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Va Gauge covariant spinorial /spacetime derivatives in Superspace
L Lagrangian

L Lagrangian density

H Hamiltonian

H Hamiltonian density

0; Generators of the gauge group

T; Hermitian representation matrices of 9;

A, Ay (Gauge) prepotential

A, (Gauge) potential

Q,, Qo Noether charges for SUSY transformation (SUSY generators)
Qg, Q. Realization of the SUSY generators in Superspace

PI Partial integration



Introduction

Elementary particle physics is based on symmetry principles that are realized
in relativistic quantum field theory. The observable object in quantum field
theory is the S-matrix. Thus it is important to study those symmetries of the
S-matrix that are compatible with quantum field theory. In 1967 Coleman
and Mandula stated in their famous ”no-go”theorem that it is impossible to
combine spacetime symmetries with internal symmetries nontrivially [co67].
This destroyed the hope for a fusion between the Poincare group and the
internal symmetries. However, it was realized that this result can be cir-
cumvented by supersymmetry (SUSY), which introduces graded symmetry
algebras. SUSY relates fermions with bosons. It unifies spacetime sym-
metries with internal symmetries and it was proven to be the only possible
further symmetry beside those two [ha75] (again, under certain assumptions).

There are two ways of looking at SUSY. One is to consider the SUSY al-
gebra that acts on ordinary fields (functions of spacetime). These fields are
called component or tensor fields. The other possibility is to consider the Su-
perspace approach, which is an extension of spacetime that comes when intro-
ducing additional anticommuting coordinates. Superfields are then functions
on Superspace, and the SUSY algebra is realized as rotations and transla-
tions involving the Superspace coordinates. The advantage of the Superfield
approach is that it introduces auxiliary fields that are needed in order to
have off-shell closure of the SUSY algebra [vp03]|. But this is also the disad-
vantage of the Superspace approach: in many cases it introduces too many
unphysical fields.

The ”symmetries” that describe the fundamental interactions are the Yang-
Mills (YM) theories, which come from generalizations of the definition of
a physical state in quantum mechanics. That’s why YM symmetries are
not real symmetries (i.e. transform physical states into physical states) but
rather describe the redundancy of physical states [FU97]. It is interesting how
the supersymmetric extensions of Yang-Mills theories look like. This will be



the main focus of this work.

This thesis is organized as follows: in chapter 1 the basic tools are listed.
These are the jet space approach, the structure group and symmetry alge-
bras. Since the algebraic side will use graded Lie algebras, Bianchi identities
have to be considered.

Chapter 2 introduces N' = 1 SUSY in field theories and the most general
supersymmetric Lagrangian for matter fields is constructed. This will be
used to make a consistency check of the algebra, by calculating the Dirac
bracket of the Noether charges of a SUSY transformation (Appendix A).
Then the Superspace formalism is introduced, and the connection between
Superfields and component fields is established. In the next step a similar
relation will be formulated between operators on component fields and oper-
ators on superfields.

Chapter 3 deals with supersymmetric Yang-Mills theories. First the Super-
space approach is presented which introduces vectorfields, whose components
are the gauge fields. In the next section the algebraic approach via covariant
derivatives is formulated. The constraints that have to be imposed are then
solved with the Bianchi Identities. Using the knowledge of chapter 2 the two
approaches are related and it is shown that they are equivalent after some
partial gauge fixing.

Chapter 4 provides an outlook to Supergravity (SUGRA). The symmetry
algebra which will be more general than for YM theories is presented, and
Dragon’s Theorem is stated (Appendix B).

In Appendix C there is a summary of the used notations and conventions
and a list of useful formulae.



Chapter 1

Tools

1.1 Jet space

The concept of jet spaces [0L93] provides a framework for the discussion
of symmetries. Jet spaces are spaces whose coordinates are the ordinary
coordinates ™ of a base space M (e.g. spacetime), and additional vari-
ables Opy..m, @" with k = 0,1,2---. The fields and their formal partial
derivatives are thus regarded as independent algebraic objects. These ad-
ditional variables are also called jet bundle coordinates. They are denoted
by [¢'] = {0y, @'k = 0,1,2---} [¢'] € U". The total space M x U is
called jet space of the underlying space M. The fields as functions of the
coordinate x™ € M can be viewed as a map from the jet space M x U to
some number field F

A:MxU-—F (1.1)

such that the formal derivatives agree with the partial derivatives.

1.2 Structure group

Gauge generators are denoted by ;. They act linearly on fields d;¢ and fullfill
the Lie algebra

(05,01 = fi50n (1.2)

A finite dimensional representation of §; may be constructed with matrices T,
such that §;¢ = —T;¢ where ¢ is some field in the representation space [dr87].
Let the commutator act on some field [0;,d;]¢ = 0;0;¢ — 0,0, = —(6:;T;¢ —



6;T;¢) = —(T;0;0—T;0;¢) = [T, T;]. On the other hand is [6;, 6;]¢ = fEdep =
— Z-’;»Tmﬁ Therefore the Lie algebra for the matrices T; is of the form

(13, T3] = 5T (1.3)

1.3 Symmetry algebras and Bianchi identi-
ties

In this section the general structure of closed irreducible symmetry algebras
(or gauge algebras) is analyzed for which the infinitesimal symmetry trans-
formations are derivations. Concider a set of graded derivations Ay, that
form a closed graded commutator algebra

[An, An} = Fun"Ap (1.4)

with some graded structure functions Fyn" = —(—)MN Fypy P, The grading
of the structure functions is given by |Fyn'| = |[M| + |N| + |P| mod?2.
The Aj; have to fulfill the Jacobi identity because they are derivations
and commutators of derivations are again derivations. Introducing the non-
associative product A o B := [A, B] introduces a derivation on the algebra
of derivations : Ao (BoC) = (AoB)oC+ (—)*PBo (Ao (). This is
the Jacobi identity, using commutators ° ,5.(—)4“[A, [B,C}} = 0. Hence
extra signs occur as compared to the non graded cyclic sum > , 50 Xapc :=
Xapc + Xpoa + Xcap. Plugging (1.4) into the Jacobi identities yields the
Bianchi Identities

E (M (AnFnp®? = Fun"Frp®) = 0. (1.5)
MNP

These equations will be the crucial consistency conditions for the symme-
try algebras that will be considered. The aim is to consider field theories
with a set of elementary fields ¢. Therefore it will always be assumed that
the Ay are realized on functions ¢'(p) =: ¢’ of the elementary fields and
their derivatives. The fields ¢’ are called tensor fields [br91]. If the real-

ization of the A, is linear in the 6‘;1-, it is called a linear realization. Then
Ay = fﬁ(gb)a%i with structure functions that are in general field-dependent

fMNP = fMNP(¢)

The physical theories are obtained by specifying the fields Fy;n? in such a
way that the requirements (1.5) are satisfied. For D = 4, N = 1 SUGRA,



BI 1:

BI 2:

which contains D = 4, N = 1 super YM, the covariant symmetry trans-
formations Ay, are split into space-time symmetries {D4} = {D,, D,} and
internal symmetries {61} = {lw, d;}, which generate Lorentz transformations
and Yang-Mills group actions '. Thus {Ay} = {D4 ,d;} and the graded
commutator relations read

[Da, D} = —=Tap"De + Fap'or, (1.6)
(67, Da} = —g14" D, (1.7)
(67,65} = frs™ 0k, (1.8)

with torsions T, field strengths F,p!, representation matrices (g7)4%,
and structure constants f;;%. This is not the most general form a closed
symmetry algebra of this type can have, because (1.7) contains no term with
d; on the right hand side. It is imposed that the (g;)4® and the f;,;% are
constant, whereas the Ty and F4p’ are in general field dependent [br02].
The Bianchi identities (1.5) then read for the various index pictures p;np®:

|97 fr™ ™ + fre™ fur® + frer™ fas® =0 (1.9)
L™ 0=0 (1.10)
[JAK . 0:0 (111)
IJAB : gIACgJCB - gJACgICB = fIJKgKAB (1.12)
1a5° 61Tas” = —g1a”Tp + (—)*P 915" TpaA® + Tus®grp°
(1.13)
1ag” 61Fap” = —gia“Fop” + (=) a5 Foa” + (=) P FL, frer”
(1.14)
apc” E () (DaTpc” + Tap"Tpc® — Fap'gric”) =0 (1.15)
ABC
apc’ E(_)AC(DAFBCI +Tup"Fpc') =0 (1.16)
ABC

Equation (1.9) is the Jacobi identity for the structure constants of the Lie
algebra of the gauge generators. (1.13) and (1.14) state that the torsions
and fieldstrengths transform like ordinary tensors with respect to their index
picture. (1.15) is known as the first Bianchi identity and (1.16) is called the
second Bianchi identity.

'More generally there can be more symmetry generators which belong to the internal
symmetries: dilatons dy,, Weyl symmetries g and if there are more supersymmetries R
symmetries dp



Chapter 2

Supersymmetric field theories

2.1 SUSY realization on fields

The aim of this section is to construct local quantum field theories whose
symmetry algebras contain SUSY generators. What we actually want to
construct is local actions depending on some set of elementary fields that
transform into total derivatives under SUSY transformations. In this con-
text it is useful to think in terms of jet bundles. Conceptually it is important
to distinguish between the supercharge (), the supersymmetry transforma-
tion D, that should act linearly on the elementary fields, the implementation
Q. of SUSY transformations in terms of a superspace differential operator
acting on superfields, and the covariant derivative D, that also acts in su-
perspace. Denoting the canonical coordinates by ¢° and a symmetry trans-
formation by d;¢° = fr'(q,q) the time derivative of the Noether charge is
Q; = 0;¢' (6L/d¢"). Using the Poisson brackets

0AOB 0405
dq" Op; Op; 0¢°

(A BY oy <_>M< ) (Yo = 567 (2.1)

with the Noether charge we can, in turn, recover the symmetry transforma-
tion

s

oA = {Qr, A}pp, {Qr,H}pp =0, Qr = 01’ 5 (2.2)

Upon quantization Poisson brackets are replaced by —i /A times commutators

iW{pi, ¢ s — [P, Q] = —ihd/, oA =1 1Qr, Al (2.3)



The Schrédinger equation i0y1) = H4) implies the time evolution O = i[H, O]
of Heisenberg operators. This is consistent with

{Pn, 0} pB = —0mo, [P, @] = =0 ¢ (2.4)
{Qa, ¢} pe = — D09, (Qa: 9] = —iDag (2.5)
{Qs, ¢}pe = —Da9, [Q4, 0] = —iDag (2.6)
{Qa: Q) = 2075 P, (2.7)

{Da, D} = 249, = 2i010m
[Da, 0] = [Da, 0] = 0 (2.9)

because {Dav Dd}¢ = i[Qav i[Qo'm (b}} + i[Qo‘u i[Qaa (b}} = _[{QOM Qd}v (b] =
2i0™ 0, where [A, B} := AB — (=)*BBA denotes the graded commuta-
tor [WE83,dr87]. We also use the abbreviation vag 1= 9, = 0hgUm to write
vectors in terms of spinor indices. A consistency check of the signs may be
performed by calculating the Noether charges @, and @, of a SUSY ac-
tion, which come from a SUSY transformation and then calculate the Dirac
bracket between them.

In order to construct a field theory with a linear realization of supersymme-
try we next have to find representations of the algebra {D,, ﬁd} = 2i00% 0,
and then constructions of invariant actions depending on those fields. The
most natural representation is obtained by declaring Dy to be ‘annihilation
operators’ on some elementary scalar field ¢. Since D,DgD, = 0 the re-
sulting (scalar) chiral multiplet consists of ¢, the Weyl spinor yo := Da¢p/V/2
and the auxiliary field F' := —D?¢/4 (F is not dynamical in a renormalizable
theory since it has mass dimension 2 if ¢ has its canonical dimension 1). Note
that ¢ must be a complex field since reality of ¢ would imply that it is also
antichiral D,¢ = 0 and thus, because of the SUSY algebra, constant. The
action of Dy on Y, and F is fixed by the SUSY algebra and the definition of
these fields. Denoting the SUSY transformation with constant commuting

parameters £2 by s = £*Dy, + & D we find

EdQS =0, Xa = %DaQSa F= _iD2¢>
Dogsé = V26, $Xa = V2(EF + 0% £°0,0), sF = v/2i0" £ 0,x".

as is easily checked using the identities

D2 = —EaﬁDaDg, DaDﬁ = %6a5D2, .
(D2, D,] = 4iD*@,,, [Da, D] =4id, D",

ad?
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which follow from our conventions

D*=¢"Dg,  enpe” =07 (2.12)
D*.=D°D,, D :=D,D". (2.13)

2.2 SUSY Lagrangians

Invariant Lagrangians can be constructed by observing that DD’ acting on
any (composite) field and D? acting on a (composite) chiral field always give
expressions that transform into total derivatives. It can be shown [br92] that
the most general supersymmetric lagrangian £ that depends on a set {¢‘}
of chiral fields and the corresponding hermitian conjugate anti-chiral fields

{3'} is of the form!
L=-1DL+hc, L=3%DK(6,D¢, D) [6,D6,D ¢])+g(6), (2.14)

where ¢ is called superpotential and K is called Kahler potential. Note that
the superpotential can be chosen not to contain any derivatives (no d’s and
no D’s). A redefinition K — K+ f(¢)+ f*(¢), which changes the action only
by total derivatives, is called Kahler transformation. Such a transformation
together with a suitable normalization of the chiral fields can be used to bring
an analytic Kahler potential into the form K = —% > @ ¢+ .. if the kinetic
energies are positive. The dots denote terms of dimension 3 or higher. If we
demand renormalizability such terms are forbidden and the superpotential

L Tt is easy to see that all terms are of the form D?X + c.c and that all terms con-

taining chiral and antichiral fields can be written as D2E2Y: We define the operator ¢t
by t“Dpp = 6301, t*D?*¢ = —2D%¢" and t°¢' = t°¢" = {t*,Da} = [t* da] = 0 s0
that {t*, Dg} = 05E(¢", x*, F*), where & is the Euler operator that counts the degree of
homogeneity in the

component fields of chiral multiplets (formally one may write 4® = 9/0(D,)" when
acting on chiral fields). As ¢t and D act linearly we may decompose the action into terms
L, of definite degree n in (¢, x?, F*). Since [D?,t%] = 26D and [D?,t?] = 4£(tD — €)
a supersymmetric action with D, L, = 9,X$ can be written as £,, = —ﬁDQ (t2L,) +
150, (t* D XS + 4nt*X2) for n > 0, i.e. £, can be written as D? acting on some local
function up to total derivatives. Similarly it can be shown that terms depending on

antichiral fields can be written as ﬁz(—#ﬁn /4n?) and terms that depend on both, chiral

and antichiral fields, are of the form D?D’K.

To show that X can be assumed to depend only on ¢ (without derivatives) is more
complex and this result depends on the ‘QDS-structure’ of the SUSY representation on
chiral fields [br92]; note that the linear SUSY representations on local fields are infinite
dimensional because {D, D} contains the partial derivative.

)

11



must be cubic, so that

L—-tp (-%E% 4 g(¢>)) +he. (2.15)

4
i 1 i, L i 13 ik
g=7+X\o +§mij¢¢ +6/‘€ijk¢¢¢ :
In order to express the Lagrangian in terms of the chiral and antichiral mul-
tiplet one needs the relation

[D?, D] = 4ig, .[D*, D*] = (8iDJD + 160J) (2.16)

because of {Da,ﬁd} = 2id* and @J = 01 with J := "9, and tr 1 = 6> =
2. Using the Leibnitz rule evaluation of
L= (D°¢D*¢+2D¢DD ¢+ DD $¢) /32— (2.17)
— (D2§0,g + D&’ D0,0;9) /4 + h.c.

thus yields

L=—L00¢ +ix'c"d,x + F'F+ (2.18)
+ F'0,g — %Xixjaiajg +Fog — %Yiyjaiajg*,

where the kinetic terms and F'F' come from the Kéhler potential. Integrating
out the auxiliary fields by inserting their equations of motion F; = —0;g we
find the potential

V(9,0") = D10l = |F(9)P (2.19)

for the scalar fields. The terms —% X'x?0;0;9 and their hermitian conjugates
are the Yukawa couplings. (2.16) implies that we can define projection oper-
ators

D’ D? D2D’ DD'D  DD?D
M, ==~ M ==-" Tp=— — : (2.20)
1600 1600 8] 8]
I, + 10+ 1y =1, (2.21)

where I, and II_ project onto chiral and anti-chiral fields, respectively (to
see this, evaluate DD°D = D[D’, D] + D*D’ and DD*D = D[D? D] +
32D2). I17 is called transversal projector.

12



2.3 Superspace

In the superspace approach SUSY transformations are interpreted as mo-
tions in a space with anticommuting coordinates 6, and 6, in addition to
the space-time coordinates ™ [BU98,GA83]|. Complete SUSY multiplets like
(¢, x, F) are combined into a single superfield ®(z, 6, 0).

The supersymmetry transformation acting on a superfield is then represented
by a linear combination of an ordinary partial derivative and a derivative with
respect to the anticommuting coordinates. With an appropriate ansatz we
find the operators

0 4 = -
Qu =— —I—z@a'e , Qu=———=— i0° P -y (2.22)
g~ e o0 ’

{Qa, Qu} = —2i0040, (2.23)

that obey the appropriate algebraic relations (since 0™ = o™ and §/0¢y* =

(—)¥1(0/0v))* we have Q* = Q). A superfield @ is then a function in super-
space that satisfies

Q,® = D, 9, Q4P = D49, (2.24)

where D and D act on the component fields.?

Q does not map superfields to superfields since {Q, D} = 0 but {Q, Q} # 0.
To impose the chirality condition on superfields we thus need another differ-
ential operator in superspace, the covariant derivative

_ 0 s o 5. —_ 9 | s
Do = 5oz = ilagh Dg = e +i0° g6, (2.25)

which satisfies
{]Dom Dﬁ} = {]DomQﬁ} = {Daaﬁd} = {Daa@d} - 07 (226)
{]Da,ﬁd} = 205,04,

so that it preserves the superfield property [WE83]. Indeed, the chirality
condition D3® = 0 for a superfield is equivalent to the chirality of its 6-
independent part since

Da€0D+@ = 66D+@(Da + i&adgd + Da) = 60D+@(09a + Da) (227)

2 {Q,Q} = —{D, D} is consistent with this equation because Q& = D® is no super-
field.

13



The components of a chiral superfield are easily evaluated using the formulas
ID+0D _ 60 ,0D 0D _ 61'9;4@6@601:)’ (2.28)

which follow from [D, D] = 2i0°J,, dﬁd and the Baker-Campbell-Hausdorft

formula

eAeB _ 6A+B+%[A7B]+%([A,[A,B]]—[B,[A,B]])-i- multiple commutators (229)

We thus obtain
B(z,0,0) = WP (x) = (y) + 0D(y) — LD’ (y), (2-30)
y™ =" —ifo™0 (2.31)

and the analogous formula for anti-chiral fields by complex conjugation.
To obtain the #-dependent components explicitly we just have to formally
Taylor-expand ¢(y), x(y) and F(y) in y — x.

Lemma 1. Every superfield F can be written in the form F(®) = 6(9D+@)f(¢)
where f(¢) is the 0, independent part of .

Proof. In the first step it is shown that ® = e@P+9D) f(4) is a superfield.
Evaluating Be? = ¢*(B — [A, B] + 3[A, [A, B]] — ...) with B := Q, — D,, and
A = 0D + 0D) gives [A, B] = —D, + 2i#.s0" and [A, [A, B]] = 2id..0".
Putting everything together QF = DF follows from Quf = 0 @,sf and
Q = D by complex conjugation. The second step shows that any nonvanish-
ing superfield must have a nonvanishing #-independent part. Splitting the
superfield according to the subspaces of Superpace S = @ Spn: F = Foun-
The F,n, term is then a term of degree m in 6 and of degree n in 6. The
superfield conditions imply recursion relations which allow to express all .,
linearly in f = Fyo. Since the difference of the superfields F and e?P+90 f(¢)
is again a superfield, this difference must vanish, which completes the proof
of the lemma. O

The map exp(0D + D) : Spo — S is a bijection. It is surjective because
V® € S there exists with Lemma 1 ¢ € Sy such that ® = exp(dD + 0D)¢.
Let ®,®, € S, with ®; = exp(0D + 0D)¢,, Py = exp(0D + 0D)¢,. Then
0=® — &y = exp(0D + OD)(¢p1 — ¢h2) = ¢1 = ¢ which shows that the
map is injective. Therefore the map exp(6D + D) is invertible and the
f-independent part is arbitrary and determines a unique superfield.

Lemma 2. An operator O maps Superfields into Superfields iff it is of the
form

e(0D+8D) Ae=OD+D) where A acts on Spo. A is unique.

14



Proof. 7<=": let ® be a Superfield and A an operator that acts on Sy, then
OP = 0DF0D) fo=(0D+0D)o(6D+0D) g, — o(0D+0D) Ay This is with the previous
Lemma a Superfield. ”7=": Let O be an operator that maps superfields
into superfields, and ® a superfield with ® = ¢P+P)g. Define the map
A: Sy — Spy ¢ e OPHID)9O0DHID) 4, Then the diagram

s 2. s

67(0D+@)T le(eD+E)

500 T 500

is commutative because e®PD) ig invertible. This shows the remaining
direction. In order to show that A is unique, suppose for a given O there
exist A, A such that O = e(@P+0D) ge=(OD+0D) — ((0D+0D) fo~(OD+0D) Thep
0 = e@P+D) (A — A)e~(P+0D) and therefore A = A. O

From now on operators that map superfields into superfields are called
superfieldoperators. o
Ezample. D, = e@P+9D)D e~ (@D+0D) ) is a superfieldoperator because
{D,, D5} = {D4, D5} = {Qu, D5} = {Q,,Ds} = 0 and therefore Lemma 2
may be used.

Indeed one could have used Lemma 2 to define the D as a natural superfield
extensions of the operators D which act on Spyg.

The space of all superfields forms a ring. The zerofunction is a superfield.
This shows together with the linearity of the D and Q the vector space struc-
ture. The fact that the product of two superfields is again a superfield follows
from the fact that D and QQ are derivations. Take the superfields ¥ and ¢ then
Qu(®D) = ()W + (=) U1D(QuW) = (Dy @)W + (=) ¥1D(D W) = Dy (@),
The same for Q, and Dy

In the same way the space of all superfieldoperators with (O + O2)® =
019 + Oy® and the multiplication (O 0 O3)® := O;(O2P) forms a ring.

The advantage of the superspace formulation is that we can rewrite the

action as a superspace integral and extend the Feynman rules to a super-
graph calculus [WE83,br96]. To this end we define superspace integration

15



with {zM} = {2™, 6% 04} and d-functions by

do*do*, (2.32)

2.4 Superspace actions

Up to total derivatives the action can then be rewritten in terms of 6-

integrations. Expanding e?P+90 = %(e‘”’féaew PP + c.c.) we find

(6D +6D) = 46°6" (Do, D] — 4(6°D° + D), (2.33)
KOD+0D) = 0(-3D"Ds +4D"9,,)0" +8°6(=1D°D — §0,. D),
LD +0D)* = 10%0'(L(D*D’ + DD - )

We obtain the action including the surface terms, which don’t contribute to
the equations of motion.

/ d*0exp(6D + 0D)f(¢) = (2.34)

. . . . _2
LD exp(ID) £(0) + On((5D"000" + 1 D" D" + 07 1(6),

2
/ 6 exp(8D + D) f(6) =
1

G DDT@) + 0n((307 + (DD (0)

16

As usual, propagators are most easily obtained by solving the equations of
motion for the sources via evaluation of all possible projections.

Usually one is not interested in the surface terms of the action. In that case
there is an alternative way to find the SUSY action [GA83] in superspace.

From D, = ao% — i@aﬁpﬁ follows immediately [d*zD,® = [ d4:)380%<1> +

16



tot.deriv. = [ d*xzdf§*® + tot.deriv.. Therefore under the integral D, can be
replaced by [ df,. With this the SUSY action can be immediately translated
into the superspaceformalism. For the kinetic energy this gives

/ d'2D* D3¢ = / d*2D’D°BD| = (2.35)
/d4xd29d2%<b\ = /d4xd29d2%<b (2.36)
Where | means projection onto Sy, i.e. put 8, = 0. The first equality sign
holds because of Lemma 2 and because of the fact that Superfields form a
ring, which particularly implies with Lemma 1 ®® = exp(0D+60D)(¢¢$). The
last equality sign holds because [ d*§d*@ picks out the highest component.

The equal signs have to be read modulo total derivatives. The same is true
for the superpotential:

/ d*zD?g(¢) = / d*z0%g(®) (2.37)

Here the projections could be neglected because ¢ is chiral.
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Chapter 3

Supersymmetric Yang—Mills
theories

There are two apparently independent approaches to a supersymmetric gen-
eralization of Yang-Mills theory. One approach is the superspace formalism.
The idea is that the gauge fields are contained in superfields as component
fields. The other, more systematic approach is via the symmetry algebra.
Here the idea is to impose constraints and to solve them via the Bianchi
Identities. In this chapter these two different approaches are presented and
it is shown that they are equivalent (after some partial gauge fixing).

3.1 Superspace approach

3.1.1 Abelian gauge theories

We look for a superfield that contains the gauge fields: We might think
about a real superfield whose highest component is the gauge field. For such
a field, however, we would have to impose complicated constraints to get rid
of higher spin components. It is much easier to start from a superfield that
is based on a real scalar field C'= C* [WE83]. Using lemma 1 and (2.33) gives

V=v= C+«94@+%92§2(D—%DC)+((0X +OM +B0(\ — LX) + h.c.) ,

B (3.1)
which already contains a real vector field A as its #6-component. The linear
SUSY representation that comes with the real scalar superfield is therefore

called wvector multiplet. To find the multiplet structure of the component
fields we use F(®) = exp(0D + 6D) f(¢). The SUSY representation defined
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by a superfield V' is then

Ao = 5[Da; Ds]C = (DaDs — i )C = (i), — DaDa)C, (3.2)

Xa = DaC, )\a = D2Da07

~ 1

M =-1p%C, Dp=L{D?D’+D’'D*C.

The component fields x,, M and A\, are complex. The real fields D trans-
forms into a total derivative under SUSY transformations (such terms are
called Fayet—Iliopoulos or D-terms; they are gauge invariant and thus can
contribute to the action only for abelian factors of the gauge group). The
gauge invariant field strength v,,, = 0,4, — 0, A,, of the real gauge connec-
tion A,, is contained in D, \? = 7é§ +i0°Dp.

Consider a chiral superfield A with lowest component L. Again, using super-
field expansion:

_ 1 ; 1
A= L+0DL+i6J0L — 16°D’L + %92apw + Z92925L (3.3)
Out of A we can construct a special real superfield by adding its complex

conjugate. A comparison with the formula above suggests the following super
symmetrization of gauge transformations

SV =i(AT —A), (3.4)
oC =2ImlL, ox = DL,
0A,, =2Re0,,L, oM = —EDQL,

0N =0Dp=0F,, =0.

This is plausible because the usual gauge transformation occurs in the term
0A,, = 2Re0,, L. Note that the transversal projector IIy in (2.20) projects
onto the gauge invariant content of the real superfield. For a chiral superfield
of charge ¢ the gauge transformation and a gauge invariant kinetic energy
may thus be defined by

P — NP, V =V +ig(AT = A), (3.5)
K(®®,V)=0"0d &=

From now on ¢ will not be written explicitly, which amounts to ¢gA — A.
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In the superspace version polynomials and exponentials in the superfields
are rather tedious to evaluate and we can use supergauge transformations to
set C' = xo = M = 0. This is called the Wess—Zumino gauge. The remaining
gauge freedom is the ordinary gauge transformation of the vector component
field A,,: 0A,, = 2Red,,L. The Wess—Zumino gauge breaks supersymme-
try [GA83]. This can be seen by performing a SUSY transformation on a
vanishing component field of V'

5SUSYX0¢ = (gD +§—D)on = 2§OCM + gd(Aoed - iaadc) (36)

Therefore the nonvanishing component A,,, does not belong to a linear SUSY
representation (except for the trivial case). Further more a V field in the
Wess—Zumino gauge is no longer a superfield, because it has vanishing low-
est component, but a non-vanishing #9-component which is not compatible
with Lemma 1. For the remaining gauge freedom the A-fields which are
compatibel with the Wess —Zumino gauge have only 6 components which
are real. Similar as above such a restricted A is no longer a superfield and
its non-vanishing component is no linear SUSY representation (except for
the trivial case where it is constant). In the Wess—Zumino gauge the gauge
interaction is manifestly renormalizable [WE83].

Concider the superfields

1
W, := — DD,V (3.7)

Wd = —EDDEQV

These fields are called supersymmetric field strengths [WE83]. Using Lemma
2onW, = —imﬂ)ae(w D) and on W, shows that the lowest components
of the W, are the \,. Right from the definition follow the chirality conditions
D,W, = D,W, = 0. Furthermore the W, are gauge invariant because A is
chiral:

1 l—s —
Wo — — DDD.(V + A + AN =W, + 1D {Da, Da}A (3-8)
= Wa + %aadﬁd‘/\ = Wa

Analogously for Wy. In order not to get confused with the bunch of fields
which come with the superfield formalism, we summarize to
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name superfield lowest component physical content

vectorfield V C A, Ao
chiral field A L Om L
supersymmetric ='W, Aa Fon, A\, D
field strength (gaugino)

3.1.2 Non-abelian gauge theories

The generalization to non-abelian gauge theories introduces for each element
d; of the structure group a vector superfield V. Denote V = V%), and
A = A%;, which is consistent with the abelian case where the structure
group consists only of one element. For a given element ¢; of the structure
group there comes a whole Superfield V. The corresponding vector multiplet
of the component fields is called gauge multiplet of the d; factor. It will
be convenient to work with a unitary representation of the structure group
0;¢0 = —iT;¢, with hermitian representation matrices 7;. The abbreviations
from above read then V = —V*T, and A = —A"T;. We let ® become vectors
that transform in some representation. of the gauge group. Then supergauge
transformations are defined by [WE83]

P = e, e =eMeVe ™ = V=V 4i(AT—A)+0(A%). (3.9)
and supersymmetric gauge-covariant field strength can be defined by

W, = —iﬁze_v]l])aev = W, =etW,e ™, (3.10)

3.2 Supercovariant derivatives and
Bianchi identities

In an alternative approach to super Yang—Mills we start with the covariant
derivatives

Dy=0,+A — Dy=Dy+A.S (3.11)

and try to impose reasonable constraints on the covariant field strengths F4p
defined by

[Da, D] = —Tup De + Fipd;, (3.12)
(05051 = fii*0, (3.13)
T, = —2i0%;, (3.14)

with all other torsion components vanishing. The constraints must be consis-
tent with the Bianchi identities (1.9)-(1.16).The first Bianchi identity, which
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arises as the coefficient of D, in the Jacobi identity, is trivial in flat space
with only internal symmetries. The second Bianchi identity reads

> () (DaFpe + Tas" Fie) =0 (3.15)
ABC

In SUSY there are two types of constraints: The first type can be imposed
by a mere redefinition of what we call the covariant derivative. Such conven-
tional constraints are familiar from Riemannian geometry: There we can ab-
sorb the torsion 7}, into a redefinition of the spin connection w,,* that deter-
mines the covariant derivative and thus replace a general metric-compatible
connection by the Christoffel connection. This is a mere change of basis of
the covariant local coordinates of the jet bundle and the torsion then becomes
a particular tensor field that may (or may not) be set to 0. Computing the
field strengths in terms of the connections we find

Faﬁ- = DoAy+ DA, + ALA fi' — 224{&6, (3.16)
so that F; 5= 0 can be imposed as a conventional constraint.!

In order to construct gauge invariant interactions for matter fields we want
to impose a covariant chirality condition D4¢ = 0. Covariantly chiral fields
can, however, be charged under the gauge group only if {Dy, D} = F736;
vanishes. We thus impose the standard constraints

The general form of the gauge algebra, with the non-vanishing commutation
relations

[Da, Do) = F6i, (3.18)
D, Da] = i0, W 6, (3.19)
{Da, Dy} = 2iP, (3.20)
can then be obtained by solving the Bianchi identities, which also imply
— . 1 . )
D,W =0, D' = 5DO‘V{/’;, D*W,, = —4D, D" (3.21)

D WP =P F 165 D'

! Then the gauge potential A% can be written in terms of (covariant derivatives of)
A’ and A, which are therefore called prepotentials. This is similar to the fact that we
can express the spin connection in terms of the vielbein if we impose T,;¢ = 0.
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To derive this result we should analyze the identities with contributions from
torsions:

® () =08 Fup + 04, Foe = 0 (3.22)

afy
— —
= O'g;yFaﬁ = c":‘aﬁWA{, Faa = UaaBW

i.e. F,, contains no spin 3/2 component. Except for the complex conjugate
of the above the only other BI with contributions from torsions is

» () = DoFj+ DyFeo + 2i0%  Fop = 0 (3.23)
ch
1 — _
= F,= —Z(DﬁaabW — 'DO'aﬁbW)

Antisymmetry of F;, thus implies
. 1 I
DW = DW, Fy = §(DgabW — Do, W). (3.24)

The only remaining Bianchi identity that contains new information is

D (..)=DsF,;+DsFes =0 (3.25)
dBc
= (U;dﬁﬁ' + Uggﬁd)wa = 0, ﬁdWa = 0,

i.e. W, is covariantly chiral (use Ugdﬁfﬁ = 25555 after contraction with 7).
The field W, is also caled gaugino field. This name is justified because
the covariant derivatives close on the multiplet (A,, W,, W4, D)’ [dr87]. Tt
is important to distinguish between W, and the superfield W, with lowest
component A\,. The relation between these fields is established in section
3.5.1.

3.3 From superspace to algebra

The aim of this section is to show how the superspace approach to YM the-
ories leads to the algebra of covariant derivatives. The transformation prop-
erty of the fields leads to the transformation property of covariant derivatives,
which can then be written down explicitly and they can be shown to full-
fill the gauge algebra together with the constraints. With the results about
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superspace a connection can be established between the potentials and pre-
potentials on the one side and the component fields on the other side. A
gauge transformation on a scalar superfield is performed with a chiral gauge

field A = —A'T;.

b — ¢ =, DgA =0 (3.26)
o=l — ¢ = ple

@* (b/* — 6_“\*@*

Where in general AT # A as we would expect it in quantum mechanics.
Beside a modification of the derivatives this also causes a modification of
the kinetic term ®® by Pe"® which transforms as eV — ¥ = " =
eiMeVe=ih  In order to have a real lagrangian the kinetic energy must be
real. Therefore it is natural to use a hermitian representation of the structure
group. From the reality of the Lagrangian we get a reality condition for V =
V1. We want to find covariant derivatives V, which transform covariantly

under a gauge transformation:

V. = eV (3.27)

vd/ — ezA vde iA

Lemma 3. The solutions for the covariant derivatives are

Vo =e"D,e” (3.28)

Vd = €V]Dd€_v
and they fulfill the gauge algebra together with the constraints. *

Proof. We use the transformation property for the vectorfield which is defined
/ AT g . . ! . _ _iAT . .
by " = €M eVe ™ and its inverse eV = ee Ve " and apply it in V, =
v / v / . _ AT At . (33) . _ .
e \% ]Da/eV —e \% ]D)aev _ eZAe V6 iA ]D)aez/\ €V€ N 2 62A€ V]DaeVe iN

"V e~ which is the desired transformation property. Similarly for V/,

n principle we must consider all possible solutions of equation (11). But the solutions
are unique in the following (physical) sense: the variation of some derivative, say D
under a perturbation by some representation of the gauge group X = X6; is given by
0D = 6xD = —[X,D]. If we demand V — D for the gauge charge going to zero, we can
write V = D 4 gdD + £66D... = D — g[X, D] + £ [X, [X,D]]... *£" e=¥DeX. So it
is enough to consider solutions of the above type and the factors have to be chosen such
that V — D holds.
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by hermitian conjugation. Next we have to show that the algebra is fulfilled.
{Va,Vs} = e V{D,,Dg}e"” = 0, and analogously {V4, V} = 0 from which
follows T, = TdB = Fop = Faﬁ' = 0. We define the covariant spacetime
derivative by 2i0? .V, := {Va, V) = {e7VDae", eV Dae"} | which yields
the commutator and the constraints F,; = 0, Tps = —2i0%,. Use the Baker
Campbell Hausdorff formula and —iT; = 9; to split off the first contribution of
Va = 0a+96;. Then [V, V] = [0a, 0y +0agk0k—0sgkor+19:6:, 916;] = Fhyb.
Therefore Ty,¢ = 0. In the same way V, = D, +¢%d;. Because of [D,,d,] = 0
it follows that {V,, Vo} = Fh 0y, therefore T = 0. O

Summarizing the results gives the super YM algebra for the covariant
derivatives.

[Va,V} = —TasVeo +Fypdi,  [6,0;] = fi;"6n (3.29)
Taﬁ'c = —QiU;B, Taﬁc = Tdﬁ'c = Tabc = ’]Taﬁ'c = Tagc =0

Fl,=F,=F,=0

Where the structure functions F?, T¢are superfields. In order to have Bianchi
identities, we have to show that the covariant derivatives are derivations.
V = V%, is a derivation because the gauge generators are derivations and
linear combinations of derivations are derivations (with multiplication from
left). Then also V, = eV Due" = Dy + [V, Do) + 5[V, [-V,D,]] + ... is
a derivation because D, is a derivation and commutators of derivations are
again derivations. In a similar way V, and V, are derivations.

Because of [D,,d;] = [Qa,d;] = 0, € is a superfield operator. Since D,
are superfield operators and the space of all superfield operators forms a ring
statement 2 establishes then superfieldoperators V4. With Lemma 2 we may
write e~ 0P+0D)\ ,e(0P+0D) — D, with a unique operator D, which acts on
the 6, § independent sector Syy. Obviously the D4 fulfill the algebra too.

[DA, DB} — —TABCDC —|— FZXB(SZW [527 (S]] — f”k(sk (330)
Taﬁ'c = _Qiagﬁ" Taﬁc = Tdﬁ'c =Tyt = TaBC = Taﬁc =0

Faﬁ:FaﬁzFa,@:O

The F', T are the structure functions on Syy. They are related via
Fi — ¢~ (0D+0D)Ri,(0D+0D) _ —(0D+0D)Ri 4] TC = e~ (0D+ID)TC (0D+0D) _
e~ ((D+D)TC By the same argument as above the D4 are derivations. There-
fore we arrived at our goal to show that the superspace formulation leads to

the algebra of covariant derivatives and the Bianchi identities hold.
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Now we want to see how the potentials are encoded in the vector field. We
compute the covariant derivatives (12) on Sy and compare the result with
the usual ansatz for the covariant derivatives 2 Dy —iAYT; = Da = Valp_j_o-
This yields:

. . 1 . .
—iA T, = e €D, e%] = =D, C'T; — 507 Dol T (3.31)
. _ —_ . 1
—iA,T; = e“[Da, e = DaC'T; = 5CVDC fT -+

Because if we apply V, on a superfield = el0D +§5)¢ we get with lemmas 1

and 2, Vo ® = ¢~V e®P+D) D o~(OD+0D) oV — o=V o(6D+ID) ) (o~ (0D+0D)(0D+7D))C
This yields in the Sy sector (e~¢D,e® )¢ and compared with the ansatz shows

e~Y[D,, e’] = A,. In particular in the abelian case where D,e¢ = ¢“D,C

holds,

A, = —iD,C, (3.32)

Ad == ’iﬁd C

As a check one may compute in the linearized case the potential A,, out
of the algebra, which should be the same as the relevant component of the
superfield. Aaﬁ- = %(Dazﬁ- + EBAOC) = %[Da,ﬁB]C. A comparison with
(3.1.1) shows that this is indeed the case.

3.4 From algebra to superspace

In this section the other direction is done. It will be shown that the algebra
of gauge covariant derivatives together with the constraints can be parame-
terized by a real field in Superspace. Whereas the second Bianchi identities
have been used to solve the constraints and determine the field content in
the algebraic approach, the remaining non trivial ones (1.14) will be used to
grant integrability conditions which yields to the desired real field parame-
terization. Gauge covariant derivatives are obtained by adding connection
fields, which are 1-forms, to the derivatives

Dy = Dy + A46;. (3.33)

2The covariant derivatives have to act unitarily [dr87] with respect to their matrix
structure. Using hermitian matrices 73, gives an additional imaginary unit for the covariant
derivatives.
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The algebra of the (gauge)covariant derivatives is given by

[Da, D] = —T3Dc + Fii 56, (3.34)
(65,01 = f150k, (3.35)
[0;, Da] =0 (3.36)
TC, = =20, T = Top = Ty, (3.37)
Fy=F,=F,;=0. (3.38)

We start with this algebra together with the constraints and show that they
imply a vector field. We assume a Lie Algebra of the gauge group with
real structure constants. The constraints on the torsions are not changed
by the gauging, whereas the constraints on the fieldstrengths lead to a real
vectorfield. From the algebra follows

DpAay) = —{As, Ao} (3.39)

1

A—+4_“°‘(DA + DAL + fiL ACA ) (3.40)
The first equation follows from 0 = {D,,, Dg} = {As, An} + DAy + Dy Az +
{D,, Dg}, where the last term vanishes due to the SUSY algebra. The second
equation uses the constraint 0 = Fi = FZ = {D.,D;s} + T:;De = {D,+
Aa,ﬁﬁ-—l—ﬁg}—%agﬁ.(Da—l—Aa? = {Aa?A }+{Da,A }4+{Aa, Dy } 2i0¢ Ay =
{Aa, At — 2iagﬁ~Aa + (DaAp)di — Ag[Da, 0i] + (D s AL) 6 — A [Dy, 0;]. With
{AQ,ZB} = Agﬁg[ac, 0] = Agzgfjkéi and [0;, D,] = 0 follows the equation.
The second equation expresses the potential in terms of the prepotential.
Under the assumption A, = A it follows that A, is always real. This is
necessary because an imaginary part of the Potential would lead to two Po-
tentials (in ordinary gauge theory the gauge parameter is real. This naturally
leads to a real potential). The Bianchi identities give equations for the pre-

potentials, i.e every given prepotential has to fulfill it. Therefore one can
make conclusions on their structure.

3.4.1 Linearized case

First consider the linearized constraint DA, = 0, which is equivalent to
looking at an abelian gauge theory. The aim is the construction of an explicit
solution. Start with the ansatz —iD,C = A, and iD4C = A, with some real
field C'. If such a C exists then the A solve the constraint equation. With
this ansatz it follows that 22’&9(150 = ﬁBDaC + DQEBC = i(EBAa — DQZB).
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—Ba
Multiplying both sides with @ and using the greensfunction % gives C' =

1L (D Aa DQZB).

Lemma 4. Let A, B be (graded) commuting operators [A, B] = 0 and B
invertible, then also [A, B™'] =0

Proof. Multiply AB = BA with B~! from the right and the left B-'ABB~! =
B7'BAB™!. Therefore [A, B7'| = 0. O

Conjecture 1 (homogeneous case). Let A, and Ag be given and be members
of a realization of the SUSY multiplet such that DAy = 0 , then the field

C = iiﬁ (D A, Dazﬁ-) 15 real and it holds:

A, = —iD,C (3.41)
Ay = iDyC (3.42)

C' is well defined because the A, are members of a SUSY multiplet. Ob-
viously C'is real. It remains to show that C' solves the constraint equations.
Use Lemma 4 and compute

11 e -
1160, — . v
= Zﬁa (_Dﬁ D'yAa +2'La,yﬁ'Aa - D*yDaAﬁ)
=—DaAy

_ 114
D&é (2zaaﬁA — Do DAy + Do Do Ay + 20 5A,)

) 1 —=pa — — )
= ZA.Y + E a (_DaDg'A-y + DaD-yAg' + 22@761406)4

=X,

In order that the conjecture holds X, has to vanish. The data are the imposed
constraints, which will be called primary constraints. They imply via the
algebra

Fop = Tag =0 = DAy =0 (3.43)
Fyy=Ty;=0 = DAy =0 (3.44)
F=0 S A= %Egawazg 4+ Dadl) (3.45)
Too =Toa =Ty =0 (3.46)
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The primary constraints can be solved via the Bianchi identities. This
gives new constraints which will be called secondary constraints. They read
(6;F75 = 0 in the abelian case):

DWW =0 DsTW" =0 (3.47)

DsW* =0 abelian D;We* =0 (3.48)
—_—

DW = DW DW = DW (3.49)

A systematic approach to dealing with systems of equations which are lin-
ear in some fields is in the Jet space formalism, where the fields and their
derivatives are considered as independent algebraic objects. Solving systems
of equations which are linear in the fields corresponds then to performing
linear algebra with the independent algebraic objects as basis elements. Due
to the constraints, however, not all possible objects are independent. In or-
der to find a basis in Jet space start with A, and apply Ds and Eﬁ- on it.
This gives from EgAa four independent objects. Since DAgy = 0, it is
possible to write DgA, = 1/2e3,DA. Therefore DzA, gives only one in-
dependent object, which is chosen to be DA. For the higher derivatives we
chose the order that the D stand to the left of the D. Applying D, and D
on EgAa gives the 12 independent objects {DgDA, 9, A, DA,}. Because of
the constraints the object D,DgA, is antisymmetric in all three indices and
therefore has to vanish (since the spinorial indices may only take the values
1,2). Therefore D,DA = 0. The only nonvanishing objects that come from
DA are then D4;D A but these are already taken into account. Therefore from
DA there are no extra contributions to the second order. Analogously for
higher derivative orders. The same scheme applies to A with the opposite
ordering rule. Summarizing gives

A, Ag

1. order EBAQ Dgzd
DA DA

2. order DyDA D.DA
DA, DA,
OnAq 0 Aq

3. order 8nEBAa 8nDﬁZd
0,DA O,DA

DDA DDA
n. order 0, (n — 2)order for n >4
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With this it can be shown that D, X, = 0. Indeed, using [D?, Dg] = 4i@,q D"

—Ba _

DXy =4 (—D,DaDgA, +2id 5D, A,) (3.50)
—pa 1 _ ,
=0 (~5eu DDAy + iguadl, ;D A)

—ba .
= (—zemﬂﬁ{ﬁ-DA + ZEW@WDA) =0

In the chosen basis X, reads

. (1 1 —
0.5 (mesDA = 2i05300 Ay + S0y D* Ay + Qiazﬁa“Aa) =%
(3.51)

Since we have only used primary constraints to find the independent algebraic
objects, we may use them as a basis to show the following

Lemma 5. If the primary constraints are fullfilled, then the secondary con-
straints follow from the primary constraints.

Proof. First it is shown that Dng =0.
DsW* =5"“DyF,, (3.52)

—ado l_ It . At

=0""Dg <8aAa — Da4—l_6;”(DVA# + DﬁAV))
1 —ada 1 ay sy N2

= 555,10 O, DA — 4—2,5 56D D;A,
1 . .

= 555,15“&8&1),4 — 5”(}9mD“Ag =0

where D*A., = 0 and [D?, D] = 4id),; D" was used. DzW* = 0 follows by
complex conjugation. In the next step it is shown that DW = DW holds.
Calculate

— —B8 = .3
DW= D" Fp (3.53)
. . 1 .. . . -
=09, D A5 — 2—1,5“755'#3 (DsDs(D4A, + DyA,))
af8i A S (ENHENE,
= 2070, D3Ag — 0aDsAy) + 5- DDA — -DDA

which is the same as its complex conjugate and therefore DW = DW. [
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The statement says that the secondary constraints are redundant and
therefore don’t yield new information. This means that the Bianchi Identi-
ties and the constraints alone are not enough to show the conjecture.

A further restriction that has yet not been taken into account is that we
only want to consider chiral gauge transformations in superspace. The ob-
servation

D°D?
1600

shows that X, has no chiral part. This leads to the assumption that X, can
be gauged away by a partial gauge fixing with a transversal field g = Ilg.
In the abelian case gauge transformations on the connections are of the form

Apa — Aa+ Dag (3.55)

X, = X, =0 (3.54)

In terms of algebras such transformations are also called similarity transfor-
mations, because they don’t change the structure of the algebra [br91]. In
the following a suitable g will be constructed which transforms away X, and
it is shown that it is transversal. This means that the equation

X (A +64,)= 0 & (3.56)
Xy(Ag + Dag) = 0 =

—Ba o B »
d (=DaDyDyg + DaDyDjg + QZ@WBDQQ) =-X, <&
—Ba
gawa DzDﬁg = _X’Y

has to be solved for g. It is convenient to split g according to its chiral,
antichiral and transversal part

g=1lg+1_g+1rg = g4 +9- + g7 (3.57)
With this it immediately follows that any chiral part g, of g does not con-

tribute to (3.56) because BB(gJF +g9_+gr) = 55(9_ +g7). Using the formula

[D?, Dg) = 4i@,,D* shows the same for any antichiral g_. The g we are look-
ing for is therefore transversal (if it exists). The existence is shown by direct
calculation of

—fo
ey D’Dyg = —X, (3.58)
—B86 _

= 7 @MDQD[;Q = —57‘5@5”){7

. ... _DDD_ Djx
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=06 3 .. .
where ¢ (%ﬂ = [0, was used. Summarizing, gives

Lemma 6. Let A, and A, be given and be members of a realization of
the SUSY multiplet such that DA,y = 0, then there exists a similarity
transformation A, — AL, = As + Dog such that A, = —iD,C". g is of the

form g := [8)%;( and is transversal.

Proof. g is well defined because the A, are members of the SUSY multiplet.
Transversality has already been shown above, or simply observe that I[I_g =
II,g = 0 by using D, X35 = 0 and [D? Dg] = 4id,,D*. Therefore llpg = g
because of I, +1I_ +1IIy = 1. In the next step it is shown that X, (A)) = 0.
Calculate »SmaﬁaD2ﬁﬁ-[8)%§ = —é%&wl’?ﬁf“ = —Dzllé;X” = —X,. The
last step was achieved by using [D2,52] = 8 D@D + 160 together with
D,Xz = 0. With (3.56) follows therefore X, (A!) = 0, which also shows

Al = —iD,C". O

Obviously ¢ is not unique. There can be always added arbitrary chiral
and antichiral fields g, and g_ which is the remaining gauge freedom in su-
perspace.

Subsequently the prime will be dropped, and it will be assumed that the
transversal gauge is fixed such that A, = —iD,C holds. The next step is
to calculate the transformation property of C'. However since the calcula-
tion is the same for the nonabelian case, the framework of the nonabelian
case will be used. The constant unit-function, which is the unit element
of the gauge group is chiral D41 = 0. ¢! must be chiral too, because
0 = D4l = Dg4(gg™'). The transformation property of e“ follows from
the transformation property of the prepotentials A!, = gD,g™' + gA.g~! =
9Dag™ + g(e (Do, eC))g™! = ge “Dae“g! = ge“glg Dy (eg7") =
(ge g Dy(g"eg™1). Where the unitoperator g'g'~! was inserted. On
the other hand A/, = (e7¢D,e®) = ¢~ D,e®". These two expressions com-
pared shows the disired transformation property

e = gi~lefgt (3.59)

e=C = ge~Cgt
Now we are done. The only remaining thing is to translate the results into
the whole Superspace formalism which is done with lemma 1 and 2 and

[Da,d;] = 0. The gauge algebra can be parameterized by a real field V' =
Vig; = e0P+HID)Ce=(0D+0D)  The chirality of the gauge group element shows
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that in Superspace it must be of the form ¢ = e** with A = A’; and DaA? =

0. The transformation property of the vectorfield follows from (3.59) ¢ =
iAt LV —in
etele ™

3.5 Super YM Lagrangians

There are two ways to look at the Super YM action. One is to start with
a gauge chiral multiplet and try to find an analogous way to construct the
action like for the matter action [dr87]. The problem is that the F' term
does not transform into a total derivative because of the covariantization of
the derivative D,. It will be therefore convenient to start from the SUSY
Lagrangian and adapt it to YM theories [WE83].

3.5.1 Field strengths

The field strengths for the superspace and the algebraic approach are com-
pared. Start with the lowest dimensional non-vanishing field strength in
the algebraic approach Fj,4;. The commutator relation for the spinorial field

strength (3.22) reads —4iW® = 269 F,4 = {55“’@0{}’5@]‘ This expres-
sion is rather lengthy to evaluate for D, = e “D,e®, Dy = e“Dye~C, the
gauge covariant derivatives which were found in section 3.3. It is more eco-
nomical to perform first a similarity transformation

Dy — Dy=e"Dye™, (3.60)
[f)A, 153] = —Tup“De + Ff;ggi, (3.61)
TAB = eyTABe_Ya F;&B = eyFi;Be_Y, 52 = €Y(5i€_y. (362)

In particular the trace of the contracted field strengths remains invariant
tr FagF'PA = tr FupFP4.  Especially the choice Y = —C gives D, =

{Dy, e 2 D,e*°}, for which we immediately find 2i7% F,;, = {ba, {ﬁd, f)o‘}} =

D’e~2¢D,e*C, where the operators D, D act on C. From 0 = Bgﬁaa =

5617;@ it follows that ﬁﬁ'Wﬁ = 0. The inverse similarity transformation
gives the fieldstrength explicitly

_4WE = 215990 Fryy = € (ﬁe—?CDae?C) e=C (3.63)

The problem that comes with this fieldstrength is that it does not transform

. . / . -I— _ . 1— i
covariantly under gauge transformations because of 2¢" = ¢l eCe~ileil e ik
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(remember L is the lowest component of the chiral gauge field A). Just like
the kinetic energy also the field strength has to be covariantized, by intro-
ducing e*®. The modified gauge covariant field strength W must be

o 1 g
iWe = _ZeC <D2€_0Daec) e—C _ eC’)\ae—C’ (364)

Where A\ is the lowest component of the field strengths in the superspace
approach. In particular tr \?> = —tr W2, Therefore the relevant quantity
for constructing the action will be the field strength from the superspace
approach, which has already shown to be gauge covariant and chiral. In the
abelian case the fieldstrengths are equal up to a factor of 2i.

W4, W, can be calculated analogously, or by complex conjugation.

3.5.2 Construction of the Lagrangian
The SUSY Lagrangian is of the form

1
L= 3—2D2D Op — —D2 g(9) + h.c. (3.65)
where the superpotential is chiral and the Kahler potential real. In order
to get the Lagrangian gauge invariant, use the knowledge of the previous
subsection [WE83,GA83]:

_1 2/« 2 C 12 ~a
L= (D (>\>\)+h.c)+3 D*D" (e ¢+Etr > ihCes,)+
S.€U(1)
(3.66)

where ¢;,, indicates that the superpotential has to be gauge invariant and
k comes from the normalization of the trace. The additional contributions
[2C, are for abelian factors d, of the gauge group. Only for them the
expression is gauge invariant because of [d;,0,] = 0. Using trd, = k the
lagrangian can be recast into

L= 2t (D2 + he) + =D D (3°6) + (D*Gumal) + huc.) + 12 D%

Ak 32
(3.67)

where the sum of the D-terms is only over abelian factors.
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3.5.3 Component action

In the next step the Lagrangian is evaluated in terms of the component
fields. The idea is to switch into a convenient representation of the fields,
which become then Covariantly chiral by a similarity transformation [GA83].

The kinetic energy D?D (qSquS) is evaluated in two steps:

. ~2 ~
e Show that D*D (gbecgb) D*D (¢¢) with some gauge covariant deriva-
tives D4 and covariantly chiral fields ¢.

L =2~
e Calculate D*D (¢¢), using the algebra of gauge covariant derivatives.

First observe that on gauge invariant quantities the similarity transfor-
mation Dg — Dg = eX Dye™™ with X = X'6; may be performed such that
D?*D’(inv) = D2§2(im}) [GA83]. This can be seen by usmg [5Z,DA] =0
and the Baker Campell Hausdorftf formula, which shows D - D + 7°;

and therefore DD (inv) = D?D° (inv) + Z'6,(inv). §;(inv) vanishes because
of gauge invariance. By the very same argument an additional smnlarlty
transformation could have been performed on D,. We choose qu =e2 gb and

5@ =e2 Dae 7 = D, — zA T;. Therefore a new set of operators and fields
can be defined such that the kinetic energy can be written as

9 =2~
DD’ (¢ ¢) = D*D ($9) (3.68)
with the covariantly chiral multiplet

LD,

Dl
Q.
-

Il
“S\z

=T

||

—1ip2g, (3.69)
2

0, Xa

g;h—n

T
07 Yoa \/_

o, (3.70)

%Il
Bk
||

D

1D,

ST
Q
S

I

»J>|>—‘

With our choice this we have ¢ = ¢ and D, = 15(1 In Lemma 3 it was shown
that covariant derivatives of the form e=¢D,e®, e“D4e~¢ fulfill the gauge
algebra. By the same argument any covariant derivative which is a similarity
transformation of the flat spinor derivatives fulfills the gauge algebra too.
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Therefore we can use the gauge algebra

[Da, Do) = Fjyi, (3.71)
~ ~ . ;Zﬁ
[Da, Do) =io, ,zW 0, (3.72)
{Da, Dy} = 2D, (3.73)
D= %DW P, — 4D, D, (3.74)
DWW = g 1058 D' (3.75)
and evaluate
2~ =2\ ~ . =2~ ~ o~ ~2~ .
DD (9¢) = <D2D ¢) ¢—2 (DQD ¢) D +D ¢D*p = (3.76)
. ;Bi~ ~ N~ o~ = YA
=8ivV2W X;T;¢ — 16D, D¢ + 8iD'¢T;¢
—16i0™ D RO — 8iV2WIST,R®
+16FF
because of
" ~2~ ~ ~& ~ . =
DD ¢ = 4V2ic™. D, X + 4W:($T;), (3.77)
=2 ;Bi~ “ o~ = ~ .
D*D ¢ = 8iv2W X431, — 16D,D"¢ + 8iD'¢T;. (3.78)

Now we consider the field strength tr(D?)\?). Using the property of the
trace and the special chosen operator D, := e_%Dae?, we find

tr(D?)\?) = — tr(D?W?) (3.79)

Using the invariance of the trace under (graded) cyclic permutations and
(3.21) this can be evaluated to

tr(D*W?) = 2tr((D*W)W — DWPD, W5) = (3.80)

It was used that
DWP = —2DDW = —2DDW = —4ic*6™ D, W (3.81)

because of DW = bW and baﬁd =0.
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For the abelian factors we find for the chosen f) that D* = iDo‘ﬁzD C
and therefore we can rewrite in the Lagragian the Fayet- Ihopouhs terms as

[i2D® (up to a total derivative). D® stands for the abelian factors of the
D terms (3.74).

Summarizing, we started with the Lagragian (3.67) which contains flat deriva-
tives, chiral fields, and a real field (This is the approach in [WE83]). By a
similarity transformation we could find covariant derivatives and covariant
chiral fields. With these we can rewrite the Lagragian (the form of [dr87])
into

L =D (30) ﬁt (D2W2 +h c) v 2D+ (D2gmv(¢§) + h.c.) .
(3.82)

Where the last term comes from the superpotential, for which g(¢) = g(¢)
was used because of the assumed gauge invariance of g. Since the covariant
derivatives fulfill the gauge algebra we can find the component action, in
terms of the covariant chiral multiplet, and in terms of field strengths, the
gaugino fields, and the D-terms from the algebra. Putting the things from
above together gives the component action

~ . ) 1= ~
D op — Lom DX X* + =FF (3.83)

L=
2 o 2

*»\awsf
/—\

iT ca i
W Rn — WAt ) + L0

+

—+

—
/N

AW ™D + FyF™ — 2D + h.c.)
. -1 o
+ ﬂzDa + <8ZQFZ - 5&-@9%% + hC)

where ﬁif)“ is the sum over the abelian factors of the gauge group. This La-
grangian contains the kinetic energies of the gauge field, the fermions x and
W and the scalars qb The gauge couplings are via the covariant derivatives
Da=Dy—iA “T; The gaugino field W, has Yukawa couplings to the chiral
multiplet which are determined by the gauge coupling.

Conversely, if one starts with a Lagrangian of the form (3.82) which is for-
mulated in terms of covariant derivatives and covariantly chiral fields (this
is the approach in [dr87]), we can cast it into the form of (3.67). Lemma 6
assures the existence of some real field C’ such that the covariant derivatives
are of the form D, = e~ D,e®’, Dgy = ¢“ DyeC". The covariantly chiral
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fields are related to the chiral ones by b= e® ¢, Dy = 0. With this we can
go the way back and arrive at (3.67), after specifying C" — C'/2.

3.6 Algebraic Structure

A representation R of a group (algebra) G is a map R : G — End(V) from G
into the group of linear transformations on a vector space V over a field K that
is consistent with the group (algebra) structures. An intertwiner between two
representations R; and Ry of some group (algebra) G is amap A : V; — V,
that is compatible with the representations, i.e. AR;(g) = Rs(g)A Vg € G.
The representations R; and Ry are called equivalent if there exists an invert-
ible intertwiner.

FExample. The SUSY algebra may be represented on the chiral multiplet
C [WE83]. Similarly one can represent the SUSY algebra on the antichiral
multiplet C. A priori no (analytical) relation between the operators or fields
with and without bars can be made. The usual identification ¢ = ¢* [dr79]
is equivalent to the commutative diagram (intertwiner):

*
B

(3.84)

=
QA — QO
Ql— Q
=

R —
*

where the same symbol A was used for the representations of the SUSY
algebra on C and C. This allows the identification Dy = D}, (because of
0 = Dop = (Dud)* = Di¢). It remains to find the representation of
the SUSY algebra on the (tensor) product spaces of some given represen-
tation spaces. This is done in the standart fashion [FU97|. Let there be
given two representations Ry, Ry of a Lie algebra on representation spaces
V1 and V5, then the Lie algebra can be represented on Vi ® V5 by declaring
(R1 ® Ry)(x ®y) := (Ri(2)) ® y + (—)1B1ly @ (Ry(y)). This is consistent
with the properties of a derivation.

When looking at gauge covariant derivatives it will be interesting to con-
sider a special class of intertwiners, namely those who can be written as an

exponential map (Lie group element with some underlying Lie algebra).

Definition. Two Operators O; and O,y are called gauge adjoint if there
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exists a map e such that the following diagram is commutative
€X
V— W

Oll l@ (3.85)
V — w

This map can be also used to construct gauge adjoint operators. Obviously
if in some representation of the D,, {D,, Dg} = 0 holds, then it also holds
for the gauge adjoints D, = eXDye™X with X = X%;. This will also be
the main purpose of this construction, i.e. to carry over representations of a
given algebra from one representation space to another. eX acts then as an
intertwiner.

Ezample. The commutative diagram which was used in the proof of lemma 2
has this structure. In this sense, exp(0D + 0D) intertwines a representation
of the SUSY algebra on fields in Syp with a representation on superfields in S.

In the next step we want to make contact to gauge transformations, which
is done by the following commutative diagram:
V W == W

o o o 356)

Vv w W

eX eY

The operator Oy is then said to transform gauge covariant under a gauge
group element e¥ with Y = Y?j;. In the above terminology gauge covariant
operators transform gauge adjoint.

Example. This structure occurred in lemma 3, where we were given an oper-
ator O; (D) and a gauge transformation e¥ (¢’*) and we had to find a X (V)

such that the gauge adjoint operator Oy (D) transforms covariantly under
Y (i
e’ (e").

For a given gauge transformation e¥ and a given Operator O; the gauge
adjoint operators are not unique. There can always be a Lie group ele-
ment added which lies in the kernel of O;, because of Oy = e X0eX =
e Xe N0 eNeX, with O1e" = 0. This gives the transformation property of

!
6X = 6N6X6Y .
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In the next step two such structures are combined. Consider an invertible
intertwiner f , such that the following diagram is commutative.

Wl Sy Ly S Y w
N R R O P
VT/T W - 1% — VW =W

Since f is an intertwiner and because of the Lie group structure of eX,
!/ . . . .
e=X o foeX =: f is again an intertwiner

! eV

1474
|o: le: o (3.88)
1474

ey’ f e¥

’
EY

W
l 5
W

So f is an intertwiner between the representations on W and W.

Ezample. In superspace the gauge covariant derivatives are of the form
Vo = eVDyue” and V4 = €"DyeV. The intertwiner is hermitian conju-

. . . ! AT _
gation, and the transformation property of e is eV = e'A'eVe™.

3.7 Covariant derivatives and the Poincaré
lemma

The general form of the spinorial covariant derivatives are D, = D, + A,.
Because of the constraints on the fieldstrength it should furthermore hold
that {Dy, Ds} = 0. From (3.86) it follows that covariant derivatives which
are obtained from gauge adjoint operators are of this form, because of the
Baker Campbell Hausdorff formula. Conversely, given a covariant derivative
D4 one could ask whether it is some gauge adjoint of the flat derivative
Dy. If Dy is considered to emerge from a deformation then this is the
case (following the argument on page 24). In general the question is: given
Dy = Dy + Ay, exists then a X, such that Dy = e¥Dye X, In the abelian
case this means that the equation A, = D,X has to be solved for X. If
such a X exists, then also holds D Ag) = 0. The structure of solutions of
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D Ag) = 0 can be regarded as the spinorial version of the Poincaré lemma.
In [br91] it has been shown that equations of this type cannot be solved
independently of the representation of the SUSY algebra. This could have
been also observed in the calculations of section 3.4, where the solution was
of the form A, = —iD,C + transversal. The extra transversal terms were
gauged away. Therefore one would expect that the representation of the
SUSY algebra enters also in the gauge freedom.
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Chapter 4
Supergravity

In super YM theories it was shown that V = V§; parameterizes the most
general solution to the constraints, so that the real scalar superfield saves us
all the work with the Bianchi identities. In SUGRA, however, no such nice
magic is known and we have to do it the hard way by solving the Bianchi
identities with constraints. We can either work in superspace with the super-
vielbein and super-spin connection, and eventually use a superspace coordi-
nate transformation to go to a Wess—Zumino gauge when life becomes too
tedious, or we may avoid to introduce the redundant fields that are elimi-
nated by that gauge from scratch and work with the structure of the gauge
algebra. This is the approach that we will follow.

4.1 Symmetry algebras

A comparison with the symmetry algebra shows that there are more non-
trivial relations than in super YM. The Bianchi identities read

BI 1: E (=) (DaTsc® + Tap"Tec” — Fap'g1c”) =0, (4.1)
ABC

BI2:  » (=) (DaFpc’ + Tap”Fpc') = 0. (4.2)
ABC

and the meaning of the remaining identities is that T4z¢ and Fyp" transform
as representations under ¢; according to their indices,

61Fap™ = —g1AP Fpp™ + (=) Pgi5P Fpa™ + (=) AT PF, 57 f,/4.3)
61Tap" = —g1a°Tpp® + (=) ** 918" Tpa® + Tusg1p°, (4.4)

and that the representations matrices g; and the structure constants f7;%
are invariant tensors 6;g;4” = 0 (the representation property of g) and
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d1frx™ = 0 (the Jacobi identity for f). On the torsions the algebra acts then
according to

[Da,Dp}Tep” = (—Tup™ Dk + Fap'61)Tep” (4.5)
= —Tup"DrTon” +
+Fa" (—91¢" Trp” + (=)P 910" Trc® + Tep™ 91k ")
= —Tap"DxTep” — Fapc"Txp" + (=) Fapp " Txc” +
(_)(I+K+E)(C+D+K)FABKETCDK

where Fupc® stands for Fuplgre”.

We assume that the d; are linearly represented on tensor fields and that
O, can be written as a linear combination of the covariant derivatives

O = — A (2)Vx 6. (4.6)

To specify the field content we assume that the connection one forms AV =
dz™ A, and their (symmetrized) derivatives can be chosen to be the only
non-covariant variables of the jet bundle. (The formalism can be extended
to the case of p-form gauge fields and reducible gauge algebras, as well as to
algebras that only close off-shell [br96:]). With e,,* := —A,,* and €, E," =
o7 we define

{AM) = {—en®, At} = {—en, U An'} = (4.7)
- {_6ma> ¢mg, wmaba -Ami + .. '}7
D, = E,"(0m + An"'V,) = (4.8)

= E," (O + ¥m® Dg + 2wl + A0 +..).

In these equations the vielbein e,,* is assumed to be invertible and viel-

bein and gravitino (Rarita—Schwinger field) are interpreted as connections
for translations and SUSY transformations. Commutation of the partial
derivatives [0y, 0,] = 0 and independence of Vy ¢ then imply

8m~/4nP - an~/4mp - AmMAanNMP = 07 (49)
which can be solved for the field strengths with bosonic indices

em en’Fap" = OmAn =0, A —em At FucN +en At Fu + A" At Fu .

(4.10)
This equation could again be split into equations for field strengths and tor-
sions in terms of the various connections to obtain the usual lengthy formulas
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(the last term with v = j, u = i, N = k, for example, gives the A%-term in
YM).

It is straightforward to set up the BRST formalism for symmetry alge-
bras of this type. The BRST transformations of the matter fields is de-
fined by replacing the gauge parameters by ghost fields of opposite grading
|ICT] = |Vi| + 1mod?2, ie. s¢' = CVVy¢'. For any closed and irreducible
gauge algebra one may check that s2¢° = 0 uniquely fixes the BRST trans-
formations of the ghost fields.

s¢' = CVVng' = sCF = ECMON Fyy, P (4.11)
s2CT = 0 is then equivalent to the Bianchi identity (1.5).
Anti-commutativity of s and d, which follow from [s,d,,] = {s,d2™} = 0,
may then be used to define a new nilpotent operator § := s +d and CV =

CN 4+ AN so that s +d = CNVy on tensor fields. (4.11) implies because of
formal identity of the algebras that

(s+d)CF = J(—)NCNCM Fyn® (4.12)
whose split into parts with ghost number 0, 1 and 2 yields
sC¥ = L(=)NeNCMFunT, (4.13)
sAY +d0T = OMAN Fyu”, (4.14)
dA” = LAM AN Fyu”. (4.15)

The first two equations define the BRST transformations of connections and
ghost fields. Consistency of the last equation with the tensor transformation
law of the field strengths can be checked by a straightforward computation.

To obtain the more conventional form of this transformation law we use
the reparameterization
£ :=C"ep", He=Cr+C"A =CHF +ic A" (4.16)

™ corresponds to the vector field entering the Lie derivative and we thus
obtain

§¢ = ("0 +E"V,) ¢, (4.17)
sem” = &Onen” + (On€") e + &A™ Fry, (4.18)
sAR = A + (On€") At + O + & AN Fi”, (4.19)
sE = £"0nE" + (=) B, (4.20)

s = 08"+ 3(=)" ¢ (Ful — Fo "B An). (4.21)
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The CV are called covariant ghosts: The necessity of a redefinition of ghost
variables in covariant equations can already be observed in Riemannian geom-
etry: Since the Lie derivative maps tensors into tensors it should be possible
to write it in terms of covariant derivatives. But this works out only if we
combine it with a Lorentz transformation and redefine the parameter A:

LetiApl™ = D~ (D +€ T A+ 30010, Aup = Ap—E'wiap. (4.22)

(A7 and [ are the GL, and Lorentz generators; for simplicity we avoid
any world indices on tensors by contraction with the vielbein, which is
a connection in the present context, or with differentials in case of field
strengths). Using A we also find sw,,’ = —D,Ab — E'Ry.b, in analogy
with the tensorial property of the variation of the connection coefficients
sTpy™ = D, DiE™ + D, (EFTi™) + € Ryu™. Of course these results are con-
tained in their above extension to more general algebras of covariant deriva-
tives if world indices are avoided.

Returning to the construction of supergravity theories, the next step is to
impose constraints since the connections we introduced so far yield highly
reducible theories that, furthermore, usually do not allow for matter fields
obeying equation of motion of the type that we expect. First one ones re-
definitions Vi, — X"V with XY = 6 + Hy™ (F) of the covariant
derivatives to bring the gauge algebra into a standard form, where we have
the conventional constaints [br91]

T =20, Tu'=Ta =Ty =T,*=0, F,;=0. (4.23)
To allow for chiral matter multiplets one extends this to the following collec-
tion of standard constraints:

Ta® =0, Tus"=2ivas Fag=0, Tus' =0. (4.24)

(which of these constraints are conventional slightly depends on whether we
gauge R and Weyl symmetries).

Consistency of the constraints requires that the Bianchi identities are fulfilled,
the check of which is the crucial (and most tedious) step in the construction
of a SUGRA theory. These identities usually imply additional constraints
and the general parameterization of the allowed curvatures and torsions re-
quires the introduction of auxiliary fields that, together with the vielbein
en® and the gravitino ,,%, constitute the (off-shell) graviton multiplet. In
some complicated cases, like 10-dimensional SUGRA and N = 4-extended
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SUGRA in 4 dimension, it has be shown that our approach cannot lead to a
satisfactory theory. In these cases on must extend our framework and admit
open and reducible gauge algebras.

The standard constraints are usually not sufficient and finding a useful com-
plete set of constraints (i.e. obtaining an irreducible SUGRA theory) re-
quires some experience (informed guesses and tedious evaluation of the con-
sequences). In four dimensions, for example, there are 3 known sets of so-
lutions, called old minimal, new minimal and non-minimal SUGRA. Non-
minimal SUGRA has some ugly features as far as allowed matter couplings
are concerned and new minimal SUGRA is the one that automatically comes
out of superstring theory.

It turns out that not all of the Bls are independent. This is the content
of the following

Theorem (Dragon): The second BI follows from equation (4.1) and the
first set of Bls [dr79,MU89].

Proof. The idea is to exploit the properties of the generators. Define
Mapcep? == 3 45o(—)29(DaFpep” + Tapt Frep®). We have to show that
Mapep? = 0, where A, B, C take all possible indices for some D, E (the
D, E indices correspond to the Lorentz generators). In the first step we
show that MABCDE _ (_)AB+AC+ADMBCDAE 4 (_)AC’+AD+BC’+BDMCDABE _
(—)AP+HBPHED N 4 s holds. This is done by grouping together terms which
involve derivatives of the >, Rapc”, and replacing 5o Rapc? via
BI1 by terms of the torsion. The occurring commutators which act on the
torsion are then evaluated by (4.1). All terms are canceled because of BI1
(see Appendix B). Now we show that every Mapcp®” has to vanish. The
structure group consists of the Lorentz generators

(Gap)c® 0 0
(Gu)c” = 0 (0ab)a” 0 (4.25)
0 0 (Eab)aﬁ

with (Gap)e? = —(Nactp? — Mpeda?). Observe that Mpeop” has the structure
of a generator, therefore it vanishes by definition if it does not have the
index picture of a generator. Take A, B,C spinorial and D, E spacetime
like shows M,g,¢° = 0. Now take for A, B,C one vector index and two
spinor indices.@hoosing vector indices for D, E shows Mygyq® — Mpgyaa® =
0 = Mgyei® — Mgyg,® = 0. The object Mgaygqe is antisymmetric in a,e
and symmetric in a, d and therefore has to vanish. Now take for A, B vector
indices, for C' a spinor index and for D, E spinor indices of the opposite type:
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Mabaﬁ“'* = 0 and Muap” = 0. It remains the index picture where A, B,C
are vectorial. Chose D, F spinorial, then M.,° = 0. Putting everything
together and using the linear independence of the Lorentz generators Gy,

shows M4pc® = 0, which are the second Bianchi Identities. OJ

The statement also holds with additional generators for internal symme-
tries. The theorem decreases the number of consistency checks one has to do
if equations on the torsions are imposed. Using the first Bianchi identities it
can be shown that the curvature can be expressed in terms of the torsions
and the covariant derivatives [dr79]. Therefore in supergravity the curvature
is a redundant object and the equations of motion and the constraints should
be formulated as conditions for the torsion.

To find the most general local action that is invariant under a given gauge
algebra the BRST formalism can be used to derive the descent equations,
which reduce the problem to the computation of cohomologies of (super) Lie
algebra [br92].
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Appendix A
Noether charges for SUSY

Task

Take a supersymmetric lagrangian and calculate the Noether charges Q,,Q
for a susy transformation. Then calculate the Dirac bracket, which is the
constrained pendant to the Poisson bracket and perform canonical quantiza-
tion (alternatively to the Dirac procedure one could go into the first order
formalism). Prove that the sign for the graded commutator {Q,, Q,} is cor-
rect (i.e. it has to imply positive energy). Otherwise one has to change a
sign in the SUSY algebra such that it gets correct.

Signs

The anti-commutator relation for the Noether charges {Q,, Qs} = 20" P,,
implies positive energy. In the rest frame it has with the chosen conventions
the form {Qa, Q4} = 2000 Py , with the energy Py = H which is assumed to
be positive. In quantum mechanics this means a positive expectation value.
On the other hand (¢, {Qa, Qs 1) = (¢, QuQu¥) + (¥, QQat) =l Qu? |
+ || Q4% ||> 0 in a positive definit Hilbert space. Therefore the sign of the
anticommutator of the charges is fixed, if positive energy is assumed. Positive
energy and the choice of 1 together with the Legendre transformation also
fixes the global sign of the supersymmetric Lagrangian density. It must
have the form £ = +0,60".... This also fixes the sign for the Noether
current. H = By = [T} therefore the energy momentum tensor 7,) must
have the sign T° = Qﬁi% — 0L to assure positive energy (then Ty =
2000009 — 0pp"h = + > 0 0ndOnd = S0 _,|0n8|> > 0). Since T? is the
Noether current which is obtained by translations, a general Noether current

should have the sign J* = 51(2"% - K7
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SUSY transformation

Take the supersymmetric Lagrangian density

L=+40,00"¢ + %(X%g";amyd + X400 " O Xa) + FF (A1)
Starting with a chiral field ¢ and an antichiral one ¢, the field content is then
D,  F:=—--D?% (A.2)

Doy =0 Xo = EE@ F = _ZE ¢

The SUSY transformation is then of the form

s=¢D, + 6D, (A.3)
[$,0m] =0

where the parameters ¢ & commute. Therefore the SUSY transformation
has an odd grading, although the index picture is even. Assuming that the
commutator of the spinorial derivatives has the sign {D,, Dy} = 2i070,,
the SUSY transformation of the fields is then

s¢ = V2 _ 5o = —vV26X
$Xa = V2(&F +i0m & 0ng) sX* = —V2(F + 57,0, 0)
SF = \/2i0™ € O x® F = —\2i07,£*0,, X"

Using the Leibnitz rule the variation of the Lagrangian density is given
by

sL = (Sf?ncb)(a%) + (59"9)(0n0)+ (A.4)
[(sX™) o 0mX* — (s0mX™)oms X+

+ (SYd)Emda mXa — (Samxa)amdaYd]"‘
+ (sEF + (sF)F

_l_

N =
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Plugging in the expressions for the field transformations
sL =0, (f EX)(0"9) + 0" (=V2X) (9n)+
[ BIUEF + i075E 0 )15 X"
— V20,(=)(€"F +i0" €50, 0)oie X+
+ ey (-VIETF + 50,007 0o
— V20,(6aF + i075E 0nd)T X 5]+
+ V20 E (0 X F — V20076 (0 X F
collecting terms where F' and F occur gives a total derivative
VIE PO 0,% +V20,(E T~
— V2, FT" 0, X0 — V2600, FT"Y, ]+
+ V20 E (0 X ) F — V2007 (0 X F
%E F7" 9, xa + On(€ F)olaX® — € F ol 0,X" — 0124%(D,
<\%Ea \F - 750’717)
The remaining terms are then
V20,(£)(9"6) — V20" (€X)(006)—

e’ mg ( m¢) ( )_l'a( maﬁgﬁamgb) aaX -
(1)

1
ot

E (Ome) (@™ Um)g (OnXa)

_Edﬁ'ﬁmﬁﬁgﬁ(ﬁmﬁb) naa(ﬁnXa) ?( 55 am¢) naaxa]

5(077™)2(05) (0 x") 2)
Use o matrix relations
(1) 0@ E0mP)Tas X" = E(0n0m) (0T ™)X
= £5(0000)[—(0"T" ) + 20" 3 X"
= —26x(0"Ond) — £(0™T")2(0nOmd) X"
= —26x(0"0,0) — £(0"T™) 2 (0m0n) X
= —26x(9"9,9) — £3(0"T™)(0n0md) X"
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XY)F]

(A7)

(A.8)



2)  Ou(07E 0nd)T O, = E (0:0n0)@ ™)X, (A)
= € (0,000) (070" + 2" IX,
— 2T (" Ond) — € (0,0n0) (@0
— —2EX(9"006) — € (9000 (@™ )3T
— —2EX(9"006) — € (0,0 (@0 )5Ts

In the last two lines a change of the summation index was performed m < n
and the partial derivatives interchanged. The splits (1) and (2) show that
the remaining terms of s£ add up to total derivatives.

V20,(Ex0" D) — V20" (EX0,0)+ (A.10)
1 e — 1 —6 G
+ 506072 0n X" - Ean[»gﬁ(amxa o™)3xe]

Putting together all terms, the SUSY transformation of the given Lagrangian
density is then of the form.

sL =0, K" (A.11)

K™ = V26x0" ¢ — v 2Ex0" d+ (A.12)
+ %xa"ﬁmi (8@ - %W"amé(amw
+ %gﬁnxf — %&r"yF

This shows that the SUSY transformation is indeed a symmetry transforma-
tion. The explicit form of K™ is necessary to calculate the Noether current
and Noether charges.

Noether currents

The Noether current is given by the expression Jg, . = SQZ'% — K¢,

where Q' € {¢,,x,X, F, F'}. For the given Lagrangian density the second
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term is already calculated (13), whereas the first term is given by

oL

QO .
= 9(0,00)

= (s)(9"9) + (59)(9"¢)+ (A.13)

’é —Q a__n nao
5 [= (X)X o5s — (5Xa)Xa" ]

= V2EX(05) — VER("0)+

CIVEET + 0" 00X Ty — VEE +i0T5E 0 0) X7

— V2EX(878) — VIER(07) + %[Eﬁ"xf—go—"m

—|—%[W O’mg( m¢) X0 O'mg( m¢)]

Therefore the Noether current can be written as

Tley = V2[XG"0"E(0 @) — x0T (O )] (A.14)

+

Now split the current according to the transformation parameters £* and Ed
in order to get the chiral and anitchiral currents:

T, = &+ T (A.15)
Jo =V2ea5(x0"7")’ (009)
= V2(x0"7")a (O )

Jo = V27" 0")a(0n0)

Noether charges

The Noether charges are obtained by integrating over the spacial variables
of the zero component of the currents.

Qu = / B = / Bv/2(xF™) o (0 ) (A.16)
Q, = /d?’:EJg = /d?’z\/ﬁ(ﬁodm)a@mﬁs)
Remark: One could have used the bosonic SUSY transformation s = D, +

Edﬁd with anticommuting parameters &, £. Then the result would be the
same.
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Dirac procedure

Since in the lagrangian density occur fermions and auxiliary fields, the con-
jugated momenta are not all free. One has to deal with a constrained system.
In this case the constraints are second class. So the Dirac bracket has to be
used, when the system is quantized [HE92]. Denote the constraints by ¢4.
Then the Dirac bracket is defined by

{F,G}p ={F,G}pp — {F, ¢4t psC~ """ {¢5,G}rs (A.17)

where the matrix C~148 is the inverse of the matrix Cpp := {05, ¢p}tra,

C1ABCs, = 5?). The conjugated momenta 7qg:i = % are

l
2
_a I _ i a 0 _
71'5— 0¢ Ta .—Wyd——ix (oS WF—O

Ty = 0o T 1=y, = — = X0 0 =0 (A.18)

The constraints 7 = 7z = 0 give the secondary constraints F = F = (
(Take e.g. mp the Poisson bracket with all constraints vanishes. Therefore
the extraconstraint 0 = {mp, H}pp = F has to be imposed). Denoting the
constraints by ¢4, they can be summarized to

i .
¢CM == 7Ta + 5%@600‘0‘ ¢7TF =TFE ¢F - F (Alg)
1

¢a=7Ta+2

Xaaga ¢7TF =TF oF = F
The Noether charges are then in the Hamiltonian picture of the form of the
form

Qo = / P12V 2T (ToaTy — TaV ) (A.20)
Q, = /d3x2\/§i7r(00d7rg — 3,V) (A.21)

In order to compute {Q.,Q,}p one splits the bracket into contributions
from the bosonic fields ¢, ¢ where it just reduces to the ordinary Poisson
bracket because there are no constraints on them and contributions from the
fermionic fields x, %, where the Dirac bracket has to be evaluated. There
are no contributions from the auxiliary fields because they don’t occur in the
charges. In the following the convention & = (071, 03, 03) will be used. It will
always be assumed that the fields vanish at infinity rapidly enough such that

integration by parts yields vanishing boundary terms. Thus, integrating by
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parts, introducing the charge densities Q O and calculating the 5,7@ part
gives

/(——_— - —,;) = _8/(676%%%67”0% (A.22)

Analogously for the ¢, w4 part.

/ (8Qa 004 0Q, 00,

- =8 [ 77 e0s V5. 4 A2
96 om,  om, 09 ) 8/%600 EapVT Ty (A.23)

In order to be able to compare the results with the energy and momentum of
the given Lagrangian later on, the above results will be spaned in the basis
of the ¢, matrices (for the given index structure and in 2 dimensions the

ac

only basiselements are the ¢, matrices ). Especially for (A.22)
=\ =B y n 5 7
=8 [ (VT3)T  €apT 0074 = OnaaZ" = 00aaZo — GacZ (A.24)
The components can be calculated by contracting with 7,4, using the rela-

tion tr 0,,0,, = 20mn. For Zy contract with s, and for Z, k # 0 contract
with [

2Z0 = —8/(6%6)#660{571'70'07025()@& (A25)
5 / (V7 )2as8® = —8 / VT
27, = —8 / TogoovT k£ 0 (A.26)

The same applies to (A.23)

8 fﬁ'ﬁgﬁgaﬁﬁﬂwﬁm = 00aa Y0 — 5aa37 (A.27)
Yo = —4/7T5'67 (A.28)
Y, = —4/7r_50k0_0§7r k#0 (A.29)

Putting (A.22) and (A.23) together the bosonic part of the Poisson bracket
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reads
{Qa: Qs )P = {Qar Qs } 3 (A.30)
= —80’00@/71'0_"67

3
+4) " Opas / T (Cn0k00 + 00040,) Opm k#0

n,k=1

= —SJOQd/ﬂ5Vﬁ—86’ad/WUOVﬁ

Where use of the formula 7,,0,00 + G00k0, = 2Nkn00 = —20k,00 (Appendix
C) was made.

In order to get the fermionic contributions one has to calculate the functional
matrix Cyp. Since the auxiliary fields F,F don’t occur in the charges it’s
enough to consider Cygs.

o (1050, Dhes (0@ 0s(Drn | _

=0 = ({0 Dl oo )= )
- ( 0 i0%.6(7 — §
~ \io?,0(F - 7) 0

The inverse matrix is given by

_ L 0 —iF§(f — 7
C 115<y—z>=(_i50;,55(g_ P 7 0<y Z’) (A.32)

The Poisson brackets {Qq, ¢+ } and {¢s, Q4 } vanish. Therefore the only con-
tribution to the Dirac bracket from C 122 is of the index picture C~1%. The

remaining Poisson brackets are
{Qas 04D} r5 = V20u0(5)0056" < (A.33)
= ﬁ(ﬂ¢(g)€va - Va(?jﬁa;ﬁg%w)
{05(2), Qa}r = V20,0(2)7"" 0y, 5 a0
= V2(m5(2)ess — VOE)T  04,5600)
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Putting everything together the Dirac bracket for the fermionic part is then
{QCH Q }feTm - {Qou Q }feTm (A34)
%,_/

/d3 /dgz{Qm 63} pu()CT0(F — £){6s, Qu}p(2)
— i / @y (74(§)2s0 — VOl 27
(m5(i)eas — YOG  Toyseai)
= -2 /{and (7T¢7T$ + VEVQS) - 0_30464 (7T¢ﬁ¢ + Waﬁa)}

The term with ﬁaﬁqﬁ is obtained by symmetrizing, integrating twice by parts
and the use of the o matrix relation 0,0,0.+0.0p04 = 2(—acOb+Mpc0a+Nab0c)

/(v¢0au)go Ewaoﬁ(vﬁbgw)aouégdl? (A.35)
- - Z /an¢am¢ UnUOUm)aa
m,n=1
_ ! Z { / B8O (02F00m ) o / O GO (o)}
m,n=1 N——
0, 00me

= —= Z /8n¢am¢ Un000m+am000”>aa

mnl

—267L7n0'0aa
= —andZ/anEanQS
n=1
= —%NEWS
Putting all the terms together gives the Dirac bracket for the charges
{Qa: Qs}p = — 2i000s / (mym5 + VIV § — 4inGVT) (A.36)

+ 20004 /(m,ﬁgb + 7@65 + 4i7r—<70§7r)

Energy-momentum-tensor

Energy and momentum are the Noether charges of the symmetry transforma-
tions along the four spacetime directions. For a given action one starts with
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the corresponding currents which are often called energy-momentum-tensor
oL

— — 0L, A.37

0(0p2) “ ( )

Spacial integration over the zero component leads to the energy and momen-

tum of the system P, = [ d3yT? where the a = 0 component is the energy.
For the given Lagrangian density this gives for the energy

TP = 9,

Py = Pl + p{™ — / FF (A.38)
PRy = /(50625305 +VoVo)

P = / %(X_ojﬁerxﬁﬁX) 2y / XGVX

and for the momenta

P, = P 4 plerm £ Q) (A.39)
P = / (On B0 + Do) (A.40)
plerm = / %(Woanx +xa%a, %) 2 i/XaoanY

These quantities are written in terms of the Lagrangian variables. In order
to compare them with the Dirac bracket they have to be translated into the
phase space coordinates.

P = / (1579 + VoVP)  P{7™ = —4i / VT (Adl)

n#0  PY= / (097 + Ongmg)  PIT™ =4i / 7oa0,  (A.42)

Quantization

With the expressions for energy and momentum (A.36) reads
{Qa, Qs}p = —2i0}, P, (A.43)

In order to quantize this relation the canonical quantization rule i{A, B}p —
[A, B] has to be applied. This gives

{Qa: Qu} =205 Pn (A.44)

which has the same sign as in the algebra. Therefore the choice of the signs
is consistent.
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Appendix B

Relation for Dragon’s Theorem

We have to check

MABCDE . (_)AB+AC’+ADMBCDAE + (_)AC’+AD+BC+BDMCDABE_ (Bl)

AD+BD+C’DM E AB+AC+AD+BC+BD+BAM E
(_) DABC (_) CDAB

AB+AC+AD+BO+BD+BA+CDYCALCB ;B
- (=) DABC
=0

using the Bianchi identities and formula (4.1). One could think of dealing
with (graded) cyclic sums whose elements are the cycles C,. of the permuta-
tion group P, E“Zn Xiyoi, = chePn Xiy.in- The sum has n elements.
Since 3 o epiy Xint 2ocnep, Xivvin D0 i1ePosy Nirwing (JUSt count
the number of elements. left: (n + 1)n, right: n + 1) it is better to think of
totally (graded) antisymmetrized objects, where all elements © € P, of the
permutation group act. Here one has Xy, X, i) = Xjip i ia]-

Start with an object with n indices which is anti-symmetric in n — 1 indices:
Xy iy = XijJig-in)- In order to get the whole object anti-symmetrized one
has to antisymmetrize i; with every i; € {iy---i,}. These are alltogether
n terms. Using again anti-symmetry one gets sort of a cyclic sum, with
possible signs. These signs depend on the order of P, i.e. on the number of
transpositions which occur in the cycle. A cycle of n elements is generated by
n—1 transpositions. Therefore for each cycle there will be a factor of (—)"~!.
Hence Xjj,..i,) = Xyt +(—)" "1 Xy i +(—)2" "D X, i, +cyclic when the last
n — 1 indices are anti-symmetrized. The same formula holds for graded anti-
symmetry with additional signs depending on the grading of the indices. As
example consider the graded anti-symmetrization of X 4pc which is already
graded anti-symmetric in the last two indices. Since n = 3 the only signs
come from the grading of the indices Xjapc) = Xapc + ()P4 Xpoa +
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(—)ABTACTCBTAB X o\ . If X{apc) = O then this can be cast into the form
()X apc+ (=) PAXpea+ (=) Xcap = 0. A comparison with the (first)
bianchi identity, which is graded anti-symmetric in two indices, shows that
it can be written as a total graded anti-symmetrization. Repeating this then
with n = 4 (B.1) is a total graded antisymmetrization. Summarizing, we
have to show

Miapepy” =0 (B.2)

where [ABC D] stands for total graded anti-symmetrization with respect to
ABCD , which will be sometimes denoted by [---],z-p too. The data are
the first Bianchi Identity, which reads

D[ATBC]E + T[ABKTKC}E — F[ABC}E =0 (B3)
and the transformation property of the torsion,

[Da, DslTep” = —Tup"DTep” —Fapc™ Tp"+Fapp™ Txc"+Fapx " Tep™

(B.4)
The first observation is for the field strength F4pc, which is anti-symmetric
in the first indices

Fiape) = Flasey = Fae) + Fiea) + Fepas (B.5)
= Faipo) + Fsca — Fac + Foap — Fopa
= 2F By + FiBC)a
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now calculate

Mupep)® = DuFsep)” + Tias™ Fxen)” (B.6)
(B.3)
=" Da(DTon” + Tipe! " Tripy”) + Tian™ Frion”
1
= §[D[A7 Dpl|Tep” + DT  Txipn)”) + Tiap ™ Frion”
(B.4) 1
= 5(_T[ABKDKTCD]E —Flapo) Tk n)” + F[ABD\KTK|C}€+F[AB\KETICD}K)

=2Fapp| " Tk|c)”

+ Dia(Tre/"Trip)") + Tian ™ Frion”

1
= §TABK(2DCTKDE — DiTen” +2Fkep” + Fopk”) +
=DicTk ¥ =Figcp ¥ ABCD

[(FABDK - DATBDK)TKCE] ABCD

B.3) |1

= §TABK(?[CTKD]E + D[KTCD]€+T[KC\NTN\D}E) +

=0 4 ABCD

(?ATBDK — DATBDK)TKcPi +TapN T p™ Tre o

=0 4 ABCD

1
= |Tap™ (_iT[CDKTN]KE — T Toix ™)

(. J/

-~

_1
=2Tipc™ Tk ABCD

1
= —§T[ABNT(JD]KT]€K =0
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Appendix C

Notation, Convention,
Formulas

Conventions
e Metric n = diag(+, —, —, —)
e Use leftderivatives
e Graded commutator [A, B] = AB — (—)AlBIBA
e Anticommutator {A, B} = AB + BA

oL

e Legendre transformation H(q,p) = ¢'p; — L(q,q) = p; = o5

e Graded poisson bracket {A, B}pp = (—)iA(g(‘; g}i — (—)ig]i gg)
e Quantization rule i{A, B}pp — [A, B]. For second class constrained
systems: Diracbracket i{A, B}p — [A, B]

J
69(x)
a% partial derivative with respect to the (jet space) variable

functional derivative

e Van der Waerden Notation
o cey = 6% (Wess-Bagger)

e Overall index A € {a,«,a}, for spinorial indices o € {«, &}, where
Ne = Mg

e Summation conventions. Undotted North-West: ¥*®,. Dotted North-
East: @é@a
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o matrices

01 0 —1 1 0
0'0:1, 0'1:<1 0), 0'2:<Z. OZ), 0'3:<0 _1) (Cl)

T

mx __ m

complex conjugation by transposition ¢* = ¢* in components Ou5 = O34
¢ intertwines & and —&*, hence also ¢ and (7*)7.
Fmad — gaB B m (C.2)

BB

Conjugation

We define complex conjugation by (¢x)* = (—)?lIXl¢*y*, whereas we de-
fine hermitian conjugation as t = % ot, which means for objects with matrix
indices only (not in the functional analytical sense). For the covariant deriva-
tives one usually sets: Dy = Dy, in accordance with {D,, D} = 2@'02"”68% In

Superspace the coordinates are related by %% = 9. Because of R 3 80%9‘“ =

o * _ 0

o " . . T I N
a@“e the complex conjugate of the partial derivative is g5z 55

Formulas

O'aEbO'C + O'CEbO'a — 2<_naco_b 4 T]bCO'a + nabo_c> UZQEEIB — 25555
(6T + o"T™)" = 2P Tr0mGn = 20mn

DaD,BD'y - 0 EQEBEA/ - 0 (C5)

—~~
aQ a
=~ W
S~—"

1 1
DoDy = —eapD?  D°DP = —5»5“51)2

2

(C.6)

— 1 — a0 1 ;52
DaDj= 525D DD = 3&*D (q7)

(D%, D, = 4id,,D*  [D°,Da) = —4id,,D"

(C.8)
D?D’ + D’D? = 2D°D’D,, — 160 (C.9)
[D?,D°) =8DJD +160  D*D:D*=0  (C.10)
(#9)5 =002 39 =20 (C.11)
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Poisson brackets in field theory

The graded Poisson bracket is defined by {A, B} pp = (—)iA(g—;‘i gﬁ —(—)ig;‘i g—g
This is the definition for finite degrees of freedom. There are two ways to
adapt the Poisson bracket to field theory: changing the reading rules or
changing the writing rules. A change of the reading rules lead to the de Wit
notation [De84]. {A, B}pp = (—)"A(g(fi% — (—)i%gg). The index 4 has
the double duty to label the fields and thelspace poiﬁts. Summation is then
a combination of summing of the field indices and integrating over space at
equal times. In a less condensed notation the Poisson bracket reads then

(changing the writing rules):

. . 0A 4B . 0A 4B
{Aa B}PB = (_)ZA;/d x(éqbl(x) 57Ti(x) - (_) 57TZ-(:L’) 5¢2(5L’)) (0'12)

{o(Z, 1), w(g, 1)} P = 6(T — §) (C.13)
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Thank you!

An dieser Stelle mochte ich mich bei meinen Eltern bedanken. Bei meinem
Vater weil er mir ein nie in Frage gestelltes Studium ermoglicht hat, und bei
meiner Mutter, weil sie meine Mama ist.

Ganz besonderen Dank gilt meinem Betreuer Max Kreuzer, der sich immer
fiir mich Zeit genommen hat und von dem ich sehr viel gelernt habe.

Elmar, Christoph, Maria, Max, Michi, Mickael, Niels, Rashid, Sebas-
tian, Stefan: danke fiir eure Geduld mit mir, den Spafl, den Kaffee - es war
mir eine grofe Freude neben euch zu sitzen.

64



Bibliography

[BU9S]

[FU97]

[GA83]

[HE92)
MU89)
(093]

WES3]

[De84]

[bro1]

[bro2]

[bro6|
[br961]

[br02]

[.L.Buchbinder, S.M.Kuzenko, Ideas and Methods of Supersymmetry and
Supergravity. Or a Walk Through Superspace (IOP Publishing, Bristol
1998)

J.Fuchs, C.Schweigert, Symmetries, Lie algebras and representations
(Cambridge Univ. Press, Cambridge 1997).

S.J. Gates, M.T. Grisaru, M Rocek, W. Siegel, SUPERSPACE, or One
thousand and one lessons in supersymmetry (Frontiers in Physics, Vol. 58,
Benjamin/Cummings, Massachusetts, 1983).

M.Henneaux, C.Teitelboim, Quantization of Gauge Systems (Princeton
Univ. Press, Princeton 1992)

M.Miller, Consistent classical supergravity theories, Lecture Notes in
Physics 336 (Springer, Berlin 1989)

P.J.Olver, Application of Lie Groups to Differential Equations (Graduate
Texts in Mathematics Vol. 107, Springer, New York, 1993)

J Wess, J.Bagger, Supersymmetry and Supergravity, (Princeton Univ.
Press, Princteon 1983)

B.S.DeWitt, The spacetime approach to quantum field theory, in ‘Relativ-
ity, Groups and Topology II’, eds. B.S.DeWitt, R.Stora, Les Houches XL
’83 (North Holland, Amsterdam 1984) p.381

F.Brandt, Lagrangedichten und Anomalien in vierdimensionalen super-
symmetrischen Theorien Dissertation, Hannover 1991

F. Brandt, Lagrangians and anomaly candidates of D = 4, N = 1 Rigid
supersymmetry, Nucl. Phys. B392 (1993) 428;

Anomaly candidates and invariants of D = 4, N = 1 supergravity,
Class.Quant.Grav. 11 (1994) 849 hep-th/9306054

F.Brandt, J. Paris, On the determination of supersymmetry anomalies,
hep-th /9605218

F.Brandt, Local BRST cohomology and covariance,
hep-th /9604025

F.Brandt, Lectures on Supergravity, Fortschr. Phys. 50 (2002), 1126-1172
hep-th /0204035

65



[co67]
[dr79]

[dr87]
[ha75]

[vpO3]

S.Coleman, J.Mandula, Phys. Rev. 159 (1967) 1251

N.Dragon, Torsion and curvature in extended supergravity, Z. Phys. 2C
(1979) 29

N.Dragon, U.Ellwanger, M.G.Schmidt, Supersymmetry and supergravity,
Prog. Particle and Nucl. Phys. 18 (1987) 1

R.Haag, J.Lopuszanski, M.Sohnius, Nucl. Phys. B88 (1975)
257

A. Van Proeyen Structure of supergravity theories (2003) hep-th/0301005

66



