiN (mZ +m?), (9.33)
mal mal

as hy = 0 = dn. Note also that the decay of the pure strange state og into pions is driven by
the large-N, suppressed couplings A\; and hj, see Eq. (4.52).

At this point it is necessary to disentangle the pure states oy and og that do not represent
asymptotic states in the orm Lagrangian (9.27). To obtain decay widths of the physical, mixed
states o1 and o9, we have to consider the full Lagrangian containing the o fields [L;y g, fan from

Eq. (9.17)]:

'cmwr, full = EUNUS,qu + Emwr
1 2 1 2 1 2 1 2
= 5((9#01\7) + 5(8;LUS) - §m0N — §mas + 2o0NOS
+ Ay aron [(10)2 + 2077 + Boyrnon[(0,7°)? + 20,7t 0477
+ CO'N7T7TO-N(7TO‘:|7TO + 7T+\:|7T_ + 7T_\:|7T+)

+ AUSWJS[(WO)2 + 2t + BUSWTUS[(@#WO)Q + 26H7T+8M7T_]. (9.34)

Let us now insert the inverted Eq. (9.18) into Eq. (9.34); analogously to Eq. (7.6) we obtain:

Lomr, tull = 51(0u01)*(c08 95)* + (9u02)* (510 ¢5)?]

+ 5[(0u01)* (sin 95 ) + (8u02)* (08 )]

ol el ORI

(27N [af(cos @0)2 + U%(sin <pn)2 — sin(2¢, )o109)

|
— o
3

— Sm2 [0 (sin p0)? + 03 (cos )? + sin(206)0103]

+ ZU[(U% - U%) Sin g oS Yy + COS(2900)0'10'2]

+ (Agpymn €OS Py + Aggrn sin g )o1[(7°)? + 2077
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+ (Boyrr €OS o + Bogrr sin g )oy [((%770)2 + 26H7T+8“7T7]
+ Copmm COS gpgal(ﬂ'ODwO +at0n~ + 7 0Or™)

+ (Apgrn €08 @5 — Agprr Sin goo)ag[(ﬂo)2 + 217

+ (Bogrr €08 95 — By nr sin 300)02[((%770)2 + 26H7T+8“7T7]

— CoprrSin gpgag(ﬂ'ODwO +at0n~ + 7 0Or™)

1 1 1 . .
= 5(0u01)* + 5(8u02)% = lm2, (c0s 9)? + 2 (sin 5 )? — 2 sin(2p5)]o?
2

2
— [moN (sin <p(,)2 + mgs (cos @0)2 + 24 sin(2<p(,)]a§

(275 —m?2, ) sin(2¢,) — 2z, cos(2¢,)|o102

N — DN —

[(m
+ (Ag pymn €OS Py + Aggnn sin g )o1[(7°)? + 2077

+ (Boymr €08 05 + Bogrrsing,)oy [(({9“71'0)2 + 28M7T+3“7T_]
+ Cypmr €08 o0 (70070 + 7t On~ 4+ - On )

o~ o~

+ (Aasmr COS Y5 — A0N7r7r sin LPU)O'Q[(TI'O)Q + 27T+7T_]

+ (Basmr COS Yo — BaNmr sin (PU)O'Q[((?MTFO)Q + 28M7T+({9M7T_]

— Coprr Sin(PoUQ(ﬂ'ODﬂ'O +rtOn™ +7T_|:|7T+). (9.35)
From Eq. (9.35) we then retrieve the already known Egs. (9.19) and (9.20) for m2  as well as

01,2
the condition (9.21) for z, ascertaining that there is no mixing between the physical states o

and og. Let us now write the Lagrangian (9.35) in the following form:

1 1
Lorr, full = 5(8u01)2 - §m§10%

+ (Agyrr €COS Yo + Aggrr sin g )oy [(7TO)2 + 27
+ (Boyar €S 95 + Bogrr sin gpg)al[((?“wo)Z + 28ﬂ7r+8“7r_]
+ Coyrr COS 9501 (7‘1’0\:‘7'('0 +at0n~ + 7 0Or™)

1 9 1 o5
+§(8u‘72) —§m0202

+ (Apgrr €OS Qg — Agynr Sin goo)ag[(ﬂo)z + 27T+7T_]
+ (Bogrr €08 5 — By rr sin gpg)ag[((?“wo)z + 28ﬂ7r+8“7r_]

— Cypyrr SID 000 (m°0n° + 7t 0r~ + 7~ Or ™). (9.36)
m(h) .
0’172(P) ///
(\
7T(P2) \\

Figure 9.6: Decay process 01,2 — 7.
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The decay amplitudes of the mixed states read

2 2
ms. —2m
— Mo Srr (Mg, ) =1 {cos Do [Aonr _ BO’NTK’W% B ConmW}
2 2
ms. —2m
+ sin @, [AUSM — Bosm%] }
] BO’N7T7T 2 9
= 7 {5 COS SDO' AO'NTUF - 2 mo'l + (BO'Nﬂ'TF - CUNﬂ'Tl')mﬂ-
2 2
ms. —2m
+ sin @, [AUSM — Bosm%] } (9.37)
and
2 2
ms, —2m
_'iMO'Q*VTFTF(mUQ) =1 {COS Vo |:A057r7r — BUSWW%}
1 BUN7r7T 2 9
— SN Ygs AaNmr - 9 mey, + (BgNmr — CaNmr)mW . (9.38)

Summing over all decay channels 012 — 7079 77T we obtain the following formulas for the

decay widths Iy, , 7r:

3k g1 Ty ¥y -
Fcﬂ%mr — (m4+(%1m)| - ZMG’l*)THT(mO'l)|2? (939)
Toprnn = P2 | Moy () 2. (9.40)

2
47rm(r2

We have considered an isospin factor of 6 in the above Egs. (9.39) and (9.40). The Lagrangian
(9.36) provides us with an additional factor of 22 = 4 in ['s, ,nn respectively from the charged
(7*7F) and neutral (7°7°) modes, i.e., in total with a factor of 8. However, there is a sym-
metrisation factor of 1/4/2 that also has to be considered for the neutral modes; therefore,
their contribution to I'y, ,—,rr is actually not 22 but rather (2/v/2)* = 2 that together with the
charged-mode contribution 22 = 4 yields a total isospin factor of 6.

I g1>an(MeV) T oy-san(MeV)

100( 1404
1204
800
100(]
600 800
400 609
400)
200
200
mg,(MeV) mg,(MeV)
600 700 800 900  100C 1100 130C 1400 150C 160C

Figure 9.7: I',, r and 'y, as functions of m,, and m,,, respectively.
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A plot of the two decay widths is presented in Fig. 9.7. We conclude from the left panel of
Fig. 9.7 that our state o; possesses the best correspondence with the fy(600) resonance. For
example, setting m,, = 800 MeV yields 'y, zx = 473.5 MeV. From the right panel of Fig. 9.7
we note that I',,_,rr increases very rapidly with m,, and therefore the best values are obtained
for m,, ~ 1300 MeV. If we consider data from Ref. [40], then our results are fairly close to the
results from this review: Ref. [40] cites the value of 325 MeV at m 1370y = (1309 +1415) MeV
from an f,(1370) Breit-Wigner fit and we obtain 'y, ,.r = 325 MeV at m,, = 1368 MeV; Ref.
[40] cites the value of 207 MeV for the full width at one-half maximum (FWHM) with the peak
in the decay channel f,(1370) — 7 at My, (1370) = 1282 MeV — we obtain I'y, zx = 207 MeV at
Mgy, = 1341 MeV and at m,, = 1200 MeV. Let us, however, emphasise that these results suggest
fo(1370) to be predominantly a ss state as we can see from Fig. 9.5. Concretely, results suggest
that fp(1370) is 88% a §s state at m,, = 1368 MeV, 92% a ss state at m,, = 1341 MeV and 89%
a 5s state at mgy, = 1200 MeV. Note that we do not assign error values to our masses because
the errors in our model are determined by errors of experimental data used for our calculations
and no errors were assigned to I (1370)rr in Ref. [40].

As evident from Fig. 9.7, I'sy—rr = 0 for m,, = 1260 MeV, corresponding to m% = —463425
MeV? and thus m,, = 978 MeV (see Fig. 9.2). The reason is that, due to the constraint
mi + M (p% + ¢%) = —463425 MeV? (see Table 8.4), we obtain A\; = 0 for m3 = —463425 MeV?;
consequently, according to Eq. (9.23), one also obtains that the oy - og mixing angle ¢, = 0.
Thus on and og decouple at this point. Usually, this would merely imply that the 27 decay
amplitude Mg,_szx(Mms,), Eq. (9.38), of the (now pure-strange) state oo = og would become
suppressed but it would not necessarily vanish. It could still be non-zero by large- N, suppressed
parameters, in our case A; and h; that appear in A, rr and Bygrr [Egs. (9.31) and (9.32),
respectively]. However, we have set h;y = 0 throughout our calculations (see Table 8.4) and, as
we have just discussed, \; also vanishes at this point. For this reason, Asgrr = 0 = Bygrr and
consequently also My,_srr = 0. Therefore, I'y, s = 0. Note that setting h; # 0 would not
alter the fact that ', vanishes for a certain value of m,,. The reason is the relative minus
sign of the two terms in Mg, .- [see Eq. (9.38)], allowing for a value of ¢, to be found where
they exactly cancel out.

9.1.5 Decay Width 012 -+ KK

The interaction Lagrangian of the pure states oy and og with the kaons, Eq. (6.1), reads:

Lokk = AO—NKKUN(KOI_(O + K K1)+ B(,—NKKUN@MKOB“R’O + BMK_(?“K*')
+ Copkk 00N (KPP K + KPP K® + K~O"KT + KT K ™)
+ Ao os(K°K® + K~K4) + Bygrros(9,K°0"K° + 9, K~ 0" K™)
+ Cogik0u0s(K'O" K + KPO" K + K~ 0" K+ + KTO'K ™)
= ApykkON(K'K’ + K~ KY) + (Byyicic — 2Coy k)N (0, K0P K + 0, K~ 0" KT)
— Coykxon(KPOK? + K'OKY + K-OKT + KTOK ™)
+ Apskkos(K°KY + K~ K) + (Bygxk — 2Coskk)05(0, K 0" K® + 0, K~ 0" K ™)
— Cosxrxos(K'OK® + K'OK® + K"OK" + KTOK ") (9.41)
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with

2
Aoy KK = Z—\/g[)\Q(tﬁs —V2¢n) = 2V2)\16n], (9.42)
2
Boyic = 5 Zkwia[=2 + qor, (o + V20s)] + Z—;wiﬁ[(zhl +ha)én — V2hses],  (943)
ConKK = %Z?(wzq, (9.44)
2
AgsKK = 7[)\2(¢N — 2V2¢5) — 2v2X\1 6], (9.45)

2
B,okk = ?Z?(gﬂﬂm [—2+ grwr, (9N + V2¢5)] + Z—Kw%g [V2(h1 + ha)bs — hadn], (9.46)

V2

V2
CoskKk = > 21w, = V20, KK (9.47)

Let us consider only the 019 — K 00 decay channel (012 — K TK~ will give the same contri-
bution to the full decay width due to the isospin symmetry). As in Eq. (9.34) we obtain from
Egs. (9.17) and (9.41)

Lokk, tul = Loyos, full + LoKK

= %(aMUN)2 + %(auffs)z - %mzN — %mgs + 2,0NCg

+ Aoy kK ONK K? + (Boykk — 2Coy kK )oNO K OOH K

— Coyrron(K°OK° + K°OK")

+ Apsk k0K K® + (Bog ik k — 2Cog ki )0 50, K OM K

— Cpexros(K'OKY + K'OKY). (9.48)

Inserting the inverted Eq. (9.18) into Eq. (9.48), identifying m(71 , from Egs. (9.19) and (9.20)
and z, from Eq. (9.21) and rearranging parameters as in Eq. (9. 35) leads to

1
LoKK, full = 5(8u01)2 - §m¢2710%

+ (Aoy KK COS 9o + Apg kK SID <p(,)alKOR’O
[( onKK — 2CO'NKK) COS Py + (BO'SKK — QCO'SKK) sin ¢0]018MK08“I_(0
— (ConkK COS 05 + CogKK Slncpa)al(KODKO + KODKO)
[

1 1 5 5

+ 5(0 02) 5,02

+ (ApgK K €OS Py — Ay KK SIN 0o ) oo KO KO

+ [(Bogic i — 2Cosk k) €08 95 — (Boy ki — 200y i) S 905|020, K 0" K°
- (C

o KK COS 05 — Cop KK Sin @U)JQ(KODR'O + R’ODKO). (9.49)
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Let us denote the momenta of the two kaons as P; and P». Energy conservation on the vertex
implies P = P, + P, where P denotes the momentum of o1 or og9; given that our particles are
on-shell, we obtain
PP = PP-P - B = mgl—Qm%(‘
2 2
Then the decay amplitudes of the mixed states o1 o read

(9.50)

—iM,, L gogo(Mo,) =i {cos s [Aoykk — (Boykk — 2Coykk)P1 - Po + 20, k k]

2 2
. ms. —2m
+ sin g |:A0'5KK — (BogKkK — QCJSKK)%K + QCJSKKm%(] }
2 2
) ms —2m
=1 {COS Po [AUNKK — (BoyKK — QCUNKK)% + QCO'NKKm%(]
. mgl - 2m%< 2
+singy |Assxk — (Boskk — QCasKK)f +2C, sk kM
(9.51)
and
. . mgz N Qm%( 2
_ZMO'Q*)KORO(mO—Q) =14 COS Qs AO’SKK — (BO'SKK — QCO'SKK)f + QC(,SKKmK
2 2
. ms. — 2m
—sin o |:AO'NKK — (Boyrk — 2CoyKK)—2 5 K 4 QC(,NKKmﬁ(] } :

(9.52)

0’172(P) //

KO(PQ)\ N

Figure 9.8: Decay process 012 — KK,

Finally, taking into account all contributions to the decay widths of the mixed states o1 2, i.e.,
012 — KYK° + K~ K™, we obtain

k(malamK7mK)

Loskr = A2 ’ - Z‘MolﬁKOf(O(mm)‘Qy (9.53)
o1
k(meg,, mi,m )
Poypcrc = P2 MG | g ()2 (9.54)

The decay widths are depicted in Fig. 9.9. The kaon-kaon threshold opens at 981.7 MeV, see
Table 8.5. Therefore, the decay 01 — K K is phase-space suppressed. Nonetheless, these results
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Figure 9.9: I',, ,xx and I's, ki as functions of m,, and m,,, respectively.

suggest that o1 = fp(600) also decays into kaons above the threshold, which is in principle
possible but has not been observed [10]. The results regarding o; are actually more consistent
with the decay fy(980) — KK but an interpretation of o1 as fp(980) is not possible due to the
results in the two-pion channel, see previous subsection 9.1.4 and Fig. 9.7. We can therefore
conclude that a proper determination of I'y, ,xk is not possible if one only considers o1 — we
have to consider results regarding oo — K K as well.

The decay width I'y, xx rises rapidly with m,,. The lowest value is 'y, sk = 171 MeV
at mgy, = 1187 MeV, a value consistent with experiment [124, 170, 253, 259, 260, 261]. Our
analysis of the o9 — 77 decay yielded three values of the m,, where the correspondence with
the decay width fy(1370) — m7 was particularly good: m,, = 1200 MeV, m,, = 1341 MeV and
My, = 1368 MeV. In the 09 — KK channel we obtain I',, ,xx = 240 MeV for m,, = 1200
MeV, I'y, sk x = 1125 MeV for m,, = 1341 MeV and 'y, ,xx = 1281 MeV for m,, = 1368
MeV. (The width rises to I'y, s xx = 2021 MeV for m,, = 1500 MeV.) Thus, there is some
discrepancy between the results in the 0o — 77 and 09 — K K channels, unless one works with

Mgy = 1200 MeV. (9.55)

The latter mass implies m3 = —160233 MeV from Eq. (9.20) leading to

My, = 705 MeV (9.56)

via Eq. (9.19). Consequently, I';,, = fo(600)—s KK = 0 as mg, is below the kaon-kaon decay threshold,
a result in accordance with experimental data and also consistent with the assignment o7 =
f0(600). Note that m,, = 705 MeV also yields 'y, = 305 MeV via Eq. (9.39).

We can also look into results regarding the ratio 'y, s ki /T'sy—nr, see Fig. 9.10. Experimental
data about this ratio are by far inconclusive [99, 140, 188, 262]; we observe 'y, ki /Toy—srr =
1.15 at my, = 1200 MeV, larger than any set of experimental data reported so far. The reason
is the relatively large decay width o9 — KK in fact, we observe from Fig. 9.10 that I'v,rr <
Iy, ki at all values of m,, except for the lowest ones (< 1200 MeV). This would imply that

fo(1370) decays predominantly into kaons, as one would expect from a ss state, but it is clearly
at odds with the data [10].
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Figure 9.10: Ratio 'y, nr/To, ik as function of m,,.

9.1.6 Decay Width 012 — 17

The Lagrangian (6.1) contains only the pure fields oy s and 7y,s; the corresponding interaction

Lagrangian reads:

A c
Conens = ~220n (M4 8 + 168 ) owy - Zhon (M + o) owi
3 2
— §CIZ7TZT]S¢N¢SUN77N775
2 ON 2
+ Zzwa, |91(g1wa, dNn — 1) + 7wa1(h1 + hy — h3)| on(OunN)
h
+ §Z$SW?IS¢NUN(5MS)2 + g1walZ738MaN8“nN77N
1
— (M + XA)Zp dsosnE — Zrds(M + c19)osiy — 5012nZns¢§’stnN775

h
+ Z%Swfls [ﬁgﬂﬂglwﬁsgbg - 1) + wflsqbg <?1 + hy — h3>:| Us(a,unS)Q

h
+ jZfrwil b505(0unn)° + V2q1 22wy, ;0,0 50" 8. (9.57)

As in the case of Lyrr, Eq. (9.27), decays of the pure non-strange state oy — ngns and of the
pure strange state og — nyny are driven by the large-N,. suppressed couplings A1 and hq, see
Eq. (4.52).

Note that the coupling of oy to (9,mn)? in Eq. (9.57) can be transformed in the following way:

Z2wq, [91 (grwe, N — 1) + %Vwal(m + hy — h3)]

= 72w, {w(n |:g%¢N + ¢7N(h1 + hy — hs)} — 91}
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2 2
Eqs. (6.43 mZ. —ms — Lot — 20
as. (¢ )Zi Way | way — L gbs N -0
¢N

2

wy h
Z72r¢—]\; <m§ + 7%% + 25N> : (9.58)

Egs. (6.30)

where we have used wq,m2 /¢n = g1, and that the coupling of og to (9,ns)? in Eq. (9.57) can
be similarly transformed in the following way:

h
ZysWhs [ﬂgﬂﬁglwﬁsés — 1)+ wp, 05 (71 hy - h3>]
hy
Znswﬁs {wﬁs |:2g%¢5 + ¢g ( + ho — >:| \/_91}

2 2
Egs. (6.45) My, — My — _¢N — 20g
- ngwfls (wfls = b5 - \/591

Egs. (6.31)

2
h
~Z2, (;ﬁs <m§ + 71¢?V + 265) , (9.59)

where we have used wflsmffls/(\/ﬁqﬁs) = ¢1. Substituting Egs. (9.58) and (9.59) into Eq. (9.57)
and additionally substituting ny and ng by n and 7’ according to Eqs. (7.17) and (7.18), we
obtain the following form of the interaction Lagrangian:

Loy = AoxmONT + BoymnonN (0um)? + CoymOuon
+ Apgmmasn® + Bogmos(9,m)? + CogmOuosdnm (9.60)

with

A c .
A(,Nm] = —Z72r¢N ()\1 + 72 + c@%) cos? on — ZflsqﬁN ()\1 + %(ﬁ?\;) sin? o
3 .
- ZCIZﬂZns¢?V¢S sin(2¢py)

A
= —¢N {)\1(27% cos® py, + ng sin? ;) + ;Zﬁ cos® ¢y,

Z2 ' 3 .
+c %qb?v sin? on + Z?rqz% cos? on + ZZﬂZnSngqSS Slﬂ(?gon)] } , (9.61)
?1}2 hl h
Bo gy = —Z?r(b—j\; <m% + 7(;5% + 25N> cos? on + = 22 wfISQSN sin? O, (9.62)
Connn = 91Wa, Zﬁ cos? O, (9.63)
. 1 .
Apgmm = —(M1 + )\2)22 $g sin? Py — ZZng()\l + clgb%v) cos? op — chZWZnSgb?V sin(2¢y)
= —\os(Z2 i sin? ¢, + Z2 cos® ) — ng)\QQSS sin? @,
- Zﬂcl¢N |:Z7T¢N¢S COS2 9017 + ZZnsqs?V Sin(23077):| y (964)
w} hy hy
Bogm = =21, ¢IS (m% + 7(]5?\, + 255) sin? @, + — Zfrwglqﬁs cos? ¢y, (9.65)
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CUSW? = \/izgsglwfls Sin2 8077 (966)
As in Eq. (9.34) we obtain from Egs. (9.17) and (9.60)

Earm, full = EaNas,full + Eann
1 2 1 2 1 2 1 2
= 5(({9“0]\7) + 5(8;“75) — §mUN — §mo.s + 2,0NOS
+ 14<TNTIT7O-N772 + BUNnnUN(aun)Q + CUNT]T]aHO-NaMnn

+ Asmosn’ + Bosyos(0un)? + CognyOuosdtm. (9.67)

Substituting o g by 01,2 we obtain

1 1
ﬁonn, full = 5(8M01)2 - §m¢2710'%

(AO'Nrm COS g + Ao'snn sin (po—)0'17’]2
(Bo iy €08 9o 4 Bogyy sin Lpa)al(alm)Q
(Copmm €08 g + Cogyy sin Lpg)aualaunn

1 2 1 2 2
5(0u02)° = 52, 03

2
(Aggny €08 @5 — Agyny sin ¢0)02n2
(Bogny €08 95 — Bgyyy sin apa)@(a,m)?
(Cogmn €08 o — Copmy Sin @) 0,020 11). (9.68)
n(Pr) .
0'172(P) P Ve 7
( AN
n(Pz) >

Figure 9.11: Decay process 01,2 — 1.

Let us set P as momentum of o7 or o9 (depending on the decaying particle) and P, and P»
as the momenta of the n fields. Upon substituting 0# — —iP* for the decaying particles and
o — iP{f o for the decay products, the decay amplitudes of the mixed states o1 2 read

_i-Mm—mn(mfn) = i{cos ‘Po(Aazvrm — Boymbr - P2 + Cffzvnnp )

2 2 2
. ms —2m m
+sins | Aogny — Bogny - 9 1+ Casnnf] }
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Figure 9.12: I';, _,;, and I'5,_,,;, as functions of m,, and mg,, respectively.
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Finally, we obtain the following formulas for the decay widths:

k(me, , my, my)

Fol—mn = 87Tm(271 ‘ - Z.Mﬁl—?Tm(mUl)’Qv
Loaorm = k(m‘;r’::?: 1) |- Z'Mvzﬂnn(m@”%
oo
Toysnn
2.5
2.0
1.5
1.0
0.5
1300 140C 150C 160C 170C 180C

mg,(MeV)

Figure 9.13: Ratio I's, .y /To,—nr as function of m,,.
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The decay widths are shown diagrammatically in Fig. 9.12. As expected, I's, _,;; is suppressed
due to a limited phase space for nn. We observe a strong increase of I'5, ., over the fo(1370)
mass interval (see the right panel in Fig. 9.12). Our results regarding the decay channels o9 — 77
and o9 — KK favour m,, = 1200 MeV for which we obtain I'5,_,,, = 31 MeV.

A plot of I's, 1 /T'5y—7r is shown in Fig. 9.13. There is a discontinuity in the ratio I'e, sy /Toy—smr
at the point m,, = 1260 MeV; for m,, = 1200 MeV we obtain I’UQ_ﬂm/F@_m7r = 0.15, in ac-

cordance with the result I' s 1370y /T f,(1370)—7r = 0.19 £ 0.07 from Ref. [40]. We also observe

that the o9 — KK channel is dominant in comparison with the o9 — nn channel, see Fig. 9.14,

reaffirming the conclusion reached from the comparison of the decays oo — KK and oo — 11

(see Fig. 9.10).

9.2 Decay Amplitude a¢(980) — nm

We have seen in Chapter 8 that a calculation of the parameter hy via the decay width I'y, 40 (980)x
Eq. (8.14), yields two sets of values, a relatively lower and a relatively higher one. In the
U(2) x U(2) version of the model, Sec. 5.2.2, the higher set of hy values was found to be pre-
ferred. Conversely, Fit I in Chapter 8 prefers lower values of ho; in this section we discuss
whether, in that case, it is still possible to obtain a correct value of the a¢(980) — nm decay
amplitude.

The adnr® interaction Lagrangian reads

Lagnr = Aaom\rﬂagnNWO + Baonwﬂagaum\fa“”o + Caomvﬂauag(ﬂoaunN + 77N8u770) + Aaonsﬂag%‘ﬂo
(9.73)

with

1H(rz—)K K

Loyomm

8.0]
7.5
7.0

mg,(MeV)

130C 140C 150C 160C 170C 180C

Figure 9.14: Ratio I's, .k x /T 5,—sy as function of my,.
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Aagnr = (=X2 + c10%) Z2 b, (9.74)

2 4 r2
JiPN 1Z:f
Bagyyn = =2 Tlng - 5%(@ —h3)|, (9.75)
al al
Cagnyr = glwalzza (9.76)
1
Aggngm = §clzﬂZns¢?\f¢S- (9.77)

Substituting ny by ncos ¢, and ng by nsin, [see Egs. (7.17) and (7.18)] we obtain from the
Lagrangian (9.73)

0.0 0 0
Lagnr = Aagny €08 ©nagnT" + Bagpyr €08 @nag0,notn

+ Cagnyr COS @nauag(woa"n + n@“wo) + Agongr Sin cp,]agmro. (9.78)

Consequently, the decay amplitude ./\/lag —pro Teads

| I R P e . B
—ZMagaer (my) =i q cos oy |Aagpyr — Bagnyr 9 + Cagnn a4 (980)
+ sin @y Aggngr ) - (9.79)
Note that we can write Mgo_,, w0 (my) also as
iMoo (M) = —i[cos pp Mo, 70 (M) + sin oy Mo o (M), (9.80)
where
| I T e et D
_ZMag—meO (mn) =1 | Aagnym — Pagnnm ) + aonNT Mg (980) (9.81)
and
—iM a0 s pon (M) = iAagns. (9.82)

In Egs. (9.81) and (9.82), M,o_,, o is obtained only from terms containing 7y in Eq. (9.73)
whereas Mo, 7o is obtained from the adnsm coupling in Eq. (9.73). Note also that M al

~>77N7T0
possesses an analogous form to Eq. (5.63).

All the parameters as well as mg, (9g0), My and my are determined uniquely from the fit and can
be found in Tables 8.4 and 8.5. Consequently, we obtain from Eq. (9.79)

‘ Ma8(980)—>n7r0 (mn) ‘: 3155 MeV. (983)

The value is within experimental data stating Mg n-(m,) = (3330 = 150) MeV [114]. Note that
we have used ¢, = —42°, in accordance with results derived in Step 4 of Chapter 8.
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9.3 Decay Width K}(800) - K=

In this section we turn to the phenomenology of the scalar kaon Kg, assigned to K (800), or &, in
Fit I. The scalar kaon is known to decay into K [10]. The corresponding interaction Lagrangian
from Eq. (6.1) reads (we consider only the neutral component; the other ones possess analogous

forms)

‘CKSKﬂ' = AKSKWKg(KOTFO — \/§K77T+) + BKSKWKg(auKO(?“TFO — \/56“K*6”7r+)
+ Ok s knOp KA(m0M K — V2170, K™) + Dy 0, KI(K00 70 — V2K ~0"nT) (9.84)

with the following coefficients:

Zr Kk ZKg

Agorn = TAWS, (9.85)
YA We, + W
Brgkr = —&walwm B BdN +V2¢s) — 2g) —1 K1 ha(pn + V2¢s) — 2h3dn |
4 Wa, Wi,
(9.86)
YA . . .
Crgkr = %[291(\/5%9110}(*10& bs — W — wre,) — 2V 2ihzwi-wi, ¢, (9.87)
YA . .
Dgokr = —%{gl [2wa, — 2iwgs + ig1we, wi+(3oN — \/§¢5)]

+ i(hy — 2h3) Wi+ Wa, ON — V2ihoW g+ Wa, G5} (9.88)

Note that the coefficients containing the imaginary unit are nonetheless real because wg~, Eq.
(6.33), is imaginary.

Let us focus on the decay Kg — K979 in the following. The contribution of the charged modes
to the decay width is twice the contribution of the neutral modes, as apparent from Eq. (9.84).
(We are changing the charge of the decay products in comparison to the one present in the
interaction Lagrangian. The Lagrangian itself has to be charge-neutral and therefore contains
particles and antiparticles simultaneously; however, decay products are charge-conjugated in the
scattering matrix, see Sec. 2.6). It is then straightforward to calculate the decay amplitude (P,
P, and P» denote momenta of Kg, kaon and pion, respectively, and we substitute O — —iPH
for the decaying particles and 0* — iPl’f 5 for the decay products):

—Z‘MKg_ﬂ(oﬂ,o = i(AKSKﬂ — BKSKwpl Py + CKSKT(P - P+ DKSKT(P . Pg) (989)

Due to energy conservation on the vertex, P = P; + P»; thus we obtain

—Z‘MKg_ﬂ(oﬂo = i[AKSKﬂ—BKSKﬂpl -P2+CKSK7T(P12—i—Pl-PQ)—l-DKSKﬂ—(PQQ—l-Pl PQ)] (990)

Kaons and pions in the decay process are on-shell particles; therefore P? = m%( and P = m2.

Additionally, P - P, = (P? — P{ — P§)/2 = (m}, — mj —m2)/2. Therefore,

2 2 2
)mKS —miy —m3

2

_iMKg%KOﬂ'O =1 AKSKW+(CKSKW+DKSKW_BKSKW

+ Crsrnmik + Drgramy] . (9.91)
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The decay width I'ko_, ,r then reads

k(mKsamK7m7T)

FKg,%KW =3 ’ - Z.MKg%KOWOIQ' (992)

87Tm%(S
Note that all parameters entering Eqs. (9.91) and (9.92) are known from Table 8.4; Zk, wg,,
wg, and wg+ are determined respectively from Egs. (6.51), (6.30), (6.32) and (6.33). Then the
value of I KO K 18 determined uniquely:

The result is close to the value quoted by the PDG: T, = (548 +£24) MeV [10]. The & resonance
is experimentally known to be broad and this finding is reproduced in our model. (Note, however,
that our mg, is approximately by a factor of two larger than my* = 676 MeV, see Table 8.5
and Chapter 8.)

Let us also point out the remarkable influence of the diagonalisation shift, Egs. (6.19) and (6.21)
- (6.25), on this decay width: omitting the shift (w,, = wg+ = wg, = 0), i.e., ignoring mixing
terms from Eq. (6.17), would yield I'jx(g00) 5 = 3 GeV. Consequently, coefficients arising
from the shift [Egs. (9.86) - (9.88)] induce a destructive interference in the Lagrangian (9.84)
decreasing the decay width by approximately a factor of 6.

9.4 Phenomenology of the Vector and Axial-Vector Mesons in Fit 1

An important test of our Fit I derived in Chapter 8 is the phenomenology of the vector and
axial-vector states. In the vector channel, the exact value of I' ). = 149.1 MeV has already
been implemented to determine the parameter g, (see Table 8.4). In principle our model also
allows for the discussion of the phenomenology for the isosinglet vector state wg = ¢(1020).
This state decays into kaons; our Fit I yields m,,, = 870.35 MeV thus implying that no tree-
level calculation of the decay width can be performed as m is below the two-kaon threshold.
Therefore, this state is not well described within Fit I. [Note that decays of the non-strange
vector isosinglet wy cannot be calculated within the model because there are no corresponding
vertices: wy always appears quadratically in the Lagrangian (6.1).] Therefore in this section we
only need to consider the phenomenology of the K* meson to complete the vector phenomenology
(see subsection 9.4.5).

Fit I has also yielded my , = 1643.4 MeV, see Table 8.5. As discussed in Chapter 8, my
is too large when compared to the experimental result m?l(iuo) = (1426.4 £+ 0.9) MeV. The
f1s = f1(1420) resonance decays predominantly into K*K [10]. The corresponding decay width
can be calculated within our model and it will represent an important test of Fit I because

f1(1420) is a sharp resonance with F;TI(JMQO) = (54.9 £+ 2.6) MeV, see subsection 9.4.6. The K
phenomenology is discussed in Sec. 9.4.7. We will, however, begin with the phenomenology of
a1(1260). This state possesses a large decay width [(250 — 600) MeV [10]] with a dominant pm
decay channel. From our model, a;(1260) is expected to be the chiral partner of the p meson
and to become degenerate with this state upon the chiral transition. However, one first needs
to ascertain whether the a1(1260) phenomenology in vacuum can be described correctly from
Fit I. This is discussed in the following subsections 9.4.1 and 9.4.2. The phenomenology of the
axial-vector isosinglet finy = f1(1285) is discussed subsequently in Sec. 9.4.4; as in the case of

f1(1420), only the K*K decay channel can be considered in our model.
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9.4.1 Decay Width @1(1260) — pm in Fit I

The interaction Lagrangian for the decay a;(1260) — pm has the same form as in the U(2) x U(2)
version of the model, Sec. 5.2.7. We can therefore make use of the same formula for Iy, (1260)— pr
as in Eq. (5.94). The decay width depends (among other parameters) on gs; this parameter is
fixed via the decay width ', [Eq. (5.44)] and given that our Fit I yields a relatively large value
of mgy, = 1395.5 MeV, see Table 8.5, then we obtain a value of go = —11.2 for I', - = 149.1
MeV [10] (see Table 8.4). The large magnitude of this parameter influences Ta1(1260)—pr 10 & very
strong way: we obtain I'y, (1260)—pr = 13 GeV for the stated value of go and other parameters
listed in Table 8.4. In fact, we would require ga 2 10 for Ty (1260)—pr to have values within

~

the PDG interval (250 — 600) MeV [10], see Fig. 9.15. Note that integrating over the p spectral
function, just as in Sec. 2.6.2, yields the decay width of ~ 11 GeV — again unphysically large.

I'a,- pr(MeV)
3000
2500
2000
1500
1000

500

10 15 20 92

Figure 9.15: ', (1260)—p~ as function of go in Fit 1.

Our fit determines all parameter values uniquely and therefore we do not have a possibility to
fine-tune Iy, (1260)—pr; the only exception arises by changing I',7r to increase g2 and conse-
quently decrease Iy, (1260)—pn (n0te, however, that the experimental uncertainty regarding I'y s rr
is actually very small: £0.8 MeV [10]). Consequent changes in I'a1(1260)—pr are depicted in Fig.
9.16.
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Figure 9.16: 'y, (1260) s as function of I'y 7.
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We can see from Fig. 9.16 that 'y, (1260)—pr < 600 MeV only if I'y,7r < 38 MeV, more than
100 MeV smaller than the physical value of I'y_srr = 149.1 MeV [10]. Alternatively, increasing
Iy rr also leads to a very strong increase of Iy, (1260)—pr With 'y (1260)—pr > 1 GeV already at
I'psrn =~ 44 MeV. Therefore, we observe a strong tension between the decays in the non-strange
vector and axial-vector channels — it is not possible to obtain correct decay width values in both
channels at the same time as either the decay p — 77 is subdominant [and Iy, (1260)—x Within
the physical range] or the decay p — 77 is correctly described but the channel a;(1260) — pr is
virtually dissolved in the continuum.

9.4.2 Decay Width a1(1260) — f¢(600)7 in Fit I

Unlike the case of the a;(1260) — pm decay, the interaction Lagrangian for the process a;(1260) —
f0(600) with fo(600) = o7 is slightly different than in the U(2) x U(2) version of the model,
Sec. 5.2.6:

0 0 0 _0 0 0
Loyor = Agyonral oNOuT + Bajoyn0h T OuoN + Agyognay o50,T (9.94)

with the following coefficients:

Agyoyr = Zr [91(—1 + 2g1Wa, &) + (h1 + ho — h3)wa, On], (9.95)
BalaNW = ngna (996)
Aalasw - h1Z7rwa1 (bS- (997)

It is necessary to substitute the pure states oy and og by the mixed states o7 and o9 in Eq.
(9.94); we are considering only the decay a1(1260) — o7 and thus it suffices to perform the
substitutions ony — cos p,01 and og — sin p,09:

. 0 0
Loyor = (Aayonn €08 0o + Aayosr SN o, )al 01(%770 + Bayoyr COS ppaf 7T08M0'17 (9.98)

where ¢, is the oy-0g mixing angle, Eq. (9.23). The interaction Lagrangian from Eq. (9.98)
possesses an analogous form to the one presented in Eq. (2.192), with the latter describing a
generic decay of an axial-vector state A into a scalar S and a pseudoscalar P. Thus we can
use the generic formula for the decay width from Eq. (2.201) upon substituting A <> a1, S<>o1,
P &, Augp © Aaioym €08 0o + Agiogrsing, and A gp <> Bajoyr cosps. We consequently
obtain I'y, (1260)—0,~ as shown in Fig. 9.17.

We observe from Fig. 9.17 that I'y, (1260)—0, » Tapidly decreases with the available phase space.
The exact value of I'y (1260)—q,~ 1S therefore strongly dependent on my,; e.g., we obtain the
result 'y, (1260)=0,r = 21 MeV for m,, = 705 MeV [our best value of mg,, see Eq. (9.56)].
Nonetheless, these results show I'y, (1260)—0,x 10 be suppressed in comparison with I'y (1260)—pr
and qualitatively similar to the values in Scenario I of the U(2) x U(2) version of the model.

9.4.3 Decay Width @¢1(1260) - K*K — KK in Fit I

The corresponding interaction Lagrangian is a feature of the U(3) x U(3) version of the model.
The Lagrangian reads
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Figure 9.17: 'y (1260)—0,~ as function of m,, .

Loykrx = AalK*Ka’fO(K;OR’O +K,"K")
+ BY @0, K — 0, K00 K° + (0, K}~ — 0,K;7)0" K]

+0"a{* (K" 9,K° — K}°9,K° + K}~ 0, K" — K9, K™)] + h.c. (9.99)

with the following coefficients:

1

Awi ki = =7 7K [g%(?mbzv — V2¢3) + ha(on — V2hs) — 2h3on |, (9.100)
1

Bakx = =5 ZK 920K (9.101)
1

Cok+K = —5ZK2WK; - (9.102)

We can now consider results from Sec. 2.6.2 where a generic decay of an axial-vector into a vector
and pseudoscalar was considered. The decay a; — K*K is tree-level forbidden because a; is
below the K*K threshold. However, if an off-shell K™* state is considered then the ensuing decay
a; = K*K — KK can be studied. We can therefore use Eq. (2.190) as formula for the decay
width (the isospin factor is I = 4) and integrate over the K* spectral function in Eq. (2.189).
The value of the K* decay width used in the spectral function is given further below, in Eq.
(9.124). We obtain

F(n—)f(*K—)f(Kw — 197 Gev (9103)

The decay is strongly enhanced for the same reasons as in the previousy discussed a;(1260)
channels.

9.4.4 Decay Width f;(1285) — K*K in Fit I

The finy = f1(1285) meson is the non-strange axial-vector isosinglet state, i.e., the isospin-zero
partner of the a;(1260) resonance. These two resonances are degenerate in our model [see Eq.
(6.43)] given that the model implements the isospin symmetry exactly.
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There are two decays of the f;(1285) resonance that can be calculated from the U(3) x U(3)
version of our model: a decay involving non-strange states, f1(1285) — a¢(980)7, and a decay
into kaons, f1(1285) — K*K. The former decay width has already been utilised to calculate
the parameter ho in Fit I, see Chapter 7 and Eq. (8.14); therefore, this decay width corresponds
exactly to the experimental value Tt (1285)—aq(980)r = 8.748 MeV (see Table 8.5). The latter
decay width is discussed in this section. The PDG actually lists the f;(1285) — K*K process
as "not seen” although the three-body decay f1(1285) — KK possesses a branching ratio of
(9.0+0.4)%; the full decay width of the resonance is I'f, (1285 = (24.341.1) MeV [10]. The stated
three-body decay can, within our model, arise from the sequential decay f1(1285) — K*K —
K K. Therefore, in this section, we discuss implications of the interaction Lagrangian for the
f1(1285) — K*K decay.

The finyK*K interaction Lagrangian from Eq. (6.1) reads

Lpyirk =Ap ok finEKPK + KiTK™ — KK — KK
+ Bk k [in(0.K — 0, K00 K + (0,K)" — 0,K;T)0" K~
—(0,K5" = 0, K}V K® — (8,K); — 9, K, 7)0" K]
+ Cpyior k0 fiy(K0,KY — K320, K° + K3t 0,K~ — K} 0,K~
- K}'9,K° + K}°0,K° — K}~ 0,K* + K}~ 0,K™) (9.104)

with the following coefficients:

]
Apnrew = 12K [g?(?)qbzv — V2¢5) + ha(én — V2¢s) — 2haon | (9.105)
]
Bpykkx = 5ZK92Wk: (9.106)
]
CryKK = —§ZK92U/K1- (9.107)

Let us now turn to the decay process fig — K**K from Eq. (9.104); other decay processes from
Eq. (9.104) will be considered by an appropriate isospin factor. Let us denote the momenta of
fin, f(;o and K9 as P, P; and P». The decay process involves two vector states: fiy and K*. We
therefore have to consider the corresponding polarisation vectors labelled as s,(f‘) (P) for fin and
61(,6) (Py) for K*. Then, upon substituting 0* — —iP* for the decaying particle and 0 — iP{fQ for
the decay products, we obtain the following Lorentz-invariant finK*°K? scattering amplitude

s (avﬁ) .
_ZMle—J(*OKO'
_iM;?fLR*O w0 =M (P )(Pl)h}‘fN oo = e (Pl (Py)
x {Ap ykr k9" + By (P{' Py — (P1 - P2)g""]
+Chyik (P P2)g" — Py PY]} (9.108)
with

W geogo = H{Anykexg" + [Bpykox(PL P — (Pr - P)g™]
+Cf ki [(P - Po)g" — Py P"]}, (9.109)
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where h;fN oo denotes the fINK*OKY vertex. We observe that the form of the vertex in
Eq. (9.109) is analogous to that of the ajpm vertex of Eq. (5.88). Therefore we can use the
formulas for the a;(1260) — pr decay amplitude and decay width to calculate I'y, ., g«x (nat-
urally, upon substitution of corresponding coefficients: Ay, ,r — Af vk Ks Baypr — Bpiyk+K,
Carpr = —Cy yK*K); an isospin factor of four has to be considered to account for the decays
fin = KYK° KOK*0 K** K~ and K*~ K+. Note that all parameters entering the coefficients
Ap kK> Bp ki and Cy g+ in Egs. (9.105) - (9.107) are known from Table 8.4; mass values
can be found in Table 8.5.

The decay fin — K*K is actually tree-level forbidden if one considers the physical masses
of the three resonances concerned: m?f?mss;) = (1281.8 £ 0.6) MeV < miY+ my%" because
mar = (891.66 £ 0.26) MeV and m%" = (493.677 £ 0.016) MeV. However, our Fit I yields
Mg, = 1396 MeV and given that (due to the isospin invariance of our model) my, ,, = Mg, , then
the tree-level decay fiy — K*K is nonetheless kinematically allowed. The problem is that the
value of the parameter go = —11.2 possesses a rather large modulus that with all other parameter

values leads to

A similar problem was present in Sec. 9.4.1; let us again try to remedy the issue by varying
I'y—rr to decrease go.
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Figure 9.18: I'y | _¢ (1285) &+ k as function of I'y_y 7.

As apparent from Fig. 9.18, obtaining reasonable values of I'y, |, g (expected to be < (2.240.1)
MeV from the PDG branching ratio for f1(1285) — K K stated at the beginning of this section)
would require I')_rr ~ 20 MeV, clearly at odds with experiment [10]. Note that the same
holds if one integrates over the spectral function of the K* meson (as in Sec. 2.6.2): we obtain
Lp ik kin = 198 GeV and, again, Tpnr ~ 20 MeV for Ty g gren < 2 MeV to
be true. Thus Fit I yields kaon decay widths of the f;(1285) resonance that are three orders of
magnitude larger than suggested by experimental data.

158



9.4.5 Decay Width K* — K in Fit 1

In this section we describe the phenomenology of the vector kaon K*, the strange counterpart of
the p state present in our model. Our K* state is assigned to K*(892). This resonance decays
to ~ 100% into Kr [10].

The K**Kr interaction Lagrangian from Eq. (6.1) reads

Lirkr = A a0 (PP KO — V21t 0" K7) + Broo e K (K°0"7° — V2K~ ')
+ CrrcnO K0 (0" K07 70 — V20" K~ 0" rt)
+ Cler pen Oy KX (07007 K© — V20Mn P 0V K ™)
+ Afer g KO(mP0P KO — V217 0" K) + B jo o K3O(K°0M7° — V2K T 017
+ Clerpen Oy KX (OM K0 7 — V20M KT 0" m™)
+ O ny K0 (0" 700" K° — V20! n~ 9V K ) (9.111)

with the following coefficients:

i

ARk = 5ZnZK [gl(x/?glwm% -1) - x/ihng1¢s] , (9.112)
i

Bicrkn = 1 2x 2K [291 + W, (=397 — ha + 2h3)dN + V2w, (67 + hg)qﬁg] , (9.113)
i

Ckrkn = 542K Wa, WK, g2- (9.114)

The interaction Lagrangian containing K** is analogous to the Lagrangian presented in Eq.
(9.111). Note that the Lagrangian in Eq. (9.111) contains not only the parameter combinations
Ag+iry Brrgr and Cg« g but also their complex conjugates. This is necessary to ascertain that
the Lagrangian is hermitian; indeed we obtain E}(* kr = LK+Kx upon substituting Ag«p. —
Ajesgemr Birkr = Biesgers Crokn = Clongers K30 = K3°, KO - KO Kt - K-, 7t w77 In
the following we will focus only on the decay K*¥ — K the corresponding decay of K*¥ yields
the same result due to isospin symmetry (as do the corresponding K** decays).

The calculation of I'«o_, i requires knowledge of decay widths in two distinct channels: K*0 —
K79 and K** — K*7~. (Note the changed charges for the decay products, as in Sec. 9.3). As
apparent from Eq. (9.111), these differ by a factor of two: I'gso_, gt~ = 2T gs0_,gor0. Then
T g0 gor = 3T kw0, g00. Let us therefore calculate the decay width for the process K*0 — K070,
We denote the momenta of K*, w and K as P, P, and Ps, respectively. K; is a vector state for

which we have to consider the polarisation vector 6;(?) (P). Then, upon substituting 0* — —iP*

for the decaying particle and 0 — inf 5 for the decay products, we obtain the following Lorentz-

(a)

invariant K* K7 scattering amplitude —iM from the Lagrangian (9.111):

For0_y 00
_Z.Mﬁ?ZOHKOTFO = el (P) s o = =i (P) { A ien PY' + B icn Pl + Crco e [PY (P - Py)
— PP P)]} (9.115)
with
B icr = —{ Ak kn Py 4+ Biegn Pl + Creeien [Py (P - PL) — PI(P - Py}, (9.116)
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where h“K* . denotes the K *Km vertex.

It will be necessary to determine the square of the scattering amplitude in order to calculate the

decay width. Given that the scattering amplitude in Eq. (9.115) depends on the polarisation

vector affé)(P), it is necessary to calculate the average of the amplitude for all values of Efla) (P).

This has already been performed in Sec. 5.2.1 for the decay p — 7m; we can calculate | —

iMgero_sgopo|* in accordance with Eq. (5.37). We first calculate the squared vertex (R )

using Eq. (9.115):

(Wirren)® = Afcx i + Bicegenmia + Cheper[PY (P - P) — PI'(P - By))?
+ 2Agkx Brr kP Py + 2450 kxCror k[P - Prmie — (Py- Py)(P - Py))]
+ 2BrskrCroicrn[(Pr - P2)(P - Py) — P Pym?]. (9.117)

Additionally, again from Eq. (9.115):

(P kr)” = Akskn Bk + B icnEx + ChocnEx (P - P1) — Ex(P - P))?
+ 2Ag g Bir kn Ex B + 24k kxCrcr ikn[(P - P E — ExE (P - Py)]
+ 2B+ k7 Crcirn|ExExc (P - Py) — (P - Py)E2]. (9.118)

From Egs. (5.37), (9.117) and (9.118) we obtain

| = i€ gosol? = 3 {(Aee s+ Bl sen W2, misc, )
+ Chogen (R (mice, m, ma ) [(P - P1)? + (P - P2)?)
—2(P-P)(P-P)(E,Ex — P, - P)}
+ 245 kxBrrkr(ExEx — P1 - Py)
+ 24k knCror i [K2(mpcs,mp, mg )P - Pl — (P - Py)(ExEx — Py - Py)]
+ 2B+ knCroicrn|(P - P)(ErEg — Pp - Py) — k*(mg~,mp, my) (P - Py)]}

1
= 3 {Ak ki + Bicon + Choieal(P - P1)* + (P P)’]

+2Ck+kx|Arrin(P - P1) — Biegen(P - P Y2 (mges, mpc, my)
+2{Ax+krBr+kn — Ciorgen(P - P1)(P - P2) + Cgrin(BrognP - Py
— AP - PO)YErEx — Py - P)} . (9.119)

Note that Eq. (9.119) can also be written in a slightly different, but equivalent, manner. To this
end, note that the vertex A, . from Eq. (9.116) can be transformed as

Wiceren = —[Ar kx Py + Brorgn Py + Croeren(mis Ex Py’ — mpes Ec PY')]
= _(BK*KW — CK*KﬂmK*EK)Plﬂ — (AK*KW + CK*KﬂmK*Eﬂ)P;. (9120)
Inserting Eq. (9.120) into Eq. (5.37) yields
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1

| — iM o ggopo]* = g{_[(BK*Kw — Crrgnmics B )Pl + (Ageien + Cree enmipcs B ) Py
1
+ —5—[(Br+rx — Crerami+Er ) P P
m2..
+ (Agr i + Cioecnmpcs Br ) Py PP} (9.121)

Using P, - P = mg+«E; and P, - P = mg+Ex we obtain from Eq. (9.121)

e 1
| — iMpceo_, gogo|® = g[(BK*Kw — Crrrenmi B )? + (Axeicn + Crerenmipcs B )2
— 2(Agrer + Creesenmipcs B ) (Broeker — Cree enmipe B )R (mcs , mic, miy)

1
= g[AK*Kw — Brekcn + Crersenmics (Br + Ex ) 2K (mges, myg, ma )

1
= g(AK*KW — BK*KT( + CK*Kﬂm%(*)2k2(mK*, mpg, mﬂ—). (9122)

Using Eq. (9.122) — or, equivalently, Eq. (9.119) — we obtain the following formula for I" gvo_, o 0:

k(mc _
(mc ’mQK’m”)| — iMero_, oo, (9.123)
8Tm,.

Lo sgr =3

where we have used the already discussed equality I'g«o_, jrr = 3 gxo_, go,0.

Note that all parameters entering Eq. (9.123), i.e., Egs. (9.112) - (9.114) and (9.122), have been
determined uniquely from our Fit I, see Table 8.4. Therefore we can calculate the value of the
decay width immediately and obtain

T g0y icr = 32.8 MeV. (9.124)

The experimental value reads I';Y |, ;- = 46.2 MeV [10]. Therefore, the value obtained within

Fit I is by approximately 13 MeV (or 30%) too small.

9.4.6 Decay Width f;(1420) — K*K in Fit I

The f1(1420) = f15 resonance represents a sharp peak in the K*K channel with a mass of

m?l(?l@o) = (1426.4 + 0.9) MeV and width F;T%QO) = (54.9 + 2.6) MeV [10]. (There are also

other decay channels for this resonance but they are subdominant.) As discussed in Chapter 8,
Fit I yields a rather large value of my, (1490) = 1643.4 MeV, see Table 8.5. In this section we

address the question whether a value of I ¢, (1420) close to the experimental value I’?lq(ol 420) €N be
obtained, thus improving the f;(1420) phenomenology in Fit I.
The f1sK*K interaction Lagrangian from Eq. (6.1) reads
Lrsrr = Ap s fls(KK + KiTK™ — KK — K"K

+ B ik [ls[(00 K5 — 0,K5°)0"K° + (0, K77 — 0, K1) 0" K~

— (0K} — 0, K"K — (0,K}~ — 0, K7 )0" K]

+ Crgiox 0 flg(K3P0, K — K20, K + K}T0,K~ — KJT0, K~

- K}00,K° + K}*0,K° — K}"9, K" + K}~ 9,K™") (9.125)
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with

i
Apsirr = 77K |53 (V20n — 665) + V2ha(én — V265) + 4hsos] (9.126)
i
Bpskkx = —EZKQWJKU (9.127)
i
Chskei = 5ZKGUEK:- (9.128)

The Lagrangian (9.125) allows us to calculate the decay width for the process fig — K*0K©.
Let us denote the momenta of fig, I_(ZO and KV as P, P, and P,. Two vector states are involved
in the decay process: fig and K; As in Sec. 9.4.4, we consider the corresponding polarisation
vectors labelled as 6&0[) (P) for fi1s and e (P1) for K. Then substituting # — —iP* the for
decaying particle and 0% — iPl’f , for the decay products, we obtain the following f;5K**K?°

scattering amplitude —z./\/l;?fl fvogco from the Lagrangian (9.125):
—iME) oo = e (PYED (PR 0 = el (P)ED (P)
< {Ap sk g™ + [Bisix (P Py — (P - P2)g™]
+Chsrk[(P - Po)g" — Py PY]} (9.129)
with
WY orco = 1 {A ek k9™ + Braicic(PLPY — (Pi - Py)g
+Chsrrk[(P - Po)g"” — Py P"]}, (9.130)
where héﬁls w00 denotes the fis K*OK? vertex. The vertex in Eq. (9.130) is analogous to the

appr vertex of Eq. (5.88). Therefore we can use the formulas for the a;(1260) — pm decay
amplitude and decay width to calculate I'y ., g«g. The corresponding coefficients in the two
vertices have to be substituted: Ay, pr — Af sk*Ks Baipr = Bpsk+i, Capr — —Cfgk+Kk and
an isospin factor of four has to be considered to account for the decays fig — K*°K% K9K*0,
K*TK~ and K*~ K*. However, as in Sec. 9.4.4, the large modulus of the parameter gy = —11.2
(see Table 8.4) leads to

Lj ik = 17.6 GeV. (9.131)

This value is in stark contrast to the one reported by the PDG: I’jffl(ol s00) = (54.9 & 2.6) MeV.
Therefore Fit I, where the scalar meson states are assumed to be under 1 GeV, yields a very
poor phenomenology of the strange axial-vector isosinglet: my 1420y = 1643.4 MeV is by ap-
proximately 200 MeV too large and I'y ., g+ = 17.6 GeV is unphysical (as it is two orders of
magnitude too large). Note that we have obtained similarly large values of Lo (1260)—pr ~ 13
GeV in Sec. 9.4.1 and of 'y, /g e & 2 GeV in Sec. 9.4.4, again due to the large value of gs.
Analogously to considerations in the mentioned sections, let us vary I',_,.r to examine the
corresponding change of 'y, gvx, as I'yyrr determines go uniquely.

We observe from Fig. 9.19 that I'y, ., g« corresponds to F;TI(OMQO) = (54.9 £ 2.6) MeV only if
I'y—rr ~ 30 MeV. Thus we would require I', ., that is approximately 120 MeV smaller than
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Figure 9.19: I'y . — ¢ (1490)— g+ as function of 'y 7.

Fg’fm. Consequently, there is tension between I' Flsm KK and I',,r as it is not possible to

obtain physical values simultaneously for both decay widths. This problem is analogous to the
one described in Sec. 9.4.1 for 'y, 1260y, and in Sec. 9.4.4 for I'y . g« and represents an
additional difficulty for Fit I.

9.4.7 K; Decays in Fit 1

We have seen at the end of Chapter 8 that Fit I yields myg, = 1520 MeV, a value that is
significantly larger than the mass of the resonance K;(1270) to which our K state was assigned
in Sec. 6.2. For this reason, we have reassigned our K state to K;(1400) because the mass of
this resonance [m g, (1400) = (1403 £ 7) MeV] corresponds better to the value of mg, obtained
from our Fit I. In this section we discuss whether it is possible to obtain a correct value for the
decay width of the K field [the experimental result reads I' g (1400) = (174 £ 13) MeV]. To this
end, we will consider all hadronic decays of K7(1400) that can be calculated within our model:
K1(1400) — K*m, pK and wK.

We present the relevant interaction Lagrangians in a single equation:

L, = Aryreen K1 (B0 = V27
+ Byscon { KEO [ (0,0 = 0,K20) 070 = V2 (9,5 — 0,K;) 9|
+0' KL (K 0,m" = K;°0,m%) = V2 (K- 0n* — Km0, ||
+ Ao K1 (WRE = V20l )
+ Bripk {Kfo {((9,,,02 - 6“,02) K’ — ‘/5 (&,p:[ - aupj) ayKi}
+0 KL [ (000, K ~ oo, K°) V2 (pf 0K~ ~ o,k 7)| |
+ AKleKKfOWNuKO + Briwy K {Kfo (Opwny — Ouwny) K

+0" K1 (wnu0u K = wnu, K°) | (9.132)
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with

7

AKlK*TK’ = EZW(hB - g%)nga (9133)
BKlK*T( — —%anﬂﬂal, (9134)
Akipic = 221 |76 + V205) = ha(éx = V25) — 2haow | (9.135)
7
Br,px = §ZK92U)K17 (9.136)
AKjwnk = —%ZK[Q%WN +V2¢5) — ha(dn — V20¢s) — 2hson], (9.137)
)
Br wyk = _§ZK927UK1- (9.138)

We observe from Eq. (9.132) that the interaction Lagrangians for the decay processes K) —
K979 K — pPK? and KY — wy K" possess the same form:

Ly, = A, K{"V?P°
+ By, [K{‘O 0,V — 9,V0) 9 P° + 0" K1 (V09, P° — V,?@VPO)} : (9.139)

where AK1 = {AK1K*7T’AK1PK’AK1WNK}’ Bg, = {BK1K*7T’BK1PK’BK1MNK}’ VM = {K;apﬂ’
wnu} and P = {m,K}. Let us therefore consider a generic decay process of the form K; —
VOPO [if applicable, the contribution of the decays into charged modes to the full decay width
will be larger by a factor of two than the contribution of the neutral modes, see Eq. (9.132)].

To this end, we denote the momenta of K, V and P as P, P; and P, respectively. The stated
decay process involves two vector states: K7 and V. As in Sec. 2.6.2, we have to consider
the corresponding polarisation vectors; let us denote them as s,(f‘) (P) for K; and eP) (Py) for
V. Consequently, upon substituting 0* — —iP* for the decaying particle and o* — iP{f 9
for the decay products, we obtain the following Lorentz-invariant K;V P scattering amplitude

y (C\{,ﬁ) .
M o po
—iMED o = D (PYED (PR = il (PP (1)
x A, 9" + Bi, [Pl'Py + Py'P” — (Py - Py)g"" — (P - Py)g"] (9.140)
with
W vp = 11AK 9" + B, [PI'Py + Py'PY — (Py- P) g™ — (P~ Py)g" ]}, (9.141)
where h‘;(yl VP denotes the K,V P vertex.

The vertex of Eq. (9.141) corresponds to the vertex of Eq. (2.183). We can therefore utilise the
decay width formula derived in Sec. 2.6.2 for a generic decay of an axial-vector state into a vector
and a pseudoscalar state. Setting A, 5 = Ak, and B, p = B, in the Lagrangian (2.181) we
obtain from Eq. (2.188)

k(mKl’mVamP) ’

Y _ 12
87Tm%(1 — ZMK1—>VOPO (9142)

FKl—)VP - I
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Figure 9.20: ', . g+~ as function of I'j_ 7.

with the isospin factor I = 3 for K1 — K*7 and K; — pK and I = 1 for K1 - wK — as
apparent from Eq. (9.132), the decay width into charged modes (if applicable) will be larger by
a factor of two than the decay width into neutral modes.

We turn now to the discussion of results for the three decays in Eq. (9.132).

Decay Width K; — K*m

In this case we set V0 = K* and P =7 in Eq. (9.142). Given that all parameters entering Eqs.
(9.133) and (9.134) are known from Table 8.4, we consequently obtain the following value of the
decay width

PK1—>K*7T =6.73 GeV. (9.143)

This decay width suffers from the same issues as the decay widths in Sections 9.4.1, 9.4.4 and
9.4.6: if we vary I',_,rr to ascertain whether I'x, g+ can be sufficiently decreased, then the
dependence in Fig. 9.20 is obtained. It is apparent from Fig. 9.20 that I',_,» would have to be
decreased by approximately 120 MeV for I'x (1400)— x+x = (164 £ 16) MeV [10] to be obtained.
The value in Eq. (9.143) is thus by an order of magnitude too large.

Decay Width K; — pK

As in the case of I',  g+7, We use the parameter values from Table 8.4 to calculate the coefficients
in Egs. (9.135) and (9.136). Again, there is no freedom to adjust parameters as they are uniquely
determined from the fit. We obtain from Eq. (9.142)

Tk, i = 4.77 GeV. (9.144)

This value is of the same order of magnitude as the one in Eq. (9.143), and equally unphysical.
Additionally, the value in Eq. (9.144) cannot be sufficiently decreased to 'y, (1400)—px = (2.1+
1.1) MeV [10] unless I',,rx =~ 25 MeV, see Fig. 9.21. The value of Eq. (9.144) is thus by three
orders of magnitude too large.
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Figure 9.21: ', _,,x as function of Iy 7.

Decay Width K; - wn K

Similarly to the previous two K decays, we obtain from Egs. (9.137), (9.138) and (9.142) and
Table 8.4:

FKl_mJNK = 1.59 GeV. (9.145)

This value is also dramatically larger than the physical value I'g, (1400)»wx = (1.7 £ 1.7) MeV
[10]. The large value of ', ., i is decreased to the physical value of the K (1400) decay width
in this channel only if I'y_,-r ~ 25 MeV is considered, see Fig. 9.22. The value of Eq. (9.145) is
thus by three orders of magnitude too large.

r Kl—)wN K (Mev)
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1000r
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: . . . . N (MeV)
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Figure 9.22: I'x, _,,,, x as function of I' 7.

The K; phenomenology is therefore very poorly described in Fit I. Combined results of Egs.
(9.143), (9.144) and (9.145) suggest that the full decay width of the K;(1400) resonance should
be ~ 10 GeV, two orders of magnitude larger than the experimental value I'g (1490) = (174 +13)
MeV [10]. Such a resonance would then not be observable in the physical spectrum. These
results are consequently another indication that the fit with the scalar states below 1 GeV is not
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favoured.

Let us also note that the stated results for the decay widths I'g, s xer, I, —px and T, ok
would all require similar values of I,z ~ (25—30) MeV. This in turn implies that g» ~ 14 would
be needed for the K;(1400) decays to be described properly, see Fig. 9.23. On the other hand,
g2 = —11.2 used throughout this chapter is obtained under the condition that I',_.;r = 149.1
MeV = I';%:+. We thus have go with the needed modulus, but the sign of go leads to the
mentioned bad results regarding the K7(1400) decay width.

. . . . . T (MeV)
40 60 80 100 120 140 ponz

—10F

Figure 9.23: Parameter g, as function of I',_, .

Let us nonetheless consider 77 scattering lengths as well, just as in Scenario I of the U(2) x U(2)
version of the model.

9.5 Pion-Pion Scattering Lengths

In this section we calculate the w7 scattering lengths at threshold, analogously to the calculation
already performed in the two-flavour version of the model (see Sec. 5.2.8). The main difference to
the calculation in the two-flavour case lies in the fact that now the inclusion of an additional (pure
strange) scalar isosinglet og generates an additional mixed (and predominantly strange) scalar
isosinglet field (o2) that in principle also influences the 77 scattering. Note that an explicit
calculation of the mm scattering terms yields no further contributing terms other than those
already mentioned here and in Sec. 5.2.8 — i.e., "pure” 77 scattering (contact scattering) and
scattering via virtual o and p mesons. The former are represented only by ox in the two-flavour
version of the model and by o012 in the current version of the model. Therefore, we have to
modify the 77 scattering amplitude to include the contribution from the additional scalar field.
This is implemented by considering the onm Lagrangian L, Eq. (9.27), and substituting the
pure fields oy g by the mixed fields oy 2. To this end, let us rewrite L, in the following way:

Lorr = (Agprr €OS 05 + Aggrn Sin <p(,)017r2 + By yrr COS P01 (3u7")2 + Copmr COS o7 - O
+ (—AoyrrSin s + Aggrr COS <p(,)027r2 — By rrsin wgag(auﬂ')Q — CopyrrSingyoom - O
(9.146)
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with Ao yrrs Boyrr, Coyrr ad Aggrr from Egs. (9.28) - (9.31); for simplicity, we have also
made use of Byorr ~ h1 =0, Eq. (9.32).

Then we obtain the following contribution from the the wmo vertex to the scattering amplitude
M (the calculation is analogous to the one described in Ref. [220]):

Mor(s,tyu) ~ —i 5“b50d[—2m3rCaN7m COS Yo + By yrr COS gpg(2m72r —5) + 2(Aoprr COS Pp

1

+ Ay onrSin @0)]27
S s —m2,

— jacsbd [—2m3rC(,N7m COS Y5 + By nr COS Lpg(2m72T —t) + 2(Agynr COS Pg

1

2
t—m3,

+ Aggrrsin @0)]2

— iéadébc[—QmiC(mm COS Y5 + By ar COS Lpg(2m72r —u) + 2(Agy7r COS Qg

1

2
u—mg,

+ Ay grrsin apa)]2

— 5 sed [2m72rC'U]\,7T7r Sin ¢, — By ynr i <p(,(2m7zr —8) + 2(Asgnr COS Py

1

— Agrr Sin <p(,)]27
N s —m2,

— g yacgbd [2m72TC'JN7T7r sin @, — By yrr Sin gpg(2m72r — 1) + 2(Aogrr COS Yo

1

— Ay orSin @U)]Qi
N — mg2

- i6ad5bc[2miCoNW sin @, — By yrr Sin gpg(2m72r —u) + 2(Asgrr COS P

1

—m2
u—mg,

— Agyrr Sin gpg)]Q (9.147)

Let us now rewrite the w7 scattering amplitude of Egs. (5.97) in the following way [we substitute
Ayrr and Brr present in Eqgs. (5.98) - (5.100) by terms in Egs. (5.31) and (5.32)]:

Mer(s, t,u) = 1676 {(9? — h3)Zpwy, s — 2 <>\1 + %) Zp = (h1 + ha + hg) Zzw (s — 2m3)

—[—2m72rC'UN7r7T COS Y5 + By rr COS 300(277172r —5) + 2(Agyrr COS Po
1

AO’ T i o 27
e
— [ngrC'UN7r7T sin o — By yrr Sin goo(Qm?T —5) + 2(Asgrr COS Yo
1

~Aawmmsin o)l T

2
t uU— S
+z3 [91(1 — Q1Way ON) + h3we, ON — gow? ]

agl 4 m/%
4 5 ul2 t—s
+Z, [91(1 — G1Wa, ON) + h3We, ON — gowg, ﬂ -

L igeeghd {(gf — h3) Zjw2 t — 2 ()\1 + %) Z% — (h1 + ho + h3) Z2w? (t — 2m2)
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—[—merC'UNmT COS g + By rr COS gpg(2m72r —t) + 2(Aopyrr COS P45
1

. 2
+Aggrr sin Vo)) W

— [2m3rC’U]\,7T7r Sin ¢, — By yar Sin 4,0(,-(2m3r —t) + 2(Aogrr COS Qo

—Agymr Sin gpg)]2ﬁ
+74 [91(1 — G1Wa, ON) + hawa, dN — gowy, f} Pl
T 12) s— m%
+z3 {91(1 — G1Wa, ON) + hawae, dn — gow?, ﬁ] Pt }
20 u—m2

. A
L gadgbe {(gf — h3) Ziwz u —2 ()\1 + ;) Zy — (h1 + ho + hg) Zyw? (u—2m2)

—[—2m3rC(,N7m COS Y5 + By pmr COS 4,0(,-(2m72T —u) + 2(Agyrr COS Yo

1

+AO’57T7T Sin QOO-)]2 m

— [2m72rCUN7T7r Sin ¢, — Boyrr i 4,0(,-(2m72r —u) + 2(Asgrr COS Py
1

—A sin @y )] ———
ONTT o w— mgQ

$12 t—u
+z4 {91(1 — §1Wq, N ) + hawa, N — 9271%2“ 5}

2
t S —u
+Z7% |:gl(]~ - glwa1¢N) + hgwal(ﬁN - gngl §:| 2 }

= 105 A(s, t,u) + 1096 A(t, u, s) + 1096 A(u, s, t). (9.148)

We can now consider the three components of the scattering amplitude at threshold.

T %ay

A
A(s,t,0)|s—amz = A(g} — h3) Zjw? m2 — 2 ()\1 + ;) ZE —2(hy + ho + h3) Z2w? m?2
1
4m2 —mZ,
1
4m2 —mZ,

- 4[(BO'N7T7T + Conr)mgr COS Yy — (AO'Nﬂ'T(' Cos Y, + AO’STHT sin @0)]2

—4[(Boyrr + C'(,Nm)m?r sin @y + (Aggrr €08 @5 — Agprr sin gpa)]Q
2 2 9 m2

+ 8[91 Z7r(1 — J1Weq,y ¢N) + hBwaal ¢N] m_g (9149)
p

Using Eq. (6.30) we can transform the last line of Eq. (9.149) in the following way:

2 42 2 242
91¢N Mg, — 91¢N Eq. (6.48) 1
1 —giwa, oy =1 — = = —
ai 31 mgl Z72r
2 2 291¢?\[
= 9127(1 = 1wa, oN) + h3Zzwa, dn = g1 + h3 Z7=—
mal
2 2
Eq. (6.58) 1 9 Mg, 9 o M,
= 1 - Zi| =9 Z 9.150
91 [ + vy (mp 72 | =% ", ( )
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and thus we obtain

A(8,t, ) gmamz = 4(g7 — ha) Zpw], m2 — 2 <A1 2 ) Z2 = 2(hy + hy + hg) Ziwy, m?

. 1
- 4[(B0N7r7r + CUN7l'7T)m72T COS P — (AUNWW COS Yo + 14‘757"7T st SDJ)]QM
. . 1
- 4[(BO'N7T7T + CO'N7r7T)m72r SIn Yo + (Aasmr COS Y5 — AUN7r7r S ‘100)]24 2 2
mr — mog
2,2
mam
4 8g2ZA s (9.151)
al
We also obtain
)\ 4 1Mz m%
A(t,u, 3)‘5:4m% ==2\M+—=|Z,+ 2(h1 + ho + hg)Zﬂwalm - 4g12
al
2 1

+ 4[(Boyrr — CUNWW)mi €08 Y5 + (Agymr COS Yo + Aggrr sin oy )] p—

o1

1
+ 4[(Copnr — BUNWT)m?T sin @y + (Aggrr COS P — Agpyrr S gpa)]2—2 (9.152)
m

g2

and

A(u, s,1) |s=4m3r = A(t, u, 5)|s=4m3r : (9.153)
We can now calculate the scattering lengths. We already know from Sec. 5.2.8 that

TO’s:zlmgr = 327Ta8‘s=4m3r - 3A(37 t, U)’s=4m2r + A(t7 u, 3)’s=4m2r + A(u7 S, t)‘s=4m3r : (9'154)

‘We then obtain

T %ay

Ao
327‘(@0‘5 am2 = 12( hg)Z w m — 10 <)\1 + 5 ) Z4 — 2(h1 + ho + hg)ZﬂwalmQ

) 1
+ 12[(BO'N7T7T + CO'N7r7T)m72r COS Yo — (AO'N7T7T COS Yo + Aasmr S @U)]Qﬁ
mg, —4mz
. . 1
+12[(Byynn + Coynr)M2 sin 0y + (Aggrr €08 95 — Appnn Sin@y)]? 5 5
oo 4m7r
. 1
+ 8[(BO'N7T7T - CUNﬂw)mgr COS Qo + (AO'NWT( COS Yo + Aasmr sSm @0)]2m—2
g1
. . 1
+ 8[(Copmn — BUNM)mfr Sin @, + (Aggrr COS Qo — Agynr Sin c;)a)]Qm—2
02
2,,2
2 4 MMy
+ 1697 Zn—". (9.155)

Similarly to Eq. (9.33), let us note that the linear combination By rr+Csyrr can be transformed
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in the following way:

Bq. (630) 597 ON ( 5.9 ¢N N
™

BUN7r7r + CaNmr P)

al al

2 hi+hy —h
- U (ot 4 o+ 20 g )

ai

2
giON
= (2m2, +m7), (9.156)

al

2 h
Ea. (643) zggl"jN (—3m21 +m, —m}— Sk - 25N> = 72

a1
where we have used hy = 0 = dy, and also that the linear combination By, rr — Copnr can be

written in this way:

Eq. (6.30)

2 2 42 2
2 91PN 919N  h1+ha —hs 9%
Boure = Coer "0 220 (14 S0 4 By

2
— 7290 (—mil + gioN + 7%)
ail
2 h 2
Ea. (643) 5 916N (_m% g 25N> _ _Zggﬁng, (9.157)

™ 4
mal al

al

Then, using Eqs. (9.28), (9.31), (9.156) and (9.157), we obtain from Eq. (9.155):

2,2
7Tmp

A
327aQ|s—amz = [1297 — 2(h1 + ha) — 14hs) Zgw] m3 — 10 ()\1 - ;) Zd+16g2 72 —
al

i
+ 12Z;‘; [91 4N (2m(211 + m%) m72r coS Yo — A1(PN oS s + g sin v, )
@

A2¢ ]2 1
—ZoNCOS Yy | ——
2 m2 — 4m2

2
+ 12Z;‘; [gl(iN (2m(211 + m%) m72r sin p, — A1 (¢ sin g, — g cos py)

al

Ay ] 2
——¢nsinp,| 5
2 m2, — 4m2

2
A 1
+ 822 [91@\7 mim?2 cos @ + M (N Cos 0y + g sin gy ) + 72¢N cos Lpg} e
al g1
2
A 1
+ 872 91¢N mim?2 sin @, + A1 (ON sin @, — G5 cos Py ) + —2¢N sing, | —5-
a1 2 mag
(9.158)
and finally the following formula for the S-wave, isospin-zero 77 scattering length ay:
Z4 3 7 5) )\2 1 m2 m2
aQ|s—amz = 7” { [59% (hl + ha) — —hs] 2 m2 — T <>\1 + 7) +39 91 Zy malp

3 [¢2on '
+§ [g;ji (2 62“ + m%) mgr cos g — A1 (PN oS s + g sinp,)
a

A 21
——=¢nN cos —
g PN O8Pe m2, —4m?2
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1 g%(ﬁN 2 9 . . Ao . 2
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(9.159)

Given that T = A(t,u, s)— A(u, s,t), we obtain T = 0 at threshold because of A(t, u, 8)|s=amz =

A(u, 8,t)|s—am2 [see Eq. (9.153)]. Therefore,

1 _
ag = 0.

(9.160)

We now turn to the calculation of the S-wave, isospin-two 7m scattering length ag. As already

known from Sec. 5.2.8,

112‘5:47712r = A(ta U, 8)‘5:47712r + A(u, s,1) ’5:47713r

or in other words

T’2|s:4m3r = 2A(ta u, 5)|s:4m$r
because of Eq. (9.153). Given that
327{.0’3 = T2’8:4m2‘.7

we consequently obtain

16ma3 = A(t, u, 8)|s=dmz2 -
Then substituting Eqgs. (9.28), (9.31) and (9.157) into Eq. (9.152) implies
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A
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ai o1
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. : A 1
+ 422 [971n¢N mimZsin o, + M (¢ sinp, — g cos @y) + 72(751\7 Sin 4,0(,—]

al 02

Finally, we obtain
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We observe from of Egs. (9.159) and (9.166) that the mm scattering lengths now depend on two
scalar masses (m,, and m,,) unlike in the two-flavour version of the model where the dependence

was only on one scalar mass (m,, ). Both scattering lengths are depicted as functions of m,, in
Fig. 9.24.

ag(m;)

ag(m;)
0.18( —0.043¢
0.17¢ —0.044(
0.17( —0.044]
0.165] -0.0447
500 600 700 800 900 100C me.(MeV) 500 600 700 800 900 100C 110%1 o (MeV)

Figure 9.24: Pion-pion scattering lengths from Fit I. We do not indicate the NA48/2 error bands [43]
because a (left panel) is completely outside the NA48/2 interval aj = 0.218 & 0.020 and a3 (left panel)
is completely within the NA48/2 interval a3 = —0.0457 + 0.0125. The latter is true because the NA48/2
result possesses large errors and our a3 barely changes with m,,.

We observe that the obtained values of the isospin-zero scattering length af are smaller than those
in Scenario I of the two-flavour model as well as those reported by the NA48/2 Collaboration
[43]. The largest value of this scattering length is a) = 0.184, obtained for m,, = 456 MeV [note
that this is the smallest value of m,,, determined by the condition m3 = 0, see Eq. (9.25)]. The
scattering length a2 is within the NA48/2 results.

We can therefore conclude that, as in Scenario I of the two-flavour version of the model, it is
not possible to obtain satisfying results for scattering lengths as well as scalar decay widths
simultaneously: the decay widths 'y, srr and 'y, r possess very good values respectively for
Mg, = 705 MeV and m,, = 1200 MeV [see Egs. (9.56) and (9.55) and Fig. 9.7]; however, the
same is not true for ad = 0.165 that is outside the NA48/2 interval reading aJ = 0.218 & 0.020
although a% = —0.0442 is within the respective NA48/2 interval (that is, however, rather broad:
ag = —0.0457 £ 0.0125 [43]). Note that the discrepancy with the NA48/2 result becomes even
larger if the isospin-exact values of ag M = 0.244 +0.020 and ag D = 0.0385 +0.0125 from Sec.
5.3.4 are considered. Therefore, our Fit I yields the reverse situation to that of Scenario I in the
U(2) x U(2) version of the model where we were able to describe the scattering lengths correctly
but the oy decay width was too small. Nonetheless, it is apparent that the scattering lengths
still require the existence of a light scalar meson as they saturate for large values of my, .

Note that it is possible to obtain the already-known results for the scattering lengths within the
Ny = 2 model in Scenario I. Setting the oy-0g mixing angle ¢, = 0 and considering the limit
Mgy, — 00 leads to the diagrams already depicted in Scenario I of the two-flavour version of
the model (see Fig. 5.4) once the parameter values have been adjusted to those from the stated
scenario.

A different limit is obtained from our Fit I by artificially decoupling o3 (i.e., setting m,, — 00)
but still allowing for m,, and ¢, to change simultaneously with m3 [see Egs. (9.19) and (9.23)].
In this limit, ¢, is not fixed to zero. We observe that the correspondence of the scattering
lengths to data is in this case very much spoiled. Acceptable values of a% are obtained only in a
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small range of 960 MeV < m,, < 994 MeV while a) < 0.161 for all values of m,,, see Fig. 9.25.
In the case of a) with two scalar resonances, Fig. 9.24, the values of a) were relatively larger
for relatively smaller values of m,, whereas here, in the one-resonance case, the dependence of
scattering lengths on m,, gains a parabolic form and therefore peaks in a limited m,, interval.
The scattering length a8 then continues to decrease with decreasing m,, until the contribution of
the pole term 1/(m2, —4m?) becomes sufficiently large and forces af) to rise again (this, however,
happens only for m,, ~ 300 MeV, i.e., mg > 0, according to Fig. 9.2 — we do not represent this
value of m,, in Fig. 9.25 and thus do not see an increase of a8 there); ag possesses no pole at

threshold and therefore retains a parabolic form until m,, = 0.
2ima) ai(mz)

—-0.035
0.224

—-0.04Q
0.2¢

—-0.045
0.18

-0.05(¢

0.14l —-0.055

me,(MeV
960 970 980 990 wooc" 7MY 960 970 980 990 Tooc" o (MeV)

Figure 9.25: Scattering lengths a) and a3 as functions of m,, in the limit m,, — co. The shaded area
on the left panel represents the NA48/2 result regarding af [43]; the entire right panel represents the a3
interval from NA48/2.

We can thus conclude that artificially removing oo from the w7 scattering worsens the correspon-
dence with the NA48/2 results considerably although, given the relatively large values of my,
[see Eq. (9.26)], one would have expected that the contribution of oy to the scattering lengths
is suppressed. Nonetheless, the scattering lengths depend decisively on the scalar masses — as
already mentioned, they saturate for large values of the masses (see Fig. 9.24). Our Fit II will
be developed under the assumption that the scalar I = 1/2 and I = 1 states are above 1 GeV

yielding my, , > 1 GeV as well (see Sec. 11.1.1). Our combined analysis in Sec. 11.1.5 will sub-
(FIT II) (FIT II)

sequently yield mg, = 1310 MeV and mg, = 1606 MeV. This implies that there needs
to be no calculation of scattering lengths in Fit II because the scattering lengths will be in their
respective Weinberg limits [236]: ag(FIT 0~ 0.158, ag(FIT '~ _0.0448.

9.6 Conclusions from Fit with Scalars below 1 GeV

In the previous sections we have addressed the question whether it is possible to obtain a rea-
sonable phenomenology of mesons in vacuum under the assumption that scalar gq states possess
energies below 1 GeV. To this end, we have looked for a fit (labelled Fit I) incorporating the
masses of 7w, K, n, n',p, K*, wg = ¢(1020), a1, K1, fis = f1(1420), decay widths I'g, 7~y
and Ty, 40980y, as well as the masses of the scalar states ap and Kg assigned to ao(980)
and K(800) = k, respectively. We have not included any scalar isosinglet masses into the fit in
order to let these masses remain a prediction of the fit.
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We summarise the main conclusions of the fit as follows:
e It is possible to find a fit; masses entering the fit are well described except

e m, = 1128.7 MeV, almost by a factor of two larger than the corresponding PDG value
[10] (but the k resonance is very broad),

e m,, = 1395.5 MeV, approximately 170 MeV larger than the corresponding PDG value
ma,’ = 1230 MeV [but the a;(1260) resonance is also broad and the PDG mass is
only an educated guess],

e my, = 1520 MeV, approximately 250 MeV larger than the mass of K1(1270); however,
assigning our K field to the (broad) resonance K7(1400) yields the stated result for
my, acceptable,

e my, = 870.35 MeV, approximately 150 MeV less than mfpx(liozo) = 1019.46 MeV and
my,s = 1643.4 MeV, approximately 220 MeV larger than m?lq(JMQO) = 1426.4 MeV —
this in particular represents a problem because ¢(1020) and f;(1420) are rather sharp
resonances.

Additionally, Ty, _ry = 0.369 MeV is outside the experimental interval I'q;%, - = 0.640 +
0.246 MeV [10].

e It is not possible to assign the two mixed scalar isosinglets o (predominantly non-strange)
and o9 (predominantly strange) to measured resonances if one considers only their masses
because m,, and m,, vary in rather large intervals: 456 MeV < m,, < 1139 MeV and 1187
MeV < m,, < 2268 MeV. (Interval boundaries are determined by the conditions mZ < 0
and my, < mgg.) Therefore, an analysis of scalar decay widths is called for.

e We obtain satisfying results in the decay channels 012 — 77 and 012 — KK if we set
My, = 705 MeV and m,, = 1200 MeV leading to 'y, rr = 305 MeV and 'y, = 207
MeV in the former and I'y, sk = 0 and 'y, sk x = 240 MeV in the latter channel. This
allows us to assign o1 to fp(600) and o9 to fo(1370); T'yy—rr was chosen such that it
corresponds to I' ¢ (1370)rr = 207 MeV from Ref. [40]. Consequently, we interpret fy(600)
as a predominantly non-strange gq state while f,(1370) is interpreted as a predominantly
strange quarkonium. The results also suggest, however, that f,(1370) should predominantly
decay into kaons (as 'y, ki /Tsy—rr = 1.15) — not surprising for a strange quarkonium
but clearly at odds with experimental data [10].

e Satisfying results are obtained in the 012 — 11 decay channel: m,, = 705 MeV yields
o = 0 (as expected) and m,, = 1200 MeV yields I'y, _,,, = 31 MeV (also in line
with expectations). Additionally, one obtains Iy, /T's,—nr = 0.15, in accordance with
the result I (1370)=mn /T fo(1370)—7r = 0.19 £+ 0.07 from Ref. [40]. However, the ratio
Loy ki /Tos—nn > 1 again suggests that f(1370) should decay predominantly into kaons,
problematic from the experimental point of view.

e We obtain T’ Ky (300)—Kr = 490 MeV, a satisfying result predicting a broad scalar kaon
resonance in accordance with the PDG data [10]. However, the mass of the resonance is
Mics(so0) = 1128.7 MeV, and thus larger than m??(soo) = 676 MeV by a factor of two.

0
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e The decay amplitude a(980) — nm is within experimental data.

e For the scattering lengths, we obtain a) < 0.184 for all values of my,; aJ is thus below

NA48/2 results [43]. Contrarily, the scattering length a2 is within the NA48/2 results
(that, for this scattering length, possess rather large uncertainties). We can therefore
conclude that Fit I does not allow for scattering lengths as well as scalar decay widths
to be described simultaneously: although we obtain satisfying values for the decay widths
'y, —nr and I'p,—y7r, the same is not true for a8. Nonetheless, the scattering lengths still
require the existence of a light scalar meson because they saturate for large values of my, .

e Additionally, the phenomenology in the vector and axial-vector channels is not well de-
scribed.

exp

o I'r k7 = 32.8 MeV whereas experimental data suggest I}, . = 46.2 MeV [10].

e The decay width Ty, (1260)—,r depends (among others) on the parameter gs, fixed via
Lpsnr. A calculation of 'y, (1260)—spr then yields values of more than 10 GeV if we
set I'psrr = 149.1 MeV (as suggested by the PDG [10]). Alternatively, if one forces
Ia1(1260)—pr < 600 MeV to comply with the data, then I',,7» < 38 MeV is obtained
— a value that is approximately 100 MeV less than the experimental result. We also
obtain I' ), geg s gr = 1.97 GeV.

e Analogous statements are true for f1(1285) and f1(1420). Fit Iyields I'y, (1o85), g+ =
2.15 GeV for T'prr = 149.1 MeV; the physical value T'y qo55) 5+ S 2 MeV is
obtained only for I',,zx ~ 20 MeV. The fit also yields I'y, (1490)— g = 18 GeV for
I'pssrr = 149.1 MeV with the physical value I'f, (1490), g+ = 54.9 MeV obtained for
I'psrr ~ 27 MeV.

e The phenomenology of the K7(1400) meson is described as poorly as the a1(1260)
phenomenology. Combined results in the decay channels K;(1400) — K*m, pK and
wkK suggest that the full decay width of the K7 (1400) resonance should be ~ 10 GeV,
two orders of magnitude larger than the experimental value I'g (1400) = (174 £ 13)
MeV [10]. The decay widths Tk (1400)5,x = 4.77 GeV and Tk (1400)50x = 1.59
GeV are three orders of magnitude larger than their respective experimental values

F(;?F(l400)—>pK == (21i11) MeV and F(;?f)(1400)—>wK == (17i17) MeV, FK1(1400)—)K*7T ==
6.73 GeV is an order of magnitude larger than F?F(IZLOO)%K*W = (164 £ 16) MeV. In

fact, the only piece of K;(1400) experimental data correctly described in Fit I is
represented by the fact that K;(1400) — K*m is found to be the dominant decay
channel of this resonance; all other results are not compatible with the data.

Thus we cannot accommodate a correct (axial-)vector phenomenology within the fit: either
a1(1260), f1(1285), f1(1420) and K;(1400) are too broad [~ (1 —10) GeV] or the p meson
is too narrow (< 40 MeV).

Then the fit results, and thus the assumption of scalar gg states below 1 GeV, are extremely
problematic.
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10. Fit II: Scalars above 1 GeV

In this chapter we look for a fit of meson masses (labelled Fit II) assuming that scalar gq states
have masses above 1 GeV and discuss the ensuing phenomenology. We will consequently be able
to draw comparative conclusions with regard to results obtained from Fit I where, conversely,
scalar qq states were assigned to resonances below 1 GeV.

The formal structure of Fit I1 is very similar to that of Fit I. We have already described in Chapter
6 how the initial set of 18 parameters in the Lagrangian (6.1) is reduced to seven unknowns:
Zny Zi, m3, ha, 8s, g and m + A1 (¢% + ¢%). In order to implement Fit II, we make use of
16 equations: for my, my, mry, = MEx(1430) > Mag = Mag(1450)5 My My [the latter two via Egs.
(7.20) and (7.21) from my, and myg], my, MK, Myg, May, MKy, Mpyg, Daysay and Lo 1450
as well as Eqgs. (7.3) and (7.4), the latter two for Zx. Thus, in this fit our fields ag and Kg
are assigned respectively to ag(1450) and Kj(1430), i.e., to states above 1 GeV. Conversely, this
means that now we are working with the assumption that ao(1450) and K(1430) are gq states.
Consequently, in Fit II there are no states from our model that are assigned to the resonances
ap(980) and k; these resonances could be introduced into our model only as additional fields,
such as, for example, tetraquarks [194]. Note that there may also exist mixing in the isotriplet
channel between a(980) and ao(1450). The mixing is, however, small [211] and can be neglected.
As mentioned previously, Fit II will require knowledge of the full ay(1450) decay width. The
corresponding formulas are discussed in the following section.

10.1 Full decay width of a(1450)

Experimental data [10] suggest that ag(1450) possesses six decay channels: into mn, 7/, KK,
wrrr, ap(980)7m and 7. The latter two are poorly known and suppressed; we therefore omit these
two decay channels from our considerations. The remaining decay channels can be calculated
directly from our model as follows:

e The decay width I'y(1450)—7y is obtained from the interaction Lagrangian (9.73) as de-
scribed in Sec. 9.2 by assigning our a field to ag(1450). We use the following formula for
the decay width:

k(mao(1450) y My M)

3 | — iMa8(1450)~>777r0 (mn)|2 (10.1)
ao(1450)

Fa8(1450)~>177r0 = STm

with M0 (1450) 50 (M) from Eq. (9.79).

e The decay width I'y)(1450)—my 15 also obtained from the interaction Lagrangian (9.73).
Analogously to Eq. (9.80) we obtain for the decay amplitude

—iM 0 (1450) 70 (My ) = —i[cos Mo o (muy) — sinpp Mo, no(myy)] (10.2)
with Mgo_,, o and Mo, o respectively from Eqgs. (9.81) and (9.82). Then the decay

width is calculated as

k(Maq(1450) s Moy s M)

2
8TME (1450

L9 (1450) 0 = | — iM49(1450) -y 0 (). (10.3)
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e The a8K K interaction Lagrangian obtained from Eq. (6.1) has the following form:

Look i = Aarra)(K°KY — K~ K1) + By rag(9, K0 K° — 9, K~ 9"K™)

+ Cooxk k0uad(KPOH KO + KPO'K® — K~ 0Kt — KTo'K ™) (10.4)
with
2
AaoKK - §A2ZIQ((\/§¢N - ng)’ (105)
2 1 w%ﬁ
Bakk = Zk § G1WK, [1 - 591WK1(¢N +V2¢5)| — 5 (ha¢n — V2h3¢s) o,  (10.6)
CQOKK = —%ZIQ(U)KI. (10.7)

We observe that the Lagrangian in Eq. (10.4) possesses the same form as L,k from Eq.
(9.41). Therefore, analogously to the calculation performed in Sec. 9.1.5 we obtain

k(Mg (1450) MK MK)

2
Amme 50

L1450y 5K K& = | = iMagaaso k7l (10.8)

where we have considered an isospin factor of two for the decays a(1450) — K°K° and
ad(1450) — K~ K*. The decay amplitude —iM 9 (1450) sk & Teads

My (11450)
. . a (1450 2
—iMgas0) k& =~ Aar i = Bagkx | =5 — M

+ CaoKKm20(1450)} - (10.9)

e The decay width I'y(1450)swrr I8 calculated via the sequential decay ag(1450) — wp —
wrm. The interaction Lagrangian is already known from Scenario II of the two-flavour
version of our model, Eq. (5.121); the formula for the decay width Iy (1450)—wp—swmrr 19
stated in Eq. (5.123).

e The full decay width of the ap(1450) resonance is obtained from Egs. (10.1), (10.3), (10.8)
and (5.123):

Pa0(1450) = Pa8(1450)—>n7r0 + Fa8(1450)—>n’7r0 + Fa8(1450)—>Kf( + Pa0(1450)—>wp—>w7r7r' (10.10)

The experimental value of this decay width is 'y (1450) = (265 £ 13) MeV [10].

10.2 Implementation of Fit 11

Analogously to our calculations in Chapter 8, we look for a fit satisfying the following equations
(experimental central values from the PDG [10]; no consideration of experimental uncertainties
at this point):
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A
z2 [mo + M (0% + 0%) + 22¢ } (139.57 MeV)? = m2, (10.11)
2 | 2 2 2 o ¢N¢s 2 2
Zes [mg + M (0% + 95) + A (éN @\V/?S + ¢S>] = (1425 MeV)? = mics (1.430); (10.13)
3
mi + A (S + 68) + Shadhy = (1474 MeV)* = ml 1450, (10.14)
A
228+ M6k + 08) + P + achol| eost g,
2 2 2 2 2 Qﬁ\f s 2
+ Zy |mi + Aoy + d35) + Mg + C1 | STy
Zs Zn B
+ 01 =T 330 sin(20,)) = (547.853 MeV)? = ,7, (10.15)
Zz [m% +A1(Sh + 0%) + fqb%v + cm%vd%} sin® g
2 2 2 2 2 (b;l\/ 2
+ Zyo |mi + Aoy + d35) + A2 + c1=,~ | cos” oy
Z Z 3 2 2
— o =L ossin(2p,) = (957.78 MeV)? = m.), (10.16)
mi + (ha + h3)¢2N = (775.49 MeV)? = m?, (10.17)
mi + giox + (ha — h3)¢N = (1230 MeV)? = m? , (10.18)
¢N ¢2 2 2
mi +6s + (g7 + hz) T(hg. —gh)onos + (g7 + hg) = (891.66 MeV)? = m3.,
(10.19)
2 2 (bN 2 ¢% _ 2 2
mi +6s + (g7 + ho) o T 7( — h3)dnos + (g7 + h2) 5= (1272 MeV)? = my, (10.20)
m? + 265 + (hg + h3) % = (1019.455 MeV)* = m? _, (10.21)
mi + 205 + 297 ¢% + (ha — hs) % = (1426.4 MeV)® = m7, _, (10.22)
e? 9 My 2]
o6 (Zn - Dmg, [1— (mm) =0.640 MeV =Ty, 7, (10.23)

Fa8(1450)~>177r0 + Fa8(1450)~>17/7r0 + Fa8(1450)%Kf( + Fao(1450)—>p7r—>w7r7r = 265 MeV = Fa0(1450)’

(10.24)

as well as the Zx Eqgs. (7.3) and (7.4). Note that also in this fit we set hy = 0 = dy; that
c1 = ci1(py) from Eq. (7.24) and that we also use ¢y = Zx fr (fr = 92.4 MeV), ¢5 = Zrfx/ V2
(fx = 155.5/v/2 MeV), g1 from Eq. (6.57), hs from Eq. (6.58), Zx, from Eq. (6.51) and Z,,

from Eq. (6.50).

Now we can make use of the same four-step procedure described in Chapter 8 to ascertain whether

an acceptable fit can be found.
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Step 1. We first consider the first four equations entering the fit, i.e., Egs. (10.11) - (10.14)
that depend only on four variables: Z,, Zx, Ao and m% + Al(qﬁ?\, + gz%) As in Fit I, we set
Mma, = mg," = 1230 MeV and mg+ = m$Y = 891.66 MeV [10] in order for the renormalisation
coefficient Zx ¢ to be calculated. We again find that Zx  changes only minutely with m,, and
mp~ and therefore the exact values of these two masses are at this point not of great importance.
We thus obtain a system of four equations (10.11) - (10.14) with four unknowns that can be
solved exactly; we obtain the following parameter values:

Z. = 0.36
Zx = 0.47
Ay = 1860

mg + A\ (¢% + %) = —856580 MeV?,

Unfortunately, this set of solutions cannot be used further as it implies Z, < 1 and Zx < 1,
a condition that by the definitions of these renormalisation coefficients [Eqgs. (6.48) and (6.49)]
cannot be fulfilled as otherwise either g7 < 0 or ¢%; < 0 [in Eq. (6.48)] and (¢n +v2¢5)% < 0 [in
Eq. (6.49)] would have to be true. We do not consider an imaginary scalar-vector coupling g; or
imaginary condensates ¢ g — therefore, we have to work for alternative (approximate) solutions
for Egs. (10.11) - (10.14). We then obtain the parameter values shown in Table 10.1.

Parameter Value Observable | Value [MeV]
/. 1.66 My 138.65
A% 1.515 M 497.96
)\2 89.7 ma0(1450) 1452
mg + M (¢% + ¢5) | —1044148 MeV? | m(1430) 1550

! !
Table 10.1: Best solutions of Egs. (10.11) - (10.14) under the conditions Z, > 1, Zx > 1.

The value of m, is larger than the PDG value due to the pattern of explicit symmetry breaking
that in our model makes strange mesons approximately 100 MeV (~ strange-quark mass) heavier
than their non-strange counterparts. We also note that the K(1430) resonance is rather broad
[F?(? (1430) = (270 £ 80) MeV] and therefore a deviation of 100 MeV exhibited by m g is not too
large.

Additionally, 'y, 7y = 0.628 MeV is obtained from the parameter values in Table 10.1, within
the interval T'g,% -, = (0.640 £ 0.246) MeV cited by the PDG [10]. This is in contrast to the

corresponding result in Fit I where we obtained I'y, -y = 0.322 MeV (see Table 8.1).

Step 2. We now look for values of m,, mq,, mx+, myg, mg, and my ¢ that lead to the pairwise
equality of the three Zx formulas, Eqgs. (7.3) and (7.4). We use the already known values of Z,
and Zx from Table 10.1 and also the PDG values of all mentioned (axial-)vector masses except
ma, [because the value cited by the PDG is merely an educated guess and also because a;(1260)
is a rather broad resonance]. As in Fit I, it is not possible to equate pairwise the Zx formulas in
Egs. (7.3) and (7.4) if we use the PDG values of the masses. A numerical analysis demonstrates
that Egs. (7.3) and (7.4) are fulfilled if the following mass values are used:
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Mg, = 1219 MeV, m, = 775.49 MeV, mg+ = 916.52 MeV,
Mg = 1036.90 MeV, mg, = 1343 MeV, my , = 1457.0 MeV. (10.25)

Steps 3 and 4. The (axial-)vector fit parameters can now be determined in such a way that the
mass values determined by the three Zx formulas are reproduced. The total decay width of
ap(1450), Eq. (10.10), allow us in principle to determine the value of parameter ho, if all other
parameters entering Eq. (10.10) are known, i.e., if the parameters Z., Zx, A, g1, hs and ¢; have
been determined. The parameters Z,, Zx and Ao are known from Table 10.1; g; and hg can be
calculated from m, and m,, via Egs. (6.57) and (6.58). As already discussed in Chapter 6, the
parameter ¢; influences only the phenomenology of 1 and 7; these two fields appear in two of the
ap(1450) decay channels and for that reason we first have to determine the value of ¢; before the
value of hy can be calculated. This is performed using the mass terms for n and n/, Eqgs. (10.15)
and (10.16). We substitute ¢ by ¢, Eq. (7.24) and use the parameter values from Table 10.1
as well as the mass values from Eqgs. (10.25). A subsequent analysis yields m, = 523.20 MeV,
m,y = 957.78 MeV and consequently ¢, = —43.9°. Therefore, as in Fit I, it is possible to exactly
obtain the experimental value of m,y, but not of m,,, due to the condition that ¢, <| 45° | which
is necessary to ascertain m,, < m,q. (Enforcing m, = m;® would require ¢, >| 45° | and
would spoil the result for m,y.) Then Eq. (7.24) yields ¢; = 0.00063 MeV 2.

Consequently, all parameters entering the formula for the full decay width of ay(1450), see Eq.
(10.10), are known; we obtain hy = —0.736 from the condition Tag(1450) = 265 MeV. The value
of ho is considerably smaller than in Fit I that yielded ho = 40.6. The best values of the two
remaining parameter values (m and dg), obtained from the (axial-)vector mass formulas in Egs.
(6.42) - (6.47) and mass values in Egs. (10.25), read m; = 762 MeV and g = 4852 MeV?2.
Table 10.2 shows the cumulated results for all parameters from Fit I1.

Parameter Value Parameter Value
Zr 1.66 g1, Eq. (6.57) 6.35
Zx 1.515 g2, Bq. (5.44) 3.07
A 89.7 hs, Eq. (6.58) 2.56
mi 4+ M (% + %) | —1044148 MeV? | hoy, Eq. (6.35) | 1.072 - 10% MeV?
my 762 MeV hos, Eq. (6.39) | 3.388 - 107 MeV?
ds 4852 MeV? hq 0
ho —0.736 SN 0
a1 0.00063 MeV 2 93,4,5,6 0

Table 10.2: Cumulated best values of parameters from Fit II.

Table 10.3 shows the cumulated results for all observables from Fit II. We observe that all mass
values stemming from Fit IT are within 3% of their respective experimental values, with three
exceptions: my, Mk (1430) and mg, .

We have already noted that the value of m,, reproduced by our fit cannot correspond exactly
exp

to the experimental value m;, "~ = 547.85 MeV as this would require ¢, >| 45° | and thus also
My > Myg. The values of m,, and m,, present in Table 10.3 imply ¢, = —43.9°; it is therefore
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Observable | Our Value [MeV] | Experimental Value [MeV]
My 138.65 139.57
mi 497.96 493.68

Mg (1450) 1452 1474

mK5(1430) 1550 1425
my 523.20 547.85
My 957.78 957.78
myp 775.49 775.49
May 1219 1230
M+ 916.52 891.66

Mg 1036.90 1019.46

M, 1343 1272

My 1457.0 1426 4
oy omy 0.622 0.640
T 0 (1450) 265 265

Table 10.3: Cumulated values of observables from Fit IT (experimental uncertainties omitted).

possible to (marginally) decrease ¢, to —45° and obtain a slightly larger value of m,, (but still
smaller than m;™"). Then, however, the result for m,y would be spoiled. We will therefore work

with the values of m,, and My as stated in Table 10.3.

We have also already noted that the value of m K (1430) from Table 10.3 is larger than the corre-
sponding PDG value due to the pattern of explicit symmetry breaking that in our model made
K(1430) approximately 100 MeV (=~ strange-quark mass) heavier than its non-strange counter-
part, ag(1450). The K(1430) resonance also possesses a decay width of approximately 270 MeV
and therefore the stated deviation of m K (1430) from experiment is acceptable.

We observe from Table 10.3 that the value of mg, is approximately 70 MeV larger than m g, (1270)
= 1272 MeV [10]. It is, however, approximately, 60 MeV smaller than m g, (1400) = 1403 MeV [10].
Both mentioned resonances are rather broad [['g, (1270) = (90 4= 20) MeV; T'g (1400) = (174 +13)
MeV]. Therefore, the field K from our model can in principle be assigned to either of them.
However, a more plausible explanation is that our K3 field is a mixture of the two physical fields
K1(1270) and K;(1400) — or, in other words, that the physical resonances K;(1270) and K;(1400)
are mixtures of the field K7 from our model and an additional field currently not present in our
model. We discuss this possibility in Sec. 10.3.

Finally, let us also note that Fit II yields a large value of m; = 762 MeV, just as Fit I. This
implies that non-quark contributions are expected to play a strong role in the mass generation
of the p meson. However, Fit II also yields the decay width I'y, -, within the experimental
boundaries (unlike Fit I) and we observe additionally that the correspondence of our mass values
to experiment is in Fit II decisively better than in Fit I (see Tables 8.5 and 10.3). We can thus
conclude that the results obtained until now give Fit II precedence over Fit 1.
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10.3 Two K, Fields

We have seen in the previous section that Fit II implies mg, = 1343 MeV, a value that is
virtually the median of mg, (1270) and m g, (1400)- Thus our previous assignment of the K field
from the model to the K;(1270) resonance appears to be somewhat in doubt as mg, deviates
almost equally from both m g, (1270) and mg, (1400)- In this section we propose an explanation for
the value of mg, obtained from Fit IT [247, 248, 249, 250, 251, 252].

Let us postulate the existence of the following two nonets, labelled A and Bf":

0 N 0 W
) f1N;,/4§+a1 ai}— KIA ) le,B2+b1 bi}- Ki—B
_ a0 0
v d B e s T IR ] I s
K4 KY,  fisa Kip K{p  fiss
(10.26)

Let us assign the field af from A} to the a;(1260) resonance and the field b} from Bf' to the
b1(1235) resonance. The a1(1260) meson is a I(JFY) = 1(17+) state whereas b;(1235) is a
I(JPC) = 1(177) state. Thus the resonances possess different charge conjugation C.

Due to P = (—1)F*!, where P denotes parity and L the orbital angular momentum, both res-
onances exhibit L = 1; however, the difference in C implies S = 1 for a;(1260) and S = 0 for
b1(1235), with C = (=1)X™ and S denoting the spin. In the spectroscopic 2**1L; notation
(J: total angular momentum), our states are thus P-wave states: a} is a 3Py state while b
represents a ' P; state. Consequently, all states present in the nonet Al are 3P, states and all
states present in the nonet B} are LP states. Thus the nonet A contains axial-vectors while
the nonet B)' contains pseudovectors. We then assign the fields in the two nonets as follows:
finvoa = f1(1285), fis.a = f1(1420), fin, = h1(1170), fis,8 = h1(1380). Let us not assign K
and K1 p for the moment.

It is possible to bring about the mixing of the two nonets using the explicit symmetry breaking
in the axial-vector channel, modelled by the A matrix in Eq. (6.14). Indeed a calculation of the
following term containing the commutator of A} and BY

Tr(A[Ay,, BY)) (10.27)

yields
Tr(A[A,,, B ——15 —SN)(KO KM KO KM K- KR K KPS 10.2
r(A[A, By) 5( s — ON) (K71, A 1,B 1,BH 1A 1,AT™ 1B 1A 1,B)' (10.28)

Note that the commutator [A;, By] is CP invariant: P invariance is trivially fulfilled due to
Ay & Ay, By & By while the C transformation (A, S At By S —BY) yields Tr(A[Ay,, BY]) 4
Tr(A(BI" A}, — AL, BI")) = Te(A (A1, Bl — B A1,)") = Tr(A[Ar,, BY)).

Therefore, the non-vanishing difference of quark masses m?2 —m?2 ~ dg —dy induces mixing of the
axial-vector nonet A4 with the pseudovector nonet Bf'. The term (10.27) yields mixing of the
K states; in other words, the K fields from the two nonets mix due to explicit breaking of the
chiral symmetry. Consequently, we assert that the physical fields K7(1270) and K7(1400) arise

from the mixing of K; 4 and K7 . The K, state from our Lagrangian (6.1) then corresponds to
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Ky 4 whose 1P counterpart is not present in the model. For this reason, it is not surprising that
our model yields m, different from masses of both K(1270) and K(1400), see Table 10.3.
Therefore, an extension of our model by a nonet of ' P, states may be a useful tool to further
study kaon phenomenology. Such spin-orbit mixing has been considered, e.g., in Ref. [247] (see
also Ref. [248]) where, within a non-relativistic constituent quark model, it was found that two
mixing scenarios of the K1 4 and K p states are possible: (7) K1 4-K1,p mixing angle @, ~ 37°,
mp, , = 1322 MeV and m, , = 1356 MeV; (i1) ¢, = 45°, mk, , = mk, , = 1339 MeV. As
shown in Ref. [247], possibility (i7) would imply m,, = my, = 1211 MeV, slightly at odds with
experimental data citing my, = (1229.54+3.2) MeV [10] whereas possibility (7) yields m,, = 1191
MeV and my, = 1231 MeV [and also m, (1270) = 1273 MeV, m g, (1400) = 1402 MeV] and thus a
better correspondence with experiment. Our model is of course different from that of Ref. [247];
however, the qualitative consistency of our (independently obtained) value mg, = 1343 MeV
with the results of Ref. [247] seems to confirm the notion that K;(1270) and K;(1400) indeed
arise from the mixing of 'P; and 2P, nonets.

Note that the inclusion and further study of the term (10.27) in our model would make the mixing
of K1 4 and K1 p an intrinsic property of the model; however, there are also alternative mixing
mechanisms, not based on an analysis of mass eigenstates, such as mixing via decay channels as
suggested in Ref. [249]. Additionally, a calculation of ¢, from a QCD-like theory in Ref. [250]
found g, ~ 35° to be preferred; for other analyses of ¢k, , see Ref. [251]. It is possible to study
mixing of other states from the two nonets as well, such as fin a-fis.4 and fin B-f15 4 mixings
in Refs. [250, 252].

We will discuss the broader Kj phenomenology (decay widths) further on, in Sec. 11.3.7.
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11. Implications of Fit 11

We now turn to the discussion of meson phenomenology that follows from Fit II. As in Fit I, we
will devote particular attention to hadronic decay widths of scalar and axial-vector resonances
as a matter of comparing results between Fits I and II but also because these resonances possess
the most ambiguities regarding their structure and decay widths.

11.1 Phenomenology in the I(J¥¢) = 0(0**+) Channel

In this section we discuss results regarding the masses and decay widths of the two scalar states
o1 and o9. These states arise from mixing of the two pure states o and og present in Lagrangian
(6.1). The mixing is described at the beginning of Sec. 9.1.3, see Egs. (9.16) - (9.23). We note
again that the mass terms m,, and m,; depend on mg + 3)\1¢%\, + )qu% and mg + Alqﬁ?\, +
31 ¢%, respectively, and thus cannot be calculated from the knowledge of the linear combination
mg + Al(qﬁ?\, + q%) in Table 10.2. Therefore, as in Fit I, we express the parameter A\; in terms
of the mass parameter m3 using the mentioned linear combination. Additionally, the necessary
condition for the spontaneous breaking of the chiral symmetry suggests m% < 0 [see inequality
(9.4)]. We note at this point that, due to the latter condition, the parameter A\; obtained from
Fit II fulfills the constraint (9.15), as apparent from Fig. 11.1.

Ag

10r

m3(MeV?)

-1.4x1051.2x 105 1.0%10°%-800 00(~600 00(— 400 00¢-200 00C

Figure 11.1: Dependence of parameter A; on mg from Fit II. The condition (9.15), i.e., A\; > —X2/2, is
fulfilled for all values of m3 < 0, see Table 10.2.

Now we can turn to the calculation of m,, , and o1 decay widths.

11.1.1 Scalar Isosinglet Masses

As described at the beginning of this section, we substitute A; in Eqgs. (9.19) and (9.20) by m3
[from the linear combination mg 4+ A1 (¢3%, + ¢%) in Table 10.2]. The ensuing dependence of m,,
and m,, on m2 is depicted in Fig. 11.2, with m2 < 0 in accordance with Eq. (9.4).

As in Fit I, m,, and m,, vary over wide intervals. We note from Fig. 11.2 that m,, becomes
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Mo, 5. (MeV)
250¢+

- - - - - - m2(MeV:?
-3.0x10° —25x10° —2.0x10° —15x10° —1.0x10° —50000C o )

Figure 11.2: Dependence of m,, (full lower curve), m,, (full upper curve), m,, (dashed lower curve)
and m,, (dashed upper curve) on m3 under the condition m32 < 0.

larger than mg at mg ~ —2.179 - 10%° MeV? at which point there is a jump of ¢, from —45° to
45° (see Fig. 11.3).

ﬂao'(deg)
PR
40
20
\ , . . . mZ(MeV?
-25%xJ0® -2.0x10° -15x10° —-1.0x10° -50000( O( )
-20|
-40

Figure 11.3: Dependence of the ox-0g mixing angle ¢, on m3, Eq. (9.23).

Therefore, o1 and o9 interchange places for m% ~ —2.179 - 105 MeV?; we use this value of mg as
an upper boundary for this parameter. Thus, together with Eq. (9.4), we obtain

—2.179 - 10° MeV? < m3 < 0. (11.1)
From the previous inequality we obtain the following boundaries for m,, ,:

450 MeV < my, < 1561 MeV, (11.2)
1584 MeV < m,, < 2152 MeV. (11.3)

The inequalities (11.2) and (11.3) suggest that the mixed state o1 may correspond to fp(600),
f0(980), fo(1370) or fp(1500) whereas the only confirmed resonance within the range of m,, is
fo(1710). [As in Fit I, we do not consider the states f(1790), fo(2020), fo(2100) and fp(2200).]
A definitive assignment of o1, and a confirmation whether o9 corresponds to fp(1710), require
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a more detailed analysis of phenomenology in the scalar channel, performed in the following
sections.

Nonetheless, from the variation of the oy - og mixing angle ¢, we can conclude that o; is
predominantly a nn state and the oy field is predominantly composed of strange quarks, see Fig.
11.4. Note that, as in Fit I, we obtain the two diagrams in Fig. 11.4 from two implicit plots: of
0o(M), Eq. (9.23), and my, 5[0 (A\1)], Egs. (9.19) and (9.20), with m2+ i (6% +¢%) = —1044148
MeV? from Table 10.2 and m3 from the inequality (9.24).

¢ o(deg) ¢ o (deg)
o
20 2
10 19
MeV MeV
80C 100C 1200 1400 mo.(MeV) 70C 180C 1900 200¢ Mo (MeV)
-10 -10
—20| —-20|
_30 -30
-40 —40
Figure 11.4: The oy-05 mixing angle ¢, as function of m,, ,.
Contribution of m,, to ms, and contribution of my, to m,, are illustrated in Fig. 11.5.
Cos? ¢ ¢ Cos’ ¢ ¢
1.0 1.0l
0.9 0.8
04
04
04
07
02
04
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600 80C  100C 120 140C Mo, (MeV) 170C 1800 190¢ 200¢ Mo, (MeV)

Figure 11.5: Contribution of the pure non-strange field o to o1 (left panel) and of the pure strange
field og to oo (right panel), respectively in dependence on m,, and m.,.

Before we continue, let us make an important point: we observe from Fig. 11.2 that m,, and
My, are not independent. Thus, in the following, any determination of either of these masses
(e.g., from a decay width) fixes the other mass to a certain value (and also determines values of
all decay widths depending on this mass). This is true because the two masses are connected via
the mass parameter mg (as also apparent from Fig. 11.2). We will be making use of this feature

in the following sections.

11.1.2 Decay Width 012 — 77

In Sec. 9.1.4 we have already performed the calculation of the decay widths 'y, 7r, Eq. (9.39),
and I'sy—s7rr, Eq. (9.40), from the o7 interaction Lagrangian (9.27). We can therefore immedi-
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ately plot the two decay widths, see Fig. 11.6.

I g1san(MeV)
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Figure 11.6: I'y, - and 'y, - as functions of m,, and m,,, respectively.

From the left panel of Fig. 11.6 we can conclude that the state o1 appears to possess the best
correspondence with the fp(1370) resonance. Clearly, I'y, 7 is too small in the mass region of
f0(600), i.e., my, < 800 MeV. Therefore, an assignment of o1 to fo(600) based on the 27 decay
channel is not possible. Additionally, o1 cannot correspond to the fy(1500) resonance either:
we obtain 'y, ~ 400 MeV at m,, ~ 1500 MeV, in stark contrast to experimental data [10]
reading I ¢, (1500)—nr =~ 30 MeV.

Let us now ascertain whether there is indeed a good correspondence of our predominantly non-
strange state o1 to fp(1370), and additionally of o5 to fp(1710) as suggested by m,,, see discussion
of Fig. 11.2. There are two strategies to this end: we can first determine m,, necessary to describe
correctly I' g (1370)—srr from Ref. [40] (a comprehensive fit of several data sets used here because
the PDG data [10] are not conclusive), then calculate m,, and 'y, _r» and compare these results
with m 1710y and I' g (1710)—nr- Alternatively, we can first determine our result for mg, in such
a way that I';, ,zr describes I'f (1710)—nr correctly and then calculate mgy, and ', rr and
compare them with results for m g, (1370) and T g (1370)—rr from Ref. [40].

e Reference [40] cites the value of 'z 1370y = 325 MeV at m 1370y = (1309 £ 1 £ 15) MeV
from an f((1370) Breit-Wigner fit and we obtain I'y, - = 325 MeV at m,, = 1376
MeV. Reference [40] also cites the value of 207 MeV for the full width at half maximum
(FWHM) with the peak in the decay channel fo(1370) — 77 at my 1370y = 1282 MeV
— we obtain 'y, srr = 207 MeV at m,, = 1225 MeV. Our results are thus qualitatively
consistent with results from Ref. [40]. As already noted, assigning a value to m,, implies
also a certain value of my,. Consequently, m,, = 1376 MeV leads to m,, = 1616 MeV
and to I'syyrr = 22.6 MeV whereas m,, = 1225 MeV leads to my, = 1599 MeV and to
Iyysrr = 71.2 MeV (see the right panel of Fig. 11.6). I'y,—rr = 22.6 MeV is within the
PDG-preferred interval of Eq. (3.10) reading I' 4 (1710)—rr = 29.281?:‘6% MeV; it is outside
the BES 1II interval I ¢ (1710)rr < 9-34 MeV, Eq. (3.25) and also above the WA102 range
Lfy1710)5mr = (16.1 £ 3.6) MeV, see Eq. (3.32). I'yyyzr = 71.2 MeV is outside all the
mentioned intervals.

e Enforcing 'y _srr = 29.28f§:‘é3 MeV = P]P”)ol?ﬁlo)—mw leads to two sets of solutions for m,,
due to the parabolic form of I'y, 7, see Fig. 11.2. We obtain (i) m,, = (1613 F 3) MeV

and (ii) my, = 167775 MeV. Both sets of results are below my, 1710y = (1720£6) MeV [10].
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From results (i) we obtain m,, = 1360118 MeV and 'y, spr = 309;}3 MeV. From results
(i7) we obtain mg, = 14973 MeV and Ty, rr = (415 F 1) MeV. The second set of results
would imply a dominant 27 decay of fy(1370) at approximately 1.5 GeV, at odds with
experimental data [40] and therefore we will not consider it. The first set of results, however,
can accommodate Iz (1370) = 325 MeV, although the corresponding mass m,, = 13601%3
MeV is slightly larger than the one cited in Ref. [40]. Additionally, the first set of results
describes I'f, (1710)—nr correctly although the obtained mass interval mg, = (1613F3) MeV
is approximately 100 MeV smaller than the PDG result my 1710y = (1720 £ 6) MeV.

Constraining my, via TP L < 9.34 MeV, Eq. (3.25), yields 1624 MeV < m,, < 1659
MeV, 1411 MeV < mg,, < 1480 MeV and 359 MeV < T'y, srr < 415 MeV. These results
imply a slightly too large value of m,, where the 27 channel is expected to be dominant for
fo(1370) — Ref. [40] suggests the mass of approximately 1300 MeV, not 1400 MeV, where

fo(1370) decays predominantly into 27 rather than 4.

We can also utilise F%ﬁ%ol%) .. =16.1£3.6 MeV, Eq. (3.32), to constrain m,,. We obtain

(i) mg, = 16191% MeV and (i) m,, = (1666 £ 3) MeV. From results (i) we obtain m,, =
(1393F9) MeV and I'y, s7x = (341F9) MeV. From results (i) we obtain m,, = (1487+3)
MeV and Ty, rr = 416 MeV. Results (i7) would suggest a large contribution of the 2w
channel to fy(1370) at ~ 1.49 MeV and we therefore disregard them; results (i) are then
more acceptable but still above the range of m,, = 1360;%3 MeV and 'y, rr = 309;%%

MeV, obtained from I‘?O]?%m) _on- We thus prefer the latter result.

We conclude that results regarding the 27w decay channel allow for a correct description of the
fo(1370) and fo(1710) decay widths, although the mass values could be improved. The latter
point emphasises the need to include a glueball state into our model [203] because, if it is found at
~ 1.5 GeV, this state should induce a level repulsion shifting m,, downwards and m,, upwards
— i.e., both masses being shifted in the directions favoured by the experiment.

The best results suggested by comparing I's, —zx t0 Iz (1370) 5 7r @0d I'oy sz 80 I (1710) 5 TR
My, = 1360715 MeV, Ty, orr = 309718 MeV, my, = (1613 £ 3) MeV and T'yy_srr = (29.3 +6.5)
MeV. These results justify the assignments o1 = fp(1370) and o9 = fy(1710); the assignments
will also be confirmed in the subsequent sections (see below). The results also suggest that
fo(1370) is 94.619% a min state and, conversely, that f5(1710) is 94.6, 1% a 8s state.

As apparent from Fig. 11.6, I'y, _srr = 0 for m,, = 1640 MeV, corresponding to m% = —1044148
MeV? and thus m,, = 1452 MeV (see Fig. 11.2). As already noted, the parameter \; in our fit
is determined only indirectly, from the linear combination mé + A1 (¢% + (b%v) = —1044148 MeV?
(see Table 10.2). Therefore, Ay = 0 for mg = —1044148 MeV?; consequently, according to Eq.
(9.23), one also obtains that the o - g mixing angle ¢, = 0. Thus o and og decouple. As in
Fit I, Ty, nr then vanishes identically because Ay = 0 = hy (and only these large- N, suppressed
parameters could bring about I'y, ,rr # 0). Setting hy # 0 would not alter 'y, ,r = 0 for a
certain value of m,, because of the relative minus sign of the two terms in My, 5, Eq. (9.38).
The relative sign difference still leads to a cancellation of the two terms in M, for a certain
value of ¢,.

Thus our Fit IT prefers fy(1370) rather than fy(600) to be the non-strange quarkonium, just as
Scenario IT of the U(2) x U(2) version of our model.
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A note on o1 — 47 decays. We have also considered the sequential decay o1 — pp — 47 by
integrating over the spectral functions of the two intermediate p mesons, similarly to Sec. 5.4.2.
The following Lagrangian obtained from Eq. (6.1) has been utilised:

., 1 -
Lopp = 5(h1+ o+ hs)onon (o) + 20 0] + 5hadsos [(02) + 200,

[(h1 + ha + h3)dn cos @ + higgsinp,] o [(Pg)2 + 20,0,

Ll NCH I NG

t 5 s cos g — (hi + ha + ha)o singg] 02 [(0)* + 20}, 9, ] (11.4)

with the substitutions oy — cos p,01 and og — sin ¢, 07 that enable us to calculate decay width
of fop(1370) = o1 and the substitutions oy — —sin p,09 and og — cos p,09 that enable us to
calculate decay width of fo(1710) = o4 [see Eq. (9.18)]. After the substitutions, the Lagrangian in
Eq. (11.4) obtains an analogous form as the one in Eq. (5.128). For this reason it is subsequently
possible to perform the mentioned integration over the p spectral functions.

We then observe that results obtained from our Ny = 3 fit are by at least a factor of ten smaller
than those obtained within the realm of Scenario II in the U(2) x U(2) version of the model.
The reason is the different value of hy: whereas in Scenario II of the two-flavour model this
parameter had the value ~ 5, our Fit I in the three-flavour model prefers the value of ho ~ 0
scaling the 47 decay width of the scalar states downwards. We expect results in the 47 channel
to improve considerably upon inclusion of the scalar glueball field into the U(3) x U(3) version
of our model because we will see in Chapter 12 that the glueball-field coupling to the 47 channel
is significantly stronger than the corresponding coupling of the non-strange quarkonium. The
ensuing mixture of the pure glueball and the pure quarkonium should improve the decay width
of the predominantly nn state in the 47 channel.

A Putative Assignment of o1 to fp(980)

Let us briefly discuss our oy state in terms of f5(980), another resonance within the mass range of
our oy state. We note that 'y, ,zr = 97 MeV at m,, = 980 MeV and that 94 MeV <I'; 7 r <
100 MeV for 970 MeV < m,, <990 MeV, with the latter mass interval corresponding to the lower
and upper boundaries of m g, (930). Given that the full decay width I'f g0y = (40 — 100) MeV
[10], there would appear to be some parallels between our o7 state and the f,(980) resonance. As
noted in Sec. 3.2, this resonance is close to the kaon-kaon threshold; thus an experimental anal-
ysis is not always straightforward with different collaborations and reviews obtaining at times
very different results [67, 95, 96, 97, 98, 99, 101, 102, 105, 113, 114, 115, 118, 119, 124, 158, 253].
We thus note that there is no universally accepted value of I'f,(9g0) that ranges between ~ 14
MeV [254] (T-matrix pole) and (201 £ 28) MeV [255], with the latter result model-dependent,
broad due to inclusion of K K-threshold effects and not considering possible interference with
the high-mass tail of fy(600). Additionally, even if the precise value of I' fo(980) Were known, the
branching ratio I' 4 (980)—rr /T fo(980) Temains ambiguous.

The fp(980) resonance can actually also decay non-hadronically, into diphotons and dileptons;
however, these decays are known to be suppressed [10] and therefore we can set Lfy080) =

L fy080)—nr + Lpo080)— K — consequently, I 980)—mr/L fo980) = T fo(980)=mr/ (L fo(980)—mr +
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[fy980)»K k). There are not many publications discussing both T'z 9g0) and I'f;980)—mr /
[T f5(980)smr + Lgo(980)s Kk i]- Recently, the BABAR Collaboration [256] has published results
regarding the fo(980) phenomenology from the B¥ — K*K*KT decay obtaining [ f,(980) =

/ T fo080)smn + Lpo(os0)xx] = 0.52 & 0.12. Using e*e” annihilation into kaons and pions

(1) _
fo(980) —

(65+13) MeV from the ¢(1020)7 "7~ intermediate state and I’Efi)(ggo) = (81 £21) MeV from the

©(1020)7°7° intermediate state. The mentioned f5(980) — 7w branching ratio together with

(1) (1) ~ 2) 132
r Jo(980) Jo(980) s = (34 + 15) MeV whereas from I' Jo(9s0) We obtain I'

and isolating hadronic intermediate states, the same Collaboration also found [257] T

suggests I’ Fo(980) s =
(42 4+ 21) MeV. Both results are by approximately a factor of two smaller than our result
Lo —nr = 97 MeV.

Additionally, a review in Ref. [258] found T’z 90y ~ 25 MeV and T'f,(980)—nr /[T fo(980)—smr +
Ty (980) 5 K k] = 0.68 from a lowest-order chiral Lagrangian and unitarity. These results suggest
T4y 980)sxr ~ 17 MeV, substantially less than our results for I';, 7. Therefore, our analysis
does not favour fy(980) as a predominantly gq state. Note also that assigning m,, to the mass
range between 970 MeV and 990 MeV would imply m,, ~ 1590 MeV (see Fig. 11.2) and thus
Iyyynr = 100 MeV (see the right panel of Fig. 11.6). Therefore, o9 = fo(1710) would have to
saturate in the 27 channel. This would clearly be at odds with data [10], and thus it represents an

additional argument against interpreting fo(980) as a predominantly gg state within our model.

Nonetheless, it is possible that fp(980) may contain a quarkonium component [77, 78, 79]. Al-
ternatively, this state can also be interpreted as a §2¢? state, as a glueball, KK bound state or
even as an 7n bound state (see Sec. 3.2).

11.1.3 Decay Width 012 -+ KK

The interaction Lagrangian of the pure states oy g with the kaons has already been stated in
Eq. (9.41). The corresponding decay widths 'y, ,xx and T'y, ki are given in Egs. (9.53) and
(9.54), respectively.

We can therefore turn directly to a discussion of the decay widths, depicted in Fig. 11.7.
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Figure 11.7: T',, ,xx and 'y, , ki as functions of m,, and m,,, respectively.

From the left panel of Fig. 11.7 we observe that I';, ,xk is within the experimental results of
Refs. [124, 170, 253, 259, 260, 261]. From the right panel of Fig. 11.7 we observe that I'y, i i
rises rapidly with m,,. The PDG data suggest P%?F?lO)aKK = 71.44*_'%%:52 MeV, Eq. (3.15);
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note that this is the dominant decay channel of fy(1710) and thus the reason why, already from
the experimental point of view, this resonance is a §s candidate. Due to the rapid growth of
Iy, KK, an exact correspondence of our value with the central value of I‘?O]?%m) Lk Wwould
require m,, = 1578 MeV. However, m,, would then be outside the interval (11.3) determined
from the correct implementation of the spontaneous breaking of the chiral symmetry — we would
require m > 0 in contrast to condition (9.4). Due to condition (11.3), the lowest value of m,, =
1584 MeV, for which we obtain I',, g = 102.7 MeV, is above the interval for F?O]?%m)_)KK.
As in the 27 channel, our results again yield m,, that is by approximately 100 MeV smaller
than m g (1710)- Additionally, ms, = 1584 MeV implies my, = 450 MeV (see Fig. 11.2), spoiling
the correspondence of 'y, srr to experiment (see Fig. 11.6). Note, however, that our results
allow for the WA102 value I’}X?ll?ol%)ﬁKK = (80.5 4+ 30.1) MeV to be described: considering 1584
MeV < mg, < 1586 MeV yields 103 MeV < I'y, orx < 110.6 MeV; the m,, interval is small
due to the steep rise of I'y, s ki, see Fig. 11.7. The mentioned interval also implies 450 MeV <
mey, < 688 MeV, again spoiling the correspondence of I'y, . to experiment as apparent from
Fig. 11.6. Thus using I'f (1710)—s x x does not allow us to constrain me, and m,, very well.

Let us therefore look into the ratios 'y, 5k i /T's;—rr and Uoysrn/Toy— kK, depicted in Fig.

11.8.
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Figure 11.8: Left panel: ratio 'y, ki /s, rr as function of m,,. Right panel: ratio Iy, ynr/Tor— Kk K
as function of mg,.

Let us first discuss results for I'y, ki /Ty, —rr (left panel in Fig. 11.8). We observe that the
ratio varies between 0.16 for m,, = 1500 MeV and 0.75 for m,, = 1200 MeV. Experimental data
regarding this ratio are unfortunately inconclusive [10].

e In 2005, the BESII Collaboration [140] noted the ratio value of 0.08+0.08 from the hadronic
decay of the J/v meson (J/1 — orntn™ and J/¢b — pKTK™).

e In 2003, the OBELIX Collaboration [262] published a coupled-channel analysis of pp anni-
hilation into light mesons with the result Iz 1370y~ k& /T fo(1370)—7r = 0.91 £ 0.20.

e A combined fit of Crystal Barrel, GAMS and BNL data performed by Anisovich, et al.,
fI’OHl 2002 found Ffo(1370)—>KK/Ff0(1370)—>71’7T = 0.12 £ 0.06 [188]

e The WA102 Collaboration found in 1999 the ratio Iy (1370)= kK /T fo(1370)—mr = 0.46 &
0.15+0.11 [99].
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Thus, the data vary over a large range of values. If we assign our o7 state to fp(1370) and vary
my, from 1200 MeV to 1500 MeV, then our results can be accommodated within all data sets.
Clearly, more conclusive data would allow for more conclusive results regarding our theoretical
predictions.

Regarding the ratio Iy 1710)—rr /T fo(1710)— K K » experimental results are rather ambiguous, as
discussed in Sections 3.7.1, 3.7.2 and 3.7.3.

e From the PDG-preferred ratio PP (1710) /T fo 1710 kK =0 417011 (see Sec. 3.7.1) we

obtain m,, = 15981r6 MeV. This result implies I'yysrr = 75&% MeV from Eq. (9.40), too
large when compared to data, see Eq. (3.10). Additionally, we obtain m,, = 1209f§§ MeV
and I'y, rr = 1971‘28 MeV from Eq. (9.39). These results are within the boundaries cited

in Ref. [40].

Thus using P?O?glo) . /F?O]?%w) _ i constrains mg, in a way that does not allow us to
describe simultaneously I’ fo(lno)ﬁmr as well as I ¢, (1370) s 7r-

PDG
Note that F Fo(1710)—s

Tyyosrn /| Toymsixi in Fig. 11.8; however, this would imply m,,

JTE f0(1710)aKK could also be described by the high-mass tail of
> 1800 MeV leading

~

to unphysically large values of I',,, ki, see Fig. 11.7.

e From the BES II ratio FBE(J%?IlIO)—Mrn/FfB()]E(:§71110)—>KK < 0.11, Eq. (3.21), we obtain 1612 MeV
< Mgy, < 1712 MeV. Given the parabolic form of 'y, rr/Ts, KK, let us separate the
mentioned interval into two subintervals: (i) 1612 MeV < m,, < 1640 MeV and (i7) 1640
MeV < m,, < 1712 MeV with m,, = 1640 MeV the point where the ratio vanishes (see
Fig. 11.8). Interval (i) yields 1356 MeV < m,, < 1452 MeV and 306 MeV < T'y, r < 398
MeV. Interval (i7) yields 1452 MeV < m,, < 1517 MeV and 397 MeV < T'y, rr < 416
MeV, see Fig. 11.6. As noted in Sec. 3.7.2, it is not possible to calculate Iz (1710)— x x from

these data.

e The WA102 ratio I‘Wl(xlﬁol%)ﬁm/l‘%ﬁg%)_)KK = 0.2 £ 0.06, Eq. (3.27), also yields two in-

tervals for mgy,: (1) mgy, = 1606_ MeV and (i) my, = 1772755 MeV. We disregard the
interval (4i) because it leads to a very large value of I'y, , ki, see Fig. 11.7. From interval
(i) we obtain m,, = 1310;%8 MeV and 'y, oy = 267122 MeV. These results are consistent
with the experimental values of Ref. [40].

In summary: it is not possible to constrain me, via ' (1710)— k& in @ way that yields acceptable
values of I (1710)5rr (Decause our values I'y,, k k increase rapidly with my, ). However, utilising
the ratio I' ¢ (1710)smr /T fo(1710) Kk @llows us to constrain mg, such that both m,, and I'y, 7r
are within values published in Ref. [40]. This can be accomplished using either PDG-preferred

or WA102 values for the mentioned ratio. Given the issues regarding I’? (16'1710)%WW/F?0]%1G710)~>KK

WA102 WA 102 ie., m
fo(1710)>mr/ b fo(1710) =K K> o1

1310+§8 MeV, mgy, = 1606Jr4 MeV, 'y, snn = 267+25 MeV. Note that these results yield
Ty ik ~ 200 MeV [larger than experimental results but consistent with the notion of a pre-
dominant 2K decay channel of f(1710)] and also T'y,—yrr = 471], MeV [larger than the WA102
value of Eq. (3.32) but consistent with the notion of a subdominant 27 decay channel of f,(1710)].
These combined results from the 27 and 2K channels suggest that f,(1370) is (95.5 £ 1.0)% a
nn state and that, conversely, that f,(1710) is (95.5 £1.0)% a ss state.

discussed in Sec. 3.7.1, we prefer results obtained from I'
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11.1.4 Decay Width o132 — 1n

We have already discussed the onn interaction Lagrangian in Sec. 9.1.6, formulas for the decay
widths 'y, 5y and L',y are stated in Egs. (9.71) and (9.72), respectively.
The dependence of the decay widths on m,, , is shown diagramatically in Fig. 11.9.

[ gy-pp(MeV)
40 T o qp(MeV)
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120¢ 130C 140C 1500

Figure 11.9: I';, ), and I's,_,, as functions of m,, and m,, in Fit IL

We observe from the left panel of Fig. 11.9 that I';, _,,,, is suppressed over the entire mass range
of o1. Contrarily, I'5, ), rises rapidly over the mass range of o3.

Experimental results regarding the decay fo(1370) — nn are ambiguous; there are Crystal Barrel
pp data [125] and GAMS 7~ p [145] suggesting a decay width of ~ (250 —300) MeV in this decay
channel from Breit-Wigner fits. These are known, however, to be very sensitive to the opening
of new channels (such as 4w, see Sec. 3.3). For this reason, we will consider only the (more

unambiguously determined) values of Tz (1710 from Sec. 3.7.

=
Our discussion of I'y, , ., will be constrained by the following entries: (i) the experimental

result for I' ¢ (1710) (ii) the condition m3 < 0 from formula (9.4), necessary to utilise because

—nn>
the lower boundarieznof L f,(1710) =y from Sec. 3.7 may imply my, < 1584 MeV and thus mg >0
[see condition (11.3)]; (4ii) given that the nn channel represents a confirmed decay mode of
fo(1370) [10] (although, as already mentioned, the corresponding decay width is by no means
unambiguous), we also require that m,, is above the nn threshold, i.e., my, > 2m,, = 1046 MeV
with m,, from Table 10.3. [Remember that mgy, determines uniquely the values of m$ and m,
from Fig. 11.2 or, equivalently, from Eqgs. (9.19) - (9.23); m,, then allows for a determination
of g,y from the right panel of Fig. 11.9, or, equivalently, from Eqgs. (9.71) and (9.72).] The

consequences of the stated three entries are as follows:

e The PDG-preferred result reads FJP”)O]?1G710)—>7777 = 34.2673507 MeV, see Eq. (3.20). Tt is not
possible to accommodate the full experimental interval within our model as utilising the

lower boundary of F]F:O]?glo) e would violate the above condition (7). Then combining

F]}zol?f?m) e = 34.2673-42 MeV with condition (i) yields mg,, = 15887 }' MeV (the upper
PDG

boundary for m,, was determined from the upper boundary of I' Fo(1710)—m
I p1m10)—mm = 34.26ffﬁ2 MeV. However, condition (i), i.e., my, > 1046 MeV, implies
mg < —457456 MeV? and thus m,, > 1591 MeV. Combining the latter inequality with
the interval mg,, = 1588':111 MeV yields 1591 MeV < m,, < 1599 MeV and, consequently,

) and, in turn,
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39.12 MeV < T'f (1710)—smn < 49.68 MeV. The latter two sets of inequalities also imply 1046
MeV < mgy, < 1227 MeV (or 1200 MeV < m,, < 1227 MeV considering the PDG data
[10]) and 0 < T'y, = ¢, (1370)—nn < 35.92 MeV. The nn decay of fo(1370) is then suppressed

in comparison with the 27 decay, see Sec. 11.1.2.

e There is another set of experimental data discussed in Sec. 3.7: I’)ﬁg‘&l?ol%)_mn = (38.6+£18.8)
MeV from Eq. (3.34). As in the case of the PDG-preferred data, we combine F%ﬁ%ol%) e =

(38.6418.8) MeV with the above condition (ii) and obtain m,, = 159171* MeV. Note that
the lower boundary of m,, = 1594 MeV implies I' ¢ 1710y, = 29.8 MeV hence modifying
the WA102 result to Iy (1710)5py = 38.673%% MeV. As already mentioned, condition (i)
implies my, > 1046 MeV, i.e., mg < —457456 MeV? and thus also mg, > 1591 MeV. The
latter inequality in conjunction with m,, = 1591‘:%3 MeV yields 1591 MeV < m,, < 1604
MeV and, consequently, 38.6 MeV < I';,— 1 (1710)—ny < 56.6 MeV. The latter two sets of
inequalities also imply 1046 MeV < m,, < 1289 MeV (i.e., 1200 MeV < m,, < 1289
MeV considering the PDG data [10]) and 0 < T'y —f 1370)5yy < 39.8 MeV. Therefore,
I f,(1370)—yy 18 in this case slightly larger than in the case of the PDG-preferred data but
still smaller than the 27 decay width discussed in Sec. 11.1.2.

Given the ambiguities in the BES II data utilised by the PDG (as discussed in Sec. 3.7.1), we
prefer the results obtained from the WA102 data.

Let us now consider the ratios of the decay widths discussed so far. A plot of 'y, /T's; snr
and I'5, /L5y —nr is shown in Fig. 11.10.
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Figure 11.10: Ratios 'y, 51y /T'o, 5 nr as function of my, and I,y /T'e,—xr as function of m,, in Fit
II.

Our results for I'y) /L5y —rr are within the ratio I' g (1370) =y /T fo(1370)mr = 0.19 £ 0.07 [40]
for a rather large mass interval: 1081 MeV < m,, < 1377 MeV. Due to the constraints regarding
m g, (1370) [10] we obtain 1200 MeV < mg, < 1377 MeV. Note that the largest value of the ratio
obtained (and shown in Fig. 11.10) is 0.174, for m,, = 1200 MeV.

Additionally, there are three sets of data regarding the ratio I 1710y /T fo(1710)—== that need
to be considered (see Sec. 3.7).
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Data preferred by the PDG suggest Ff0(1710 %nn/F?o]?lc%lo)ﬁm 1. 17+8 éélg, Eq. (3.6). As
apparent from Fig. 11.10, the stated ratio can be accommodated within our model for
two sets of m,, values. The higher of these two sets (m,, ~ 1800 MeV) is not considered
because it would lead to very large values of the 27 and 2K decay widths for this resonance
(see Figures 11.6 and 11.7). For this reason, we consider the lower of the intervals reading
My, = 160573 MeV. This value implies m,, = 1302732, MeV by Fig. 11.2, with the lower
boundary limited to mg, = 1370) = 1200 MeV [10], and 0.14 < Ty sy /T5y r < 0.17, see

Fig. 11.10.

BES II data from condition (3.23) suggest F?OE%IIIO - /F?OI%%IIIO )smr > 4.36. This ratio
implies mq, > 1618 MeV, mgy, > 1389 MeV (see Fig. 11.2) and 'y, /T rr < 0.11,
see Fig. 11.10 (we again disregard the high-mass tail of m,, that would also fulfill the
stated ratio). The lower boundaries for mg, , are incompatible with the best values in
the 2 and 2K decay channels of o9, as discussed at the end of Sec. 11.1.3. The
obtained ratio for I's, sy, /T'o) —ar is outside of the interval Ty 1370)—ny/T fo(1370)5mr =
0.19 +0.07 suggested by Ref. [40]. For this reason, the BES II result regarding the ratio of

L 0(1710)=m /T fo (1710)— 7w 18 nOt supported by our model.

WA102 data from Eq. (3.31) suggest I’ygﬁlﬁ%)_}nn/l’%jﬁlﬁ%)_}wﬂ = 2.4+ 1.04. As apparent
from Fig. 11.10, this ratio also implies two possible m,,, intervals, a relatively lower one and
a relatively higher one. The latter interval is disregarded because it would yield m,, ~ 1700
MeV, a value that — although close to the experimental value of m 1719y = 1720 MeV —
nonetheless yields very large values of I'y, s rr and I'y, sk, see Figures 11.6 and 11.7.
We therefore consider only the lower set of m,, values reading m,, = 1613fg MeV. This
interval implies my, = 1360:113 MeV (see Fig. 11.2) and 0.12 < T'5, /T nr < 0.15, see
Fig. 11.10. The latter ratio is within the interval Ffo(1370)H,7n/f’f0(1370)%ﬂ7r = 0.19 £0.07

suggested by Ref. [40].

Let us now consider the ratio ', , sy /T'o; , s KK shown in Fig. 11.11. The corresponding ratio
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Figure 11.11: Ratios I'y, 5y /T's, 5k as function of my, and 'y, sy /T'e,kxk as function of m,, in

Fit IL

for fo(1710) has been determined by the WA102 Collaboration [153] with data from pp collisions
yvielding ') 1710)5mn /T fo(1710)»kx = 0.48 £ 0.15 and in a combined-fit analysis of Ref. [188]

0.70

where T ¢, (1710)—nn /T fo(1710) K K = 0.461'0_38 was obtained. The results are obviously mutually
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compatible; the PDG cites the WA102 result as the referential one. We observe, however, that
the WA102 interval is outside the ratio on the right panel of Fig. 11.11 and that the result from
Ref. [188] cannot be utilised to constrain m,, because the entire interval on the right panel of
Fig. 11.11 is within the result I' ¢, (1710)=pn /T fo(1710)5 KK = 0.46f8:§g. It is therefore not possible

to utilise the ratio Iz (1710)=ny /T fo(1710)— Kk In order to constrain mg,.

Short Summary of Results

Let us now summarise results obtained so far. The ratio F}Xﬁ%%) N F%ﬁlﬁ%) L =0.2£0.06
allows us to determine m,, and then observables for o;. We obtain m,, = 1310138 MeV,

Moy = 1606_;;31 MeV and 'y, yrr = 267;3(5] MeV. The results for o1 are consistent with interpre-
tation of this state as fy(1370). In particular m,, is consistent with the combined-fit value of
mg,1370) = (1309 +1+15) MeV from Ref. [40]; I's, -7y is consistent with both the Breit-Wigner
decay width and the FWHM value of Ref. [40]. The value of m,, is approximately 100 MeV
smaller than my 1710); however, a pure glueball state [that would very probably shift m,, in
the direction of m g, (1710)] is not present in the U(3) x U(3) version of our model. Additionally,
we observe that our state oy possesses a strongly enhanced kaon decay, also consistent with the
corresponding feature of f((1710) although the absolute value of the decay width in this chan-
nel is too large. Additionally, I'v,_rr = 47f?0 MeV is larger than the value expected for the
fo(1710) resonance; this may be a consequence of the missing glueball field that, if included,
could modify decay amplitudes in such a way that I'y,_r and 'y, xx obtain values closer to
those of fy(1710).

Additionally, the decay channel 019 — 11 is well accommodated within the model: our results

for T, = fo(1710) sy are within T2 = (38.6418.8) MeV if we set 1591 MeV < m,, < 1604

MeV. Then we obtain simultaneously 1200 MeV < mg, <1289 MeV, 0 < T';, =, (1370) sy < 39.8

MeV and 38.6 MeV < I';,— 1 (1710)—ny < 56.6 MeV. [F025f0(1710)~>nn does not correspond exactly

WA102
to 1§ (1710)—mn

other observables as well.] Note, however, that the obtained m,, and m,, overlap with m,, and

: WA102 WA102 S hi
Mo, determined from T'g55zrg) /TG00 g e Within errors.

Finally, it is not possible to constrain my, , and other observables from I' ¢, 1710y /T Fo(1TI0) =K K5

because we have required m,, > 2m, hence constraining m3 and consequently

however, the opposite is true for I' g (1710)—ny /T fo(1710)mr- We prefer the result of the WA102

WA102 WA102
Ff()(1710)—>7m/Ff()(1’710)—>7r7r

native, PDG-preferred ratio value (discussed at the beginning of Sec. 3.7.1). Utilising the
stated WA102 interval we obtain mg,, = 13601’}12 MeV, my, = 1613;% MeV [suggesting that
fo(1370) is 94.7730% a @n state and that, conversely, that fo(1710) is 94.7735% a s state] and
0.12 < Ty py/Toirr < 0.15. It is obvious that these results are also compatible with the
previous two (within errors).

Collaboration = 2.4 £+ 1.04 because of reliability issues of an alter-

11.1.5 Combined Results in the Pion, Kaon and Eta Channels

Until now we have considered experimental information regarding the nmw, K K and nn channels
by exploring the possibility to describe each of these decay channels separately. However, the
already noted compatibility of thus obtained results (within errors) prompts us to investigate
whether similarly good results can be obtained considering a single observable. Let that observ-
able be the ratio I'f(1710)5rr /I fo(1710)— kK due to the importance of pion and kaon decays in
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discriminating between predominantly non-strange and predominantly strange states. Utilising

the WA102 result F}g/al?%) . F%ﬁ%ol%) Lk = 0.2£0.06 [99] allows us to exactly determine the
only parameter that we have varied until now: m% = —791437f3§%§; MeV2. (Note that until now

!
the only conditions set upon m% were mg < 0 and that the values of this parameter must imply
Mgy < Meg.) Then we obtain the following results [remember — our assignment is o1 = f,(1370)
and o9 = fo(1710)]:

o Masses: we obtain my,, = 1310;2,,8 MeV and my, = 1606;2 MeV. The former is vir-
tually the same as the combined-fit Breit-Wigner mass in Ref. [40] where my, 1370y =
(1309 £ 1 + 15) MeV was obtained (our error results are dictated by uncertainties in
F}X‘(*ll?%) N I‘%ﬁlﬁ%) _ k) and also very close to the fp(1370) peak mass in the 27 chan-
nel, found to be 1282 MeV in Ref. [40]. The latter is approximately 100 MeV smaller
than m g, 1710y = (1720 & 6) MeV because the glueball field has not been included in the
current version of the model. This implies that f,(1370) is 91.2;;:8% a nn state and that,

conversely, fo(1710) is 91.21%:8% a 3s state.

e Pion decay channel: we obtain 'y, _zr = 267;;? MeV and I'yysrr = 471‘?0 MeV. The
former is virtually a median of (and thus consistent with both) the Breit-Wigner decay
width ' (1370)5rr = 325 MeV and the fp(1370) FWHM in the 27 channel, the value of
which was determined as 207 MeV in Ref. [40]. The latter is too large when compared
to the WA102 result in Eq. (3.32) but still demonstrates that the decay fo(1710) — 77 is
suppressed in comparison with other decay modes (see below) — a fact that is in accordance
with the data [10].

o Kaon decay channel: we obtain I'y, ,xx = 188;2 MeV and 'y, kK = 237;3? MeV.
The two-kaon decay width for f,(1370) has not been determined unambiguously, but our
result is consistent with experimental data in Refs. [124, 170, 253, 259, 260, 261]. We
find T'fy(1370) K K < I f(1370)—nr> cOnsistent with the interpretation of fo(1370) as a pre-
dominantly non-strange gq state. I'y,_ ki is larger than the WA102 data presented in Eq.
(3.33); however, our results suggest nonetheless that fy(1710) — K K is the most dominant
decay channel for this resonance — in accordance with the data (see Sec. 3.7.3).

e FEta decay channel: we obtain I'y, _,,, = (40F1) MeV and L',y = 60;;l MeV. The former
is lower than the values cited in Refs. [125, 145] but note that the cited publications did
not consider in their Breit-Wigner fits that new decay channels may open over the broad

fo(1370) decay interval. The latter is marginally (within errors) consistent with the value

Pygf(xl%ol%)ﬁnn = (38.6 + 18.8) MeV from Eq. (3.33).

e Pion-kaon ratio: Uy snn/Toi KK = 1.42;8:83 is consistent with the WA102 result stating
L o(1370)—mr /T fo(1370)— k &k = 2.17£1.23 obtained from Ref. [99] and also qualitatively con-
sistent with the result I' ¢ (1370)nr /T fo (1370)— K &k = 1.10£0.24 obtained from the OBELIX
data in Ref. [262].

o The eta-pion ratios read 'y, py/T'o)srr = 0.15 £ 0.01 and T'yypp/Topsrn = 1.26;8:%;.
The former is within the ratio I (1370)—ny /T fo(1370)57r = 0.1940.07 of Ref. [40]. The latter

is corresponds almost completely to the WA 102 ratio F}Xﬁ%%) . / F%ﬁlﬁ%) e = 2.4£1.04
from Eq. (3.31).
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o The eta-kaon ratios read 'y, py /T sk x = 0.22+0.01 and I'pyypy/Toysrr = 0.25 £
0.004. To our knowledge, there are no experimental results for the ratio I'f,(1370)—ny
/T gy (1370)— K k- Our result for Ty, = ¢ (1370)—nn/To1 = fo(1370)— K i 18 hence a prediction. Our
value of the ratio I'y, . /T's,— ki is completely within the combined-fit result of Ref. [188]
reading I g, (1710)—m /T fo(710) KK = 0.46‘:8:?7)3 and within 20 of the WA102 result where
L o1710)=mn /T fo(1710)— k& = 0.48 £ 0.15 was obtained [153].

For these reasons, the assumption of scalar gg states above 1 GeV is strongly preferred over the
assumption that the same states are present below 1 GeV. Fit II describes non-strange scalars
decisively better than Fit I (see Sec. 9.6). Additionally, results obtained in this section will allow
us to explore three more decay channels of our o7 = f((1370) state: into nn’, a1(1260)7, and
2w(782). Experimental information regarding these decays is scarce [10]; thus our results will
have strong predictive power.

11.1.6 Decay Width o122 — 01’

The interaction Lagrangian for this decay has already been presented in Eq. (9.57). The La-
grangian contains the pure states oy g and 1y g and, as in Sec. 9.1.6, we will first introduce the
fields n and 1’ in accordance with Eqs. (7.17) and (7.18). The Lagrangian in Eq. (9.57) then
obtains the following form:

Substituting Egs. (9.58) and (9.59) into Eq. (9.57) and additionally substituting nx and ng by
n and 7' according to Eqs. (7.17) and (7.18), we obtain the following form of the interaction
Lagrangian:

Lomy = Agymy onm + By on(9un) (8“77/) + CaNnn’auUN(naﬂn/ + 77/6“77)
+ Aoy 051 + Bogny 05(0,m)(0*1) + Cogmy Ouos(nd*n’ + ' 0% n) (11.5)

with

A . c .
Agymy = Zzdn (M + 5+ cuﬁ%) sin(2¢) — Zpgdn (Al + 5%) sin(2¢y)
3
- gchwZnS(b?V(bs cos(2¢y)

) A2 .
= onN {Al(Zgr — 27275) sin(2¢;,) + 7Z72r sm(2apn)

2,2 27275 2\ o 3
+e1 | | Z7o5 — T(bN sin(2¢,) — §Z7TZ”S¢N¢5 cos(2¢n) | ¢ (11.6)
w? h h
B0N7777’ = [Zgr qu\; (m% + El(b% + 25N> + Elzglswj%ls(bN} sin(2tpn), (11'7)
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9
Conny = 9 wa122 sin(2¢y), (11.8)

. . 1
csmy = —(A1 4+ X2) Zp dssin(2py) + Z2ds (M + c1diy) sin(2p,) — §Clz7ans¢§’v cos(2¢y)

= ¢s { [)\1(272r - Z?,S) - )\QZSS] sin(2p,) + €12, % [Zﬂ sin(2¢,) — —=¢nN Cos(2§0,7)] }

¢

2

Wy hi hi
~Z5 ¢IS <m? + 5N+ 255) — —Zﬁwalqbs] sin(2¢,,), (11.10)

B

osm’

V2 .
Cosmy = 5 Zys 91,5 5in(20y). (11.11)

As in Eq. (9.34) we obtain from Egs. (9.17) and (11.5)

£0?777/7 full = ﬁoNos,qu + £Um7/
1 1 1
= 5((%01\[)2 + 5((9”05)2 — §m3N - imgs + 2,0N08
+ Aoy NN 4 Bo gy ON(0,m)(0"1') + Co oy Ouon (nd*n + 0/ 0#n)
+ Aogm 05M + Bogny 05(9,m)(0*1) + Co gy 05 (nd*n’ + 1/ 9 n). (11.12)

L

ony, full can be transformed in the following way:

1
2 2
§m01 01

1
Loy, tall = 5((%01)2 -

(Aogmy €08 5 — Ag oy sin @0 )02

(Bogimy €08 95 — Boyyy sin g )o2(0um) (0n)

+ (Cogmy €08 95 — Copmy SID 05 )0,02(ndHy" + 1'0Fn). (11.13)
Let us set P as the momentum of oy or oy (depending on the decaying particle) and P; and P, as
the momenta of the n and 7/’ fields, respectively. Upon substituting 9* — —iP* for the decaying

particles and 9* — P}, for the decay products, the decay amplitudes of the mixed states o 2
read

—iMe, sy (Moy) = 1 {08 o (Aoymy — Bowny Pr - P2+ Coyny P+ (P1 + P)
+sin ¢, [Avsnn’ — Bogyy P - Pa + Cognyy P - (P1 + PZ)]}

2 2 2
mo. —my —m,
. . o1 n n 2
=1 {cos Vo |Aoymy — Boymy 5 + C(,N,m/mm]
2 2 2
mo. —my —m,
; 1 " " 2
+sin o | Asgny — Bogmy 5 + C(,S,m/mm] } ) (11.14)
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2 2 2
ma. —m2 —m?
. . o2 n n 2
— iMooy (Mgy) = i {cos o | Acgny — Bogmy 5 + Casnn/m@]
2 2 2
ma. —m2 —m?2,
. 02 n Ui 2
— sin ()00' AO_Nnn/ — BO-Nnn/ 2 + CUNWZ'm@] } . (1115)

Note that we have used the identity P? = (P, + R)? & P, - P, = (P? — P} — P2)/2 =
(m3, —mj —m7,)/2 in Egs. (11.14) and (11.15).
Finally, we obtain the following decay widths formulas:

k(me,, My, myy)

| I | — iMooy (M) |2, (11.16)

2
8mmg,

k(m027m77? mn')

| | — iM oy sy (M) | (11.17)

8mm2,
Note that the nn’ threshold in our model lies at 1481 MeV according to Table 10.3. For this
reason, a non-vanishing value I';, _,,,» could only be obtained for correspondingly large m,, (that
can actually be smaller than the threshold value if the state is sufficiently broad). Our model
yields my, = 1310138 MeV, see Sec. 11.1.5, and thus a value that does not allow for a tree-level
o1 — 1’ decay and renders an off-shell-oq decay extremely suppressed.

The situation is quite different for oo. Constraining I';,_,,,y in Eq. (11.17) via mg, = 160612
MeV (determined in Sec. 11.1.5) and using the parameters in Table 10.2 and masses in Table
10.3, we obtain

Loy sy = 4173 MeV. (11.18)

This result is a prediction because the PDG does not report an nn’ channel for f,(1710) = os.
Note, however, that results for the absolute values of the partial fo(1710) decay widths tend to
be larger than experimental data (as discussed in Sec. 11.1.5); nonetheless, they also have correct
relative magnitudes and for this reason we conclude that a non-vanishing value of I 4 (1710) .y 18
expected, suppressed when compared to fy(1710) — KK but of approximately equal magnitude
as fo(1710) — 7w and fo(1710) — nn. Indeed using Egs. (11.17) and (9.53) as well as m,, =
1606;2 MeV we obtain

Loysmy [Toss kK = 0-171L8:8§7 (11.19)
using Eqgs. (11.17) and (9.40) we obtain

Loysi /T ogsmm = 0.86,075, (11.20)
using Eqgs. (11.17) and (9.72) we obtain

Ty syt /Corssmy = 0.68 4 0.13. (11.21)

There are no experimental results for these ratios — the results are pure predictions. We know
from Sec. 11.1.5 that experimental ratios of scalar decay widths are better described in our model
than absolute values of decay widths. For this reason, experimental measurements regarding
fo(1710) — nn’ would be strongly appreciated and would represent a valuable test for our results
in Egs. (11.19) - (11.21).
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11.1.7 Decay Width 012 — a1(1260)7 — prm

This decay width can be calculated from the same Lagrangian as the one stated in Eq. (9.94).
However, the calculation of the decay width is in this case slightly different than the one presented
in Sec. 2.6.3 because the a;(1260) spectral function has to be considered. Additionally, a; is no
longer at rest (unlike the decaying axial-vector in Sec. 2.6.3). This has to be considered while
the decay amplitude is calculated (see below).

The decay width is determined as follows. The pure states o s in Eq. (9.94) need to be replaced
by the physical states o} 2 according to the inverted Eq. (9.18):

0 . 0 0 _0 .
Loain = Agyonra) (€08 0p01 — SN 0e02)0,m° + Bayoyra) 70, (cos pr01 — sing,o2)
O/ - 0
+ Ag ognal” (8N pr01 4 €08 ©r09)0,T
3 . 0 0 } 0_0
= (Agyonm COS Yo + Agioor SN @, )o1a}" Oy + Bayoyr COS @pal T 0y01
. 0 0 : 0,0
+ (Agyogr €08 @ — Agionn SN @y )o2a) 0y — By opr Sinpeal 00,09
0 0
= Aalglﬂala‘f (9ﬂ71' + Bmwﬂra1 Ouo1
0
+ Auyoyn 0200, + Bay 5y d* 108,09 (11.22)
with Ag,oym, Bajoyr and Aggor from Egs. (9.95) - (9.97), Ag o1n = Aayonn €08 ot A osr Si g,
Ba10’17‘( - Ba10N7r COS Yg, Aalagw - Aalasﬂ COS Py — Aa10N7r sin Po and Ba1027r — _Ba10'N7T sin Po-
Let us consider only the decay o; — a7 in the following; the calculation of I',,_,4, » is analogous.

We denote the momenta of o1, a; and 7 as P, P, and P», respectively. Then, upon substituting
oF — —iP* for the decaying particle and 0* — iPI“ o for the decay products, we obtain the

following Lorentz-invariant ojaim scattering amplitude —ZMgl_mlﬂ

ZM — ( )(Pl)hcnanr - _ggta) (Pl) (AUUIUTPZM - BUIGIWP“) ’ (1123)

o1 ~>a17r

(a)

where €,/ (P;) denotes the polarisation tensor of a; and

h‘u = - (Aolalwpﬁu - BolaUrP'u) (1124)

o1a1m

denotes the oja1m vertex.

It is now necessary to calculate the square of the averaged decay amplitude. This is performed

analogously to Sec. 2.6.3:

_Z.MC(TOI)*)alTF = ( )(Pl)h01a17r |_Z.'A;l0'1*>al7"'|2 Z ‘_ZMalﬁalﬂ'

138
= 5 ( )(Pl)ha'lalﬂ' (o )( )hj;ll/alﬂ
a,f=1
Eq. ( .196) 1 ]hﬁ aix Pl ]2
= — e ] 71”112 £ (11.25)

al

Let us determine the two contributions to {—i./\;lolﬁam{z in Eq. (11.25). The square of the vertex

reads
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‘hﬁ = A2 mi + B2, mZ — 240,07 Boyayn P - Po

2
1a17r‘ o1am oraym''voy

= A2 . omZ 4+ B2 . m2 —2As a5 BoyaynMey Ba(Tay). (11.26)

g1a1m gla1m™  vo1

In the second line of Eq. (11.26) we have used P - Py = mgy, E2(x,,) with the pion energy

Es(24,) = /E2(Moy, Ty, Mr) + M2, k(Mg , Tay, my) from Eq. (2.191) and x,, the running mass
of the a; state.
The second term from Eq. (11.25) is calculated from

2
|BE aixPru|” = (Aoyarn Pt - Po — Boyayn P+ P1)? (11.27)
and the equalities Py - P, = (m2, — z2 —m2)/2 and P - Pi = my, E1(z,,) with the a; energy

Ey(24,) = /k*(Mgy, Za,,mz) + 22 . Then we obtain

2 2 212
9 (m xo —mz)
‘hglalﬂplﬂ{ = Ag'lalﬂ' - Zl = + BglalﬂmglE%(xal)
- Ao'lalﬂ'Bglalﬂ'mUI El (xal)(mg'l - le - m72r) (11'28)
Inserting Eqgs. (11.26) and (11.28) into Egs. (11.25) we obtain
. 2 1 (mZ — a2 —m2)% —4m2 m2 Ei(z4,)
|_ZM01_>(117T('%.01)‘ = g {Ag'lalﬂ' : 4 4m2 4 + Bglalﬂ' 3'1 % - 1
al ai
By (2a,)(mg, — a3, —m3)
—AgyaynBojaix Mo, [ “ o o —2By(zq,)| . (11.29)
a1

The decay width needs to consider three possible decay channels: o1 — a?7% and o7 — afﬂ?
Then we obtain

3]{: g1 al T -8,
(Moy, Tay, M) | =i Mo, —sarn(zay)| - (11.30)

o1—ai1m\tay 87ng_l

Additionally, we introduce the a; spectral function dg, (z4,) as in Sec. 2.6.2 assuming the decay
width of FZ’I‘&M = 425 MeV for a1(1260) — this is the mean value of the corresponding PDG
interval reading (250 — 600) MeV. Then we can determine the decay width I's, 47— prr:

o
F01—>a17r—>p7r7r = /dxal Pzn—)aﬂr(xal )da1 (1'@1 )7 (1131)
0
where the spectral function reads
2 exp
x2 T -
da, (Ta,) = Ng, m_ e 0(xay — M, —Mmy) (11.32)

2
('%%1 - m31)2 + (malrg)l(p_)pﬂ')

with the constant N, determined such that [°dza, da, (24,) = 1. [We are using I'q)%,r in
da, (24, ) as a first approximation although in principle the fully parametrised I'q, - ,» from our
model should be used. The ensuing results are thus more of qualitative nature.]
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Analogously, we obtain

3k(myy, Tay, My)

o 2
Fovnarr(ra) = g 8 | ity e (11.33)
and
N
oscsasnospes = [ @00 Tonmsan (o) (22,) (11.34)
0

We use the parameter values stated in Table 10.2 to determine the coefficients in Eq. (11.22).
Mass values can be found in Table 10.2, except for m,, = 1310;38 MeV and mg, = 1606;2 MeV
determined in Sec. 11.1.5. Then Eq. (11.31) yields

Loy sarmoprr = 127755 MeV. (11.35)

Consequently, the decay channel f,(1370) — a1(1260)7 — pr is strongly suppressed in our
model. The PDG does not state a value for this decay width but rather notes the Crystal Barrel
ratio I f (1370)=a; (1260)7 /T o (1370)—4x = 0.06 £0.02 [239]. Our results do not reproduce the stated
ratio because the absence of the glueball field in our U(3) x U(3) model implies a very small
[ fy(1370)—4r (see the note on o012 — 47 decays in Sec. 11.1.2). Nonetheless, the results of Ref.
[239] imply a suppressed decay of fy(1370) into a1(1260) and this is consistent with our finding.
Additionally, from Eq. (11.34) we obtain

Loy sarmsprr = 15.2739 MeV. (11.36)

Current PDG data do not suggest the existence of the decay channel f(1710) — a1(1260)r —
prm [10]; indeed we find it to be strongly suppressed in comparison to pion, kaon and eta decays
of fo(1710). Nonetheless, our results imply that a small but definite signal should be observed
for this resonance as well.

11.1.8 Decay Width o3 —» ww

The cwywy interaction Lagrangian reads

Eoww =

1
(h1 + ha + h3)pnon(wh)? + §h1¢SUS(W§</)2

[(h1 + ha + h3)Pn cos s + higg sin p,| Ul(wﬁ,)2

[l ORI NGRS

+ 3 [h¢sos cos s — (h1 + ha + h3) ¢ sin p,] aa(wWh)? (11.37)

with the substitutions oy — cosp,01 — sinp,09 and og — sinp,01 + cosp,09. Let us
remind ourselves of the assignment of the relevant fields: o1 = fo(1370), o2 = fo(1710),
wy = w(782) = w. The state oy is below the ww threshold and, for that reason, we do not
consider the corresponding decay. Conversely, the state oy is above, but not far away from, the
ww threshold: my, = 1606;3 MeV (see Sec. 11.1.5). Nonetheless, the decay is kinematically
possible. We have already considered the decay of a scalar state into two vectors in Sec. 2.6.4.
We can modify the formula for the decay width obtained there for the purposes of this section:
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k(mag ) ij\m wa)

T, (Twy) = [(h1 + h2 + h3)pn sin g, — higg cos 300]2
FTWNWN TN 167m2,
2 9,2 )2
v s w (11.38)
8my,

with z,,, denoting the running w mass and k(my,, 4, , my) from Eq. (2.191). There are two ways
to proceed with Eq. (11.38). It is possible to evaluate I'5,_,. at the point z,,, = my,, = 775.49
MeV [= m, according to Eq. (6.42)]. The mass value stems from Table 10.3. Then using the
parameter values from Table 10.2 we obtain the following result from Eq. (11.38):

Ty swnon (Muy ) ~ 0.02 MeV. (11.39)

Therefore the value is extremely small. The experimental situation regarding the decay oo =
fo(1710) — ww is uncertain: the existence of a weak signal was claimed only by the BES II
Collaboration in J/1 — yww decays but no values were cited for the partial decay width [186].
Our results are in qualitative agreement with the BES II result, and our model does not suggest
a strong enhancement of fy(1710) in the ww channel.

Equation (11.38) can also be used to consider the sequential decay o9 = fp(1710) — ww — 67

o0

F02—>ww—>67r = /dwarag—)wNwN(wa)dwN(wa)a (1140)
0
where dy,, (%, ) denotes the spectral function of the wy state:

2 exp
xi T
dwN (wa) = NwN WN T wN—3T pe 5 H(wa — 3m7r) (11.41)
(x(%]\r - Tn‘(%]\])2 + (waFUJN—)v?)T()
with I’fjg’ 3y = 8.49 MeV assuming, in excellent approximation, that w(782) decays only into
3w [10] and N, determined such that [°daey duy (2wy) = 1. The w(782) resonance is very

exp
wN—3T

dyy () ) is fully justified. Nonetheless, the result obtained is the same as the one in Eq. (11.39)

narrow and therefore utilisation of I (rather than a formula parametrised in our model) in

Lo, ww6r =~ 0.02 MeV. (11.42)

The reason is the narrowness of the w(782) resonance. This result indicates that the 67 decay
channel of fy(1710) is strongly suppressed if virtual w states are considered. Note, however, that
this decay channel might still arise from the more prominent f5(1710) decays into K K and .

11.2 Decay Width K;(1430) — K=

The KgK interaction Lagrangian, Eq. (9.84), has already been discussed in Sec. 9.3. The scalar
kaon field Kg is reassigned to Kj(1430) in Fit II but the decay width formula for the process
Kg — K, presented in Eq. (9.92), is of course valid nonetheless. There are no free parame-
ters — utilising parameter values from Table 10.2 and mass values from Table 10.3, I’ KOs Kn 18
determined uniquely as

T o ien = 263 MeV. (11.43)
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The result is within the PDG value F‘;?(’?(M?)O) = (270 £ 80) MeV [10]. The stated PDG value
actually depicts the full decay width of KF(1430) but the resonance is known to decay almost
exclusively to K7 [263]. Our result is therefore in excellent correspondence with experimental
data and it justifies the assignment of Kg to Kg(1430).

Let us, as in Sec. 9.3, point out the influence of the diagonalisation shift, Egs. (6.19) and
(6.21) - (6.25), on this decay width: omitting the shift (w,, = wg+ = wg, = 0) would yield
Uk (1430) 5k = 12 GeV. We thus conclude again that the coefficients arising from the shift
[Egs. (9.86) - (9.88)] induce a destructive interference in the Lagrangian (9.84) decreasing the
decay width by two orders of magnitude. The necessity to perform the shift arises from the
inclusion of vectors and axial-vectors into our model. Therefore I';_, x» demonstrates that a
reasonable description of scalars requires that the (axial-)vectors be included into the model. We
can note, of course, that decoupling of (axial-)vectors from our model would spoil the result for
the decay width of the low-lying scalar kaon k as well (as described in Sec. 9.3) whereas, e.g.,
nonstrange-scalar decay widths would still be fine in this case. Nonetheless, it is clear that our
scalar kaon (how ever it may be assigned) is only described properly if the (axial-)vectors are
present in the model as well. We will discuss the phenomenology of the vectors and axial-vectors
in the subsequent sections.

11.3 Phenomenology of Vector and Axial-Vector Mesons in Fit II

Vector and axial-vector states are extremely important for our model. They are known to decay
into scalar and pseudoscalar states discussed so far [10] and their mixing with scalar and pseu-
doscalar degrees of freedom observed in Eq. (6.17) yields the diagonalisation shift of Eqgs. (6.19)
and (6.21) - (6.25) originating in new terms in our Lagrangian (6.1) that in turn influence the
phenomenology of other states (but also of vectors and axial-vectors themselves).

Fit I showed considerable tension between the decay widths of a;(1260), f1(1285), f1(1420)
and K1(1400) on the one side and I’y xr on the other: either the axial-vectors were too broad
[~ (1 —10) GeV] or the p meson was too narrow (< 40 MeV), see Sec. 9.6. Therefore, a major
task in the following sections will be to ascertain whether this state of affairs is changed in Fit
II where a fundamentally different assumption is implemented — that the scalar quarkonia are
above 1 GeV.

In the vector channel, the exact value of I',_,r = 149.1 MeV has already been implemented to
determine the parameter go (see Table 10.2). Our model also allows for a calculation of the 2K
decay width of the strange isosinglet vector state wg = ¢(1020). It was not possible to calculate
'y kK because our Fit I implied mEISTI = 870.35 MeV — a value below the 2K threshold.
Therefore, ¢(1020) was not well described within Fit I. This is not the case in Fit II that yields
My = 1036.90 MeV > 2m, see Table 10.3. We will calculate I'y,, s ki in Sec. 11.3.3. We will
also consider the phenomenology of the K™ meson in Sec. 11.3.4.

In the axial-vector channel, we will consider the phenomenology of both non-strange and strange
isosinglets, finy = f1(1285) in Sec. 11.3.5 and f15 = f1(1420) in Sec. 11.3.6 (only K*K decay
channel can be considered in our model for both resonances). Important considerations will
regard the a;(1260) resonance, the putative chiral partner of the p meson, in Sec. 11.3.1. Note
that Fit II does not allow for Iy, (1260) f, (600)= t0 be calculated because our o field has now been
reassigned to fo(1370) whereas we determine the width for the sequential decay a; — K*K —
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KK in Sec. 11.3.2. Note also that our K field (the phenomenology of which is discussed in
Sec. 11.3.7) no longer corresponds to K7(1400) as in Fit I because, in Fit II, it is found to be
a member of an axial-vector nonet that in principle requires consideration of the mixing with
the corresponding pseudovector nonet before phenomenology statements can be made [see Sec.
10.3 and Eq. (10.26)]. For this reason, our calculations in Sec. 11.3.7 will be more of informative
nature.

11.3.1 Decay Width a;(1260) — pm in Fit II

The interaction Lagrangian for the decay a;(1260) — p7 has the same form as in the U(2) x U(2)
version of the model. We have considered the decay of an axial-vector state into a vector and a
pseudoscalar in Sec. 2.6.2; utilising parameters in Table 10.2 allows us to calculate I'g, _, ) from
Eq. (2.188) with I = 2:

gy pr = 861 MeV. (11.44)
The result is outside the PDG value for the full width Iy, 1260y = (200 — 600) MeV but it is by
more than an order of magnitude smaller than the corresponding result Fg 11?12160) Spr 13 GeV

obtained from Fit I in Sec. 9.4.1. The decisive difference is the value of go: Fit 11 yields go = 3.07
(Table 10.2) whereas Fit I implied go = —11.2 (Table 8.4). 'y, < 600 MeV would actually
require go = 4 in Fit II, see Fig. 11.12, but the difference to go = 3.07 is obviously not as large
as in the case of Fit I where g5 2 10 was necessary but go = —11.2 was obtained.

T 2,5 pr(MeV)

800f
600f
400p

200

6 8 10 12 14 92

Figure 11.12: I'y, , ,» as a function of the parameter g, in Fit II.

Let us also consider, as in Sec. 9.4.1, how far I'y_,r (the decay width that determines g2) would
have to be changed to enable us to obtain reasonable values of I'y, _,,». The result is shown in
Fig. 11.13.

We observe a;(1260) as a very broad resonance. We can see from Fig. 11.13 that values of
I'4, - px within the PDG range are obtained if we set I', - approximately 20 MeV lower than
the PDG value. Smaller values of I'y, _, ,r follow if I',_,r, is decreased further. We thus require
Fposnr S 130 MeV for 'y, pr < 600 MeV. The value of ', is somewhat smaller than
I’EBCT:’F = 149.1 MeV [10]; nonetheless, this result is a strong improvement in comparison with

I'posrr S 38 MeV in Fit L.
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However, decreasing I',, - may not be the only possibility to decrease I'y, ,r. We could, for
example, take into account the spectral function of the p meson in order to obtain the decay
width a; — pm — 37. Note that, in this case, go is not varied but rather fixed via on-shell values
of ') srr, mq, and m, (i.e., go = 3.07 as in Table 10.2). Integration over the p spectral function,
analogously to Sec. 2.6.2, yields

Pa1—>p7r—>37r — 706 Mev (1145)

[y, —pr is thus decreased by approximately 160 MeV once an off-shell p meson is considered.
Note that decreasing I' ). by only 10 MeV and re-integrating over the p spectral function with
the thus obtained go = 3.65 leads to I'y, ;,» = 600 MeV, corresponding to the upper boundary
of the a1(1260) decay width as stated by the PDG.

Another possibility to decrease I'q,_,r in Eq. (11.44) would be to introduce a form factor such
as exp[—k?(zq,,mp, mz)/A?] to account for the finite range of strong interactions; z,, denotes
the off-shell mass of a1(1260) and A is a cut-off with values between, e.g., 0.5 GeV and 1 GeV.
However, introduction of form factors would need to be performed consistently throughout the
model rather than ad hoc for a single decay width. For this reason, we will not utilise a form
factor here, although we note that the trial value of A ~ 0.5 GeV allows for 'y, pr ~ 400 MeV
to be obtained once the decay width of Eq. (2.188) is modulated by the stated exponential and
the a1(1260) spectral function. Modulating Eq. (2.188) with the spectral functions of both p and
a1(1260) as well as the stated form factor decreases the decay width I', _, pr 3 even further, to
~ 300 MeV, for A ~ 0.5 GeV — to less than one half of the value presented in Eq. (11.45).

For these reasons, the value of the decay width in Eq. (11.44) is not too problematic not only
because it is close the PDG decay width interval but also because, as we have seen, there exist
means of decreasing it to the values preferred by the PDG.

A Remark on the Decay Width a;(1260) — fo(1370)m

It is not possible to calculate the decay width for the process a;(1260) — f,(600)7 within Fit
II. This was performed in Sec. 9.4.2, i.e., within Fit I, where our predominantly non-strange
scalar o7 was assigned to the fp(600) resonance. This assignment is different in Fit II: oy is
identified with fo(1370). This allows us in principle to calculate Iy, (1260)— f, (1370)x- However,
this decay is forbidden for on-shell masses: utilising m,, = 1310;%8 MeV from Sec. 11.1.5 and

r al_>p7r(MeV)

800
700f
600G
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400

. . . . . T (MeV)
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Figure 11.13: Iy, (1260)—pr as function of I'y 7, in Fit IL.
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m, = 138.65 MeV requires m,, > 1419.65 MeV. We obtained m,, = 1219 MeV in Table 10.3.
Therefore, a non-vanishing value of I'y, ,,» could only be obtained if a large a1(1260) decay
width were considered in this decay channel such that the high-mass tail of a; would allow for
the decay a;(1260) — fp(1370)7 to occur. Performing a calculation analogous to the one in
Sec. 2.6.3 to obtain the tree-level width for a1(1260) — fo(1370)7 and integrating over the a;
spectral function in Eq. (11.32) yields Iy, (1260)— f (1370)x = 0. For this reason, we cannot confirm
the existence of the a1(1260) — fo(1370)7 decay mode. Indeed the only piece of experimental
data asserting the existence of this decay channel [264] assumed the fp(1370) mass and width
of 1186 and 350 MeV respectively. The assumed mass value is too small according to the PDG
and also according to the review in Ref. [40]. Consequently, even experimental data regarding
this decay seem to be uncertain. We thus conclude that the contribution of this decay channel
to the fp(1370) width is negligible (if not zero).

11.3.2 Decay Width a4(1260) - K*K — KK in Fit II

The corresponding interaction Lagrangian has already been stated in Eq. (9.99). As in Sec.
9.4.3, the decay a; — K*K is tree-level forbidden because a; is below the K*K threshold (see
Table 10.3). However, if we consider an off-shell K* state (just as in Sec. 2.6.2) then the ensuing
decay a; — K*K — KKr can be studied. We use Eq. (2.190) with an isospin factor I = 4 and
integrate over the K* spectral function in Eq. (2.189). The value of the K* decay width is given
further below, in Eq. (11.55). Equation (2.190) yields

Fa1—)K*K—)KK7T = 055 MeV (1146)

The above result is four orders of magnitude smaller than the one in Eq. (9.103) because of the
different value of the parameter g, (as discussed in the previous sections) and also because K* is a
rather narrow resonance. We thus find that the kaon decay of the a;(1260) resonance is strongly
suppressed. The value is below the branching ratio I'; (1260)— &+ x /T'as (1260) < 0-04 (our estimate
from Refs. [14, 264, 265]) and also below the result Ty (1960) 5+ x/Ta;1260) S (0.08 — 0.15)
[266]. The reason is that we have actually considered a sequential decay (a1 - K*K — KK)
rather than merely the tree-level decay a; — K*K (although this decay will inevitably lead to
KKn upon K* decay). Additionally, the full decay width of the a;(1260) state is ambiguous,
Ly, 1260y = (250 — 600) MeV [10], and therefore an exact experimental value for a decay width
such as I' ) g g cannot be trivially determined.

11.3.3 Decay Width ¢(1020) — KT K~ in Fit II

The KK decay width of the wg = ¢(1020) state is specific within our model because it can
only be calculated from Fit II. It was not possible to determine I', ki in the case of Fit I
because, as apparent from Table 8.5, this fit yielded mELT I = 870.35 MeV — a value below the 2K
threshold. Contrarily, Fit II yields m,,, = 1036.90 MeV > 2mf, see Table 10.3. The tree-level
decay is therefore possible and the wg/K K interaction Lagrangian reads

Loskk = Avsrxwh(K°0,K° — K°0,K* + K~ 9,K* — K19,K")
+ Bk k0" Wk (9,K°0,K° — 9,K°9,K° + 9, K 9, K" — 9,K*9,K") (11.47)
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with

)
AvskK = WG
B =22 2 (11.49)
ws KK \/5 K92Wk, - .

2% {201+ wi, g} (6n + V20s) + ha(én — V29s) — 2V2haos| |, (11.48)

Note that the PDG data [10] cite the ¢(1020) decay width into charged as well as neutral kaon
modes. They are not the same due to isospin violation [whereas our model is isospin-symmetric,
as apparent, e.g., from Eq. (11.47)]. Our Fit IT implemented m g+ [see Eq. (10.12)] and therefore
we will in the following, for consistency, focus on the decay ¢(1020) — KK ~.

The calculation of I'y,1020)— x+ k- is analogous to the generic calculation described in Sec. 2.6.3.
Equation (11.47) yields the following decay amplitude upon substituting 0* — —iP* for the
decaying particle and 0* — iPl’f o for the decay products:

M e = (PR e =~ (P) [(Aws i + BusicrcP - PP — P, (11.50)

where the momenta of wg, KT and K~ are denoted as P, P, and P, respectively; 6&0[) (P)
represents the polarisation vector of wg and the vertex hfjs kK reads

Woorre = —(Awgk i + Bugkx P - P)(Pf' — PY). (11.51)

According to Eq. (2.196), there are two contributions to the averaged squared amplitude | —

- 2
iMyg K+ K- | that involves a vector state: the first one is the squared vertex ‘hgs K K‘ and the

2
hgs K KPﬂ‘ , contains the vertex hgs xx contracted with the vector-state momentum

second one,
P, = (m4,0). Consequently, thKKPM = thKKPO = 0 because thKK =0, see Eq. (11.51).

2 _
Therefore, only ‘hf:SKK‘ contributes to | — iMws—>K+K—|2:

- 2 1 2 1
|—iMygsxix-| = 73 ‘hgsKK‘ = —3(Auskx + BuogkrP - P)* (P = Py)?

2

2
2 m
=-3 (AwsKK + BwSKK$> (my — Py - Py)
1 m2_\’
=3 (AWSKK + Buskk ;S> (m2, — 4m). (11.52)

Then the decay width reads

k(mwsamK, mK)

ng—)KJrK* - STm2 ’ - iMws—)KﬁLK* ‘2
ws
2
k(m. y MK, MK m2
-4 giwmQ ) (AWSKK T Buskx ;S (md — 4mi) (11.53)
ws
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with k(me,g, mi, mg) from Eq. (2.191). Using the parameter values from Table 10.2 to determine
the coefficients in Eqgs. (11.48) and (11.49) and the mass values from Table 10.3, Eq. (11.53) yields

Tosmsictic— = 2.33 MeV. (11.54)

exp

This value is slightly larger than the one suggested by the PDG data reading F@(1020)~>K+K_ =
(2.08 £ 0.04) MeV. The reason is that our m, = 1036.90 MeV is by approximately 20 MeV
larger than m1920) = 1019.46 MeV [10]. Nonetheless, our chiral-model result is remarkably
close to the experimental value; it represents an additional statement in favour of Fit II when
compared to Fit I (with the latter not permitting for this decay width to be calculated at all,
see introductory remarks in Sec. 9.4).

11.3.4 Decay Width K* — K= in Fit 11

Phenomenology of the vector kaon K* = K*(892) has already been discussed within Fit I in Sec.
9.4.5. The value FI;(I:%L o = 32.8 MeV was obtained, see Eq. (9.124). The experimental value
reads T'0Y ;- = 46.2 MeV and the resonance decays to ~ 100% into K [10]. Thus the value
obtained in Fit I was by approximately 13 MeV (or 30%) smaller than the experimental result.
The K** K interaction Lagrangian has been presented in Eq. (9.111). Repeating the calculation
performed in Sec. 9.4.5 with the set of parameters from Table 10.2 and masses in Table 10.3 we

obtain the following value in Fit II:

Teeopen = 44.2 MeV. (11.55)

This result is only 2 MeV smaller than the stated experimental result. Correspondence with
experiment is hence excellent: the assumption of scalar gq states above 1 GeV and the ensuing
Fit II shift the value obtained in Fit I in the correct direction and allow us to describe the
vector-kaon decay width almost exactly. This is a strong indication in favour of Fit II.

11.3.5 Decay Width f;(1285) — K*K in Fit II

As stated in Sec. 9.4.4, there are two decay widths of the finy = f1(1285) state that can be
calculated from our model: fiy — aom and finy — K*K. The former can only be considered
within Fit I where the scalar states were assumed to be below 1 GeV [ag = a¢(980)]. In Fit II, the
correspondence ag = ap(1450) holds and thus the decay width for the process fiy — apm cannot
be calculated (as it is kinematically forbidden). Note also that the decay ao(1450) — f1(1285)m
has not been observed [10].

We then only need to consider the decay f1(1285) — K*K, analogously to the calculations
performed in Sec. 9.4.4. Let us again note that the PDG lists the f1(1285) — K*K process
as "not seen” although the three-body decay f1(1285) — KK possesses a branching ratio of
(9.0 £ 0.4)% whereas the full decay width of the resonance is I'y, (1935) = (24.3 = 1.1) MeV [10].
The f1(1285) decay into K* and K is forbidden for the on-shell masses of the three particles
considered, as apparent from experimental data and also from our mass values in Table 10.3.
However, the three-body K K7 decay can, within our model, arise from the sequential decay
f1(1285) — K*K — KKm. The latter decay was discussed in Sec. 9.4.4 within Fit I and the
value I'y - gex gir = 1.98 GeV was obtained — three order of magnitude larger than the
experimental limit 'y = gope s grer < (2.2 +0.1) MeV expected from the mentioned branching
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ratio for f1(1285) — K K7 and the full f1(1285) decay width. In this section we discuss whether
L'y v k+*K— KK 18 improved in Fit IL

To this end we need to repeat the calculations from Sec. 9.4.4 utilising the parameter set stated
in Table 10.2. The f1yK*K interaction Lagrangian is stated in Eq. (9.104). We need to consider
the K* spectral function (because the decay is enabled by an off-shell K* state), as described in
Sec. 9.4.4. Consequently, we obtain

Ple*)R*K*)KKTF = 0.9 MeV. (1156)

The value in Eq. (11.56) represents an improvement by three orders of magnitude compared to
Ut vk k—»kir = 1.98 GeV obtained in Fit I. It is smaller than the PDG value I'f, (1985) 5 g xn =
(2.240.1) MeV. Thus, at this point, we do not expect 'y, _, g«x, gk t0 be the only contribu-
tion to I'y g — for example, a direct three-body decay into K K'm might also contribute to
the total decay width in this channel. Nonetheless, from results presented until now we conclude
that approximately 40% of the decay f1(1285) — K K is generated via the sequential process
f1(1285) — K*K — K K. This is contrary to the PDG conclusion stating that no such contri-
bution exists. Note that the PDG conclusion is based on pp annihilation data from Ref. [267];
there are, however, newer data (but with limited statistics) from the L3 Collaboration [268] that
suggest a non-vanishing contribution of f1(1285) — K*K — KK to f1(1285) — KKnr. Our
results seem to corroborate those of the L3 Collaboration.

[y vk k—»Eir 0 Eq. (11.56) was obtained assuming my,,, = 1219 MeV = my,, see Eq.
(6.43). Considering finite-width effects for the rather broad a;(1260) resonance (analogously to
calculations in Ref. [46]) might, however, induce a mass splitting of fiy and a;. Thenmy, ,, = mq,
would no longer hold and Fig. 11.14 demonstrates the change of I'y = gex g, if My is
increased, e.g., to the experimental value my, 1285y = 1281.8 MeV.

(MeV)

I —
fin=K KoK K7
2.5¢
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Figure 11.14: 'y .k, g, as function of my, .

We observe that 'y gvx, g 1S strongly dependent on my, , and increases by almost three
times in the mass region of interest: from 0.9 MeV for my , = 1219 MeV to 2.6 MeV for my, , =
My (1285 = 1281.8 MeV. Therefore, varying my,, implies that the decay fi(1285) — KK is
completely saturated by the sequential decay f1(1285) — K*K — K K. It is actually possible
to determine my,  such that I'y, |, g g corresponds exactly to I'y, (1985 g = (2.2£0.1) MeV.

212



As apparent from Fig. 11.14, this is realised for my, , = 1271;“75 MeV, in a very good agreement
We thus conclude that the f1(1285) phenomenology is decisively better described in Fit II than
in Fit L.

11.3.6 Decay Width f;(1420) - K*K in Fit II

Let us remind ourselves that the f;(1420) decays predominantly into K*K; the resonance pos-
sesses a mass of mjflq(oMZO) = (1426.4 £+ 0.9) MeV and width F?lq(o1420) = (54.9 £+ 2.6) MeV [10].
We have seen in Sec. 9.4.6 that Fit I implies the fig = f1(1420) resonance to be 17.6 GeV
broad. Clearly, this result cannot be regarded as physical and in this section we discuss whether
the stated large value of the decay width is decreased in Fit II. Additionally, we obtained
my (1420) = 1643.4 MeV in Fit 1 (see Table 8.5). As apparent from Table 10.3, this value is
decreased substantially to 1457 MeV within Fit II — the correspondence with the mentioned

ex

experimental value m I is therefore much better than in Fit I. In this section we discuss

P
the phenomenology of ;114(13)20) within Fit II. Given the predominance of the decay into K*K,
it suffices to discuss this decay channel only.

The calculation of the decay width is performed analogously to the one in Sec. 2.6.2. The
f1sK*° K" interaction Lagrangian presented in Eq. (9.125) is analogous to the one presented in
Eq. (2.181); the same is true for the vertices in Egs. (2.183) and (9.130). Consequently, we can
utilise the generic formula for an axial-vector decay width presented in Eq. (2.188). Setting I = 4

to consider the decays f1g — K*°K? KOK*0 K*t*K~ and K*~ Kt we obtain

Uy omikrx =274 MeV. (11.57)
This value improves the Fit I value I‘l;llgi i+ = 17.6 GeV by two orders of magnitude. Nonethe-
less, it is still larger than the one reported by the PDG: I‘?lq(:’l 420y = (54.9 +2.6) MeV. Therefore

Fit II, where scalar meson states are assumed to be above 1 GeV, shifts I'; ., gk in the cor-
rect direction but does not yield the experimental result. We will see in the next section that
the analogous problem persists in the K7 phenomenology as well. The reason may be that the
current form of our model does not implement mixing of our 17" field [= fin 4 in Eq. (10.26)]
with the C-conjugated 17~ partner [= fin p in Eq. (10.26)]. Note that the value in Eq. (11.57)
is decreased by approximately 40 MeV upon integration over the K* spectral function. Thus the
sequential decay f1(1420) — K*K — KK appears to be dominant in the f;(1420) — KK
decay channel, just as in the case of the f;(1285) resonance.

Let us also note that the correct value of I'y _, gvj can be obtained by decreasing I'zr to
approximately 96 MeV (Fig. 11.15). However, this statement must be viewed with caution
because, as already mentioned, the current form of the model lacks fin a-fin B mixing upon
which no decreasing of I',_,» may be needed to obtain the correct value of I frlem KA K-

11.3.7 Kj Decays in Fit II

There are two important remarks regarding the K; phenomenology in Fit II. Firstly, our K;
field can no longer a priori be assigned to a physical resonance because Fit II yields mp, = 1343
MeV, a value that is virtually the mass median of K (1270) with m g, 1270y = (127247) MeV and
K1(1400) with mg, (1400) = (1403£7) MeV. Indeed our discussion in Sec. 10.3 has suggested that
the stated value of mp, is an indication that a 17~ nonet needs to be considered in our model
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Figure 11.15: I'y . _¢ (1420)— &+ k as function of I'y—, 77 in Fit IL

together with the (already present) 17+ nonet. The second remark is about results obtained in
Fit I, Sec. 9.4.7. Three decay channels were considered: K;(1400) — K*m, pK and wK. Each
one of them was found to be more than 1 GeV broad; in fact, the sum of all partial decay widths
in Egs. (9.143), (9.144) and (9.145) suggests I (1400) ~ 10 GeV — a value that is two orders of
magnitude larger than I'g (1400) = (174 £ 13) MeV [10].

In this section we discuss whether it is possible to amend the unphysically large values of the
decay widths obtained in Sec. 9.4.7. A word of caution is nonetheless necessary: given the absence
of the 17~ nonet from the model and the consequent mass value of the 17" field my, = 1343
MeV corresponding to neither K;(1270) nor K;(1400), it cannot be expected that our results
in this section will yield exact experimental values. However, we can still observe whether the
results from Fit I are shifted in the correct direction by Fit II.

The interaction Lagrangian of the K state with the already mentioned decay products has been
presented in Eq. (9.132). The calculation of the decay widths proceeds exactly as described in
Sec. 9.4.7; in this section we utilise parameter values from Table 10.2 and mass values from Table
10.3.

T, sioon = 307 MeV, Tk, s pic = 128 MeV, Tg, oy i = 41 MeV. (11.58)

For comparison, Fit I yielded

T er =6.73 GeV, T o = 4.77 GeV, T L] e = 1.59 GeV. (11.59)

The sum of the decay widths in Eq. (11.58) suggests a full K; decay width of ~ 480 MeV,
larger than both 'y, (1400) = (174 £ 13) MeV and T'k, 1270y = (90 & 20) MeV but two orders
of magnitude less than the value ~ 10 GeV obtained in Fit I. We observe that 'k, g+, and
'k, pk have been improved by an order of magnitude in comparison with Fit I; I'x, .,k has
been improved by two orders of magnitude. Thus we conclude that the values of the stated K
decay widths, while still not satisfactory, are nonetheless strongly improved in comparison with
Fit L.

Note that all the mentioned decay widths could be improved if I'j_. ., were decreased by ~ 100
MeV thus implying gs ~ 10. However, it is not necessary to include the corresponding diagrams
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into this work because, as already stated, it is not possible to assign our K field to a physical
resonance. Nonetheless, we find Fit II to be favoured over Fit 1.
A Note on Decay K; — K fp(1370)

The decay into K and fp(1370) has been observed for both K;(1270) and K;(1400); it can, in
principle, be calculated from our model as the K1 Koy g interaction Lagrangian obtained from
Eq. (6.1) reads

LK Ko = AKlKaNKfOUNauko + BKlKaNK{m@MUNI_(O

+ Ag, kos K050, K° + Bre, koo K1°8,05 K° (11.60)
with
VA
A\ Koy = 7K {91 (—1 + 1wk, N + \/§g1wK1¢s) + wk, [(th + h2) N — \/§h3¢s] } ;
(11.61)
BriKoy = %ZK, (11.62)
VA
AK\Kog = 7}; {91 (—1 + 1wk, ON + \/§g1wK1¢S) + Wk, [\/—(hl + h2) ps — hgth}
(11.63)
Bit\Kos = %ZK. (11.64)

Inserting the inverted Eq. (9.18) into Eq. (11.60) would allow us to determine the interaction
Lagrangians for the processes K1 — Ko and also K1 — Koy. However, the decay K1 — Koo is
kinematically forbidden due to the assignment of the fields o1 and o9 to fp(1370) and fy(1710),
respectively. For this reason we only consider the part of the Lagrangian in Eq. (11.60) containing
o1:

[’K1K01 = (AKlKaN COS g + AKlKas sin ¢0)K{‘0018MI_(0
+ (BKlKO'N COS Yo + BKlKO'S sin SDJ)KfOKO@ﬂal
EAKlKUIKfOUlaMRO+BK1K01K{LORO({9MO'1 (1165)

with A, ko, = AR Koy €OS 0o + AR\ Kog SN @ and Bi ko, = B, Koy €08 0o + Br Kog SIN @,
We note that the Lagrangian in Eq. (11.65) possesses the same form as the generic Lagrangian
presented Sec. 2.6.3, Eq. (2.192). This allows us in principle to calculate the decay width I', - ko,
from Eq. (2.201). However, such a calculation would only be possible for an off-shell K7 state,
i.e., an integration over the K spectral function would be required. This is not feasible in the
current form of the model because the absence of the 17~ nonet still yields too large values of
the Ky decay width [see Eq. (11.58)]. Nonetheless, a discussion of the decay K; — Ko upon
inclusion of the pseudovector nonet into our model would represent a valuable extension of this
work.
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11.4 Conclusions from Fit with Scalars above 1 GeV

The previous sections have addressed the question whether it is possible to obtain a reasonable
phenomenology of mesons in vacuum under the assumption that scalar gg states possess energies
above 1 GeV. This is the cardinal difference between the consequent fit (labelled as Fit IT) and
Fit I from Chapters 8 and 9 where, conversely, scalar gq states were assumed to be below 1 GeV.
The parameters in Fit IT were determined from the masses of 7, K, n, n/,p, K*, wg = »(1020),
ai, K1, fis = f1(1420), decay widths I'q, . and Lap(1450) @s well as the masses of the scalar
states ap and Kg assigned to ag(1450) and K§(1430), respectively. We have not included any
scalar isosinglet masses into the fit in order to let these masses remain a prediction of the fit.

We summarise the main conclusions of Fit II as follows:

e It is possible to find a fit; unlike Fit I, all masses obtained from Fit IT are within 3% of the
respective experimental values except

e m, = 523.20 MeV, approximately 25 MeV (~ 4.5%) smaller than m;" = 547.85
|

MeV due to the condition m,, < m,, (7n,s are, respectively, pure-nonstrange and
pure-strange contributions to the 7 wave function),
e mps430) = 1550 MeV, a value that is 125 MeV (=~ 8.8%) larger than the corre-
exp
K (1430)
breaking in our model that always renders strange states approximately 100 MeV (~

sponding PDG value m = 1425 MeV due to the pattern of explicit symmetry
strange-quark mass) heavier than their corresponding non-strange counterparts [note,
for example, that Fit IT also yields myg(1450) = 1452 MeV, approximately 100 MeV
less than m s (1430) = 1550 MeV].

In particular the narrow resonances ¢(1020) and f1(1420) are decisively better described
in Fit II than in Fit I. They exhibited strong deviations from the experimental results
in Fit I [(150 — 200) MeV mass difference]. However, in Fit II, their masses differ by
only ~ 2% from the experimental values. Additionally, I'y, sry = 0.622 MeV is within
the experimental interval I';)% 7, = 0.640 & 0.246 MeV [10] and T4 (1450) = 265 MeV
corresponds exactly to the experimental result.

e Fit II yields a somewhat unexpected result for the mass of the axial-vector kaon: mg, =
1343 MeV, a value representing virtually a mass-median of the two experimentally estab-
lished axial-vector kaons, K;(1270) and K;(1400). Consequently, Fit II does not allow
for the K7 state in our model to be assigned to either of the two physical fields. This
statement is compatible with our explanation of the stated value of mg,: our K field is a
member of a 17 nonet that first mixes with a 17~ (pseudovector) nonet and then leads
to the physical fields K7(1270) and K;(1400). The 1t~ nonet is absent from the model
presented in this work; however, inclusion of the nonet into the model is clearly demanded
by our results, also because the full decay width I'x, corresponds to neither I'g, (1970) nor
L'k, (1400)- (See Sec. 10.3 for more details.)

e It is not possible to assign the two mixed isoscalar singlets oy if one varies m% < 0 and
requires mq, < My because the ensuing intervals are rather large: 450 MeV < m,, < 1561
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MeV and 1584 MeV < m,, < 2152 MeV. Note, however, that f,(1710) is the only resonance
confirmed by the PDG in the mass range of the predominantly strange field o3. Nonetheless,
me, varies too strongly for a definitive assignment of o9 to fy(1710) to be performed.
Consequently, the assignment of the predominantly non-strange field oy is, at this point,
also uncertain.

As indicated above, the ambiguity in the determination of my, , is caused by uncertainty
in the determination of mg < 0. The m,, interval seems to suggest the correspondence
o2 = fo(1710). We therefore determine mg (with corresponding errors) from the experi-
mentally known ratio I’fo(lﬂo)_ﬂm(mg)/I’fO(lﬂo)_)KK(mg) = 0.2+0.06 and test the ensuing
phenomenology. [Note that the stated ratio did not enter Fit II because otherwise our re-
sults would have been inclined to a certain assignment of our scalar states. Note also that
the stated ratio was obtained by the WA102 Collaboration and that it does not correspond
to the one preferred by the PDG because the latter suffers from a large background and
possible interference of f(1710) with fp(1790), see Sections 3.6 and 3.7.1.] A large number
of scalar-meson observables can consequently be determined using only the experimental
ratio ') (1710)—nr /T fo(1710)» K K = 0.2 £0.06 as input:

e Masses: we obtain m,, = 1310;38 MeV and my, = 1606;2 MeV. The central value
of mg, corresponds almost exactly to the combined-fit Breit-Wigner mass of Ref. [40]
where m 1370y = (1309 + 1 4+ 15) MeV was obtained and also to the fp(1370) peak
mass in the 27 channel, found to be 1282 MeV in Ref. [40]. Additionally, we observe
that mg, is ~ 100 MeV smaller than m 1710y = (17204 6) MeV because the glueball
field has not been included in the current version of the model. The mass values imply
that fo(1370) is 91.25(% a fn state and that, conversely, fo(1710) is 91.2;5 (% a 5s
state.

o Two-pion decays: we obtain L'y, rr = 267;‘;)(5) MeV and I'yysnn = 471?0 MeV. The
former is consistent with the Breit-Wigner decay width I' s (1370)7r = 325 MeV and
the fp(1370) full width at half-maximum in the 27 channel, the value of which was
determined as 207 MeV in Ref. [40]. The latter is too large (see Sec. 3.7.3) but nonethe-
less demonstrates that I' (1710)x~ is suppressed in comparison with Iz 1710) KK
in accordance with the PDG data [10].

o Two-kaon decays: we obtain I'y, sxx = 188;2 MeV and I'y,sxx = 237;32 MeV.
The former is consistent with results in Refs. [124, 170, 253, 259, 260, 261] and im-
plies Iy (1370)5x Kk < T fy(1370)—nr, consistent with interpretation of fo(1370) as a
predominantly nn state. 'y, ki is larger than the corresponding experimental re-
sult ~ 80 MeV (see Sec. 3.7.3); however, it is also dominant in comparison with decay
widths in other channels — consistent with the data [10].

o Two-eta decays: we obtain I'g, s, = (40 F 1) MeV and Ty, = 60;;l MeV. The
former is lower than the values from Refs. [125, 145] that, however, did not consider
the opening of new channels over the broad fy(1370) decay interval. The latter is
marginally (within errors) consistent with the experimental result presented in Sec.
3.7.3. We also obtain I',,_,y = 411“5l MeV; this result is a prediction.

e Decays with ay: we predict I'f) 1370)—a, (1260)7—sprr = 12.75’1:2 MeV and additionally
I 40(1710) a1 (1260)7—s prr = 15.21'%:(15 MeV (strongly suppressed in comparison with other
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decay channels of the two resonances).
e The pion-kaon ratio Uy, nr/Toi 5Kk K = 1.4218:83 is consistent with the WA 102 result
L to1370)mr /T fo(1370) >k x = 217 £1.23 [99].

o The eta-pion ratios read I'y, sy /Lo —7r = 0.15+0.01 and 'y /T 5y —smr = 1.26;8:%;.

The former is within the ratio I' ¢ (1370)—yn /T fo(1370)>mr = 0.1940.07 of Ref. [40]. The

WA102 /FWA102

latter corresponds almost completely to the WA102 ratio I’ Fo(1710)=mm/ L fo(1710)>mm =

2.4+ 1.04, see Sec. 3.7.3.

o The eta-kaon ratios read 'y _py/T'oi sk = 0.22 £0.01 and Ty /Tossxx =
0.25 4+ 0.004. The former is purely a prediction. The latter is completely within the
combined-fit result I ¢, (1710)—nn /T fo(1710) 5K K = 0.46‘:8:?7)3 [188] and within 20 of the
WA102 result T f, (1710) /T fo(1710) > ki = 0.48 £ 0.15 [153].

e Ratios with n': our model predicts the values L to(1710)=mn /T fo(1110) K K = 0.17f8:8§,

L to(1710) s /T fo(1710) 0 = 086;8:(1]? and T gy (1710)=snn /T fo (1710)—sny = 0.68 £ 0.13.
e Decays with w(782): we predict Iz (1710)—wew = 0.02 MeV and T' ¢ (1710)—ww—6r == 0.02
MeV, thus virtually no fy(1710) decay in the ww channel.

o We obtain Ik (1430) s k- = 263 MeV, within the PDG interval F?(?(M?,O) = (270+80) MeV
[10].

e The scattering lengths a8’2 are saturated to their Weinberg limits a) ~ 0.158, a3 ~ —0.0448
(see the end of Sec. 9.5) in Fit II. This implies the necessity to include the scalars below 1
GeV into our model — but they cannot be of gg structure.

e Additionally, the phenomenology in the vector and axial-vector channels is extremely im-
proved in comparison with Fit L.

o We obtain I'g+, g = 44.2 MeV, only 2 MeV less than the PDG result I}, . = 46.2
MeV [10]. Note that Fit I implied TEIT I = 32.8 MeV. Note that the PDG mass
and decay width of the non-strange vector state p(770) are implemented exactly in
our model.

e We obtain I'yq020) k+ k- = 2.33 MeV whereas the PDG suggests F;’?{OQO)_)K+K, =
(2.08 £0.04) MeV [10]. Our result is slightly larger because m, 1920y from our model
is ~ 20 MeV heavier than the experimental value inducing an increase in phase space.
It was not possible to calculate this decay width from Fit I because ¢(1020) was well

below the K K threshold.

e The decay width Iy, (1260)— = is improved by two orders of magnitude and now has the
value 861 MeV whereas Fit I yielded ~ 13 GeV. The decay width is decreased once
the p meson is considered an off-shell state: I'y, 73z = 706 MeV. Nonetheless,
it is still somewhat above the PDG interval 'y (1260)—,r = (250 — 600) MeV [10].
This may imply (7) that one needs to consider the finiteness of the strong interaction
using a suitable form factor or (ii) that a1(1260) is not predominantly a quarkonium
(although the overlap with the gg wave function is large, as suggested by our results).
Alternatively, decreasing I'y_ (the decay width determining the parameter g, that in
turn decisively influences Ty, (1260)—pr) by ~ 20 MeV yields 'y, (1260)—pr < 600 MeV.
Note that Fit I required decreasing I'y—,zr by ~ 100 MeV for 'y (1260)—pr < 600
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MeV to be obtained. We also obtain Iy (1260)=i+x—ikrr = 0.95 MeV and find

Loy (1260 fo(1370)x = 0. Fit Timplied TFFE0 0 oo g = 1.97 GeV.

e Only one partial decay width of the f1(1285) resonance can be calculated within our
model: f1(1285) — K*K — KKm. The PDG does not cite a value for the decay
width of the sequential decay but rather I'y 1985), g xr = (2.2 £ 0.1) MeV, stating
that no there is no contribution to this decay width from the stated sequential de-
cay. Contrarily, we find I'y, 1585), g+ g ki = 0-9 MeV, implying a 40% contribution
to I'f (1285) kK- The result is obtained for myp (1985)=f,y = Ma, = 1219 MeV; in-
creasing my, (1285)=,y t0 the PDG value of 1281.8 MeV yields Iy (1985 g« k> KKm =
T}, (1285 K icre Note that Fit T yielded FPJQII(Tl;SSH 7o~ 215 GeV and thus Fit II
represents a strong improvement of the results from Fit I.

e We also obtain I'f 1490y g+ = 274 MeV. This result is two orders of magnitude
smaller than the (unphysically large) value I’;E_E e = 17.6 GeV. Nonetheless, it is
larger than the one reported by the PDG: Ff)lq(:)1420) = (54.9 £+ 2.6) MeV. The reason

is assumed to be the absence of the 17~ nonet from our model expected to mix with

the 17" nonet already present in the model [and containing f;(1420)].

e The full Ky decay width is still larger than those of the two physical states: we
obtain 'y, ~ 480 MeV whereas the data suggest Ik (1400) = (174 4 13) MeV and
L (1270) = (90 £ 20) MeV. The reason has already been discussed: mixing of our 1+
nonet with the partner 17~ nonet has to be implemented in the model. Nonetheless,
Fit IT improves not only the full decay widths but also the partial ones: we obtain
Ik, sk*r = 307 MeV, 'k, o,k = 128 MeV, ', vk = 41 MeV whereas Fit 1
yielded TR, = 6.73 GeV, TR 1o = 4.77 GeV, TRIT] - = 1.59 GeV. Thus the
full and partial K7 decay widths, although still too large, have strongly improved in
Fit II.

Thus Fit II accommodates the correct (axial-)vector phenomenology into the model [p,
K*, ©(1020), f1(1285)], yields qualitative consistence [a;(1260)] or suggests the necessity
to include further states into the model [f;(1420), K;].

Fit 1II yields a decisively better description of the overall phenomenology: meson masses and
decay widths are either described correctly or stand closer to the data than in Fit I. For these
reasons, the assumption of scalar gq states above 1 GeV is strongly preferred over the assumption
that the same states are present below 1 GeV.

A comparison of results from the two fits is presented in Table 11.1; experimental uncertainties are

omitted. Table 11.1 contains all the masses except m,, , because of the experimental uncertainties
(the o7 2 results are discussed above in this section).
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Observable Fit I [MeV] Fit IT [MeV] Experiment [MeV]
M 138.04 138.65 139.57
mx 490.84 497.96 493.68
m, 517.13 523.20 547.85
MK 1128.7 1550 676 (Fitl)/1425 (Fitll)
My 957.78 957.78 957.78
m, 775.49 775.49 775.49
M 832.53 916.52 891.66
Mag 978 1452 980 (Fit 1)/1474 (FitIl)
M (1020) 870.35 1036.90 1019.46
M, (1260) 1396 1219 1230
mr, 1520 1343 1272 or 1403
M, (1420) 1643.4 1457.0 1426.4
Lo (1260) 7y 0.369 0.622 0.640
Lposnn 149.1 149.1 149.1
Ci*—Kn 32.8 44.2 46.2
T (1020) s K+ K - 0 2.33 2.08
T, (1260)—pm ~ 13000 861 < 600
T\, (1260) s pr—s3r ~ 11000 706 < 600
I (1260) 5 K* K5 KKr 1970 0.55 small
T} (1985) 5 K" K KK x 1980 0.9 <22
T f (1420) 5 K"K KK x 17600 274 ~ 54.9
Tk, ~ 13000 ~ 480 <170
ad 0.165 MeV 1 0.158 MeV 1 0.218 MeV 1
a? —0.0442 MeV~! | —0.0448 MeV 1 —0.0457 MeV 1

Table 11.1: Results from Fit I and Fit II compared with experiment.
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12. Incorporating the Glueball into the Model

In the previous chapters we have discussed the phenomenology of states containing an antiquark
and a quark. However, gluons — the gauge bosons of QCD — can also build composite states of
their own: the so-called glueballs. Thus we expect in particular a scalar glueball to exist; if it
does, then it could mix with the scalar gq states already presented in this work. The mixing is
discussed in this chapter.

12.1 Introduction

Glueballs, bound states of gluons, are naturally expected in QCD due to the non-Abelian nature
of the theory: gluons interact strongly with themselves and thus they can bind and form colorless
states, analogously to what occurs in the quark sector. The existence of glueballs has been studied
in the framework of the effective bag model for QCD already four decades ago [269] and it has
been further investigated in a variety of approaches [142, 160, 270]. Numerical calculations of
the Yang-Mills sector of QCD also find a full glueball spectrum in which the scalar glueball is
the lightest state [271].

Glueballs can mix with quarkonium (gq) states with the same quantum numbers. This makes
the experimental search for glueballs more complicated, because physical resonances emerge as
mixed states. The scalar sector J©¢ = 01+ has been investigated in many works in the past. The
resonance fp(1500) is relatively narrow when compared to other scalar-isoscalar states: for this
reason it has been considered as a convincing candidate for a glueball state. Mixing scenarios
in which two quark-antiquark isoscalar states mn and ss and one scalar glueball gg mix and
generate the physical resonances f,(1370), fo(1500), and fy(1710) have been discussed in Refs.
[206, 207].

In this chapter we discuss how to extend the calculations presented in this work to include a
glueball field. The discussion will regard the U(2) x U(2) version of the model from Chapter 5
only; a corresponding extension of the U(3) x U(3) model is a very interesting project in itself
that will be treated in a separate work [193].

The first attempt to incorporate a glueball into a linear sigma model was performed long ago in
Ref. [272]. The novel features of the study in this chapter are the following: (i) The glueball
is introduced as a dilaton field within a theoretical framework where not only scalar and pseu-
doscalar mesons, but also vector and axial-vector mesons are present from the very beginning.
This fact allows also for a calculation of decays into vector mesons. As already indicated, the
model is explicitly evaluated for the case of Ny = 2, for which only one scalar-isoscalar quarko-
nium state exists: oy = nn which mixes with the glueball. The two emerging mixed states are
assigned to the resonances fy(1370) which is, in accordance with Sec. 11.1.5, predominantly a
nn state, and with fp(1500) which is predominantly a glueball state. (i) We consequently test
— to our knowledge for the first time — this mixing scenario above 1 GeV in the framework of a
chiral model.

Let us emphasise again that our model is built in accordance with the symmetries of the QCD
Lagrangian. It possesses the known degrees of freedom of low-energy QCD [(pseudo)scalar and
(axial-)vector mesons| as well as the same global chiral invariance. In this chapter, we model
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another feature of the QCD Lagrangian: the scale (or dilatation) invariance x# — A~!z# (where
x# is a Minkowski-space coordinate and A the scale parameter of the conformal group), see Eq.
(2.74) and the discussion thereafter. The scale invariance is realised at the classical level but
broken at the quantum level due to the loop corrections in the Yang-Mills sector (scale anomaly).
In this chapter the breaking of scale invariance is implemented at tree-level by means of a dilaton
field (representing a glueball) with the usual logarithmic dilaton potential [272]. However, all
the other interaction terms (with the exception of the chiral anomaly) are dilatation-invariant in
the chiral limit.

Having constructed the Lagrangian of the effective model, we calculate the masses of the pure nn
and glueball states in the J©¢ = 01+ channel, study their mixing and calculate the decay widths
of the mixed states. Although we work with Ny = 2 in this chapter, the use of flavour symmetry
enables us to calculate the decay widths of the scalar resonances into kaons and into both the
n and 7’ mesons which contain the s-quark in their flavour wave functions. After the study
of the already mentioned scenario where fy(1370) and f,(1500) are predominantly quarkonium
and glueball, respectively, we also test the alternative scenario in which the resonance f(1710)
is predominantly glueball and scenarios in which f(600) is predominantly quarkonium. They,
however, lead to inconsistencies when compared to the present data and are therefore regarded
as less favourable. Additionally, our results discussed in Sec. 11.4 also favour fp(1710) to be a
predominantly ss state rather than a glueball.

12.2 The Model

The Yang-Mills (YM) sector of QCD (QCD without quarks) is classically invariant under dilata-
tions [see Egs. (2.74) — (2.80)]. This symmetry is, however, broken at the quantum level. The
divergence of the corresponding current is the trace of the energy-momentum tensor 7%y, of the

YM Lagrangian

B(g)

G, GO £ 0, (12.1)

where G}, is the field-strength tensor of the gluon fields, g = g(u) is the renormalised coupling
constant at the scale u, and the S-function is given by B(g) = d¢g/0In . At the one-loop level
B(g) = —bg® with b = 11N, /(4872). This implies ¢2(12) = [2bIn(p/Ayn)] ", where Ayy ~ 200
MeV is the Yang-Mills scale. A finite energy scale thus emerges in a theory which is classically
invariant under dilatation (dimensional transmutation). The expectation value of the trace
anomaly does not vanish and represents the so-called gluon condensate:

11N, /o 11N,
14 — _ c /=S ma auv\ _ ¢4
<TYM,M> s <7T GG > = (12.2)
where [31, 32]
C* ~ (300 — 600 MeV)™. (12.3)

At the composite level one can build an effective theory of the YM sector of QCD by introducing
a scalar dilaton field G which describes the trace anomaly. The dilaton Lagrangian reads [272]

L AmE (o, |GG

The minimum Gq of the dilaton potential is realised for Gog = A. Upon shifting G — Gy + G, a
particle with mass mg emerges, which is interpreted as the scalar glueball. The numerical value
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has been determined in Lattice QCD and reads mg ~ 1.5 GeV [271]. The logarithmic term of
the potential explicitly breaks the invariance under a dilatation transformation. The divergence
of the corresponding current reads d,,.J élil = Tde u=
analogous quantity in Eq. (12.2) which implies A = v/11 C?/(2m¢).

As demonstrated in Sec. 2.4, QCD with quarks is also classically invariant under dilatation trans-

—imQGAQ. This can be compared with the

formations in the limit of zero quark masses (chiral limit). The scale of all hadronic phenomena
is given by the previously introduced energy scale Ayy;. This fact holds true also when the small
but nonzero values of the quark masses are considered. In order to describe these properties in
a hadronic model we now extend the linear sigma model of the previous chapters by including
the dilaton. To this end, the following criteria are applied [202]: (i) With the exception of the
chiral anomaly, the parameter A from Eq. (12.4), which comes from the Yang-Mills sector of
the theory in accordance with QCD, is the only dimensionful parameter of the Lagrangian in
the chiral limit. (44) The Lagrangian is required to be finite for every finite value of the gluon
condensate Gy. This, in turn, also assures that no singular terms arise in the limit Gg — 0. In
accordance with the requirements (i) and (i) only terms with dimension exactly equal to 4 are
allowed in the chiral limit.

The hadronic Lagrangian obeying these requirements reads

2
L = Lay + Tr |(DFD)(D,®) — md <G£> BT — \y(TD)?

: ~ M (Tr [qﬁ@} )2

+ c[det(®T) + det(®)] + Tr [H (<1>T + @)} - iTr [(L#)? + (R™)?]
2 2
mi (&
+ Tr{ 5 <G0> +A
+ hoTr[®TL, LF® + OR,R*®'] 4+ 2h3 Tr[®R,®T LM + ... | (12.5)

h
(L2 + Ri)} + ElTr[q)TQ)]Tr[LﬂL“ + R,R"|

where ® denotes the Ny x Ny (pseudo)scalar multiplet and L* and R* the left- and right-handed
vector multiplets, respectively. The dots represent further terms which do not affect the processes
studied in this work.

The Lagrangian presented in Eq. (12.5) possesses the generic form for any number of flavours
Ny. It is a generalisation of the Lagrangian (4.42) constructed in Chapter 4. In this chapter,
the Lagrangian is evaluated for two flavours only. Consequently, as in Chapter 5, we define
® = (on +inn)tY + (ag + im) - t (ny contains only non-strange degrees of freedom), L* =
(W + IV + (p* +af) -t and R* = (wh, — fIy)t0 + (p* — af) - t ; t° t are the generators of
U(2). Moreover, DF® = oH® — igy (LFP — ®PRH), L = 9*LY — 9V L*, R* = O*RY — OV RM.
The explicit breaking of the global chiral symmetry is described by the term Tr[H (® + ®1)] = ho
(h = const. ~ mi 4), which allows us to take into account the non-vanishing value m,, 4 of the
non-strange quark’mass. This term contains the dimensionful parameter h with [h] = [energy?]
and also explicitly breaks the dilatation invariance, just as the quark masses do in the underlying
QCD Lagrangian. Finally, the chiral anomaly is described by the term ¢ (det ® 4 det ®1). This
term corresponds to the one utilised in the model containing quarkonia only, see Chapter 5
(and also Sec. 6.4). For Ny = 2 the parameter ¢ carries the dimension [energy?| and represents
a further breaking of dilatation invariance. This term arises from instantons which are also a
property of the Yang-Mills sector of QCD.

The identification of the fields of the model with the resonances listed by the PDG [10] is the
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same as in Chapter 5. We assign the fields 7 and 7y to the pion and the SU(2) counterpart of
the 1 meson, respectively, ny = (au+dd)/v/2, with a mass of about 700 MeV. This value can be
obtained by ‘unmixing’ the physical 77 and 1’ mesons which also contain s contributions. The
fields wh; and p* represent the w(782) and p(770) vector mesons, respectively, while the fields
[y and a/' represent the f1(1285) and a1(1260) axial-vector mesons, respectively. [In principle,
the physical w(782) and f;(1285) states also contain Ss contributions but their admixture is
small.] As shown in Sec. 5.2.3, the o field should be interpreted as a nn state because its decay
width decreases as 1/N. in the limit of a large number of colors. The oy and G fields mix:
the physical fields ¢’ and G’ are obtained through an SO(2) rotation, as we shall show in the
following. Then the first and most natural assignment is {0/, G’} = {fo(1370), fo(1500)}, see Sec.
6.7. Note that the ag state is assigned to the physical ap(1450) resonance in accordance with
results of Sec. 5.4.1, confirmed by results from the U(3) x U(3) version of our model in Chapter
10. Other assignments for {0/, G'} will be also tested in Sections 12.3.2 and 12.3.3 and turn out
to be less favourable.

In order to study the non-vanishing vacuum expectation values (vev’s) of the two JI'¢ = 0++
scalar-isoscalar fields of the model o and G, we set all the other fields in Eq. (12.5) to zero and

2 (G _ | 22) o4
mg Go —cloy—= (M +—= ) oy + hon. (12.6)

obtain:

1 1
Loc = Lai + 5(5“01\/)2 -5

Upon shifting the fields by their vacuum expectation values, oy — ony + ¢n and G — G + G,
we obtain the masses of the states oy = (4u + dd)/v/2 and G = gg,

M2 :m2—c+3 )\1—|— ¢ M2: 2¢N+m G2 1+ 3In GO
oN 0 N » G 0G2 GA2 A

) . (127)

Note that the pure glueball mass Mg depends also on the quark condensate ¢y, but correctly
reduces to mg in the limit m3 = 0 (decoupling of quarkonia and glueball). In the presence of
quarkonia, mg # 0, the vev Gy is given by the equation

242 A2
_moONAT gy, | G0 (12.8)
me, A

The shift of the fields by their vev’s introduces a bilinear mixing term ~ oG in the Lagrangian
(12.6). The physical fields ¢’ and G’ can be obtained through an SO(2) rotation,

o’ cos pg  sineg oN
= 12.
< G ) ( —sinpg  cos g G )’ (12.9)

with
M? = MgN cos® pg + M sin® g 4+ 2m3 g— sin(2¢q), (12.10)
M3, = ME cos® o + MgN sin? pg — 2m g— sin(2¢q), (12.11)

where the mixing angle 65 reads

1 ¢N m%
@paq = — arctan |—

—— (12.12)
2 GO MZ — M2,
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The quantity m% can be calculated from the masses of the pion, 7y, and the bare o mass [Egs.

(5.14), (5.15) and (5.17)]:
m2 = (2—7’:)2 + % <m2_n:>2 - MﬁN] . (12.13)

If m% — ¢ < 0, spontaneous breaking of chiral symmetry is realised.

12.3 Results and Discussion

The Lagrangian (12.5) contains the following twelve free parameters: mg, A1, A2, m1, g1, ¢, h,
hi, he, hs, mg, A = V11 C? /(2m¢). The processes that we shall consider depend only on the
combination hj + ho + hj, thus reducing the number of parameters to ten. We replace the set of
ten parameters by the following equivalent set: mz, myy, My, May, ON, Zr, Mgy, ma, my, C.
The masses my (= 139.57 MeV) and m, (= 775.49 MeV) are fixed to their PDG values [10].
As outlined in Sec. 7.1, the mass of the ny meson can be calculated using the mixing of strange
and non-strange contributions in the physical fields n and 7':

1 = NN COS @y + Mg Sin @y,
11 = =1 sin gy + 15 cos @y, (12.14)

where 75 denotes a pure s state and ¢, ~ —36° [227]. In this way, we obtain the value m,, = 716
MeV. [Given the well-known uncertainty of the value of the angle ¢, one could also consider
other values, e.g., our result ¢, = —43.9° from Chapter 10 (see discussion of Table 10.3), which
corresponds to my,, = 764 MeV, or the value ¢, = —41.4° from the KLOE Collaboration [228],
which corresponds to m,, = 755 MeV. Variations of the pseudoscalar mixing angle affect the
results presented in this chapter only slightly.]

The value of mg, is fixed to 1050 MeV according to the study of Ref. [47]. (We note that
taking the value 1219 MeV from Chapter 10 or the present PDG estimate of 1230 MeV does not
change the conclusions of this chapter.) The chiral condensate is fixed as ¢y = Z, fr and the
renormalization constant Z is determined by the study of the process a; — 7y: Z; = 1.67+0.2
in Sec. 5.2.5.

12.3.1 Assigning o/ and G’ to f¢(1370) and fo(1500)

The o’ field denotes an isoscalar J¢ = 01F state and its assignment to a physical state is a
long-debated problem of low-energy QCD [58, 84, 142, 160, 206, 208, 210, 211, 270, 271]. The
two major candidates are the f,(600) and fp(1370) resonances, see Sections 9.6 and 11.4. We
have concluded in Sec. 11.4 that f,(1370) is favoured to be predominantly a nn state. As already
stated, the resonance f3(1500) is a convincing glueball candidate. For these reasons we first test
the scenario in which {0/, G’} = {fo(1370), fo(1500)}, which turns out to be phenomenologically
successful, see below.

We are left with the following four free parameters: C', M, , mg, m1. They can be obtained by a
fit to the five experimental quantities of Table 12.1: the masses of the resonances fy(1500) [Mg =
My 1500y = 1505 MeV [10]] and fo(1370), for which we use the mean value Mjf;vp = (1350 £+ 150)
MeV taking into account the PDG mass range between 1200 MeV and 1500 MeV [10]), and
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Quantity | Our Value [MeV] | Experiment [MeV]
My 1191 £ 26 1200-1500
Mgy 1505 + 6 1505 + 6

G —7r 38+£5 38.04 +4.95

G = m 53+13 5.56 + 1.34

G - KK 9.3+ 1.7 9.37 + 1.69

Table 12.1: Fit in the scenario {0/, G'} = {fo(1370), fo(1500)}. Note that the fy(1370) mass ranges
between 1200 MeV and 1500 MeV [10] and therefore, as an estimate, we are using the value m, =
(1350 £ 150) MeV in the fit.

the three well-known decay widths of the well-measured resonance fy(1500): fp(1500) — =,
fo(1500) — nn, and fy(1500) — KK.

Using the Lagrangian (12.5), these observables can be expressed as functions of the parameters
listed above. Note that, although our framework is based on Ny = 2, we can calculate the
amplitudes for the decays into mesons containing strange quarks by making use of the flavour
3) [207]. It is then possible to calculate the following fy(1500) decay
widths into pseudoscalar mesons containing s quarks: fo(1500) — KK, fo(1500) — nn, and
fo(1500) — nny'.

The x? method yields x?/d.o.f. = 0.29 (thus very small), C' = (699+40) MeV, M,,, = (1275+30)
MeV, mg = (1369+26) MeV and m; = (809 £ 18) MeV. We have also examined the uniqueness
of our fit. To this end, we have considered x? fixing three of four parameters entering the fit

symmetry SU(Ny =

at their best values and varying the remaining fourth parameter. In each of the four cases we
observe only one minimum of the x? function; each minimum leads exactly to the parameter
values stated in Table 12.1. We also observe no changes of the results for the errors of the
parameters. These findings give us confidence that the obtained minimum corresponds to the
absolute minimum of the y? function.

The consequences of this fit are the following:

(i) The quarkonium-glueball mixing angle reads 6 = (29.7 4+ 3.6) °. This, in turn, implies that
the resonance fy(1500) consists to 76% of a glueball and to the remaining 24% of a quark-
antiquark state. An inverted situation holds for fp(1370). Given our results discussed in Sec.
11.4, we conclude that fp(1370) possesses admixtures from both nn and glueball; a detailed
discussion will be presented in Ref. [193].

(ii) Our fit allows us to determine the gluon condensate: C' = (699440) MeV. This result implies
that the upper value in Eq. (12.2) is favoured by our analysis. It is remarkable that insights into
this basic quantity of QCD can be obtained from the PDG data on mesons.

(iii) Further results for the fy(1500) meson are reported in the first two entries of Table 12.2.
The decay into 4 is calculated as a product of an intermediate pp decay. To this end the usual
integration over the p spectral function is performed. Our result yields 30 MeV in the 47 decay
channel and is about half of the experimental value I, (1500)—4r = (54.0 = 7.1) MeV. However,
it should be noted that an intermediate state consisting of two f,(600) mesons (which is also
expected to contribute in this decay channel) is not included in the present model. The decay
into the 7n’ channel is also evaluated; this channel is subtle because it is exactly on the threshold
of the fy(1500) mass. Therefore, an integration over the spectral function of the decaying meson
fo(1500) is necessary. The result is in a qualitative agreement with the experiment. Note also

226



that the enhanced value of the 47 decay width is a consequence of the inclusion of the glueball
field into the model [identified predominantly with fy(1500)] as otherwise the 47 decay channel
is known to be suppressed [see the note on 19 — 47 decays in Sec. 11.1.2 for the case of our
non-strange and strange quarkonial.

(iv) The results for the fy(1370) meson are reported in the last four rows of Table 12.2. They are
in agreement with the experimental data regarding the full width: 'z 1370y = (200 — 500) MeV
[10]. Unfortunately, the experimental results in the different channels are not yet conclusive.
Our theoretical results point towards a dominant direct 77 and a non-negligible nn contribution;
these results correspond well to the experimental analysis of Ref. [40] where I'f;(1370)nr = 325
MeV and Tt (1370)—nn /T f,(1370) 7w = 0.19 £ 0.07 are obtained. [Note that Ref. [40] also cites
the Breit-Wigner mass of 1309 MeV whereas our result M,/—,1370) = (1191426) MeV is ~ 100
MeV smaller.] We find that the four-pion decay of fy(1370) — pp — 4w is strongly suppressed
(as was also determined in Sec. 11.1.2). As stated in Sec. 3.3, the values of the f,(1370) decay
widths are strongly mass-dependent with Ref. [40] citing the value of T's (1370)rr ~ 50 MeV
for my, 1370y ~ 1309 MeV. The 47 phase space decreases rapidly with a decreasing resonance
mass and is virtually negligible for our result M,/ —, 1370y = (1191 & 26) MeV. For this reason,
our results are qualitatively consistent with statements in Ref. [40]. Additionally, it should be
noted that due to interference effects our result for this decay channel varies strongly when the
parameters are even slightly modified.

(v) The mass of the p meson can be expressed as mz =m3 +¢* (hy + ha + h3) /2, see Eq. (6.42).
In order that the contribution of the chiral condensate is not negative, the condition m; < m,
should hold. In the framework of our fit this condition is fulfilled at the two-sigma level. This
result points towards a dominant m; contribution to the p mass. This property, in turn, means
that the p mass is predominantly generated from the gluon condensate and not from the chiral
condensate, as confirmed by our result m; = 762 MeV in the U(3) x U (3) version of the model, see
Table 10.3. It is therefore expected that the p mass in the medium scales as the gluon condensate
rather than as the chiral condensate. In view of the fact that m; is slightly larger than m, we
have also repeated the fit by fixing m; = m,: the minimum has a x?/d.o.f. ~ 1 and the results
are very similar to the previous case. The corresponding discussion about the phenomenology is
unchanged.

(vi) As already stressed in Refs. [52, 55|, the inclusion of (axial-)vector mesons plays a central
role to obtain the present results. The artificial decoupling of (axial-)vector states would generate
a by far too wide f(1370) state. For this reason the glueball-quarkonium mixing scenario above
1 GeV has been previously studied only in phenomenological models with flavour symmetry
[142, 160, 207, 270] but not in the context of chirally invariant models.

Quantity Our Value [MeV] | Experiment [MeV]
G = pp— an 30 54.0 £ 7.1
G — 0.6 21+1.0
oy =T 284 +43 -
ol —mm 7246 -
oy = KK 4.6+2.1 -
o — pp — Am 0.09 -

Table 12.2: Further results regarding the o’ = f,(1370) and G’ = f((1500) decays.
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Given that the resonance fy(1370) has a large mass uncertainty, we have also examined the
behaviour of the fit at different points of the PDG mass interval. Considering the minimal value
m%i(nlgm) = (1220 + 20) MeV we obtain x? = 0.2/d.o.f. The resulting value of the mixing angle
O = (30.3 +3.4)° is practically the same as the value g = (29.7 + 3.6)° obtained in the case
where m g, (1370) = (1350 & 150) MeV was considered. Other results are also qualitatively similar
to the case of m 1370y = (1350 £ 150) MeV.

For the upper boundary of the fy(1370) mass, the error interval of £20 MeV turns out to be too
restrictive as it leads to unacceptably large x? values. Consequently, increasing the error interval
decreases the x? values — we observe that m}‘(‘fz’l‘gm) = (1480 £ 120) MeV leads to an acceptable
x? value of 1.14/d.o.f. Then we obtain fg = (30.0 + 3.5)°, practically unchanged in comparison
with the value 6 = (29.7 & 3.6)° in the case where m 1370y = (1350 4 150) MeV. Also other
quantities remain basically the same as in the case of m (1370) = (1350 & 150) MeV.

We have also considered the fit at several points between the lower and upper boundaries of the
M f,(1370) mass range. We have chosen points of 50 MeV difference starting at m s, 1370) = 1250
MeV (i.e., we have considered m g, (1370) € {1250, 1300, 1350, 1400, 1450} MeV) with errors chosen
such that the x?/d.o.f. becomes minimal (error values are between +30 MeV for m fo(1370) = 1250
MeV and £100 MeV for m s, (1370) = 1450 MeV). We observe that the previous results presented
in this section do not change significantly; most notably, the mixing angle 04 attains values
between 30.2° and 30.7°, with an average error value of +3.4°.

We therefore conclude that considering different values of m g, (1370) within the (1200 —1500) MeV
interval does not change the results significantly. In particular, the quarkonium-glueball mixing
angle 0 changes only slightly (by approximately 1°) and thus we confirm our conclusion that
f0(1370) is predominantly a quarkonium and f,(1500) is predominantly a glueball.

12.3.2 Assigning o7, and G’ to fo(1370) and f(1710)

Although the resonance fy(1710) has also been regarded as a glueball candidate in a variety of
works [205], its enhanced decay into kaons and its rather small decay width make it compatible
with a dominant §s contribution in its wave function. This was also confirmed by our results
from the U(3) x U(3) version of the model, see Sec. 11.4. Nonetheless, we have also tested the
assumption that the pure quarkonium and glueball states mix to produce the resonances f(1370)
and fp(1710).

Some experimental results regarding the resonance fy(1710) suffer from uncertainties stemming
from the overlap with the nearby state fy(1790), see Sections 3.6 and 3.7. Decays of fy(1710)
into 7w, KK, and nn have been seen while no decays into nn’ and into 47 have been detected:;
partial decay widths of this resonance based on PDG-preferred results as well as those of the
WA102 Collaboration have already been presented in Sections 3.7.1 and 3.7.3. The values of
decay widths into 77, KK, and nn obtained in Sec. 3.7.3 are stated in Table 12.3.

A fit analogous to the one in Table 12.1 yields too large errors for the decay width o)y =
fo(1370) — 7. For this reason we repeat our fit by adding the following constraint: Pog\, o =
(250 +150) MeV. The large error assures that this value is in agreement with experimental data
on this decay width. The results of the fit are reported in Table 12.3.

We obtain C' = (1070 + 65) MeV, M,, = (1483 + 47) MeV, mg = (1670 £ 20) MeV and
my = (817 + 16) MeV; Eq. (12.12) yields the mixing angle between the pure quarkonium and
the pure glueball 65 = (19.6 & 5.8)°. Note that the gluon condensate is in this case much larger
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Quantity | Our Value [MeV] | Experiment (G’ Decays from WA102 data, Sec. 3.7.3) [MeV]
M"?v 1450 £ 34 1350 £ 150
My 1720 £ 6 1720 £ 6
G — 7w 16.0 £ 3.6 16.1 £ 3.6
G = A1+1.0 38.6 + 18.8
G — KK 51427 80.5 + 30.1
oy =T 313 £49 250 £ 150

Table 12.3: Fit in the scenario {0/, G’} = {fo(1370), fo(1710)}. Experimental data for G’ decays are
from Sec. 3.7.3, other data from the PDG [10].

than what would be expected from the QCD sum rules or the lattice, see Eq. (12.3). The x?
is worse than in the previous case: x?/d.o.f. = 2.5. Additionally, Lyt —snn 1s t0O large for the
mass value Mo§v ~ 1450 MeV, see Sec. 3.3 — the data suggest that the decay into 47 (and not
into 27) is dominant at such large values of the fp(1370) mass. We also observe that both
Farypy and I'r g are by an order of magnitude smaller than their respective experimental
values. Thus the WA102 data do not seem to favour a fit where fp(1370) and fy(1710) are,
respectively, predominantly quarkonium and glueball. This statement is confirmed if further
decays are considered: as evident from Table 12.4, G' = f,(1710) — 47 should be the largest
contribution to the full f(1710) decay width (branching ratio ~ 2/3) while experimentally it
has not been seen.

Decay Width | Our Value [MeV] | Experimental value [MeV]
G — Ar 41 -
G — 4.3 -
o —m 100 + 8 -
o' -+ KK 18.7+5.3 -

Table 12.4: Further results from the fit with {o’, G’} = {fo(1370), fo(1710)}.

Note that a virtually unchanged picture emerges if the fit utilises the PDG-preferred data for
the decays of G’ = fo(1710), see Sec. 3.7.1. We then obtain x?/d.o.f. = 1.7, C = (764 + 256)
MeV (now within expectations), M,, = (1516 £ 80) MeV, m¢g = (1531 £ 233) MeV and m; =
(827 £ 36) MeV [203]. The mixing angle calculated from Eq. (12.12) is g = (37.2 £21.4)°. The
mixing angle is large and could also overshoot the value of 45°, which would imply a somewhat
unexpected and unnatural reversed ordering, in which fp(1370) is predominantly glueball and
fo(1710) predominantly quarkonium. Additionally, we still obtain I'¢r_,,,;, = (6.945.8) MeV, five

times smaller than F?o]?lc;?w)ﬁnn = 34.267350 MeV in Eq. (3.20), and also T, kg = (16 + 14)
MeV, again strongly suppressed in comparison with F?O]?%m) N 71.441'%;’:(1]2 MeV, Eq. (3.15).

Finally, the 47 decay of fy(1710) should again be dominant (~ 115 MeV), clearly at odds with
the data.

Therefore, we conclude that this scenario is not favoured. Moreover, in this scenario the remain-
ing resonance fp(1500) should then be interpreted as a predominantly ss state, contrary to what
its experimentally dominant 77 decay pattern suggests. Consequently, fo(1710) is unlikely to
be predominantly a glueball state; this is also in accordance with the results from the ZEUS
Collaboration [182].
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12.3.3 Scenarios with o/ = f¢(600)

The scenarios {0, G'} = {fo(600), fo(1500)} and {o’,G'} = {f0(600), fo(1710)} have also been
tested. In both cases the mixing angle turns out to be small (< 15°), thus the state f,(600) is
predominantly quarkonium. Then, in these cases the analysis of Chapter 5 applies: a simultane-
ous description of the 77 scattering lengths and the ¢/ — 77 decay width cannot be achieved.
For these reasons the mixing scenarios with the resonance f;(600) as a quarkonium state are not
favoured.

12.4 Summary of the Results with the Dilaton Field

Once a dilaton field is included into the chirally invariant linear sigma model with (axial-)vectors,
a favoured scenario emerges: the resonance fy(1500) is predominantly a glueball with a subdom-
inant 7n component and, conversely, fo(1370) is predominantly a quark-antiquark (au + dd)/v/2
state with a subdominant glueball contribution. It is interesting to observe that the success
of the phenomenological description of these scalar resonances is due to the inclusion of the
(axial-)vector mesons in the model. The gluon condensate is also an outcome of our study and
turns out to be in agreement with lattice QCD results. Different scenarios in which f,(1710)
is predominantly glueball and/or f,(600) is predominantly quarkonium do not seem to be in
agreement with the present experimental data.
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13. Conclusions

In this thesis we have presented an effective model of Quantum Chromodynamics (QCD), the
theory of strong interactions. The model was utilised to study all experimentally observed two-
body decays of mesons for which there exist vertices in the model under the assumption that the
said experimental states are of gg nature. In addition, three-body and four-body decay widths
have also been calculated utilising sequential decays; w7 scattering lengths have been calculated
as well. Particular attention was devoted to the question whether scalar gq states are located
below or above 1 GeV in the physical spectrum. Our results clearly favour the scalar gg states
to be above 1 GeV.

A realistic model of QCD with N; quark flavours should possess at least two features. Firstly, the
model has to implement the symmetries present in QCD and described in Chapter 2, most notably
the local SU(3). colour symmetry, the discrete C'PT symmetry, the global U(Nyf)r, x U(Nyf)r
chiral symmetry and the breaking mechanisms of the latter symmetry: spontaneous (due to the
chiral condensate), explicit (due to non-vanishing quark masses) as well as at the quantum level
[the U(1)4 anomaly]|. Secondly, the model has to incorporate as many degrees of freedom as
possible, within the energy interval of interest (typically determined by the mass of the highest
resonance in the model, in our case ~ 1.8 GeV).

This also implies that the resonances should not be considered independently of each other —
they may mix (if they possess the same quantum numbers) or stand connected via decay modes.
For this reason, in the concrete case of our meson model, we have considered not only scalar and
pseudoscalar but also vector and axial-vector mesons as well.

The model has implemented the linear realisation of the chiral symmetry of QCD [48] with two
(u, d) and three flavours (u, d, s) — linear sigma model. The symmetry-breaking mechanisms have
also been considered: the explicit symmetry breaking was modelled with terms proportional to
(non-degenerate) quark masses, the chiral anomaly by a determinant term and the spontaneous
symmetry breaking by means of condensation of the scalar isosinglet states: oy = (4w + dd)/v/2
in the Ny = 2 case and oy as well as 0g = 5s in the Ny = 3 case. Thus combining our meson
states from constituent quarks and antiquarks we are able to construct two scalar isosinglet states
on,s- (Note that all the states present in our model are of gg structure, as we demonstrate in
Sec. 4.3.)

However, as we have discussed in Chapter 3, current experimental data suggest that there are
actually six non-strange scalar isosinglets: fo(600) or o, f,(980), fo(1370), fo(1500), fo(1710)
and f,(1790). At most two of them can be ggq states — and the thesis has addressed the question
which two. To this end, we have constructed three versions of the sigma model: in two flavours
(Chapter 5), three flavours (Chapters 6 — 11) and two flavours + a scalar glueball state in Chap-
ter 12.

In Chapter 5, the two-flavour version of the linear sigma model with vector and axial-vector
mesons was discussed in two scenarios. In Scenario I, Sec. 5.3, we assigned our oy state to
the fo(600) resonance [or, in other words, fp(600) was assumed to be a gq state]. However, the
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ensuing fp(600) decay width was several times smaller than the result suggested by the data
[10, 41, 42]. For this reason we have considered an alternative scenario where fy(1370) was
assumed to be of gq structure obtaining Iz (1370)5rr = (300-500) MeV for m g, (1370) = (1200-
1400) MeV. Thus, already in the two-flavour model, the scenario in which the scalar states above
1 GeV, fy(1370) and ap(1450), are considered to be (predominantly) Gg states appears to be
favoured over the assignment in which f3(600) and a(980) are considered (predominantly) gq
states. It is important to stress that the role of the (axial-)vector states was crucial in obtaining
these results because, in the (unrealistic) limit where the (axial-)vectors are removed from the
model, we observed that the fy(600) decay width was within the data. Note also that we have
calculated a range of other decay widths, in particular I, (1260)—pr, found to be consistent with
experiment if m,, (1260) = 1130 MeV.

In Chapters 6 — 11 we have addressed the question whether the conclusions from the two-flavour
model remain the same once the model is generalised by inclusion of strange mesons (kaons).
Thus, upon inclusion of the strange degrees of freedom we have again considered two possibilities:
(i) that the scalar gq states are below 1 GeV and (i) that the scalar gq states are above 1 GeV.
We refer to these two possibilities as Fits I and II, respectively.

Although the phenomenology of scalar states is found to be acceptable, Fit I is nonetheless found
to be strongly disfavoured for two reasons (see Sec. 9.6). Firstly, the obtained mass values deviate
by up to ~ 200 MeV (for the x meson: ~ 600 MeV) from the experimental results (see Table
8.5). This is in particular problematic for the very narrow resonances ¢(1020) and f;(1420).
Secondly, the axial-vector states are found to be extremely broad: a;(1260), f1(1285), f1(1420)
and K1(1400) possess decay widths ~ (1 — 10) GeV. These values are unphysically large. The
only possibility to remedy these large decay widths would be to work with the p meson that has
a decay width < 40 MeV. However, then the p meson would be too narrow.

We thus consider possibility (ii): scalar gq states above 1 GeV. All masses obtained from Fit
IT are within 3% of their respective experimental values with the exception of m, (~ 4.5% too
small) and M [cx(1430) found to be ~ 8.8% too large because the pattern of explicit symmetry
breaking in our model sets masses of strange states approximately 100 MeV (~ strange-quark
mass) heavier than their corresponding non-strange counterparts. Nonetheless, the phenomenol-
ogy is massively improved in comparison with Fit I (see Sec. 11.4 and in particular Table 11.1).
For example, our results for the (axial-)vector states are either within the data [p, K*, ©(1020),
f1(1285)] or qualitatively consistent with the data [a1(1260)]. The mixing of the pure-nonstrange
and the pure-strange scalar isosinglet states allows us to determine fp(1370) as 91.2;;:8% a nn
state and fy(1710) as 91.21;:(7]% a s state. Utilising only the ratio Iy (1710)5rr /T fo(1710) > KK =
0.2 + 0.06 [99] enables us to determine a large range of other observables with no free pa-
rameters.  We calculate Iy (1370)srms Ugo1370) 55K Lioar10)=ms L fo1370)—mn /T fo(1370) > K K5
L 50 1370) s /T g0 (1370) 7 T o1710) s /T fo(1710) s L o (1710) 5 /T fo(1710)— ke ¢ and T (1430) s e
and their values are all within the data. We can even predict T's(1370)—ny /Ff0(1370)_, KK =
0.22 + 0.01, Tpar10)sm /Troanoysxx = 0177003, Troarioysmy /T ramo)sm = 0.86707%5,
Tty (1710 s /T fo(1710) =y = 0-68 £ 0.13, T (1710) sy = 4175 MeV, T (1370) 0, (1260)m—sprr =
127758 MeV, T4 (1710) a1 (1260)m—prr = 152758 MeV, T'y 1710) 50 = 0.02 MeV and also
L f(1710)sww—s6r = 0.02 MeV (the latter four strongly suppressed). Note, however, that the
model also obtains too large absolute values of the fy(1710) decay widths (although, as already
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mentioned, the ratios of the decay widths are correct).

A reason for this may be the missing glueball field as all the calculations described so far have
only been performed with gq states. There are three nearby isoscalar singlet states above 1
GeV: fo(1370), fo(1500) and fp(1710). The fp(1500) state has long been discussed as a possible
glueball candidate. In Chapter 12 we discuss the sigma model in two flavours + glueball to
test this hypothesis. Indeed we find fy(1500) to be predominantly a glueball and fy(1370) to
be predominantly a non-strange gq state. The study in Chapter 12 has been performed in the
light-quark sector only and thus an extension of the study to Ny = 3 + glueball would represent
a valuable continuation of the work presented in this thesis. Nonetheless, the scenario where
fo(1710) is predominantly a glueball was also tested by a corresponding redefinition of our scalar
states; the scenario was found to be not favoured.

Therefore, the main conclusion of this thesis is that the scalar gq states are strongly favoured to
be above 1 GeV because then the description of the scalar but also of the vector and axial-vector
phenomenology is decisively better than under the assumption that the scalar quarkonia are
below 1 GeV.

We note that the work can be extended in many directions.

e An obvious point is to extend the U(3) x U(3) model of Chapter 10 to include the pure
glueball field and implement the mixing of this field with the pure nn and §s to study the
quarkonium /glueball content of fy(1370), fo(1500) and fy(1710).

e This work finds the scalars above 1 GeV to be predominantly quarkonia. This implies
that the model can make no statement regarding the nature of the scalar states below 1
GeV [f0(600), a(980), k]. They may be interpreted as tetraquark states [58, 194]. Thus
a further extension of the model would entail scalar nin, Ss, glueball and tetraquark states
(the latter with and without the s quark) — six scalar states the mixing of which would be
extremely interesting to study within a chiral model that contains vectors and axial-vectors
as well.

e We have seen in Sec. 10.3 that the mass of the K state obtained from our model corresponds
neither to the mass of K1(1270) nor to that of K;(1400). The K; phenomenology is also
not well described (see Sec. 11.4). The reason is that our model currently contains only an
axial-vector nonet of states that is, however, expected to mix with a pseudovector nonet
yielding the physical K;(1270) and K;(1400) states [247]. Building on this point, one can
study the mixing of the pseudovector and axial-vector nonets within an extended version of
the model in this thesis to determine the features of the K;(1270) and £ (1400) resonances.

e The model can be extended to the charm mesons [191].

e The hadronic decays of the 7 lepton can also be studied within a version of the model
incorporating the weak interaction (building on work in Ref. [245]).

e Further studies of the nucleon and its chiral partner (as well as, e.g., hyperons) can be
performed on the line of Ref. [59].
An important remark is in order about nucleon-nucleon scattering in the context of results
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presented in this work. Baryon-baryon interaction is usually mediated by the exchange
of scalar [fp(600)] and vector [w(782), p(770)] mesons [273]. Usually the f,(600) state is
considered to be of gg structure. However, our results suggest the opposite: that the scalar
qq state is actually in the region above 1 GeV. For this reason, nucleon-nucleon scattering
does not appear to be performed by exchange of a quark and an antiquark; indeed if
the states below 1 GeV are interpreted as tetraquarks then, consequently, exchange of a
tetraquark state would occur [197].

e Finally, the issue of restoration of chiral symmetry at nonzero temperature and density
is one of the fundamental questions of modern hadron and nuclear physics. Linear sigma
models constitute an effective approach to study chiral symmetry restoration because they
contain from the onset not only pseudoscalar and vector mesons, but also their chiral
partners with which they become degenerate once the chiral symmetry has been restored.
Given that the vacuum phenomenology is reasonably well reproduced within our model,
then the model can also be applied to studies of chiral symmetry restoration at nonzero
temperatures (similarly to Refs. [37, 194]) and densities (similarly to Ref. [274]).

And let us end this thesis along the line of Ref. [275]: "It took mankind only about one century
to resolve the mystery of the spectral lines in visible light reported by Joseph Fraunhofer in 1814
[276]. The collection of sufficient data lasted several decades, during which some progress was
made by the discovery of striking patterns in the spectra. An important step that provided the
key to the analysis of spectra was the classification of hydrogen lines made by Johann Balmer
in 1885 [277]. This allowed Niels Bohr [278] later on to account for those lines, resulting in a
spectacular advance in our understanding of Nature.” Nowadays the mysteries are related to
far more miniature objects but they are nonetheless a large inspiration for anyone interested in
understanding the way how nature functions.
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14. Zusammenfassung

Die vorliegende Dissertation behandelt eine der grundlegenden Fragen der menschlichen Exis-
tenz: den Zustand der Materie im Universum kurz nach dem Urknall. Damals (vor ungefihr
13 Milliarden Jahren) war die Materie in ihre mikroskopischen Bauteile zerlegt: beispielsweise
waren die Elektronen nicht an Atomkerne gebunden — es existierten keine Atome, sondern die
Elektronenn stellten freie Teilchen dar. Die Elektronen waren indes nicht die einzigen freien
Teilchen — auch andere so genannte Leptonen (mit den Elektronen verwandte Teilchen) bildeten
keinerlei gebundene Zustéande.

Der Materieaufbau im Universum in der jetzigen Zeit ist anders: beispielsweise sind Elektro-
nen in einem Atom an den Atomkern gebunden (die entprechende elektrische Wechselwirkung
wird als Coulomb-Kraft bezeichnet, nach dem franzosischen Physiker Charles Coulomb, der im
18. Jahrhundert lebte). Der Atomkern ist aber keine kompakte Einheit - er besitzt selbst eine
innere Struktur, da er aus Protonen (positive eletrische Ladung) und Neutronen (keine elek-
trische Ladung) aufgebaut ist. Die Anzahl der Protonen im Atomkern ist fiir die Klassifikation
der Atome von grundlegender Bedeutung: jedes Atom eines Naturelements besitzt eine genau
festgelegte Anzahl von Protonen in seinem Kern (Wasserstoff: 1, Helium: 2, Lithium: 3, ..., Un-
unoctium: 118). Da die Protonen, wie erwéhnt, elektrisch positiv geladen sind, miissen sie sich
auch im Atomkern abstoflen; der Atomkern miisste folglich instabil sein, wodurch Atome (und
Molekiile) ebenfalls instabil sein miissten. Dies ist natirlich nicht der Fall — stabile Materie ist
auf der Erde (und, nach unserem Verstdndnis, auch im Universum) in der Tat vorhanden. Fol-
glich ist also zu diskutieren, warum sich die Protonen in der Summe aller Krafte doch anziehen
(und stabile Atomkerne bilden kénnen), obwohl sie sich elektrisch abstofien.

Die Antwort liegt in der Betrachtung einer neuen Wechselwirkung: der so genannten starken
Kraft. Diese ist nur auf den Atomkern beschrénkt (also extrem kurzreichweitig), aber innerhalb
des Kerns ist sie dominanter als die elektrische AbstoBung der Protonen. In der Summe ziehen
sich also die Protonen in Atomkernen an und Atomkerne und Atome sind folglich stabil.

Die Protonen sind aber nicht die einzigen Teilchen, die der starken Wechselwirkung unterliegen.
Schon die Neutronen, die anderen in Atomkernen prasenten Teilchen, sind ebenfalls stark wech-
selwirkend; dies ist auch der Fall fiir Hyperonen, Pionen, Kaonen und mehrere Hundert anderer
Teilchen. Daher stellt es einen natiirlichen Schritt dar, nach einem Klassifikationsschema fiir all
diese Teilchen zu suchen. Dieses Klassifikationsschema erfordert die Annahme, dass die Proto-
nen, Neutronen, Pionen, Kaonen, ..., eine innere Struktur besitzen - und aus noch elementareren
Teilchen, den so genannteb Quarks, aufgebaut sind. Unterschiedliche Quark-Kombinationen
ergeben dann unterschiedliche Teilchen, so wie unterschiedliche Quantitdten von Protonen un-
terschiedliche Atomkerne (und Atome) ergeben.

Die aus Quarks aufgebauten Teilchen werden als Hadronen bezeichnet. Die Hadronen unterteilen
sich in zwei groBe Gruppen in Abhéngigkeit von ihrem Spin: jene mitganzzahligem Spin (0, 1,
2, ...) werden als Mesonen bezeichnet (Pionen, Kaonen, ...), wéhrend die Hadronen mit hal-
bzahligem Spin (1/2, 3/2, ...) als Baryonen bezeichnet werden (Protonen, Neutronen, ...). Die
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Quarks kommen in der Natur nicht als freie Teilchen vor — sie sind immer in den Hadronen
eigenschlossen. Diese experimentelle Beobachtung wird als Quark-Confinement bezeichnet; die
Quarks konnen nur in hochenergetischen Protonen- oder Schwerionen-St6Ben (wie gegenwértig
bei dem Large Hadron Collider am CERN in Genf oder bald bei der Facility for Antiproton and
Ion Research bei der Gesellschaft fiir Schwerionenforschung in Darmstadt) erforscht werden.

Die Quarks waren nicht immer in den komplexeren Teilchen eingeschlossen: kurz nach dem Urk-
nall waren die Quarks freie Teilchen, genau wie die Leptonen (wie schon erwéhnt). Die Expansion
des frithen Universums fiihrte zu seiner Abkiihlung; so konnte die gegenwirtig bekannte Materie
nach ungefihr 1071 Sekunden anfangen zu kondensieren. Mit anderen Worten: es entstanden
Teilchen, die aus Quarks aufgebaut sind. Es ist klar, dass das einfachste aus Quarks aufgebaute
Teilchen zwei Quarks besitzen musste - dies ist nach der obigen Definition ein Meson, und daher
ist die Erforschung der Mesonen fiir die Erforschung des frithen Universums von auflerordentlicher
Bedeutung: sie ermoglicht uns, Kenntnisse tiber das Universum kurz nach dem Urknall zu er-
langen.

Lassen Sie uns eine kurze Anmerkung einfiigen. Mesonische Teilchen bestehen eigentlich nicht aus
zwei Quarks, sondern aus einem Quark und einem Antiquark. Der Grund hierfiir besteht in der
Tatsache, dass die Quarks neben der elektrischen auch eine zusétzliche Ladungsform tragen: die
Farbladung. (Dies ist nicht die Farbe im herkémmlichen Sinne, sondern eine Quanteneigenschaft
der Quarks; die Farben werden trotzdem als rot, griin und blau bezeichnet und die Experimental-
daten deuten darauf hin, dass genau drei Quarkfarben existieren.) Die Quarks sind die einzigen
bekannten Teilchen in der Natur, welche diese Farbladung besitzen; alle anderen Teilchen sind
farbneutral und folglich ordnen sich die Quarks so an, dass das entstehende komposite Teilchen
farbneutral ist. Konkret impliziert dies, dass ein Meson (wie zum Beispiel das Pion) aus einem
Quark (mit Farbe) und einem Antiquark (mit Antifarbe) bestehen muss, damit sich die Farbe
und die Antifarbe aufheben und das Meson, wie vom Experiment verlangt, keine Farbladung
triagt. (Es kann im Rahmen der Gruppentheorie gezeigt werden, dass beispielsweise Protonen
und Neutronen drei Quarks besitzen miissen, um farbneutral zu sein.)

Die Spins des Quarks und des Antiquarks in einem Meson konnen auf unterschiedliche Arten
kombiniert werden. Die Quarks selbst sind Spin-1/2-Teilchen. Im Prinzip konnen sie also zu
einem Spin-1-Teilchen (ein so genanntes Vektor-Meson) und zu einem Spin-0-Teilchen (skalares
Meson) kombiniert werden. Die genaue Anzahl von so entstehenden Teilchen héngt von der An-
zahl der Quarks ab, die in Betracht gezogen wurden. Gegenwiértige Experimentaldaten deuten
darauf hin, dass es sechs Quarks in der Natur gibt: Up (u), Down (d), Strange (s), Charm (c),
Bottom (b) und Top (). Das u-Quark besitzt die kleinste Masse, wihrend die Masse des schw-
ersten Top-Quarks etwa 57000 Mal grofler ist. Die Massen der Up- und Down-Quarks sind fast
gleich (diese Quarks entarten also) und daher kann man sie als gleiche Teilchen betrachten. Das
Strange-Quark unterscheidet sich in der Masse vom Up-Down-Paar um etwa Faktor 30. Die Up-
und Down-Quarks werden oftmals als nichtseltsame Quarks bezeichnet (und die Mesonen, welche
die Up- und Down-Quarks enthalten, als nichtseltsame Mesonen). Da die ¢-, b- und ¢-Quarks
um eine bis drei Groflenordnungen schwerer als das s-Quark sind, kann man diese als praktisch
entkoppelt von den u-, d- und s-Quarks betrachten. Betrachten wir also die nichtseltsamen u-
und d-Quarks sowie das seltsame s-Quark.
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Wegen der erwdhnten Massenentartung bei den nichtseltsamen Quarks werden nichtseltsame
Mesonen immer sowohl aus u- als auch aus d-Quars gebildet. Fiir den konkreten Fall der skalaren
Mesonen wird die Wellenfunktion wie folgt konstruiert:

on = (G + dd) /V?2,

wo oy das nichtseltsame skalare Meson und @ und d respektive das Anti-Up- und das Anti-
Down-Quarks kennzeichnen, und fiir ein seltsames
skalares Meson og:

og = 88,

wo § das seltsame Antiquark kennzeichnet.

Also wiirden wir nach einem Vergleich der oben genannten beiden Wellenfunktionen mit dem
Experiment erwarten, dass die Experimentaldaten genau zwei nichtseltsame skalare Mesonen
aufweisen. Tatsdachlich sind es sechs. — Und die Suche nach den Antiquark-Quark-
Teilchen unter diesen sechs ist einer der Hauptarbeitspunkte der vorliegenden Dis-
sertation.

Die allgemein anerkannte physikalische Theorie, welche die Quarks und die aus den Quarks
gebildeten Teilchen beschreibt, heifit

Quantenchromodynamik (QCD).

Die Quantenchromodynamik legt eine grundlegende Gleichung fest, den so genannten QCD-
Lagrangian [siche Gl. (2.18)]. Der QCD-Lagrangian zeigt gewisse Eigenschaften auf, die nicht
nur eine elegante mathematische Konstruktion darstellen, sondern auch die tatséachlichen Elgen-
schaften physikalischer (aus Quarks gebildeter) Zustédnde widerspiegeln. Dies wurde durch viele
Experimente bestétigt [10].

Falls man aber beabsichtigt, diese Zustédnde der Natur theoretisch naher zu behandeln, so bedient
man sich der so genannten durch die QCD erlaubten Modelle. Diese Modelle miissen die erwéhn-
ten Eigenschaften (die Symmetrien der QCD, siehe Kapitel 2) erfiillen; alle Modelle der QCD
erfillen die QCD-Symmetrien, aber auf unterschiedliche Arten — dies stellt den Hauptunterschied
zwischen ihnen dar.

Das in dieser Doktorarbeit vorgestellte Modell wird als das Lineare Sigma-Modell bezeichnet
und es beinhaltet die in der Natur beobachteten mesonischen Teilchen. Wir beschreiben in
Kapitel 4 die Konstruktion eines solchen Sigma-Modells. Die Implikationen des Modells werden
in den Kapiteln 5 — 11 diskutiert. Insbesondere wird die Frage erforscht, wo sich die skalaren
Antiquark-Quark-Teilchen oy und og sich im physikalischen Spektrum befinden. Diese Frage ist
aus mindestens zwei Griinden interessant:

e Da die experimentellen Messungen (wie erwéhnt) mehr skalare Teilchen nachgewiesen
haben als von der theoretischen Seite erwartet, stellt sich die Frage der Klassifikation
solcher Teilchen, oder in anderen Worten derer Struktur: da hochstens zwei von diesen
Teilchen von Antiquark-Quark-Struktur (gq) sein kénnen, stellt sich die Frage, welche von
den gemessenen Teilchen tatséchlich die gg-Teilchen sind und welche Struktur die tibrig
gebliebenen Teilchen besitzen.
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e Das Pion ist ein wohlbekanntes gg-Teilchen (dies ist seit langer Zeit sowohl theoretisch
als auch experimentell bestitigt); die QCD sagt vorher, dass das Pion unter gewissen
Bedingungen (sehr hohe Temperaturen von ungefihr einer Billion Grad Celsius) dieselbe
Masse wie oy besitzen muss — wir konnen aber zwischen sechs skalaren Teilchen wahlen,
die allesamt unserem opy-Teilchen entsprechen konnen. Die Frage ist also: Welches von
den skalaren Teilchen ist es?

Allerdings wire eine theoretische Betrachtung von nur Pionen und skalaren Teilchen nicht gerecht-
fertigt, da die experimentellen Daten eindeutig die Existenz anderer Teilchen nachweisen. Zum
Beispiel ist experimentell wohlbekannt, dass auch Teilchen mit Spin 1 existieren (die so genan-
nten Vektoren), welche mit den Pionen und den skalaren Teilchen wechselwirken. Aus diesem
Grunde beinhaltet das in dieser Dissertation disktierte Modell sowohl die Skalaren als auch die
Vektoren; ein Modell mit all diesen Teilchen muss mathematisch konsistent konstruiert werden,
was im Kapitel 4 beschrieben wird.

Die skalaren Mesonen werden in zwei Gruppen geteilt: auf jene mit Ruheenergie unterhalb 1
GeV und auf jene mit Ruheenergie oberhalb 1 GeV (die Bezeichnung GeV bedeutet Gigaelek-
tronvolt, also eine Milliarde Elektronvolt, wobei ein Elektronvolt der Energie eines Elektrons im
elektrischen Feld von einem Volt Stérke entspricht). Im Kapitel 5 wird mittels Vergleich der
theoretischen Ergebnissen mit Experimentaldaten diskutiert, ob sich unser skalares gg-Teilchen
unterhalb oder oberhalb 1 GeV befindet — und es scheint die Ruheenergie mehr als 1 GeV zu
besitzen.

Dies ist eigentlich etwas iiberraschend. Ublich ist die Erwartung, dass ein Teilchen mit bloB
einem Quark und einem Antiquark eher eine relativ kleine Ruheenergie besitzt (in unserem Fall
also weniger als 1 GeV). Der Grund hierfiir ist, dass alle anderen skalaren Teilchen, die keine
Antiquark-Quark-Struktur besitzen, aus mehr als zwei Quarks bestehen und deren Ruheenergie
folglich relativ grofer ist. Die Ergebnisse des Kapitels 5 (und letztendlich dieser Dissertation)
deuten auf ein umgekehrtes Bild hin.

Die Ergebnisse im Kapitel 5 sind aber nur unter Betrachtung der Mesonen zustande gekommen,
die nur das Up- und das Down-Quark besitzen. Es ist folglich eine wohldefinierte Frage, ob sich
die Ergebnisse womdglich dndern, wenn auch Teilchen mit seltsamen Quarks (die so genannten
Kaonen) in das Modell hunzugefiigt werden.

Aus diesem Grunde wird in den Kapiteln 6 — 11 eine ausfiihrliche Diskussion des Linearen Sigma-
Modells mit skalaren und vektoriellen Mesonen sowohl im nichtseltsamen als auch im seltsamen
Sektor durchgefiihrt. Die Erorterungen iiber die skalaren Mesonen sind hierbei nicht die einzigen,
welche behandelt werden — in den genannten Kapiteln werde alle hadronischen Zerfélle der Meso-
nen betrachtet, die aus dem Modell ausgerechnet werden kénnen. Auf diese Weise entsteht eine
breite phidnomenologische Abhandlung der experimentell bekannten mesonischen Teilchen, die
uns eine Klassifikation der Teilchen nach ihrer Quark-Struktur (ob gg oder nicht) durchzufiihren,
aber auch Einblicke in das Verhalten der Teilchen bei sehr hohen Temperaturen ermoglicht.

Die in den Kapiteln 6 — 11 durchgefiihrten Berechnungen bestétigen das (wie erwéhnt) tiberraschende
Ergebnis aus Kapitel 5: dass die skalaren gq-Teilchen oy und og eine Ruheenergie von mehr als
1 GeV besitzen. Diese Aussage hat mindestens zwei Implikationen:
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e Das skalare Teilchen, welches bei sehr hohen Temperaturen (~ 102 Grad Kelvin) die
gleiche Masse wie das Pion besitzt, hat eine viel groflere Ruheenergie als das Pion. Dies
hat Konsequenzen fiir andere Signaturen des so genannten Quark-Gluon-Plasmas, eine
Materieform, deren Entstehung bei den erwahnten sehr hohen Tenperaturen erwartet wird
und die aus Quarks, aber auch Gluonen besteht — dabei sind die Gluonen Teilchen, welche
die Wechselwirkung zwischen den Quarks iibertragen (die Botenteilchen).

e Falls (nur) die skalaren Teilchen iiber 1 GeV die gg-Struktur besitzen, dann bleibt die Frage
offen, welche Struktur die (ebenfalls bekannten) Teilchen unter 1 GeV haben kénnten.
Dazu ist immer noch keine definitive Antwort vorhanden (auch nicht im Rahmen anderer
Studien), es wird aber schon seit Langem dariiber diskutiert, ob die Teilchen unterhalb 1
GeV aus zwei Quarks und zwei Antiquarks (statt wie bisher diskutiert aus einem Quark
und einem Antiquark) bestehen kénnten.

In der vorliegenden Dissertation wird aber noch eine zusatzliche Mesonenart diskutiert: die
Gluebélle. Diese Mesonen bestehen nicht aus Quarks, sondern ausschliefllich aus Gluonen, den
(schon erwéhnten) Botenteilchen, iiber welche die Quarks ihre Wechselwirkungen ausfiihren.
In Kapitel 12 wird das skalare (also spinlose) Glueball-Teilchen in das Modell eingefiithrt und
dessen Wechselwirkungen mit dem Antiquark-Quark-Teilchen oy diskutiert. Es wird wiederum
die Aussage bestétigt, das die Ruheenergie von o iiber 1 GeV liegt und zusétzlich die Folgerung
diskutiert, dass die Ruheenergie des Glueball-Teilchens ebenfalls tiber 1 GeV ist.

Die Hauptaussage dieser Dissertation ist aber, dass die Spin-0-Teilchen aus einem Antiquark und
einem Quark (die skalaren Mesonen) eine héhere Ruheenergie besitzen als gewohnlich angenom-
men. Dies hat viele Implikationen fiir die weitere Mesonen- und, allgemeiner, Hadronener-
forschung: die Frage nach der Struktur der skalaren Mesonen im Energiebereich unter 1 GeV
bleibt offen genau so wie die Frage nach dem Materiezustand und -verhalten bei sehr hohen Tem-
peraturen (also jenen wie kurz nach dem Urknall). Die Erforschung der Materie bei sehr hohen
Temperaturen ist seit langer Zeit das hauptsachliche Thema vieler Projekte sowohl in der theo-
retischen als auch in der experimentellen Hadronenphysik, aber eine definitive Aussage tliber das
Materieverhalten unter den extremen Bedingungen und bei einer gro3en Anzahl der mikroskopis-
chen Teilchen (und folglich einer fast unendlichen Anzahl moglicher Wechselwirkungswege der
betreffenden Teilchen und der Zerfallswege der instabilen Teilchen) kann noch nicht erfolgen. Aus
diesem Grunde ist die theoretische und die experimentelle Erforschung der Elementarteilchen-
physik bei sehr hohen Energien ein sehr spannendes Feld der Physik — mit vielfaltigen An-
wendungsmoglichkeiten der hier prsentierten Dissertation. Die vorliegende Dissertation bildet
daher durch ihre Untersuchungen der Antiquark-Quark-Zusténde genau die notwendige Basis
flir weitere Projekte beziiglich des Materiezustands bei sehr hohen Temperaturen und folglich
fiir die Erforschung der Materie kurz nach dem Urknall und dem Anfang der noch unvollstandig
erforschten Phénomene der modernen Wissenschaft.
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