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Motivation
Effective actions from Flux compactifications

Start from type II supergravity

Compactification on Calabi-Yau 3-folds
↪→ N = 2 sugra in 4d

CY with fluxes :
• get just a few gaugings
• not consistent with 10d (pure sugra) EoM

Beyond Calabi-Yau
?? most general flux compactifications

leading to N = 2 sugra in 4d ??

Useful tool : Generalized Geometry

??How N = 2 data are determined by Generalized Geometry??
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Supergravity and SU(3)xSU(3) structures

Need a couple of
(possibly coincident)
internal spinors η1, η2

⇓
a couple of SU(3)

structures
for TM6 ↑ structure group

Best seen as an SU(3)×SU(3) structure on TM6 ⊕ T∗M6

[Graña,Louis,Waldram ’05,’06]

Structures on T ⊕ T∗ are described by Generalized Geometry
[Hitchin ’02]



Supergravity and SU(3)xSU(3) structures

Need a couple of
(possibly coincident)
internal spinors η1, η2

⇓
a couple of SU(3)

structures
for TM6 ↑ structure group

Best seen as an SU(3)×SU(3) structure on TM6 ⊕ T∗M6

[Graña,Louis,Waldram ’05,’06]

Structures on T ⊕ T∗ are described by Generalized Geometry
[Hitchin ’02]



Supergravity and SU(3)xSU(3) structures [recall talks by Witt,
Koerber & Martucci]

Basic objects: O(6, 6) pure spinors Φ+ and Φ−

• polyforms : Φ+ ∈ ∧evenT∗M6 , Φ− ∈ ∧oddT∗M6

• generalize J and Ω of a CY

• encode the whole internal NSNS sector (gmn, Bmn, φ)

• Φ± can be built as e−B(η1
+ ⊗ η

2†
± )

↪→ polyforms through fierzing

Polyforms natural also in the RR sector:

for IIA: F = F0 + F2 + . . .+ F8 + F10 (democratic formulation)
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Expansion forms

When
reducing

⇒ need to truncate
to a finite set of modes

Truncation specified introducing a finite basis of (poly)forms

Σ+ =
(
ω̃A

ωA

)
, Σ− =

(
βI

αI

)
and expanding Φ± as:

Φ+ = XAωA −FAω̃
A , Φ− = ZIαI − GIβ

I .

for a CY : Φ+ = eiJ , Φ− = Ω and the forms are harmonic
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Expansion forms

Σ+ and Σ− have to satisfy several constraints for a 4d, N = 2
supergravity to be defined (and the reduction proceed
analogously to the CY case) [Graña,Louis,Waldram ’05,’06;

Minasian,Kashani-Poor’06;
DC,Bilal’07; DC’08]

E.g. basis forms have to preserve a symplectic structure:∫
M6

〈Σ−,Σ−〉 =
 0 I
−I 0


where 〈 , 〉 is the antisymmetric Mukai pairing :

〈α, β〉 = [λ(α) ∧ β]6 , λ(αk) = (−)[ k+1
2 ]αk

Further condition :

〈Σ+,Φ+〉
〈Φ+, Φ̄+〉

and
〈Σ−,Φ−〉
〈Φ−, Φ̄−〉

constant on M6
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Expansion forms

In general Σ± are not closed :

dΣ− = QΣ+

Q : geometric charges→ more gaugings w.r.t.
CY with fluxes

Q also accommodates nongeometric fluxes [Graña,Louis,Waldram ’06]

Examples?

on coset spaces: SU(3)
U(1)×U(1) ,

G2
SU(3) ,

Sp(2)
S(U(2)×U(1)) , . . .

[Caviezel,Koerber,Kors,Lüst,
Tsimpis,Zagermann ’08]

Not only: the reduction goes through consistently (solutions lift)
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Special Kähler Geometry
Moduli space of CY manifolds

CY case :

δgmn ↔ δJ , δΩ
(Kähler- & complex-structure deformations)

parameterize two Special Kähler manifolds.

Kähler potentials:

K+ ∼ log
∫

J ∧ J ∧ J and K− ∼ log i
∫

Ω ∧ Ω

⇓

fits into 4d, N = 2 sugra



Special Kähler Geometry
Deformations of SU(3)×SU(3) structures

What about general SU(3)×SU(3) structures?

δΦ+ , δΦ− at a point of M6
l

Special Kähler geometries [Hitchin’02]

Requirements on Σ± assure this is inherited by
the truncated 4d theory

Kähler potentials : K± = − log i
∫
〈Φ±,Φ±〉

We computed:

e2ϕ

8

∫
vol6e−2φgmngpq(δgmpδgnq + δBmpδBnq)︸ ︷︷ ︸

metric on space of gmn and Bmn deform.

= δholoδantiK+ + δholoδantiK−︸ ︷︷ ︸
sp. Kähler metrics for Φ+ and Φ− def.

⇓
4d scalar kinetic terms
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Special Kähler Geometry
Generalized diamond

Complex polyforms decompose in reps of SU(3)×SU(3) :

1, 1

1, 3 3, 1

1, 3 3, 3 3, 1

1, 1 3, 3 3, 3 1, 1

3, 1 3, 3 1, 3

3, 1 1, 3

1, 1
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Special Kähler Geometry
Generalized diamond

SU(3)×SU(3) invariant polyforms :
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Special Kähler Geometry
Generalized diamond

SU(3)×SU(3) invariant polyforms :

η1
+η

2†
+

1, 3 3, 1

1, 3 3, 3 3, 1
η1

+η
2†
− 3, 3 3, 3

η1
−η

2†
+

3, 1 3, 3 1, 3

3, 1 1, 3

η1
−η

2†
−

acting with (anti)holomorphic Spin(6) gamma matrices one can
build a basis for the repr space (easy to include B)



Special Kähler Geometry
Deformations of SU(3)×SU(3) structures

Deformations of Φ+ (analogous for Φ−) :

Φ+

1, 3 3, 1
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Special Kähler Geometry
Deformations of SU(3)×SU(3) structures

Deformations of Φ+ (analogous for Φ−) :
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Special Kähler Geometry
Deformations of SU(3)×SU(3) structures

compatible Φ+ , Φ−

↓↓↓

J Λ
± Σ = 4i

〈Re Φ± , ΓΛ
ΣRe Φ± 〉

〈Φ± , Φ± 〉
with [J+,J−] = 0

J± : T ⊕ T∗ → T ⊕ T∗ , (J±)2 = −idT⊕T∗
generalized almost
complex structure

where ΓΛ =
(

dxm∧

ι∂m

)
: O(6, 6) gamma matrices

Metric on T ⊕ T∗ : G = −J+J− =

(
g−1B g−1

g− Bg−1B −Bg−1

)
Deformations :

gmngpq(δgmpδgnq + δBmpδBnq) = − 1
2 Tr
[
δGδG

]
use : δG = −δJ+J− − J+(δJ−)
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Deformations of Φ+ (analogous for Φ−) :
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Special Kähler Geometry
Deformations of SU(3)×SU(3) structures

• δgmn , δBmn are expressed in terms of δχ+ ↔ 3, 3 , δχ− ↔ 3, 3

• we arrive at:

e2ϕ

8

∫
e−2φvol6gmngpq(δgmpδgnq + δBmpδBnq)=−

∫
〈δχ−, δχ̄−〉∫
〈Φ−, Φ̄−〉

−
∫
〈δχ+, δχ̄+〉∫
〈Φ+, Φ̄+〉

• δχ+ and δχ− yield independent contributions

• Recall : K± = − log i
∫
〈Φ±,Φ±〉 . Then :

δholoδantiK+ + δholoδantiK−=−
∫
〈δχ−, δχ̄−〉∫
〈Φ−, Φ̄−〉

−
∫
〈δχ+, δχ̄+〉∫
〈Φ+, Φ̄+〉

+ ♠♠

♠♠ = contribution from the δΦ± which modify J± but not G.

Matching : yes, provided we truncate these deformations



Special Kähler Geometry
Deformations of SU(3)×SU(3) structures

• δgmn , δBmn are expressed in terms of δχ+ ↔ 3, 3 , δχ− ↔ 3, 3

• we arrive at:

e2ϕ

8

∫
e−2φvol6gmngpq(δgmpδgnq + δBmpδBnq)=−

∫
〈δχ−, δχ̄−〉∫
〈Φ−, Φ̄−〉

−
∫
〈δχ+, δχ̄+〉∫
〈Φ+, Φ̄+〉

• δχ+ and δχ− yield independent contributions

• Recall : K± = − log i
∫
〈Φ±,Φ±〉 . Then :

δholoδantiK+ + δholoδantiK−=−
∫
〈δχ−, δχ̄−〉∫
〈Φ−, Φ̄−〉

−
∫
〈δχ+, δχ̄+〉∫
〈Φ+, Φ̄+〉

+ ♠♠

♠♠ = contribution from the δΦ± which modify J± but not G.

Matching : yes, provided we truncate these deformations



Special Kähler Geometry
Deformations of SU(3)×SU(3) structures

• δgmn , δBmn are expressed in terms of δχ+ ↔ 3, 3 , δχ− ↔ 3, 3

• we arrive at:

e2ϕ

8

∫
e−2φvol6gmngpq(δgmpδgnq + δBmpδBnq)=−

∫
〈δχ−, δχ̄−〉∫
〈Φ−, Φ̄−〉

−
∫
〈δχ+, δχ̄+〉∫
〈Φ+, Φ̄+〉

• δχ+ and δχ− yield independent contributions

• Recall : K± = − log i
∫
〈Φ±,Φ±〉 . Then :

δholoδantiK+ + δholoδantiK−=−
∫
〈δχ−, δχ̄−〉∫
〈Φ−, Φ̄−〉

−
∫
〈δχ+, δχ̄+〉∫
〈Φ+, Φ̄+〉

+ ♠♠

♠♠ = contribution from the δΦ± which modify J± but not G.

Matching : yes, provided we truncate these deformations



Special Kähler Geometry
Deformations of SU(3)×SU(3) structures

• δgmn , δBmn are expressed in terms of δχ+ ↔ 3, 3 , δχ− ↔ 3, 3

• we arrive at:

e2ϕ

8

∫
e−2φvol6gmngpq(δgmpδgnq + δBmpδBnq)=−

∫
〈δχ−, δχ̄−〉∫
〈Φ−, Φ̄−〉

−
∫
〈δχ+, δχ̄+〉∫
〈Φ+, Φ̄+〉

• δχ+ and δχ− yield independent contributions

• Recall : K± = − log i
∫
〈Φ±,Φ±〉 . Then :

δholoδantiK+ + δholoδantiK−=−
∫
〈δχ−, δχ̄−〉∫
〈Φ−, Φ̄−〉

−
∫
〈δχ+, δχ̄+〉∫
〈Φ+, Φ̄+〉

+ ♠♠

♠♠ = contribution from the δΦ± which modify J± but not G.

Matching : yes, provided we truncate these deformations



Special Kähler Geometry
Deformations of SU(3)×SU(3) structures

• δgmn , δBmn are expressed in terms of δχ+ ↔ 3, 3 , δχ− ↔ 3, 3

• we arrive at:

e2ϕ

8

∫
e−2φvol6gmngpq(δgmpδgnq + δBmpδBnq)=−

∫
〈δχ−, δχ̄−〉∫
〈Φ−, Φ̄−〉

−
∫
〈δχ+, δχ̄+〉∫
〈Φ+, Φ̄+〉

• δχ+ and δχ− yield independent contributions

• Recall : K± = − log i
∫
〈Φ±,Φ±〉 . Then :

δholoδantiK+ + δholoδantiK−=−
∫
〈δχ−, δχ̄−〉∫
〈Φ−, Φ̄−〉

−
∫
〈δχ+, δχ̄+〉∫
〈Φ+, Φ̄+〉

+ ♠♠

♠♠ = contribution from the δΦ± which modify J± but not G.

Matching : yes, provided we truncate these deformations



Special Kähler Geometry
Period matrices

Important ingredient : GI = MIJ ZJ , DGI = MIJDZJ

↖ period matrix ↗

R=ReM , I=ImM

M ≡
 I +RI−1R −RI−1

−I−1R I−1

 =

(
−
∫
〈α, ∗Bα〉

∫
〈α, ∗Bβ〉∫

〈β, ∗Bα〉 −
∫
〈β, ∗Bβ〉

)

• uses ∗B • := e−B ∗ λ(eB •)
• generalizes a result valid for the harmonic 3-forms of CY
• parallel expression for even forms → N & N

(valid for CY as well)

• In e.g. IIA:
• ImN and ReN define kinetic & top. terms for gauge fields
• M enters in the hyperscalar kinetic terms
• Both M and N appear in the scalar potential
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Scalar potential

NSNS sector→ VNS ∼
∫

M6
vol6e−2φ

(
R6 + 4∂mφ∂

mφ− 1
12 HmnpHmnp

)

Recast in Generalized Geometry language:

• [Dm,Dn] η ∼ Rmnpqγ
pqη

• derive formula relating R6 and Φ± ∼ η1
+ ⊗ η

2†
±

• ‘dress’ it with φ and B

VNS =
e4ϕ

4

∫
M6

〈 dΦ+, ∗B(dΦ+) 〉+ 〈 dΦ−, ∗B(dΦ−) 〉

− e4ϕ
∫

M6

∣∣〈dΦ+,Φ−〉
∣∣2 +

∣∣〈dΦ+,Φ−〉
∣∣2

i〈Φ,Φ〉
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)
Recast in Generalized Geometry language:

• [Dm,Dn] η ∼ Rmnpqγ
pqη

• derive formula relating R6 and Φ± ∼ η1
+ ⊗ η

2†
±

• ‘dress’ it with φ and B
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∫
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where G = G0 + G2 + G4 + G6 : internal RR field strengths



Scalar potential

V =
e4ϕ

4

∫
〈 dΦ+, ∗B(dΦ+) 〉+ 〈 dΦ−, ∗B(dΦ−) 〉
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• Put the reduction ansatz in V →
→ find symplectically invariant 4d N = 2 potential

[D’Auria,Ferrara,Trigiante ’07]

• V invariant under Φ+↔ Φ− (‘mirror’ symmetry)

• V above is relevant for N = 2 reductions.
Admits N < 2 generalization [Lüst,Marchesano,Martucci,Tsimpis ’08]
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Lifting N = 1 vacua

dΦ+ =−2µ̄Re(Φ−)

dΦ−=−3i Im(µΦ+) + i
2 eφ ∗BG

with |µ|2∼−Λ

〈δεgravitini〉= 0

〈δεgaugini〉 = 0

〈δεhyperini〉= 0

under a single

susy ε

F-flatness
D-flatness



Lifting N = 1 vacua

10d level

FIRST dΦ+ = −2µ̄Re(Φ−) with |µ|2∼−Λ

SECOND dΦ− = −3iIm(µΦ+) + 1
2 eφ(c−G + i ∗B G)

[Graña,Minasian,Petrini,Tomasiello ’04,’05]

make contact with 4d :
• expand on the basis forms Σ±
• separate in components

4d N = 2 level

〈δεhyperini〉 = 0
〈δεgravitini〉= 0

⇐⇒ FIRST

〈δεgaugini〉 = 0
〈δεgravitini〉= 0

⇐⇒ SECOND
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Lifting N = 1 vacua

4d N = 2→ N = 1 truncation (induced e.g. by O6 plane)

two N = 2 gravitini → N = 1 gravitino

nV N = 2 vector mult.→
{

nC ≤ nV chiral mult. ‘A’
nV − nC N = 1 vector mult.

hypermultiplets → chiral mult. ‘B’

• Translate in N = 1 language identifying the N = 1 variables
• From susy variations → read F- and D-terms

N = 1 conditions in N = 1 language

F-flatness for chiral mult. ‘B’ ⇐⇒ FIRST

F-flatness for chiral mult. ‘A’
D-flatness

}
⇐⇒ SECOND
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Summary : Comparison with Calabi-Yau case

CY & no fluxes SU(3)×SU(3) + fluxes

4d action N = 2 ungauged N = 2 gauged sugra
sugra charges: RR, NSNS-fluxes

non-CYness dΣ− = QΣ+

Geometric δJ , δΩ δΦ+ , δΦ−
moduli (include δB , δφ)

Kähler K+ ∼ log
∫

J ∧ J ∧ J
potentials K− ∼ log i

∫
Ω ∧ Ω K± = log i

∫
〈Φ±,Φ±〉

Scalar potential V = 0 V = V(dΦ±, fluxes)

nontrivial N = 1
Susy vacua trivially N = 2 conditions.

Consistent with 10d eqs



Conclusions

• Type II reductions to 4d, N = 2 sugra require SU(3)×SU(3) str.

• Generalized Geometry provides the N = 2 data

• We did a thorough analysis
(including the reduction of the ’democratic’ RR sector)→
→ complete 4d N = 2 action

• Scalar potential: a compendium of the gauged N = 2 sugra

• Correspondence between 10d and 4d N = 1 conditions :
first step towards proof of consistency

• Future directions:
• apply this general formalism to further explicit examples
• first principles characterization of the expansion forms
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