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Chapter 1
Introduction
1.1 MotivationString theory was discovered in the late 60s as a model for hadron resonances. Whilehadron resonances turned out to be more e�ciently described by QCD, Scherk andSchwarz [sc74] showed that strings provide a promissing theory for quantum gravity.The introduction of ferminons by Ramond [ra71] and by Neveu and Schwarz [ns71] curedthe inconsistencies of the bosonic string theory. It led to a reduction of the critical di-mension from D = 26 to D = 10 and removed the tachyonic degree of freedom. Sincethen many developments in supersymmetry and in superstrings have been made includ-ing torus and lattice constructions, Calabi-Yau manifolds, WZW and Landau-Ginzburgmodels, topological �eld theories, duality and mirror symmetries.D-Branes [po96] play a crucial role in advances towards an understanding of nonper-turbative properties of string theories and supersymmetric quantum �eld theories. Theyprovide a simple description of various nonperturbative objects required by string dual-ity, since D-branes have the correct properties to �ll out duality multiplets. Furthermorethey give new insight into the quantum mechanics of black holes and into the nature ofspacetime at the shortest distances. The Dirichlet-superstring of Neveu-Schwarz-Ramondcan be formulated as D = 2 supergravity [ho79] coupled to bosonic and fermionic stringcoordinates with an additional U(1)-symmetry on the world sheet. The main purpose ofthis paper is to provide an appropriate basis for the cohomological analysis of Dirichletsuperstrings.Gauge invariance is a basic principle in models of fundamental interactions. The BRST



CHAPTER 1. INTRODUCTION 2formalism �rst established by Becchi, Rouet and Stora [brs74] provides a useful tool fordealing with gauge symmetries, since it encodes the gauge symmetry and its propertiesin a single antiderivative, which is strictly nilpotent on all the �elds. This antiderivativeis called BRST operator. The nilpotency of the BRST operator establishes the BRSTcohomology in the space of local functionals of the �elds. This cohomology is physicallymeaningful, since it determines gauge invariant actions, dynamical conservation laws andpossible anomalies. Furthermore it is a useful tool in the renormalization of quantum �eldtheories. A suitable general framework in which the cohomology of the BRST operatorcan be computed has been suggested by F. Brandt [br96]. The main part of this paper isheavily based on this framework, which relates the BRST cohomology to an underlyinggauge covariant algebra. It includes a de�nition of tensor �elds on which this algebra isrealized and of generalized connections. It reduces the computation of the cohomology toa problem involving only these quantities. This involves the use of contracting homotopiesin jet space, which allows to eliminate certain local jet coordinates from the cohomologicalanalysis. These local jet coordinates are called trivial pairs.Beltrami di�erentials parametrize conformal classes of two dimensional metrics [be58].Thus it is natural to use these quantities as basic variables whenever a two dimensional�eld theory is coupled to gravity in a conformally invariant way [dg90,gd96,gr90,ta95,ta96,sc93]. A detailed understanding of this parametrization is essential for the computationsin this work. Therefore the Beltrami and super-Beltrami parametrization is investigatedin quite a detail. Thereby the properties of the Beltrami di�erential and its fermionicsuperpartner, the Beltramino are discussed and the factorization of the BRST algebra isestablished. This is comletely done in the component �eld formalism.1.2 Outline of the paperThe paper is organized as follows. The algebraic approach to the BRST cohomology [Br97,br96] is sketched in chapter (2). It introduces some terminology and notation. In chapter(3) well known properties of cli�ord algebras and spinors are revisited and de�nitions andconventions of spinor space are given. Chapter (4) analyses the general structure of gaugecovariant algebras. It is based on the formalism developed by F. Brandt [br96,br93,br91].Eventually the BRST formalism is set up [Br93]. In chapter (5) the Bianchi identitiesfor D=2 supergravity coupled to U(1) super-Yang-Mills theory are studied. Thereby theconsistency of the imposed constraints is checked and the general parametrization of theallowed torsions and �eld strenghts is determined and the correponding auxiliary �elds



CHAPTER 1. INTRODUCTION 3are introduced. The �eld content of the theory and the BRST transformations of theelementary �elds are given. Chapter (7) introduces the Beltrami parametrization in theRiemannian manifold approach as the parametrization of conformal classes of metricsand in the Riemannian surface approach dealing with complex structures. Before turningto supersymmetric extensions of the Beltrami parametrization the theory of the bosonicD-sting is reviewed. The main part of the analysis is carried out in chapter (8). TheBRST transformations of the the �elds are supplemented by super-Weyl transformationsand the corresponding ghost �elds are introduced and their BRST transformations given.Then the super-Beltrami parametrization is introduced and the factorization of the BRSTalgebra is established. In order to constuct a suitable set of local jet coordinates thecohomological problem is mapped from the space of local functionals to the space of localtotal forms. Eventually the in�nite set of generalized connections and tensor �elds isconstructed. The operators corresponding to the in�nite set of generalized connectionsform two copies of the super-Virasoro algebra. The representation of the operators on thetensor �elds is given and explicite expressions of the �rst few tensor �elds are listed. Intwo appendices frequently used formulae for the manipulation of -matrices and for thesuper-Beltrami parametrization are collected.



Chapter 2
BRST Cohomology
2.1 BRST Cohomology on local total formsThe local BRST cohomology of a particular theory is de�ned by the BRST operator sand the space in which its cohomology is to be computed. The BRST operator is requiredto be nilpotent and to commute with the spacetime partial derivative @ms2 = s@m � @ms = @m@n � @n@m = 0: (2.1)A basic concept used in this context is the jet bundle approach [sa89]. In the jet bundlelanguage the �elds and their partial derivatives[�i] := f�i; @m�i; @m@n�i; : : :g (2.2)are considered as local coordinates of an in�nite jet space. They are regarded to beindependent apart from the obvious identi�cation@m1 : : : @mi : : : @mj : : : @mk�i = @m1 : : : @mj : : : @mi : : : @mk�i: (2.3)By convention the coordinates xm and the di�erentials dxm are also counted among thelocal jet coordinates. This turns out to be convenient since the coordinates and thediferentials are always BRST invariants xm = 0; s dxm = 0: (2.4)The derivatives @m are de�ned as total derivative operators in the jet space@m = @@xm +Xk�0 @mm1:::@mk�i @@@m1 : : : @mk�i : (2.5)



CHAPTER 2. BRST COHOMOLOGY 5They become usual partial derivatives on the local sections of the jet bundle. Due to theinvariance of the di�erentials, which are treated as anticommuting objects the spacetimeexterior derivative d = dxm@m (2.6)anticommutes with the BRST operatorsd+ ds = 0; d2 = 0; (2.7)which is equivalent to the second and third relation in (2.1).2.1.1 Descent equationsA local functional is an integrated local volume formW = Z !D; (2.8)where D denotes the the spacetime dimension. In general local p-forms are!p = 1p!dxm1 : : : dxmp!m1:::mp(x; [�i]): (2.9)They are local in the sense that they are polynomial in the derivatives [@m�i] but may havean arbitrary dependence on the coordinates xm and the undi�erentiated �elds �i. Theyare not required to be globally well de�ned. A local functional is called BRST invariantif the BRST transformation of its integrand is d-exact in the space of local formss !D = d !D�1: (2.10)A local functional is called BRST-exact or trivial if !D = s�D + d�D�1. Two solutionsare called equivalent if they di�er by a trivial solution. Thus the local BRST cohomologyis the cohomology of s modulo d on local volume forms and is denoted by H(sjd). Thecohomology is well de�ned due to the nilpotency of s and d and the fact that theyanticommute. H(sjd) is represented by solutionss!D + d!D�1 = 0; !D 6= s�D + d�D�1: (2.11)From this the descent equations are derived via the algebraic Poincar�e lemma. It statesthat locally any d-closed local p-form is d-exact for 0 < p < D and constant for p = 0,while local volume forms are locally d-exact if and only if they have vanishing Euler-Lagrange derivative with respect to all the �elds. Thus acting with s on (2.11) one arrives



CHAPTER 2. BRST COHOMOLOGY 6at d(s!D�1) = 0. The algebraic Poincar�e lemma now implies the existence of a (possiblyvanishing) local (D � 2)-form !D�2 satisfyings !D�1 + d !D�2 = 0: (2.12)Iterating the arguments one derives the so-called descent equations� !p � d !p�1 = 0; D � p � p0; s!p0 = 01: (2.13)2.1.2 The ~s cohomologyThe descent equations are compactly written introducing the new nilpotent operator~s = s+ d; ~s2 = 0: (2.14)The cohomology of ~s on local total forms is de�ned by the condition~s ~! = 0; ~! 6= ~s~� + constant (2.15)where a local total form is the formal sum of local forms with di�erent form degrees,~! = DXp=0!p: (2.16)It is natural to introduce the total degree as the sum of the ghost number and the formdegree totdeg = gh+ formdeg: (2.17)Since ~s has total degree 1 it maps a local total form with total degree G into a local totalform with total degree G + 1. The BRST cohomology on local functionals with ghostnumber g is locally isomorphic to the ~s-cohomology on local total forms with total degreeG = g +D [br96] H(sjd;
g;D) �= H(~s; ~
G); ~
G = DMp=0
G�p;p: (2.18)where 
g;D denotes the space of local D-forms with ghost number g.1In fact for p = 0 the algebraic Poincar�e lemma implies only s !p0 = constant. For possible extensionssee for instance [bh96].



CHAPTER 2. BRST COHOMOLOGY 72.2 Contracting homotopiesThe computation of the ~s cohomology is considerably simply�ed by switching to a newset of jet coordinates better adapted for the cohomological analysis. Following [br96] thenew set of jet coordinates is denoted by B = fU l;V l;W ig and is required to have thefollowing properties ~sU l = V l; ~sW i = Ri(W); (2.19)where the Ri are functions of the W's only. The change of jet coordinates is required tobe compatible with the locality requirement imposed on the cohomological problem, i.e.the U l's, V l and the W i's have to be local total forms. In this case ~
� factorizes into twoindependent ~s-invariant subspaces ~
� = ~
�U ;V � ~
�W : (2.20)As a consequence the cohomology of ~s also factorizes due to K�unneth's formulaH(~s; ~
G) =MG0 H(~s; ~
G0U ;V)�H(~s; ~
G�G0W ); (2.21)whereH(~s; ~
G0U ;V) is contractible, since the U 's and V's form ~s-doublets satisfying ~sU i = V i.Therefore one is left with the cohomology of ~s on local total forms constructed solely of theW's. The U 's and V's are called trivial pairs, while theW's are interpreted as generalizedconnections and tensor �elds.



Chapter 3
Spinors
In this chapter some well known properties of cli�ord algebras and spinors [ta98], [to83],[kr96] are revisited. The conventions used in the following work are given.3.1 Cli�ord algebrasConsidering a metric of the form�ab = �ab = diag(+; : : : ;+;�; : : : ;�) (3.1)with p positive and q = D � p negative entries the generators of the Cli�ord algebra areobjects a, which satisfy the relationfa; bg = ab + ba = 2�ab111 (3.2)The products ��a1;:::;ai�a1;:::;ai := a1 : : : ai with a1 < a2 < : : : < ai (3.3)form a �nite group with 2D+1 elements. The Cli�ord algebra CK(p; q) is the algebra formedby the linear combinations of the products �a1;:::;ai with coe�cients in some �eld K . Itsgenerators anticommute and p of them square to 111 while the remaining q square to �111.The smallest matrices satisfying the anticommutation relation are 2[D2 ] � 2[D2 ], where [x]is the largest integer not larger than x. For D = 2 an explicit representation can beconstructed using any two of the Pauli matrices�1 = 0@ 0 11 0 1A ; �2 = 0@ 0 �ii 0 1A ; �3 = 0@ 1 00 �1 1A ; �2i = 111; �1�2�3 = i111 (3.4)



CHAPTER 3. SPINORS 9to represent C(2; 0) and imaginary multiples to obtain the other signatures. Representa-tions of higher dimensions are constructed by tensor products of representations, whichcorresponds to `matrices of matrices' [kr96], [ta98].The antisymmetrized bilinears �ab := 14[a; b] (3.5)provide a representation of the Lorentz algebra on the representation space of the Cli�ordalgebra, since the commutator of �ab with a gamma matrix c gives[�ab; c] = �acb � �bca; (3.6)which is of the same form as the Lorentz transformationlabVc = �bcVa � �acVb; [lab; lcd] = �bclad � �bdlac � �aclbd + �adlbc (3.7)of the vector c. Hence, the �ab's provide a representation of the Lorentz algebra[�ab;�cd] = �bc�ad � �bd�ac � �ac�bd + �ad�bc (3.8)I choose as a representation of C(1; 1) the two dimensional matrices(0) �� = 0@ 0 �ii 0 1A ; (1) �� = 0@ 0 ii 0 1A ; (3.9)which satisfy the de�nition (3.1) with�ab = �ab = 0@ 1 00 �1 1A (3.10)The generator of Lorentz transformations then reads�ab = 14 (ab � ba) = 12"ab�; � := 01 (3.11)where "ab denotes the totally antisymmetric tensor"ab = 0@ 0 �11 0 1A ; (3.12)and � takes the explicit form (�) �� = 0@ 1 00 �1 1A : (3.13)



CHAPTER 3. SPINORS 10The spinor indices are often suppressed assuming the summation convention `ten to four'.The totally antisymmetric tensor "ab satis�es the relations"ab = �"ab; "ab"bc = � ca ; "ab"cd = �� ca � db + � cb � da : (3.14)The Lorentz transformations in two dimensions explicitely readlab = "abl; lva = " ba vb; (3.15)l � = 12(�) ��  � = 12( )�; l � = �12 �(�) �� = �12( )� (3.16)where I usedlab � = 12"ab(�) �� � ��   ; � ��   = � �  �; � ��   = �� �  �: (3.17)In two dimensions the  matrices satisfy the relationab = �ab111 + "ab� (3.18)and the Fierz identity� �� � � + (a) �� (a) � + (�) �� (�) � = 2� �� � � : (3.19)Other formulas in the calculations frequently used are collected in the appendix (A.1).The totally antisymmetric tensor with spinor indices is denoted by"�� = �"�� = 0@ 0 �11 0 1A (3.20)It has the properties "��"� = � � ; "��"� = �� � � �� + � � � �� : (3.21)The charge conjugation matrix and its invers are �xed to beC�� = i"�� = 0@ 0 �ii 0 1A ; C�� = �i"�� = 0@ 0 �ii 0 1A ; (3.22)satisfying the relations CCy = 111; � aT = C�1aC: (3.23)In general spinors of SO(p; q) have 2[D2 ] independent complex components, which maybe reduced by imposing Weyl and/or Majorana conditions. General spinors without anyconditions imposed are called Dirac spinors.



CHAPTER 3. SPINORS 11In even dimensions there are two inequivalent irreducible representations of the Lie algebraso(p; q), which are of dimension 2D=2�1 and whose elements are called Weyl spinors. Thechiral projectors P�, which decompose the representation read in our caseP� = 12 (111� �) : (3.24)Therefore the �rst (second) component of a Dirac spinor corresponds to a right (left)chiral Weyl spinor  � = P� ;  + = 0@  10 1A ;  � = 0@ 0 2 1A : (3.25)Majorana spinors satisfy a certain reality condition. The Majorana condition requiresthat a spinor is equal to its charge conjugate c =  : (3.26)Charge conjugation should change the sign of the coupling of the elektromagnetic gauge�eld to the fermion in the Dirac equation(im@m � e mAm �m) = 0 ! (im@m + e mAm �m) c = 0: (3.27)This equation is obtained by transposition of the Dirac equation�(�m)T (i@m + eAm)�m� T = C�1(im@m + e mAm �m)C T = 0;  c := C  T ;(3.28)where  denotes the Dirac adjoint spinor =  yA: (3.29)which transforms contragradient to  under Lorentz transformations. In our case wehave A = 0. The charge conjugate spinor is related to its Dirac conjugate by the chargeconjugation matrix  c� = C�� �: (3.30)



Chapter 4
Gauge covariant algebras
Gauge theories may be characterized by the symmetry (or gauge) algebra of the in�nites-imal symmetry transformations. Although the approach of exploiting the structure ofgauge algebras can be extended to open and reducible symmetry algebras [br96] I re-strict the investigation to irreducible and closed algebras.In the �rst part of this chapter I analyse the general structure of closed irreduciblegauge covariant algebras and give some de�nitions and conventions. In the second partof the chapter I set up the BRST formalism. The BRST transformations of tensor �elds,connections and ghost �elds are given.4.1 Algebra on tensor �eldsFirst I discuss the structure of closed irreducibel gauge algebras realized on tensor �eldsT i, which are functions of some elemtary �elds '. A precise de�nition of tensor �elds isgiven later. The in�nitesimal symmetry transformations are implemented by operators�M , which have an algebra on the tensor �elds of the form[�M ;�Ng = �F KMN (T )�K ; (4.1)where [:; :g denotes the graded commutator[�M ;�Ng = �M ;�N � (�)MN�N ;�M : (4.2)The structure functions are in general �eld dependent. According to (4.1) they are gradedantisymmetric F KMN = �(�)MNF KNM (4.3)



CHAPTER 4. GAUGE COVARIANT ALGEBRAS 13depending on the grading of the corresponding operators. The grading of the structurefunctions is given by j F KMN j=jM j + j N j + j K j mod 2: (4.4)They satisfy the Bianchi identities which arise from the Jacobi identity for graded com-mutators fXMNP(�)MP ��MF KNP + F RMN F KRP � = 0 (4.5)and guarantee the consistency of the algebra. The cyclic sum in (4.5) is de�ned byfXMNP(�)MPXMNP = (�)MPXMNP + (�)NMXNPM + (�)PNXPMN : (4.6)The sign convention in (4.6) is consistent with the fact that the graded commutator [A; :gacts on the commutator product [B;Cg as a graded derivative and therefore according to[A; [B;Cgg = [[A;Bg; Cg+ (�)AB[B; [A;Cgg; (4.7)which is equivalent to the Jacobi identity for graded commutators. The operators �Mare covariant in the sense that they map tensor �elds to tensor �elds. They are in generalnot de�ned on all �elds so that (4.1) holds. In particular they are not de�ned on thegauge �elds A Nm and the ghost �elds ĈN which are introduced requiring that the exteriorderivative d and the BRST-operator s act on tensor �elds T according todT i = AM�MT i (4.8)sT i = ĈM�MT i: (4.9)Inserting for the exterior derivative d = dxm@m and the connection 1-formsAM = dxmA Nmin the �rst equation (4.8) the partial derivative reads@mT i = A Mm �MT i: (4.10)which holds identically in the �elds and their derivatives. In general this requires theexistence of a locally invertible subset of fA Mm g. This de�nes the �'s corresponding tothe invertible subset in terms of the partial derivative and the remaining �'sfA Nm g = fe am ;A �m g; f�Mg = fDa;��g (4.11)Da = E ma (@m �A �m��) : (4.12)This can be regarded as a de�nition of covariant derivatives. The invertible subset offA Mm g is identi�ed with the vielbein and is denoted by e am and its invers by E mae amE na = � nm ; E ma e bm = � ba : (4.13)



CHAPTER 4. GAUGE COVARIANT ALGEBRAS 14The commutator of partial derivatives is computed using equation (4.10) and the factthat �MT i is a tensor �eld[@m; @n]T i = @m �A Nn �NT i�� (m$ n)= (@mA Mn )�MT i +A Nn A Mm �M�NT i � (m$ n)= (@mA Pn � @nA Pm +A Mm A Nn F PNM )�KT i: (4.14)Since the partial derivatives commute and the �M are assumed to be independent we �nd@mA Pn � @nA Pm +A Mm A Nn F PNM = 0; (4.15)which can be solved for the �eld strengths F Pab using the invers vielbeinF Pab = E na E mb (@nA Pm � @mA Pn � e cmA �n F P�c �A �m e cn F Pc� �A �mA �n F P�� ): (4.16)As a consequence of the commutativity of the partial derivative the F Pab do not countamong the elementary �elds but are given by the antisymmetrized �rst derivatives ofthe gauge �elds A Pm and the remaining F PMN . Equation (4.16) must not imply anydi�erential equations for the �elds but holds algebraically in the elementary �elds andtheir derivatives.In order to make this formalism more explicit I split the operators �M into the co-variant derivative Da, the supersymmetry transformations D�1 and internal symmetries�I including Lorentz transformations lab, Yang-Mills group actions �i, dilatations �W andR transformations �R (acting on D� only):f�Mg = fDA; �Ig; fDAg = fDa;D�g; f�Ig = flab; �i; �W ; �Rg (4.17)The algebra then reads [DA;DBg = �T CAB DC � F IAB �I (4.18)[�I ;DAg = �g BIA DB (4.19)[�I ; �J ] = f KIJ : (4.20)This way the structure functions achieve di�erent interpretations. The T CAB are thetorsions, the F IAB are the �eld strenghts. The �eld strenghts corresponding to Lorentztransformations are called curvatures. The g BIA are the representation matrices of the1The underlined index denotes Dirac spinors. In D=2 dimensions this convention is dropped.



CHAPTER 4. GAUGE COVARIANT ALGEBRAS 15internal symmetries and the f KIJ denote the structure constants of the Lie algebra. Thestructure functions and the corresponding symbols are collected in the following table :F CAB = T CAB F CIB = g CIB F CIJ = 0F IAB = F IAB F JIB = 0 F KIJ = �f KIJ (4.21)Inserting this in the Bianchi identities (4.5) one obtains the �rst Bianchi identity asthe coe�cient of the space-time symmetry transformations DA and the second Bianchiidentity as the coe�cient of the internal symmertry transformations �IBI 1 : fXABC(�)AC �DAT DBC + T EAB T DEC + F IAB g DIC � = 0 (4.22)BI 2 : fXABC(�)AC �DAF IBC + T EAB F IEC � ; (4.23)where the cyclic sum is given as in (4.6). The remaining identities are�IF JAB = �g EIA F JEB � (�)ABg EIB F JEA + (�)AI+BIF KAB f JKI (4.24)�IT CAB = �g EIA T CEB � (�)ABg EIB T CEA � (�)IA+IB+IET EAB g CIE : (4.25)This means that the torsion tensor T CAB and the �eld strenght F JAB transform under �Iaccording to their indices. Furthermore we �nd that the structure constant f KIJ is aninvariant tensor �If LJK = 0: (4.26)This holds since I assume that the structure constants ful�ll the Jacobi identityfXIJK f HIJ f LHK : (4.27)Analogous the representation matrices g BIA are invariant tensors due to the representationproperty of g BIA .4.2 BRST operatorIntroducing a ghost �eld ĈM for every in�nitesimal transformation �M the BRST oper-ator s is de�ned to act on tensor �elds according tosT i = ĈM�MT i (4.28)



CHAPTER 4. GAUGE COVARIANT ALGEBRAS 16as already stated in the second equation of (4.8). The grading of the ghost �elds is givenby jCM j = j�M j+ 1 mod 2: (4.29)The BRST operator is an odd graded, nilpotent operatorjsj = 1 (4.30)s2 = 0: (4.31)Furthermore I assume that s commutes with the partial derivative and that it acts triviallyon the coordinates xm and the di�erentials dxm[s; @m] = 0 (4.32)sxm = 0 (4.33)sdxm = 0: (4.34)The nilpotency of the BRST operator �xes the BRST transformations of the ghost �eldsĈP uniquely to sĈP = �(�)M 12ĈM ĈNF PNM ; (4.35)which may be checked for any closed and irreducible gauge algebra. The �rst equation in(4.32) allows to compute the BRST transformations of the connections A MmsA Pm = @mĈP � ĈMA Nm F PNM : (4.36)The consistency of these transformations with s2 = 0 is easily proved. Both s2CP = 0and s2A Pm = 0 are ful�lled due to the Bianchi identities.4.3 Generalized connectionsDue to the commutativity of the BRST operator s and the partial derivative @m and thefact that s acts trivially on the di�erentials dxm the BRST operater anticommutes withthe exterior derivative fs; dg = 0: (4.37)This may be used to de�ne the new nilpotent operator ~s~s := s+ d: (4.38)



CHAPTER 4. GAUGE COVARIANT ALGEBRAS 17Introducing the new ghost variables ~CM = ĈM +AM (4.39)allows us to write ~sT i = ~Cm�MT i (4.40)for ~s acting on tensor �elds. The formal identity of the algebras of s and ~s implies~s ~CP = �(�)M 12 ~CM ~CNF PNM : (4.41)Splitting (4.41) into parts with ghost number 0,1 and 2 yieldssĈP = �(�)M 12ĈM ĈNF PNM (4.42)sA P + dĈP = �ĈMA Nm F PNM (4.43)dA P = �(�)M 12AMANF PNM (4.44)which reproduces the BRST transformations of the ghosts ĈP and the connections A Pm .The last equation is equivalent to (4.15).I now make contact to the introduction where I introduced a new set of jet coordi-nates B = fU i;V i;W lg. As already mentioned the W i's are interpreted as generalizedconnections and tensor �elds, while the U 's and V's are called trivial pairs. Tensor �eldsare identi�ed with those W i's with vanishing total degree. Therefore tensor �elds havenecessarily vanishing ghost number and form degree. The W's with nonvanishing totaldegree are called generalized connections. Those with total degree 1 correspond to the~C's de�ned above.



Chapter 5
Bianchi identities
The next step following the discussion of the structure of gauge covariant algebras is toimpose constraints. Supersymmetric gauge theories necessarily have constraints imposed.This is so, since the connections introduced so far yield highly reducible theories. Thereare two types of constraints to be distinguished namely conventional constraints and non-conventional constraints. Conventional constraints are innocent in the sense that theycan be reached by covariant rede�nitions of the connections (and ghost �elds). Theyare used to bring the gauge algebra in a standard form. Di�erent types of theoriesare obtained by a particular choice of non-conventional constraints. In four dimensionsthere are three known supergravity theories, called old minimal, new minimal and non-minimal supergravity. Consistency of the constraints requires that the Bianchi identitiesare ful�lled. They usually imply additional constraints and the general parametrizationof the allowed �eld strenghts and torsions requires the introduction of auxiliary �elds.The choice of constraints and the evaluation of their consequences is a crucial pointin the construction of supersymmetric theories, since the constraints must not implyequations of motion for the �elds. On the other hand underconstrained theories do notallow equations of motion for the matter �elds of the type we expect, have higher spinsthan desired, etc.I discuss the procedure of imposing constraints and evaluating the Bianchi identitiesfor the case of two dimensional super-Yang-Mills theory and for pure two dimensionalsupergravity seperately before coupling the U(1) symmetry to supergravity. The tediousconsistency check of the constraints is somewhat shortened using the fact that not all ofthe Bianchi identities are algebraically independent [so81]. One of these `identities foridentities' arises in supergravity and is known as a theorem of N. Dragon [dr79]. A sketch



CHAPTER 5. BIANCHI IDENTITIES 19of the proof of this theorem is given.5.1 Bianchi identities in D=2 Super-Yang-Mills the-oryStarting with the covariant derivative and the well known covariantization of the spinorderivative Da = @a + Aa�g; D� = D� + A��g (5.1)we investigate the algebra of Da;D� and �g. The covariant derivatives do not commutebut give rise to �eld strenghts[DA;DBg = �T CAB DC � FAB�g; (5.2)where as in the previous chapter [:; :g denotes the graded commutator, while the commu-tation relations [�g;Da] = [�g;D�] = 0 (5.3)correspond to the fact that space time symmetries are inert to gauge transformations.The only non vanishing torsion in at space is given byT a�� = �2i(aC)��: (5.4)We now study the Bianchi identities to �x the algebra. The �rst Bianchi identityfX(�)AC �DAT DBC + T EAB T DEC + F IAB g DIC � = 0 (5.5)is trivial in at space with only internal symmetries. Before we study the second Bianchiidentity, we observe that we can absorb parts of the �eld strength F�� by a rede�nitionof the Yang-Mills �eld Aa. Computing the �eld strength in terms of the connections we�nd F�� = �D�A� �D�A� + 2i(aC)��Aa (5.6)so that F�� = 2i(�C)��� (5.7)can be imposed as conventional constraint. Since Aa can therefore be written in termsof covariant derivatives of A�, the A�'s are called prepotentials. We will �nd that noadditional constraint is needed.



CHAPTER 5. BIANCHI IDENTITIES 20The Bianchi identities for the �eld strenghts arefX(�)AC �DAF iBC + T DAB F iDC � = 0: (5.8)These are called the second BI's. Explicitly the BI's readdim[3=2] : dP�D�F� + T c�� Fc� = 0dim[2] : DaF�� +D�F�a +D�F�a + T b�� Fba = 0dim[5=2] : DaFb� +DbF�a +D�Fab = 0dim[3] : dPDaFbc = 0 (5.9)
To solve the BI with dimension [3/2] we decompose the �eld strength Fa� into a spinor �and a spin-vector � Fa� = (a) �� �� + �a� (5.10)where � carries the spin 3=2 component and satis�es the Rarita- Schwinger condition(a) �� �a� = 0 (5.11)Further we use our expression (5.7) for F�� to �nd that Fa� contains no spin 3=2 compo-nent: Fa� = (a) �� �� (5.12)where �� is given as D�� = (��)�.1 As a next step we solve the identity with dimension[2]. First we observe by contracting with (a)�� that D��� = 0. Therefore D��� may bedecomposed in the basis of ()-matrices intoD��� = (�C)�� + (bC)��vb: (5.13)Using this decomposition we �nd  = i=2"abFab and va = i" ba Db�. Putting the piecestogether we �nally obtainD��� = i=2(�C)��"abFab � i(�aC)��Da�: (5.14)To complete our results we �nd from the identity with dimension [5/2]D�Fab = �(bDa�)� + (aDb�)�: (5.15)The identity with dimension [3] contains no further information since it is ful�lled iden-tically. This completes the results of the investigation of the Bianchi identities.1Here we introduced the shorthand � := �� �.



CHAPTER 5. BIANCHI IDENTITIES 215.2 Bianchi identities in D=2 supergravityWe start our investigation of the Bianchi identities with the covariant derivative in curvedspace-time Da = Ema (@m � 12! abm lab � � �mD�) (5.16)where E ma denotes the inverse vielbeinE ma e bm = � ba ; e amE na = � nm ; (5.17)which allows us to change freely between `world-' and `Lorentz-indices'. Lorentz transfor-mations contribute to the covariant derivative through the Lorentz generators lab. The`Lorentz-' or `spin-connection' is denoted by ! abm . � �m denotes the Rarita-Schwinger �eldand describes the gravitino. The covariant derivative not containing the spinor derivativesD̂a = Ema (@m � 12! abm lab): (5.18)may be used alternatively2 but whether we use this form of the covariant derivative or theone given in (5.16) is a question of convenience [dr87]. The covariant derivative given in(5.16) is usually called supercovariant derivative. We start the investigation of the algebraof Da;D�; lab by imposing a set of constraints.5.2.1 ConstraintsThe usual set of standard constraints readsT a�� = �2i(aC)��; T cab = T �� = 0: (5.19)All of them are conventional constraints, since they can be achieved by rede�nitions ofthe connections. Especially the constraint T cab = 0 is well known from general relativityand allows us to compute the spin-connection entirely in terms of the vielbein and theRarita-Schwinger �eld.Before we are going to solve the Bianchi identities with the constraints given in (5.19)we turn to a peculiarity in supergravity. Due to a theorem stated by N. Dragon [dr79] it issu�cient in supergravity to consider only the identities which arise as the coe�cient of thecovariant derivative, i.e. the �rst Bianchi identities. The second Bianchi identities thenhold on account of the �rst ones and on account of the Ricci identity (5.20). Furthermorethe curvature is completely expressible in terms of torsions and its covariant derivatives.2Later I will use this form of the covariant derivative denoted with the symbol rm = e amD̂a to expresssupertransformations of certain quantities.



CHAPTER 5. BIANCHI IDENTITIES 225.2.2 Dragons theoremThe general commutator relation or Ricci identity[DA;DB] = �T CAB DC � F IAB �I (5.20)implies the Bianchi identities via the Jacobi identity for graded commutators. The �rstBianchi identity arises as the coe�cient of the covariant derivative, while the secondBianchi identity arises as the coe�cient of the structure group transformation. To givean idea of the proof we �rst introduce convenient shorthands for the identitiesfX(�)AC �DAT DBC + T EAB T DEC +R DABC � = I(1) DABC (5.21)fX(�)AC �DAR EBCD + T FAB R EFCD � = I(2) EABCD (5.22)where the �eld strenghts corresponding to Lorentz transformations, i.e. the curvatures,are denoted by R cdAB g D(ab)C = R DABC . From the second Bianchi identity we take thepart that is antisymmetric in all lower indicesI(2) EABCD � I(2) EBCDA + I(2) ECDAB � I(2) EDABC = 0: (5.23)This equation holds on account of the �rst Bianchi identity and the Ricci identity (5.20)applied to the torsion[DA;DB]T ECD = �T FAB DFT ECD +R FABC T EFD +R FABD T ECF � R EABF T FCD : (5.24)This is a nontrivial statement although equation (5.24) is a special form of the generalcommutator relation (5.20) which implies all Bianchi identities. Nevertheless equation(5.24) does in general not imply the second Bianchi identity, for example not in Rieman-nian geometry. To proove Dragons theorem one groups together cyclic sums of curvaturesin equation (5.23) and replaces them by making use of the �rst Bianchi identity. In thisway second derivatives of the torsion appear in terms of commutators, which one replacesby using the Ricci identity (5.24). Then one ends up with the equationT FAB I(1) EFCD � T FBC I(1) EFDA + T FCD I(1) EFAB � T FDA I(1) EFBC + T FAC I(1) EFDB +T FDB I(1) EFAC + I(1) FABC T EFD � I(1) FBCD T EFA + I(1) FCDA T EFB � I(1) FDAB T EFC = 0 (5.25)which holds on account of the �rst Bianchi identity.Now one has to use the restrictions on the curvature to show that equation (5.23)already implies the second Bianchi identityI(2) EABCD = 0: (5.26)



CHAPTER 5. BIANCHI IDENTITIES 23First we observe that the curvature is a generator-valued two form [wz77]. In N-extendedsupergravity the gauge group is restricted to be SL(2; C)� G, where G � U(N). Sincespinor and vector components are not mixed by gauge transformations all components ofthe curvature R DABC where C and D belong to di�erent representations of SL(2; C) haveto vanish. This restriction makes it possible to express all components of the curvature interms of torsions without the use of torsion constraints. Furthermore it is straightforwardto check that the second Bianchi identity follows from equation (5.23) since the last indexpair in I(2) EABCD has the properties of a generator. For example if D;E are given to bevectorial chosing A;B;C to be spinorial gives immediatelyI(2) b��a � I(2) b�a� + I(2) ba�� � I(2) ba�� = I(2) b��a = 0 (5.27)Similar calculations for all other index combinations complete the proof. The argumentsgiven here hold for N-extended supergravity in arbitrary dimensions.This theorem shortens the consistency checks in supergravity and furthermore showsthat constraints can be formulated as conditions for the torsions since the curvatures arecompletely expressible in terms of torsions.5.2.3 Solution of the Bianchi IdentitiesThe �rst BI's read fX(�)AC �DAT DBC + T EAB T DEC + F IAB g DIC � = 0: (5.28)This equation determines the curvature completely in terms of the torsion and its covariantderivatives. In our case the generators g DIC take the following simple form(gab) dc = "ab" dc ; (gab) �� = �12"ab(�) �� : (5.29)Writing R DABC for R IAB g DIC the curvatures readR dABc = �RAB 12"ab"ab" dc = RAB" dc (5.30)R �AB� = RAB 12"ab12"ab(�) �� = �12RAB(�) �� (5.31)



CHAPTER 5. BIANCHI IDENTITIES 24where R IAB = R abAB = �RAB 12"ab was used. Then the Bianchi identities take the followingform, where we already used our set of constraints given in (5.19) :dim[1/2]: d�� ) dPT e�� T de = 0dim[1]: ��� ) dPT e�� T �e +R ��� = 0d��c ) R d��c + T c� T d� + T c� T d� = 0dim[3/2]: c�ab ) R c�ab +R cb�a + T "ab T c"� = 0�a� ) D�T a� +D�T a� � R a�� �R a�� � T e�� T ea = 0dim[2]: dabc ) R dabc +R dbca +R dcab = 0�ab� ) DaT �b� �DbT �a� + T a� T �b � T b� T �a +D�T �ab +R �ab� = 0dim[5/2]: �abc ) dPDaT �bc + T ab T �c = 0(5.32)From the BI for dim=[1/2] we learn that T b�a = 0. In order to solve the Bianchi identitieswith dim=[1] we decompose R�� and T �a� in our basis of -matrices :R�� = Ra(aC)�� +R�(�C)�� (5.33)T �a� = ta� �a + t ba (b) �� + t�a(�) �� (5.34)Here we used R�� = R�� in the �rst equation, hence R�� contains no term proportionalto "��. After some algebra one ends up with the equationR� = �2it cc (5.35)and all other terms vanishing. Parametrizing the solution by a scalar �eld R� = iS we�nd R�� = iS(�C)�� (5.36)T �a� = 14S(a) �� : (5.37)From the equations for dim[3/2] one obtainsRa� = 2iT �(aC)�� (5.38)



CHAPTER 5. BIANCHI IDENTITIES 25by inserting the constraints into the Bianchi identity with the index picture c�ab . Thisyields "bcR�a + "acRb� = 2i"abT "(cC)"�: (5.39)where we used the antisymmetry of the torsion T �ab = "abT � and the generator valuednessof the curvature. By contraction with "ab and use of R�a = �Ra� we obtain the resultRa� = 2iT �(aC)�� (5.40)Inserting this equation into the Bianchi identity with the index picture a�� we obtainT� = 14(�) �� D�S (5.41)This is easily checked using R a�� = �1=2(�) � Ra� and the second equation in (5.36).At dimension 2 the identity with the index picture dabc reads"cdRab + "adRbc + "bdRca = 0: (5.42)Again using Rab = "abR we �nd that this identity is satis�ed on account of the identityin two dimensions "ab"cd + "bc"ad + "ca"bd = 0: (5.43)Further we obtain from the bianchi identity with index picture �ab�R = 14(S2 +D2S); (5.44)where D2 denotes D�D�.Therefore as the result of the investigation of the Bianchi identities our non-vanishingtorsions and curvatures are given asT a�� = 2i(aC)��T �a� = 14S(a) ��R�� = iS(�C)��T �ab = 14"ab(�)��D�SRa� = �12(a�) �� D�SRab = 14"ab(S2 +D2S) (5.45)



CHAPTER 5. BIANCHI IDENTITIES 265.3 Supergravity with U(1) symmetryConsidering supergravity with additional U(1) internal symmetry changes our previousresults obtained for pure supergravity and the Yang-Mills case seperatly in an obviousway. So the additional torsions T �a� and T �ab appear in the Bianchi identities for the �eldstrengths (5.8). We �nddim[3=2] : dP�D�F� + T c�� Fc� = 0dim[2] : DaF�� +D�F�a +D�F�a + T b�� Fba + T a� F� + T a� F� = 0dim[5=2] : DaFb� +DbF�a +D�Fab + T �ab F�� + T b� Fa � T a� Fb = 0dim[3] : dPDaFbc + T ab Fc = 0 (5.46)
This gives additional contributions to equations (5.14) and (5.15)D��� = i(a�C)��Da�+ i=2(�C)��"abFab + i(�C)��S� (5.47)D�Fab = �(bDa�)� + (aDb�)� � 2iT �ab (�C)���+ 12"abS(��)� (5.48)The Bianchi identity with dimension [3] remains trivial. The results of the supergravitypart remain unchanged, since the commutators of �g with Da and D� and therefore thecorresponding g BIA 's all vanish.



Chapter 6
Field content and BRSTtransformations
6.1 Field contentAs already mentioned in section (4.1) the invertibility of the vielbein allows it to solvethe equation [@m; @n] = 0 = [A Mm �M ;A Nn �N ]; (6.1)for the �eld strengths F Nab . As a consequence the �eld strengths with lower Lorentzindices do not count among the elementary �elds. From equation (6.1) we obtain@mA Pn � @nA Pm +A Mm A Nn F PNM = 0: (6.2)Using the inverse vielbein we �ndF Nab = E na E mb �@nA Nm � @mA Nn � e cmA �n F N�c �A �m e cn F Nc� �A �mA �n F N�� � ; (6.3)where we again used the notation introduced in section (4.1)fA Nm g = fe am ;A �m g; f�Ng = fDm;��g (6.4)for our set of connections and �-operations. This allows us together with the constraintT cab = 0 to compute the spin connection in terms of the vielbein and the gravitino! abm = EanEbk �![mn]k � ![nk]m + ![km]n�![mn]k = ekd@[ne dm] � i�nk�m: (6.5)



CHAPTER 6. FIELD CONTENT AND BRST TRANSFORMATIONS 28For the other �eld strenghts we �ndT �ab = E na E mb �rn� �m �rm� �n + (e cm� �n � � �m e cn )T �c� �= E na E mb �rn� �m �rm� �n + 14S(�nm)� � 14S(�mn)�� (6.6)R cdab = E na E mb �@n! cdm � @m! cdn � ! cen ! dme + ! cem ! dne� (� �m e en � e em� �n )R cde� � � �m � �n R cd�� � (6.7)Fab = E na E mb �@nAm � @mAn � (� �m e cn � e cm� �n )Fc� � � �m� �n F���= E na E mb (@nAm � @mAn � (�mn�) + (�nm�)� 2i(�m�C�n)�) (6.8)with rn� �m = @n� �m � 12! abn lab� �m : (6.9)Together with the results of the previous chapter equation (6.6) allows us to solve equation(5.45) for the supersymmetry transformation of the auxiliary �eld S. UsingT �ab = 14"ab(�)��D�S (6.10)one obtains D�S = �4(�C)��"nmrn� �m + i(mC)����mS: (6.11)6.2 BRST-TransfomationsThe BRST-operator s was introduced in section (4.1) requiring that s acts on tensor �eldsaccording to sT i = ĈM�MT i; (6.12)where ĈM denotes the ghosts introduced for every in�nitesimal symmetry transformation�M . Further we require the nilpotency of the BRST-operator and that it commutes withthe partial derivative s2 = [s; @m] = 0: (6.13)From s2 = 0 we obtain the BRST-transformations of the ghosts and [s; @m] = 0 gives theBRS-transformations of the connections A Mm , since the partial derivative on tensor �eldsreads @mT = A Mm �MT (6.14)



CHAPTER 6. FIELD CONTENT AND BRST TRANSFORMATIONS 29Thus we obtain sĈP = �12(�)N ĈN ĈMF PMN (6.15)sA Pm = @mĈP � ĈMA Nm F PNM : (6.16)A more familiar form of the transformations is obtained by a rede�nition of the ghostsĈ� = C� + CmA �m ; Cm = ĈaE ma : (6.17)The BRST-transformations then readsA Pm = Cn@nA Pm + (@mCn)A Pn + @mCP � CNA Mm F PMN (6.18)sCn = Cm@mCn � 12(�)MCMCNF nNM (6.19)sC� = Cm@mC� � 12(�)MCMCN (F �NM �F mNM A �m ) (6.20)Since the ghost Cm corresponds to the vector �eld entering the Lie derivative we renamethe di�eomorphism ghost and the supersymmetry ghostCm � �m; C� � �� (6.21)Applying these results to the case of D=2 supergravity including a U(1)-transformationwe �nd for the BRST-transformations of the connectionsse am = �n@ne am + (@m�n)e an � ��� �m T a�� + C ab e bms� �m = �n@n� �m + (@m�n)� �n + @m�� � ��e amT �a�+14��! abm "ab(�) �� � 14Cab� �m "ab(�) ��s! abm = �n@n! abm + (@m�n)! abn + @mCab � ��� �mR ab�����e cmR abc� + Cac! bmc � Cbc! amcsAm = �n@nAm + (@m�n)An + @mC���� �mF�� � ��e amFa� (6.22)The transformations of the ghosts then reads�n = �m@m�n + 12����T n��s�� = �m@m�� � 12���T m� � �m � 14Cab��"ab(�) ��sCab = �m@mCab + 12����R ab�� � 12����T m�� ! abmsC = �m@mC + 12����F�� � 12����T m�� Am (6.23)



CHAPTER 6. FIELD CONTENT AND BRST TRANSFORMATIONS 30The BRST transformation of the gravitational auxiliary �eld S is obtained from (6.12)by using (6.11) sS = �n@nS � 4�(�C)�"nm�n� �m + i �(mC)�� �m S: (6.24)Eventually the BRST transformations of the gaugino �b, the Yang-Mills auxiliary �eld� and the �eld strength Fab are obtained from (6.12). The supersymmetry transforma-tions contained in the BRST transformations are taken from the solutions of the Bianchiidentitiess� = �n@n�+ ��(�) �� ��s�� = �n@n�� + �� � i2(�C)��"abFab � i(�aC)��Da�+ i(�C)��S��+14Cab"ab(�) � �sFab = �n@nFab + �� �(aDb�)� � (bDa�)� � 2iT �ab (�C)���+ 12"abS(��)���12C ea Feb � 12C eb Fae (6.25)



Chapter 7
Beltrami Parametrization
Beltrami di�erentials parametrize conformal classes of two-dimensional metrics. There-fore conformal properties of two-dimensional �eld theories coupled to gravity are mostconveniently discussed in terms of these quantities.In the Beltrami parametrization the BRST algebra factorizes into two independentsubstructures. It is the aim of this chapter to line out the crucial steps in the constructionof the Beltrami di�erentials and the Beltrami ghost variables found by Becchi [be88]. Inthe supersymmetric case the Beltrami variables acquire suitable supersymmetric partnerssuch that the factorization of the BRST algebra remains manifestly realized [dg90].7.1 Two approachesBeltrami coe�cients may be introduced in two di�erent though equivalent ways. Inthe so called Riemannian surface formalism they parametrize complex structures. Inthe `metric approach' the Beltrami di�erentials parametrize conformal classes of metrics.First a short introduction to both approaches is given following closely the lines of [dg90],where a few remarks on light-cone coordinates are included. Then before turning to thesupersymmetric generalization in the following chapter the bosonic case is investigated insome detail using the metric approach.



CHAPTER 7. BELTRAMI PARAMETRIZATION 327.1.1 Parametrization of complex structuresIn this approach one works on a Riemann surface M , i.e. a connected, topological 2-manifold which is equipped with a complex structure or equivalently with a conformalclass of metrics. A complex structure is a collection of complex local coordinates. Thoselocal coordinates have the property that two sets of such local coordinates are related bya holomorphic coordinate transformation. We consider the line element ds2 in terms ofisothermal coordinates dZ dZ = �(z; �z)[dz + d�z �(z; �z)] (7.1)d �Z = ��(z; �z)[d�z + dz ��(z; �z)] (7.2)ds2 / jdZj2; (7.3)where (z; �z) denotes a reference system of holomorphic coordinates. The functions �(z; �z)and �(z; �z) are smooth complex valued. The condition d(dZ) = 0 implies that �(z; �z)satis�es the di�erential equation(�@ � �@)� = (@�)�; �@ := @�z; @ := @z (7.4)and may therefore be viewed as an integrating factor for the relation d(dZ) = 0. Thefunction � is called Beltrami di�erential.Considering in�nitesimal changes of coordinates generated by a vector �eld (�; ��) theinduced variaton of Z(z; �z) is described by the Lie derivative��Z = L�Z = i�(dZ) = �[� + ���]: (7.5)The transformation laws for � and � are obtained by evaluating the variation of dZ intwo di�erent ways ��(dZ) = d(��Z) (7.6)and comparing the coe�cients of dz and d�z. This yields [dg90]��� = (�@ � �@ + (@�))(� + ���) (7.7)��� = @((� + ���)�): (7.8)The algebra of the BRST operator is obtained by replacing the vector �eld (�; ��) by thedi�eomorphism ghosts (c; �c) and replacing �� by s. The nilpotency of s requiress2Z = 0 = (sC � C@C)� (7.9)



CHAPTER 7. BELTRAMI PARAMETRIZATION 33and thereby sC = C@C (7.10)where Becchi's [be88] reparametrization of the ghost �elds is usedC = c+ �c � (7.11)which ensures the holomorphic factorization of the BRST variations of � and �.7.1.2 The `metric approach'The metric approach works on a Riemannian 2-manifold (M,g). The line element canalways be written as ds2 = j�j2jdz + d�z�j2; (7.12)where the complex notationdz = dx+ idy; d�z = dx� idy; (7.13)has been introduced. The smooth and complex valued functions �(z; �z) and �(z; �z) arecalled the conformal factor and the Beltrami coe�cient. Equation (7.12) is referred toas the Beltrami parametrization of the metric. Since the Beltrami coe�cient is inertunder structure group transformations consisting of Weyl and Lorentz transformations itparametrizes conformal classes of metrics. Weyl transformations of the metric are simplyrescalings of the conformal factor �.Considering in�nitesimal reparametrizations of the manifold one determines the trans-formation laws of � and � to be [dg90]��� = (�@ � �@ + (@�))(� + � ��) (7.14)��� = (�@ + �� �@)�+ �(@� + � @ ��) (7.15)In this case the holomorphic factorization is realized for the Beltrami coe�cient � but notfor the conformal factor �. Comparing these results with the parametrization of complexstructures one �nds combining the di�erential equation for � (7.4) and the transformationlaw given in the second equation (7.7)��� = (�@ + �� �@)�+ �(@� + � @ ��); (7.16)which is of the same form as the transformation law for the conformal factor. Since theconformal factor � does not satisfy any di�erential equation it is not possible to achievethe holomorphic factorization.



CHAPTER 7. BELTRAMI PARAMETRIZATION 347.1.3 Light-cone coordinatesConsidering a metric with Lorentzian signature one has two linearly independent naturalvector �elds de�ned by the two independent null vectors at each point. In a correspondingcoordinate system (�+;��) the metric is o� diagonal. The line element is therefore givenas ds2 / d�+d��: (7.17)Given a reference coordinate system (�+; ��) the light-cone coordinates are given by therelation d�+ = �(d�+ + h d��); (7.18)d�� = ��(d�� + �h d�+): (7.19)In this case h parametrizes the contribution of d�� to d�+ in the direction of �+ andtherefore has a simple geometrical interpretation. Now I compare the line elements rep-resented in the di�erent coordinate systems (�+; ��) and (�+;��) where the metric ofthe reference coordinate system is denoted bygmn = 0@ g++ g+�g+� g�� 1A : (7.20)This yields(d�+; d��)0@ 0 11 0 1A0@ d�+d�� 1A / (d�+; d��)0@ g++ g+�g+� g�� 1A0@ d�+d�� 1A ; (7.21)and thereby HT � �T 0@ 0 11 0 1A� �H / 0@ g++ g+�g+� g�� 1A ; (7.22)where I introduced the notation� = 0@ � 00 �� 1A ; H = 0@ 1 h�h 1 1A : (7.23)If one restricts the procedure to conformal classes of metrics it is possible to promote the`/' sign to a `=' by dividing the right hand side of (7.22) by g = detgmn and suppressingthe scaling factor ��� on the left hand side. Then h and �h are expressible in terms ofcomponents of the metric h = g��g+� +pg ; (7.24)�h = g++g+� +pg : (7.25)



CHAPTER 7. BELTRAMI PARAMETRIZATION 35I consider a conformally invariant two dimensional model where the BRST operator actson the metric corresponding to the transformation under two dimensional di�eomorphismsand local dilatations sgmn = �l@lgmn + gln(@m�l) + gml(@n�l) + cgmn; (7.26)where the indices take the values f+;�g. �m denotes the di�eomorphism ghosts and c isthe ghost for local dilatations. The BRST transformations of the ghosts then reads�n = �l@l�n (7.27)sc = �l@lc: (7.28)It is then easily veri�ed that h as given in 7:24 transforms according tosh = (�@ � h@ + (@h))C; @ := @+; �@ := @�; (7.29)where C = �+ + h�� denotes a combination of the di�eomorphism ghosts. The transfor-mation law of the new ghost variables is given bysC = C@C: (7.30)Thus the BRST algebra in the new set of variables fh; �h; C; �Cg factorizes into two inde-pendent substructures. Therefore fh; �hg may be viewed as Beltrami variables.7.2 Bosonic theoryBefore I turn to the supersymmetric case I want to introduce the main concepts usedlater in the discussion of the supersymmetric theory based on a discussion of the purelybosonic case.Since local frames are a useful tool in describing gravity theories I introduce a para-metrization of the vielbein rather than a parametrization of the metric. Working withthe vielbein one requires Lorentz invariance in addition and thus the symmetry trans-formations include di�eomorphisms, local Lorentz and local Weyl transformations. Thesymmetries entail the corresponding ghosts, i.e. the di�eomorphism ghosts, Lorentz ghostsand Weyl ghosts.The conformal properties of two dimensions are conveniently described in terms ofcoordinates (�+; ��) [gr90] �� = �0 � �1 (7.31)



CHAPTER 7. BELTRAMI PARAMETRIZATION 36and derivatives @� = 12 (@0 � @1) : (7.32)I introduce a parametrization of the moving framee� = e0 � e1 (7.33)in the form of e+ = (d�+ + d��� +� )e ++ (7.34)e� = (d�� + d�+� �+ )e �� : (7.35)The coe�cients � +� = e +�e ++ ; � �+ = e �+e �� ; (7.36)are called the Beltrami di�erentials. The conformal factors are e ++ and e �� . The Bel-trami di�erentials are inert under structure group transformations. The structure grouptransformations are entirely carried by the conformal factors. Following section (6.2) theBRST transformation of the vielbein reads in the bosonic casese am = �n@ne am + (@m�n)e an + C ab e bm + ce am ; (7.37)where �n denotes the di�eomorphism ghosts, Cab is the Lorentz ghost and c denotes theWeyl ghost respectively. The BRST transformations of the ghosts reads�n = �m@m�nsCab = �m@mCabsc = �m@mc: (7.38)The BRST transformations of the Beltrami di�erentials are then easily checked to bes� +� = (@� � � +� @+ + (@+� +� ))(�+ + � +� ��);s� �+ = (@+ � � �+ @� + (@�� �+ ))(�� + � �+ �+): (7.39)Here again Becchi's reparametrization of the ghost �elds turns up. The new ghost �elds� = (�+ + � +� ��); �� = (�� + � �+ �+) (7.40)transform according to s� = �@�; @ � @+s�� = �� �@��; �@ � @�: (7.41)



CHAPTER 7. BELTRAMI PARAMETRIZATION 37The conformal factors e ++ and e �� form trivial pairs with appropriate rede�nitions of theWeyl and Lorentz ghost. Thus they drop completely out of the cohomological analysis,since they count among the U 's and V's.Introducing an additional U(1) symmetry the BRST transformations of the gauge �eldAm an the abelian ghost Ca readsAm = �n@nAm + (@m�n)An + @mCasCa = �n@nCa (7.42)Rede�ning the abelian ghost Ca ! Ca + �nAn (7.43)the BRST transformations read in the new variablessA = @Ca � (�� � ���)F as �A = �@Ca + (� � � ��)F asCa = ���F a: (7.44)where F a = 12 11� ���"nmF anm; F anm = @nAm � @mAn (7.45)denotes the U(1) �eld strength. The abelian gauge �elds form trivial pairs with derivativesof the abelian ghost, while the undi�erentiated abelian ghost, the �eld strength andits covariant derivatives enter the cohomological analysis as generalized connections andtensor �elds. For a detailed analysis of the bosonic D-string see [br97].



Chapter 8
Dirichlet-Superstrings
In this chapter I work out the supersymmetric extension to the concepts introduced inthe previous chapter for the purely bosonic case. The Dirichlet-Superstring can be for-mulated as a D = 2 supergravity coupled to string coordinates with an additional U(1)symmetry on the world sheet. Thus the starting point will be two dimensional (1; 1)supergravity superconformally coupled to string coordinates. The model is characterizedby the �eld content and its symmetry transformations. In this case the set of �elds con-sists of the gravitational multiplet, i.e. the vielbein e am , the gravitino or Rarita-Schwinger�eld � �m and the auxiliary �eld S to close the algebra o�-shell and the matter multi-plet �M = fXM ;  M� ; FMg. The gauge invariances of the theory are invariance underlocal di�eomorphisms, local Lorentz and super-Weyl invariance and local supersymme-try. As we will see, the o�-shell nilpotency of the BRST-operator requires an additionalbosonic symmetry transformation acting on the auxiliary �eld S, which we will refer toas `auxiliary Weyl transformation', since it ensures the o�-shell nilpotency of the BRSTtransformations in the super-Weyl ghost sector.The ghost �elds associated with the gaugesymmetries are denoted by �m for the di�eomorphism ghosts, Cab for the Lorentz ghost,CW for the Weyl ghost, �� for the super-Weyl ghosts and �� for the supersymmetryghosts. The ghost for the `auxiliary Weyl transformation' is denoted by W . This �xesthe �eld content to	A = fe am ; � �m ; S;XM ;  M� ; FM ; �m; ��; Cab; CW ; ��;Wg (8.1)The starting point will be the BRST transformations of D=2 supergravity without super-Weyl invariance, which we computed in section (6.2). Then I add the corresponding Weyltransformations of the �elds and require the o�-shell nilpotency of the BRST transforma-tions. This will lead to the introduction of a fermionic and an additional bosonic symmetry



CHAPTER 8. DIRICHLET-SUPERSTRINGS 39transformation, which together with the Weyl transformation imply the super-Weyl in-variance of the theory. As the next step I introduce the super-Beltrami parametrizationfor two dimensional super-Weyl invariant supergravity, which establishes the factoriza-tion of the BRST algebra. Then I map the cohomological problem from the space of localfunctionals to the space of local total forms. This will be the �rst step in the constructionof contracting homotopies. The new local jet coordinates for the supergravity part areconstructed and a list of the �rst few tensor �elds is given. Then essentially the sameprocedure is carried out for the U(1) sector. In the last section a compilation of the mainresults is given.8.1 Super-Weyl invarianceAs already computed in section (6.2) the BRST transformations of two dimensional su-pergravity are se am = �n@ne am + (@m�n)e an � ��� �m T a�� + C ab e bms� �m = �n@n� �m + (@m�n)� �n + @m�� � ��e amT �a�+14��! abm "ab(�) �� � 14Cab� �m "ab(�) ��sS = �n@nS � 4�(�C)�"nmrn� �m + i �(mC)�� �m Ss�n = �m@m�n + 12����T n��s�� = �n@n�� � 12���T m� � �m � 14Cab��"ab(�) ��sCab = �m@mCab + 12����R ab�� � 12����T m�� ! abm : (8.2)The torsions and �eld strenghts arising in these equations are listed in equation (5.45). Inorder to describe matter �elds I introduce the multiplet fXM ;  M� ; F Fg, which transformsunder local supersymmetry according toD�XM =  M�D� M� = D�D�XM = 12fD�;D�gXM + 12[D�;D�]XM= i(aC)��DaXM + C��FMD�FM = (a) �� Da M� (8.3)The BRST-operator acts on these �elds bysXM = �m@mXM + �� M�



CHAPTER 8. DIRICHLET-SUPERSTRINGS 40s M� = �m@m M� � 12��T m�� (@mXM � � m M ) + ��C��FM + 14Cab"ab(�) ��  M�sFM = �m@mFM + ��(m) �� n@m M� � 14! abm "ab(�) �  M+12� mT n� (@nXM � � �n  M� )� � mC�FMo (8.4)Now I introduce the Weyl transformation as a new symmetry transformation. The in-�nitesimal local Weyl transformation of the vielbein is given by�We am = � e am ; (8.5)where � denotes the transformation parameter. The transformation of the invers vielbeinis immediatly obtained from�W � ba = �W (E ma e bm) = 0 ) �WE ma = ��E ma (8.6)The Weyl weights of the other �elds are listed in the following tablee am � �m S XM  M� FMWeyl weight 1 12 �1 0 �12 �1 (8.7)The introduction of the Weyl rescaling gives rise to additional terms in the BRST trans-formation of the �elds according to their Weyl wheigt, with the transformation parameter� replaced by the Weyl ghost CW .I then require the o�-shell nilpotency of the BRST-operator. As might be already ex-pected from counting the bosonic and fermionic degrees of freedom the o�-shell nilpotencyrequires an additional fermionic symmetry. This manifests in the fact that the BRST-operator is not nilpotent on the gravitino. The additional transformation introduced inthis way is a local fermionic transformation acting on the gravitino [wi]�SW� �m = i��(m) �� ; (8.8)where � is an arbitrary Majorana spinor. Together with this fermionic symmetry comesanother local bosonic symmetry [fu95], which balances the bosonic and fermionic degreesof freedom and ensures the o�-shell nilpotency of the BRST-operator on the auxiliary�eld of the gravitational multiplet. I refer to this bosonic transformation as `auxiliaryWeyl transformation'. It is associated with a shift of the auxiliary �eld S by an arbitraryfunction � S ! S + �: (8.9)



CHAPTER 8. DIRICHLET-SUPERSTRINGS 41Altogether these transformations are called super-Weyl transformations. The completelist of BRST transformations including super-Weyl transformations readsse am = �n@ne am + (@m�n)e an � ��� �m T a�� + C ab e bm + CW e ams� �m = �n@n� �m + (@m�n)� �n + @m�� � ��e amT �a� + 12CW� �m + i��(m) ��+14��! abm "ab(�) �� � 14Cab� �m "ab(�) ��sS = �n@nS � 4�(�C)�"nmrn� �m + i �(mC)�� �m S � CWS +Ws�n = �m@m�n + 12����T n��s�� = �n@n�� � 12���T m� � �m � 14Cab��"ab(�) �� + 12CW ��sCab = �m@mCab + 12����R ab�� � 12����T m�� ! abm � 2����(�C)��"absCW = �n@nCW + 2����s�� = �n@n�� � 14Cab��"ab(�) �� + i��(n) �� �12@nCW � ��n�� 12CW�� + ��WsW = �n@nW � 4i��(mC)�� �rm�� � 14� �mW � i2� m (n) � (@nCW )��4��� �m (mnC)����n � CWW: (8.10)In these equations the ghosts corresponding to the additional symmetries are denotedby �� for the fermionic symmetry and W for the `auxiliary Weyl transformation'. Sincethe spin connection depends on the vielbein and the gravitino it also transforms undersuper-Weyl transformations�W! abm = �" nm (@n�)"ab�! abm = ��2����m(�C)�� + 2" nm ���n�� "ab (8.11)The BRST transformation of the spin connection then readss! abm = �n@n! abm + (@m�n)! abn + @mCab � ��� �mR ab�� � ��e cmR abc�+Cac! bmc � Cbc! amc � " nm (@nCW )"ab+ ��2����m(�C)�� + 2" nm ���n�� "ab (8.12)The BRST transformations of the matter multiplet including the Weyl transformationsare given bysXM = �m@mXM + �� M�



CHAPTER 8. DIRICHLET-SUPERSTRINGS 42s M� = �m@m M� � 12��T m�� (@mXM � � m M ) + ��C��FM+14Cab"ab(�) ��  M� � 12CW M�sFM = �m@mFM + ��(m) �� n@m M� � 14! abm "ab(�) �  M+12� mT n� (@nXM � � �n  M� )� � mC�FMo� CWFM (8.13)8.2 Factorization of the BRST algebraAs already shown in the non-supersymmetric case the BRST algebra factorizes in theBeltrami parametrization in two independent substructures. These are described by theBeltrami di�erentials � and suitable combinations of the di�eomorphism ghosts �m andtheir conjugates.As it is not hard to guess in the supersymmetric generalization the Beltrami di�erential� acquires a fermionic partner �, the Beltramino. The super-Beltrami parametrizationis therefore characterized by the doublets (�; �) and (��; ��). As in the bosonic case theparametrization of the vielbein is given bye+ = (d�+ + d��� +� )e ++ (8.14)e� = (d�� + d�+� �+ )e �� : (8.15)The coe�cients � +� and � �+ are the Beltrami di�erentials� := � +� = e +�e ++ ; (8.16)�� := � �+ = e �+e �� ; (8.17)where I introduced a di�erent notation for the sake of brevity. The fermionic superpartnersare suitable combinations of the gravitino �elds� := is 8e ++ �� 2� � �� 2+ � (8.18)�� := is 8e �� �� 1+ � ��� 1� � : (8.19)The numerical factor in the de�nition of the Beltraminos ensures that the BRST algebratakes the same form as in [dg90]. Again the super-Beltrami parametrization has the



CHAPTER 8. DIRICHLET-SUPERSTRINGS 43important feature that the Beltrami di�erential and its superpartner are inert understructure group transformations, i.e. under Lorentz and Weyl transformations�L� = �L�� = 0 �W� = �W �� = 0�L� = �L�� = 0 �W� = �W �� = 0 (8.20)and super-Weyl transformations�SW� = s 8e ++ � �e a� (a) 2 � �e a+ (a) 2 � = 0�SW �� = s 8e �� � �e a+ (a) 1 � ��e a� (a) 1 � = 0; (8.21)where I used the expressions for + and + as given in appendix (B). There I collectedsome useful formulas on super-Beltrami variables. The new ghost variables, which replacethe di�eomorphism ghosts and the supersymmetry ghosts are� := (�+ + ���) (8.22)�� := (�� + ���+) (8.23)" := (�̂2 + ���); �̂2 := s 8e ++ �2 (8.24)�" := (�̂1 + �+��); �̂1 := s 8e �� �1 (8.25)Using the new variables it is readily veri�ed that the BRST algebra factorizes in twoindependent substructures, if one keeps in mind that the torsion T a�� is given byT +22 = 4i; T �11 = 4i: (8.26)The BRST transformations of the Beltrami di�erential, the Beltramino and the new ghostsreads s� = ��@ � �@ + (@�)� � � 12�"s�� = �@ � ���@ + (�@��)� �� � 12 ���"s� = ��@ � �@ + 12(@�)� "+ �@� + 12�@�s�� = �@ � ���@ + 12(�@��)� �"+ �� �@ ��+ 12 ���@��s� = �@� � 14""



CHAPTER 8. DIRICHLET-SUPERSTRINGS 44s�� = �� �@�� � 14 �"�"s" = �@"� 12"@�s" = �� �@�"� 12 �"�@�� (8.27)Expressing the BRST transformations of the di�eomorphism ghosts �m and the super-symmetry ghosts �� in terms of the Beltrami di�erential and the Beltramino one obtainss�+ = (�+@+ + ��@�)�+ + i4 1(1� ���)(�̂2�̂2 + ��̂1�̂1); (8.28)s�̂2 = (�m@m) �̂2 � 12 �̂2 �@�+ + ��@���� i4 1(1� ���) ��̂1�̂1 � ���̂2�̂2��: (8.29)These are the structure relations of the �eld dependent Lie algebra as found in [dg90] byprojection from superspace and using a Wess-Zumino supergauge.After the factorization of the BRST algebra is established the next step in the com-putation of the covariant variables is to remove the trivial pairs from the chomology.8.3 Generalized connections and tensor �eldsThe construction of contracting homotopies which reduce the cohomological problem con-siderably is a crucial step in the computation of the cohomology. The �rst step is to mapthe cohomological problem from the space of local functionals to the cohomology of ~s~s = s+ d (8.30)in the space of local total forms. A total form is simply a sum of local forms with di�erentform degrees and ghost numbers [br96]. The switch from s to ~s is straihtforward sincethe s transformations turn into the ~s transformations by the replacement�n ! ~�n = �n + d�n: (8.31)The switch from s to ~s simpli�es some arguments such as the proof that the solutionsof the cohomology do not depend explicitly on the coordinates. As a consequence of thesubstitution rule (8.31) the new ghost variables read� ! ~� = � + d�+ + �d���� ! �~� = �� + d�� + ��d�+" ! ~" = "+ d����" ! �~" = �"+ d�+��: (8.32)



CHAPTER 8. DIRICHLET-SUPERSTRINGS 45The ~s transformations of the �elds then read~s� = ��@ � �@ + (@�)� ~� � 12�~"~s� = ��@ � �@ + 12(@�)� ~"+ ~�@� + 12�@~�~s~� = ~�@~� � 14 ~"~"~s~" = ~�@~"� 12 ~"@~� (8.33)with analogous transformations for f��; ��; ~��; ~�"g. The U i's arefU ig = f�m; @m �@n�; @m �@n�; @m �@n��; @m �@n ��; @m �@ne �� : m;n = 0; 1; : : :g (8.34)The corresponding V i's replace one by one the d�m, the Lorentz and Weyl ghosts, the@~��; �@~� and the @~�"; �@~" and all their derivatives due to~s�m = d�m~s� = �@~� + : : :~s�� = @~�� + : : :~s� = �@~"+ : : :~s�� = @~�"+ : : :: : : (8.35)The in�nite set of generalized connections is then given by f~�; ~��; ~"; ~�"g and the remainingderivatives. I introduce the following notation for the generalized connectionsf ~CNg = f~�p; ~��p; ~"p+ 12 ; ~�"p+ 12 : p = �1; 0; 1; : : :g; (8.36)with ~�p = 1(p+ 1)! @p+1~�~��p = 1(p+ 1)! �@p+1~��~"p+ 12 = 12 1(p+ 1)! @p+1~"~�"p+ 12 = 12 1(p+ 1)! �@p+1~��: (8.37)The in�nite set of the correponding �'s is denoted byf�Ng = fLp; �Lp; Gp+ 12 ; �Gp+ 12 : p = �1; 0; 1; : : :g: (8.38)



CHAPTER 8. DIRICHLET-SUPERSTRINGS 46Hence, the ~s transformation on tensor �elds may be expressed as~sT i = Xp��1�~�pLp + ~��p �Lp + ~"p+ 12Gp+ 12 + ~�"p+ 12 �Gp+ 12� T i: (8.39)The ~s transformation of the generalized connections contains the the structure functionsof the algebra of the corresponding �'s. The ~s transformations implied by the transfor-mations (8.33) read ~s~�p = �12 ~�q~�rf prq � 12 ~"a~"bf pab= �12 ~�q~�r(r � q)�pr+q � 12 ~"a~"b2�pa+b (8.40)~s~"a = �12 ~�p~"cf acp � 12 ~"c~�pf apc= �~"c~�p �p2 � c� �ap+b: (8.41)Hence the the structure functions are all constants and the algebra of the �'s forms twocopies of the super-Virasoro algebra [ta96][Lp; Lq] = (p� q)Lp+q; fGa; Gbg = 2La+b; [Lp; Ga] = �p2 � a�Gp+a; (8.42)with the analogous formulas for the �L's and �G's and furthermore[Lp; �Lq] = 0; fGa; �Gbg = 0; (8.43)[Lp; �Ga] = 0; [ �Lp; Ga] = 0: (8.44)This algebra is realized on the set of tensor �elds given byfT ig = fT im;n : m;n = 0; 1; 2; : : :g (8.45)where the T im;n are T im;n = (L�1)m(�L�1)n	i: (8.46)A list of the explicit expressions for the �rst few tensor �elds T im;n is given later. Thealgebraic representation of the �'s on the tensor �elds is derived by the use of the algebraand the fact that Lp T i0;0 = �Lp T i0;0 = 0; p � 0 (8.47)Ga T i0;0 = �Ga T i0;0 = 0; a � 12 (8.48)



CHAPTER 8. DIRICHLET-SUPERSTRINGS 47This follows from the characterization of tensor �elds by ~sT i0;0 = ~CN�NT i0;0. Further Ide�ne the matter multiplet 	i = fXM ;  M ; � M ; FMg according toG� 12XM =  M ; �G� 12XM = � M ; G� 12 �G� 12XM = iFM (8.49)One can show by explicit calculation that the so de�ned matter multiplet corresponds tothe one introduced in equation (8.3) by a mere rede�nition with conformal factors e ++ ; e ��in order to make them invariant under structure group transformations. In general a �eld	i carrying the chiral weights (r; l) is rede�ned by	i ! (e ++ )r(e �� )l	i: (8.50)According to this the matter multiplet of equation (8.3) is rede�ned byXM ! XM M ! (e ++ ) 12 M2� M ! (e �� ) 12 M1FM ! (e ++ ) 12 (e �� ) 12FM (8.51)On these �elds the algebra of the �'s is represented byLpXMm;n=8>><>>: (p+ 1)!Pm�pk=1 0@ k + p� 1p 1AXMm�p;n = m!(m�p�1)!XMm�p;n for p < m,0 for p � m. (8.52)�LqXMm;n=8>><>>: (q + 1)!Pn�qk=1 0@ k + q � 1q 1AXMm;n�q = n!(n�q�1)!XMm;n�q for q < n,0 for q � n. (8.53)The action of Ga and �Ga is given byGp+ 12XMm;n = ( m!(m�p�1)! Mm�p�1;n for p < m,0 for p � m. (8.54)�Gq+ 12XMm;n = ( n!(n�q�1)! � Mm;n�q�1 for q < n,0 for q � n. (8.55)The action on the other �elds is then easily obtained using the relations[Lp; G� 12 ] = 12 (p+ 1)Gp� 12 ; fGp+ 12 ; G� 12g = 2Lp (8.56)and the analogous formalas for �L and �G which are special cases of the general commutationrelations (8.42). One then obtainesLp Mm;n = ( m!(m�p)! �m� p+ 12(p+ 1)� Mm�p;n for p < m,0 for p � m. (8.57)Gp+ 12 Mm;n = ( m!(m�p�1)!XMm�p;n for p < m,0 for p � m. (8.58)



CHAPTER 8. DIRICHLET-SUPERSTRINGS 48with the obvious formulas for �L and �G acting on � Mm;n. Furthermore one obtaines by usingthe algebra �Gq+ 12�Mm;n = ( i n!(n�q�1)!FMm;n�p�1 for q < n,0 for q � n. (8.59)again with the obvious result for Gp+ 12 acting on � Mm;n. And �nallyLpFMm;n = ( m!(m�p)! �m� p+ 12(p+ 1)�Fm�p;n for p < m,0 for p � m. (8.60)Gp+ 12FMm;n = ( m!(m�n�1)! � Mm�p;n for p < m,0 for p � m. (8.61)This completes the representation of the super-Virasoro algebra on the matter �elds 	i =fXM ;  M ; � M ; FMg. Due to these formulas the ~s transformations of the matter multipletsand moreover of theW's constructed out of them are local expressions, since only �nitelymany summands contribute to the transformations.8.4 Covariant derivativesAs may already been observed the operators L�1 and �L�1 alredy serve as covariant deriva-tives on the matter �elds. It is easy to make contact to the results in literature by pullingout the 1-forms contained in the generalized connections. From the equations (8.32) and(8.3) one reads o� ~�p = �p +Ap; ~��p = ��p + �Ap;~"p+ 12 = "p+ 12 +Ap+ 12 ; ~�"p+ 12 = �"p+ 12 + �Ap+ 12 ; (8.62)and thus gets explicitelyAp = 0B@ � p�1Mp 1CA �Ap = 0B@ �Mp� p�1 1CA ;Ap+ 12 = 0B@ 0Ap+ 12 1CA �Ap+ 12 = 0B@ �Ap+ 120 1CA ;Mp = 1(p+1)!@p+1� �Mp = 1(p+1)!@p+1��;Ap+ 12 = 12 1(p+1)!@p+1� �Ap+ 12 = 12 1(p+1)!@p+1��: (8.63)



CHAPTER 8. DIRICHLET-SUPERSTRINGS 49Using the representation of the partial derivative on the tensor �elds @m = A Mm �M oneobtains 0@ @�@ 1A = 0@ 1 ��� 1 1A0@ L�1�L�1 1A+Xp�00@ 0 �MpMp 0 1A0@ Lp�Lp 1A+Xp��10@ 0 �Ap+ 12Ap+ 12 0 1A0@ Gp+ 12�Gp+ 12 1A : (8.64)Inverting the �rst factor on the right hand side one obtains the explicit form of thesupercovariant derivative D � L�1; �D � �L�1; (8.65)D = 11� ��� 0@@ � ���@ �Xp�0( �Mp �Lp � ��MpLp)� Xp��1( �Ap+ 12 �Gp+ 12 � ��Ap+ 12Gp+ 12 )1A�D = 11� ��� 0@�@ � �@ �Xp�0(MpLp � � �Mp �Lp)� Xp��1(Ap+ 12Gp+ 12 � � �Ap+ 12 �Gp+ 12 )1A(8.66)The explicit expressions for the supercovariant derivatives of the matter �elds are theneasily obtained using the representation of the algebra on 	i. The �nal results readDXM = 11� ��� �(@ � ���@)XM � 12 �� � M + 12 ��� M��DXM = 11� ��� �(�@ � �@)XM � 12� M + 12��� � M�D M = 11� ��� ��(@ � ���@ + 12 ��(@�)� M + 12 ���DXM � i2 ��FM��D M = 11� ��� ��(�@ � �@ � 12(@�)� M � 12�DXM + i2���FM�D � M = 11� ��� ��(@ � ���@ � 12(�@��)� � M � 12 �� �DXM + i2 ���FM��D � M = 11� ��� ��(�@ � �@ + 12�(�@��)� � M + 12��� �DXM � i2�FM�DFM = 11� ��� ��@ � ���@ � 12(�@��) + 12 ��(@�)�FM + i2 �� �D M � i2 ���D � M��DFM = 11� ��� ���@ � �@ � 12(@�) + 12�(�@��)�FM + i2�D � M � i2��� �D M�(8.67)and coincide with the results given in the literature [dg90]. According to the algebra (8.42)the operators Lp and �Lp commute and hence the supercovariant derivatives commute[D; �D] = 0 (8.68)



CHAPTER 8. DIRICHLET-SUPERSTRINGS 50and one obtains for �DDXM�DDXM = 11� ��� ���@ � �@ � (@�)�DXM � 12�D M + ���D � M � 12(@�) M� : (8.69)This completes the list of the �rst few tensor �elds T im;n.8.5 U(1) sectorLet me recall the results obtained in section (6.2) for the BRST transformations of theU(1) gauge �eld and the abelian ghostsAm = �n@nAm + (@m�n)An + @mC���� �mF�� � ��e amFa�sC = �m@mC + 12����F�� � 12����T m�� Am: (8.70)The BRST transformation of the gauge �eld already suggests that the gauge �eld and itssymmetrized derivatives form trivial pairs with derivatives of the abelian ghost. Indeedthe U 's are typically components of gauge �elds and their derivatives while the V's containthe corresponding derivatives of the ghosts. To �nd the complementary W's the BRSTtransformations of the gauge �eld and the abelian ghost have to be supplemented withthe BRST transformations of the gaugino ��, the auxiliary �eld � and the �eld strenghtFab s� = �n@n�+ ��(�) �� ��s�� = �n@n�� + �� � i2(�C)��"abFab � i(�aC)��Da�+ i(�C)��S��+14Cab"ab(�) � �sFab = �n@nFab + �� �(aDb�)� � (bDa�)� � 2iT �ab (�C)���+ 12"abS(��)���12C ea Feb � 12C eb Fae (8.71)As in the supergravity part I add the Weyl transformations according to the Weyl weightof the �elds: � �� Fab AmWeyl weight �1 �32 �2 0 (8.72)
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To ensure the o�-shell nilpotency of the BRST operator the super-Weyl transforma-tion of the gaugino has to be introduced. The gaugino transforms under the fermionicsymmetry transformation according to�SW�� = 2��SW (�C)���: (8.73)This implies that the �eld strenghts, which are expected to count among the W's,F�� = 2i(�C)���Fa� = (a) �� ��Fab = E na E mb (@nAm � @mAn � (�mn�) + (�nm�)� 2i(�m�C�n)�) (8.74)are not invariant under super-Weyl transformations. Thus they have to be replaced bysuitable rede�nitions.As in the supergravity part the cohomological problem is mapped from the space oflocal functionals to the cohomology of ~s in the space local total forms. To switch from sto ~s I replace the ghosts according to�m ! ~�m = �m + dxmC ! ~C = C + ~�mAm: (8.75)After this replacement the ~s transformations of the gauge �eld and the abelian ghost read~sAm = ~�n(@nAm � @mAn) + @m ~C � ��� �mF�� � ��e amFa�~s ~C = �~�m~�n(@nAm � @mAn) + 12���� + ~�m��� �mF�� + ~�m��Fm� (8.76)Since I expect the abelian ghost ~C to count among the generalized connections it shouldhave a ~s transformation involving only generalized connections and tensor �elds. Indeedthe ~s transformation of the rede�ned abelian ghost ~C may be rewritten in terms of thegeneralized connections f~�; ~��; ~"; ~�"g introduced in the previous section and super-weyl in-variant rede�nitions of the �eld strenghts. After a somewhat tedious computation oneobtains ~s ~C = ~�~��F a + 12 ~�~�"�a + 12~��~"��a + 14 ~"~�"�a; (8.77)where the super-Weyl invariant �eld strenghts are given by�a = se ++ e ��64 �



CHAPTER 8. DIRICHLET-SUPERSTRINGS 52�a = e ++8 se ��8 ��2 + �2+����a = e ��8 se ++8 ��1 + �1���F a = 11� ��� �"mn(@mAn � @nAm) + 12��a � 12 ����a � 14����a� : (8.78)These �eld strenghts count among the tensor �elds. Thus their ~s transformations are ofthe form ~sT i = Xp��1�~�pLp + ~��p �Lp + ~"p+ 12Gp+ 12 + ~�"p+ 12 �Gp+ 12� T i: (8.79)As a �rst step in the computation of the ~s transformations of the �eld strengths oneobserves �a = G� 12�a;��a = �G� 12�aF a = �G� 12G� 12�a (8.80)The algebra of the operators fLp; �Lq; Gp+ 12 ; �Gq+ 12g is represented on the tensor �eldsf�a; �a; ��a; F ag byLp�am;n = ( m!(m�p)! �m� p+ 12(p+ 1)��am�p;n for p � m,0 for p > m.�Lq�am;n = ( n!(n�q)! �n� q + 12(q + 1)��am;n�q for q � n,0 for q > n.Gp+ 12�am;n = ( m!(m�p�1)!�am�p�1;n for p < m,0 for p � m.�Gq+ 12�am;n = ( n!(n�q�1)!��am;n�q�1 for q < n,0 for q � n.Lp�am;n = ( (m+1)!(m�p)!�am�p;n for p � m,0 for p > m.�Lq�am;n = ( n!(n�q)! �n� q + 12(q + 1)��am;n�q for q � n,0 for q > n.�Lq��am;n = ( (n+1)!(n�q)! ��am;n�q for q � n,0 for q > n.Lp��am;n = ( m!(m�p)! �m� p+ 12(p+ 1)� ��am�p;n for p � m,0 for p > m.Gp+ 12�am;n = ( (m+1)!(m�p)!�am�p;n for p � m,0 for p > m.



CHAPTER 8. DIRICHLET-SUPERSTRINGS 53�Gq+ 12�am;n = ( n!(n�q�1)!F am;n�q�1 for q < n,0 for q � n.�Gq+ 12 ��am;n = ( (n+1)!(n�q)!�am;n�q for q � n,0 for q > n.Gp+ 12 ��am;n = (� m!(m�p�1)!F am�p�1;n for q < n,0 for q � n.LpF am;n = ( (m+1)!(m�p)!F am�p;n for p � m,0 for p > m.�LqF am;n = ( (n+1)!(n�q)!F am;n�q for q � n,0 for q > n.Gp+ 12F am;n = (� (m+1)!(m�p)! ��am�p;n for p � m,0 for p > m.�Gq+ 12F am;n = ( (n+1)!(n�q)!�am;n�q for q � n,0 for q > n. (8.81)Thus the ~s transformations explicitely read~s�a = ~�D�a + ~�� �D�a + 12 ~"�a + 12~�"��a + 12(@~�)�a + 12(�@~��)�a~s�a = ~�D�a + ~�� �D�a + 12 ~"D�a + 12~�"F a + (@~�)�a + 12(�@~��)�a + 12(@~")�a~s��a = ~�D��a + ~�� �D��a + 12~�" �D�a � 12 ~"F a + 12(@~�)��a + (�@~��)��a + 12(�@~�")�a~sF a = ~�DF a + ~�� �DF a � 12 ~"D��a + 12~�" �D�a + (@~�)F a + (�@~��)F a � 12(@~")��a + 12(�@~�")�a;(8.82)where I used the fact that L�1 and �L�1 serve as supercovariant derivativeL�1 � D; �L�1 � �D: (8.83)With these transformations one can easyly check the nilpotency of the ~s-operator. Espe-cially one veri�es ~s2 ~C = 0: (8.84)8.6 ResultsIn this section I want to gather the main results of the previous sections. The new set oflocal jet coordinates for the Dirichlet-Superstring is given byfU ig = f�m; @m �@n�; @m �@n�; @m �@n��; @m �@n��; @m �@ne �� ;



CHAPTER 8. DIRICHLET-SUPERSTRINGS 54@m �@nA�; @mA+ : m;n = 0; 1; : : :gfV ig = f~sU igfW i1g = f ~CNg = f~�p; ~��p; ~"p+ 12 ; ~�"p+ 12 ; ~C : p = �1; 0; 1; : : :gfW i0g = fT im;ng = fDm �DnXM ;Dm �Dn M ;Dm �Dn � M ;Dm �DnFM ;Dm �Dn�a;Dm �Dn�a;Dm �Dn��a;Dm �DnF a : m;n = 0; 1; : : :g(8.85)where the W i1 are the generalized connections and the W i0 are the tensor �elds accordingto the de�nition T im;n = Lm�1 �Ln�1T i = Dm �DnT ifT ig = fXM ;  M ; � M ; FM ; �a; �a; ��a; F ag (8.86)In order to split the variables of the U(1) sector in trivial pairs, generalized connectionsand tensor �elds I changed from the setfC;Am; @mC; @nAm; @n@mC; : : :g (8.87)to fC;Am; @mC; @(nAm); @[nAm]@n@mC; : : :g; (8.88)where the brackets denote symmetrization and antisymmetrization of the indices.The V i's especially replace the Lorentz and the Weyl, super-Weyl and `auxiliary Weyl'ghost �elds. Furthermore they replace certain derivatives of the di�eomorphism andsupersymmetry ghosts. The W i0's can be viewed as superconformal tensor �elds.



Chapter 9
Summary and Outlook
I constructed suitable local jet coordinates for the cohomological analysis of Dirichlet-superstrings. In the case of IIB D-Branes it has been recently suggested that, for ma-nifestly SL(2; Z) invariant formulation, the action should contain a world volume �eldfor every background gauge potential [ce97]. In the case of the D-string one then shouldintroduce two U(1) gauge �elds on the world-sheet. Thus I studied D = 2 supergravitycoupled to bosonic and fermionic string coordinates including an abelian gauge trans-formation. The model is characterized by its �eld content, its gauge symmetries and alocality requirement. The class of models I considered include D-superstrings but arenot restricted to them. I used a formalism suugested by F. Brandt [br96], which relatesthe BRST cohomology to an underlying gauge covariant algebra. The construction ofan suitable set of local jet coordinates uses among others the technique of contractinghomotopies. In spite of the conceptual simplicity the construction is not straightforward,since it requires the splitting of the local jet coordinates into two subsets. One subsetcontains trivial pairs whereas the other is required to generate an invariant subalgebra.The elements of this complementary subset are interpreted as generalized connections andtensor �elds. This characterization of tensor �elds and generalized connections is purelyalgebraic and physically maeningful, since they provide the building blocks of gauge in-variant actions, Noether currents, anomalies and the equations of motion. I stess thatthe existence of a pair of jet coordinates stisfying the condition for trivial pairs does ingeneral not guarantee the existence of complementary jet coordinates. The di�culty inthe construction of the new set of jet coordinates fU i;V i;W lg is not the �nding of thetrivial pairs fU i;V ig but the construction of the complementary W l's.The construction of the new set of jet coordinates for the Dirichlet-superstring is



CHAPTER 9. SUMMARY AND OUTLOOK 56based on the super-Beltrami parametrization of two dimensional supergravity. Thisparametrization is introduced completely in the component �eld formalism. The resultsare shown to coincide with the results obtained by projection from superspace [dg90].The beltrami di�erential and the Beltramino form trivial pairs with certain derivativesof the di�eomorphism and supersymmetry ghosts. The undi�erentiated di�eomorphismand supersymmetry ghosts and their remaining derivatives count among the generalizedconnections. The operators corresponding to this in�nite set of generalized connectionsbuild two copies of the super-Virasoro algebra. Super-Weyl invariant rede�nitions of thestring coordinates and their covariant derivatives are interpreted as tensor �elds. In theU(1) sector the abelian gauge �eld and its symmetrized derivatives form trivial pairswith derivatives of the abelian ghosts. The undi�erentiated abelian ghost counts amongthe generalized connections. Its ~s transformation contains the super-Weyl invariant U(1)�eld strenghts which are interpreted as tensor �elds. Thus a complete set of new local jetcoordinates is constucted.Having found suitable jet coordinates one might intend to tackle the BRST cohomol-ogy itself. As already illustrated in the investigation of the BRST cohomology of thesuperstring [ta96] one obtains a basis for the BRST cohomology group H(~s) with an in-�nite number of terms. This is an essential di�erence to the purely bosonic case. For thecase of D = 2 gravity it has been shown [br95] that the basis of the BRST cohomologycontains only a �nite number of terms, which is also true for the bosonic D-string. Inthe supersymmetric case this is not true essentially due to the presence of the bosonicghosts ~" and ~�". To the best of my knowlege to this day no attempt has been made to asystematic investigation of the BRST cohomology of Dirichlet-superstring.



Appendix A
Spinor space
A.1 -matrices in 2-DA.1.1 De�nitionsThe at metric and basic anticommutation relation of the -matrices are given by�ab = 0@ 1 00 �1 1A (A.1)and fa; bg = 2�ab (A.2)I choose the following set of -matrices(0) �� = 0@ 0 �ii 0 1A ; (1) �� = 0@ 0 ii 0 1A ; (�) �� = (0) �� (1) �� = 0@ 1 00 �1 1A (A.3)A.1.2 Manipulation of -matricesThroughout the following formulas the summation convention `ten to four' is assumed01 = �10 = �; (A.4)2� = 111; 00 = �11 = 111 (A.5)0 = 0; 1 = �1 (A.6)57



APPENDIX A. SPINOR SPACE 58ab = �ab111 + "ab� (A.7)(a�) = �"abb (�a) = "abb (A.8)The following identities for -matrices in two dimensions are frequently usedaba = 0 (A.9)Tr(ab) = 2�ab (A.10)The expressions for the torsions, �eld strengths and curvatures contain the contractions(0C)�� = 0@ �1 00 �1 1A ; (1C)�� = 0@ 1 00 �1 1A ; (�C)�� = 0@ 0 �i�i 0 1A (A.11)The -matrices satisfy the Fierz identity� �� � � + (a) �� (a) � + (�) �� (�) � = 2� �� � � : (A.12)The following two identities are equivalent formulations of the above identity2(�) � (�) �� = � �� � � + (�) �� (�) � � (a) �� (a) � (A.13)(a) � (a) � = � �� � � � (�) �� (�) � (A.14)A.1.3 Light-cone coordinatesThe metric in light-cone coordinates reads��� = 0@ 0 11 0 1A (A.15)The -matrices in light-cone coordinates are+ = 0 + 1 = 0@ 0 �2i0 0 1A� = 0 � 1 = 0@ 0 02i 0 1A (A.16)and + = �; � = +: (A.17)The totally antisymmetric tensor "�;� reads"�� = 0@ 0 1�1 0 1A ; " �� = 0@ 1 00 �1 1A (A.18)



Appendix B
Super-Beltrami variables
In this appendix I collect the frequently used formulae of the Beltrami parametrization.The Beltrami di�erentials and the Beltramino are� = e +�e ++ ; �� = e �+e ��� = i(�̂ 2� � � �̂ 2+ ) �� = i(�̂ 1+ � �� �̂ 1� ) (B.1)with �̂ 2m := s 8e ++ � 2m ; �̂ 1m := s 8e �� � 1m : (B.2)The Beltrami ghost �elds are � = �+ + � ��;�� = �� + �� �+;" = �̂2 + ���;�" = �̂1 + �+��; (B.3)where �̂1 = s 8e ++ �1;�̂2 = s 8e ++ �2: (B.4)I frequently used the following conversions of the di�eomorphism ghosts�+ = � � � ��1� ��� ; �� = �� � ���1� ��� (B.5)59



APPENDIX B. SUPER-BELTRAMI VARIABLES 60and of the supersymmetry ghosts�̂1 = �"� �+�� = �"� � � � ��1� ��� ���̂2 = "� ��� = "� �� � ���1� ��� � (B.6)and �+�� = ���1� ���: (B.7)
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