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Chapter 1

Introduction

1.1 Motivation

There exist two basic formalisms in superstring theory, the RNS formalism and the Green–
Schwarz formalism. In the RNS formalism space time supersymmetry is not manifest. The
theory is worldsheet–supersymmetric, but target space supersymmetry only comes in after
GSO projection, which eliminates the tachyon from this theory and at the same times yields
a space–time supersymmetric physical spectrum.
The Green–Schwarz (GS) formalism, on the other hand, is manifestly target–space supersym-
metric by construction. The physical spectrum of this theory is equivalent to the spectrum
of the RNS formalism. There is, however, a long standing problem. Quantization has so far
only been possible in light–cone gauge. A covariant quantization prescription is not known.

In spite of the tremendous problems with covariant quantization new interest has been
laid in the Green–Schwarz formalism. The reason for that are some inconvenient features
of the RNS formalism. For example, amplitudes with more than four external fermions are
difficult to compute in a Lorentz covariant manner because picture–changing operators and
bosonization are needed.
Furthermore, the Green–Schwarz formalism provides the natural setup to describe the super-
string in supergravity backgrounds. The motivation to consider this is the AdS–CFT corre-
spondence, which is a conjectured duality between type IIB string theory on an AdS5 ⊗ S5

background and N = 4, D = 4 super Yang–Mills theory. The AdS5 ⊗ S5–space is equipped
with a fermionic 5–form field, the Ramond–Ramond background, which cannot be described
in the RNS formalism in a straight forward way. In the GS formalism the theory can be easily
coupled to Ramond–Ramond backgrounds.

In the past five years some new approaches concerning the covariant quantization of the
Green–Schwarz superstring have been developed. Already in the early 80s Siegel related the
GS string to a free field theory via a constraint. In 2000 Berkovits presented his pure spinor
formalism, where this constraint is implemented cohomologically. Covariant quantization of
this model is possible, but there is the “pure spinor constraint”, which has to be satisfied
by the ghost field. The effect of this constraint is that not all components of the ghost are
independent, which complicates many calculations.
To avoid these difficulties Grassi, van Nieuwenhuizen and collaborators presented a new ap-
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proach, where the pure spinor constraint is no longer needed. Instead, new ghosts and aux-
iliary fields have to be introduced. A relation of this approach to Wess–Zumino–Novikov–
Witten (WZNW) models was found. This model for the superstring is the basis of this
diploma thesis.

1.2 Outline of the Thesis

The paper is organized as follows:
In chapter 2 we review string models with manifest target space supersymmetry. An intro-
duction to the GS superstring and Siegel’s free field approach is given. Then we present
Berkovits’ pure spinor formalism and cite the most important results that can be obtained
from this model.
Chapter 3, which is the central chapter of this diploma thesis, deals with the covariant quan-
tization of the superstring without pure spinor constraints and is based on the works of van
Niewenhuizen et al. In section 3.2 we give a short introduction to WZNW models and point
out the WZNW properties of the superstring model. We also point out some problems of the
WZNW formulation, in particular when it is applied to the type II superstring.
In section 3.3 we derive a WZNW action for the heterotic and the type II superstring using
the Noether method to gauge the free field action, and we perform BRST quantization.
In section 3.4 we review the operator algebra of the WZNW model, which is a Kazama alge-
bra, and revisit the idea to use a topological quartet to turn this algebra into a twisted N = 2
superconformal algebra.
Section 3.5 is dedicated to the BRST operator and the cohomology. We summarize some
older approaches to the cohomology problem and then follow the ideas of van Nieuwenhuizen
and collaborators to define a cohomology for the superstring as a WZNW model with two
BRST operators.
In section 3.6 we present a review of the construction of a twisted N = 4 superconformal
algebra out of the fields and currents of the model.
Section 3.7 deals with the worldsheet covariant formulation of our model, which we implement
by gauging diffeomorphisms and the fermionic symmetry that is found in WZNW models.
In chapter 4 we summarize our results and discuss some open problems.
In the appendices we explain our conventions and discuss gamma matrices and spinors in ten
dimensions. We give a summary of the properties the fields and ghosts in our model and the
most important operator products. Furthermore we discuss the Beltrami parameterization
and some useful identities which hold in two dimensions. Finally we give an extract of a
Mathematica file that was written to compute the products.

Some of the results presented in this thesis were published in [1].
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Chapter 2

String Models with Manifest Target

Space Supersymmetry

2.1 The Green-Schwarz Superstring

In this section we construct a classical string action with manifest target space supersymmetry.
We follow the arguments of [2]. We start the discussion with the massless superparticle. A
simple worldline action is given by:

S =
1

2

∫

dτe−1ẋ2, (2.1)

where e is the square root of a one–dimensional metric. This action is invariant under local
reparameterizations τ → f(τ) and global Poincaré transformations:

δxm = am + bmnx
n

δe = 0, (2.2)

where bµν is antisymmetric.
Now we extend this action such that it is invariant underN supersymmetries. We introduceN
anticommuting space–time spinor coordinates θAα(τ) with A = 1, . . . ,N and α = 1 . . . 2D/2.
To construct supersymmetry transformations we introduce infinitesimal Grassmann parame-
ters ǫA. The SUSY variations are then given by:

δxm = iǭAΓmθA

δθA = ǫA

δθ̄A = ǭA

δe = 0 (2.3)

It is easy to check that the following Poincaré invariant action is invariant under these trans-
formations:

S =
1

2

∫

dτe−1
(

ẋm − iθ̄AΓmθ̇A
)2

(2.4)

The equations of motion are given by:

p2 = 0 ṗm = 0 Γmpmθ̇ = 0, (2.5)
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where we defined:

pm = ẋm − iθ̄AΓmθ̇A (2.6)

The action (2.4) has an additional local fermionic symmetry. With the parameter κAα(τ) the
corresponding transformations read:

δθA = iΓmpmκ
A

δxm = iθ̄AΓmδθA

δe = 4e ˙̄θAκA (2.7)

Computing the anticommutator of two κ variations we find that the symmetry algebra only
closes on–shell:

[δ1, δ2]θ
A =

(

2iΓmκ
A
2

˙̄θBΓnpnΓ
mκB1 + 4iΓmpmκ

A
2

˙̄θBκB1

)

− (1 ↔ 2) (2.8)

The first term is proportional to the equations of motion, the second term is again a κ
symmetry transformation.
There is another bosonic symmetry of the superparticle action. The transformations with
scalar parameter λ(τ) read:

δθA = λθ̇A

δxm = iθ̄AΓmδθA

δe = 0 (2.9)

Superstring

We generalize the results of the point particle to the superstring. The action for the bosonic
string is:

S = − 1

8π

∫

d2σ
√
ggµν∂µx

m∂νxm (2.10)

In analogy to the superparticle we make the following guess for a superstring action which is
diffeomorphism invariant and has N global supersymmetries.

S1 = − 1

8π

∫

d2σ
√
ggµνΠµmΠm

ν , (2.11)

with

Πm
µ = ∂µx

m − iθ̄AΓm∂µθ
A (2.12)

κ–symmetry of this action is lost but it can be recovered for N ≤ 2 by adding another term,
the Wess–Zumino (WZ) term, to the action. It can be constructed as follows (We follow
the line of [4]): We specialize to D = 10, see Appendix A.3 for gamma matrix conventions
and spinor properties. First we consider the term ∂µx

m(θγm∂
µθ) in (2.11). In light–cone

gauge x+ = x+
0 + p+t one finds that this expression contains a term p+θγ+∂tθ which is a

candidate for a kinetic term for the θA. But for a kinetic term we would also need p+θγ+∂σθ.
Such a term could be obtained if the action contained a term of the form (∂tx

+)θγ+∂σθ,
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which reads εµν∂µx
mθγm∂νθ in covariant form, but this expression is not supersymmetric. A

supersymmetric Lagrangian LWZ that is proportional to εµν can be written as a two–form
which should be SUSY invariant up to a total derivative:

ω2 = LWZd2x δω2 = dX (2.13)

d2 = 0 implies that δdω2 = dδω2 = 0. Thus, we can define a three–form as ω3 = dω2, which
has the properties δω3 = 0, dω3 = 0. To construct a SUSY invariant ω3 we have the invariant
one–forms Πm and dθA at our disposal. The only Lorentz invariant quantity that can be
written down is:

ω3 = aABΠmdθAγmdθB, (2.14)

where aAB is a real symmetric N × N matrix. Diagonalizing aAB by a real orthogonal
transformation yields:

dω3 = −i
(
∑

A

dθAγmdθA

)(
∑

B

aBdθBγmdθB

)

(2.15)

The direct terms cancel using the Fierz identity γmdθ1(dθ1γmdθ1) = 0 whereas the cross
terms only vanish if N = 2 and the matrix aAB has entries (+1,−1). Thus, we have:

ω3 = iΠm
(

dθγmdθ − dθ̂γmdθ̂
)

(2.16)

Computing the inverse of this expression yields the WZ–term up to an overall constant. Thus,
we get for the complete type II Green–Schwarz action:

SGS =
1

8π

∫

d2σ
√−g − 1

2
Πm
µ Πµ

m + LWZ

LWZ = −iεµνΠm
µ

(

(θγm∂νθ)− (θ̂γm∂ν θ̂)
)

− εµν(θγm∂µθ)(θ̂γm∂ν θ̂)

Πm
µ = ∂µx

m − iθγm∂µθ − iθ̂γm∂µθ̂ (2.17)

A Green–Schwarz action that is supersymmetric can also be defined in D = 3 where θ is
Majorana, in D = 4 for θ Majorana or Weyl and in D = 6 where θ is a Weyl spinor [2]. In
a lengthy calculation it can be shown [2] that the action is invariant under the following κ
symmetry:

δθα = 2iγmΠµmκ
αµ

δθ̂α̂ = 2iγmΠµmκ̂
α̂µ

δxm = iθγmδθ + iθ̂γmδθ̂

δΠm
µ = 2i∂µθγ

mδθ + 2i∂µθ̂γ
mδθ̂

δ(
√
ggµν) = −32

√
g
(

Pµλκν∂λθ + P̄αλκ̂ν∂λθ̂
)

(2.18)

Note that the transformation parameter κ now gets an additional worldsheet index as com-
pared to the superparticle. For the definition of the chiral projectors Pµν and P̄µν we refer
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to Appendix C.
The supersymmetry transformations for the superstring in D = 10 read:

δθα = ǫα

δθ̂α̂ = ǫ̂α̂

δxm = iǫγmθ + iǫ̂γmθ̂ (2.19)

Furthermore it can be shown that the superstring action is invariant under the following local
bosonic transformations:

δθα =
√
gPµν∂νθ

αλµ

δθ̂α̂ =
√
gP̄µν∂ν θ̂

α̂λµ

δxm = iθγmδθ + iθ̂γmδθ̂ (2.20)

One can find this symmetry by considering the algebra of κ–transformations. Its closure
requires the transformations above.
Quantization of the Green–Schwarz string has only been possible in light–cone gauge where
manifest covariance is lost.
We can have the following types of superstrings:

1. Type I. For the open superstring we only have N = 1 supersymmetry, i.e. θ̂ = 0. In
this case suitable boundary conditions have to be satisfied.

2. Type II A/B. Each of the spinors θ and θ̂ can be either chiral or antichiral. Chiral spinors
will be denoted with contravariant indices θα and antichiral spinors with covariant
indices θα. We will introduce hatted indices for the right–moving sector in order to
treat both cases at the same time:

θ̂α̂ =

{
θ̂α for type IIA

θ̂α for type IIB
(2.21)

3. Heterotic String. As in the open string case we only have N = 1 supersymmetry but
still a left–moving and a right–moving sector and the critical dimension is 10. If we only
have θα(z) there is no supersymmetry for the right–moving sector. Since there are only
ten xm the Virasoro anomaly in the right moving sector is not 0. To compensate this one
has to introduce 32 additional Majorana–Weyl fermions λ̂A to cancel this anomaly. This
leads to the gauge groups SO(32) and E8×E8 depending on which boundary conditions
these fields obey [2]. Whenever we refer to the heterotic string in the following we will
ignore these additional fields.

2.1.1 Free Field Action and Constraints

In [5] Siegel proposed to relate the Green–Schwarz string to a free field theory via a constraint.
In that paper a Poisson bracket algebra for a free theory was derived from the Green–Schwarz
superstring. Our discussion follows [4]. One can rewrite the Green–Schwarz action (2.17) in
terms of chiral derivatives ∂ and ∂̄:

L ∝ −1

2
∂xm∂̄xm + i∂xmθγm∂̄θ + i∂̄xmθ̂γm∂θ̂
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+
1

2
(θγm∂̄θ)(θγm∂θ + θ̂γm∂θ̂) +

1

2
(θ̂γm∂θ̂)(θγm∂̄θ + θ̂γm∂̄θ̂)

= −1

2
∂xm∂̄xm −

(

i∂xm(γmθ)α +
1

2
(γmθ)α

(

θγm∂θ + θ̂γm∂θ̂
))

∂̄θα

−
(

i∂̄xm(γmθ̂)α̂ +
1

2
(γmθ̂)α̂

(

θγm∂̄θ + θ̂γm∂̄θ̂
))

∂θ̂α̂

= −1

2
∂xm∂̄xm + (pzα)Sol∂̄θ

α + (p̂z̄α̂)Sol∂θ̂
α̂ (2.22)

Now one can obtain a free field Lagrangian by introducing new elementary fields pzα and
p̂z̄α̂ which become the conjugate momenta of θα and θ̂α̂, respectively. To get back to the
original Green–Schwarz action one imposes the constraints that dzα = pzα − (pzα)Sol and
d̂z̄α̂ = p̂z̄α̂ − (p̂z̄α̂)Sol vanish. The complete expressions are given by:

dzα = pzα − (γmθ)α

(

i∂xm +
1

2
θγm∂θ +

1

2
θ̂γm∂θ̂

)

d̂z̄α̂ = p̂z̄α̂ − (γmθ̂)α̂

(

i∂̄xm +
1

2
θγm∂̄θ +

1

2
θ̂γm∂̄θ̂

)

(2.23)

The free field action now reads:

S =
1

8π

∫

d2σ
√
g − 1

2
∂xm∂̄xm + pzα∂̄θ

α + p̂z̄α̂∂θ̂
α̂

=
1

8π

∫

d2σ
√
g − 1

2
Πm
z Πz̄m + LWZ + dzα∂̄θ

α + d̂z̄α̂∂θ̂
α̂, (2.24)

where LWZ is given in (2.17). The constraint dzα is part of the following closed algebra:

idzα(z)idzβ(w) ∼ −2i
γmαβΠzm(w)

z − w

idzα(z)Πzm(w) ∼ −2
γmαβ∂θ

β(w)

z − w

Πzm(z)Πzm(w) ∼ − ηmn
(z −w)2

idzα(z)∂θ
β(w) ∼ − iδβα

(z −w)2
(2.25)

For the right–moving algebra one has to replace z → z̄, θ → θ̂ and p→ p̂.
The constraints dzα = 0 and d̂z̄α̂ = 0 have to be implemented cohomologically but the
standard BRST procedure does not work because the dzα are mixed first and second class
constraints. The first class constraints correspond to the κ symmetry. In the free theory the
second class property of dzα is reflected by the fact that the OPE of dzα with itself does not
form a closed subalgebra.

2.2 Pure Spinor Formalism

In the previous section we found that in order to relate the free field action (2.24) to the
Green–Schwarz superstring one has to implement the constraints dzα = 0 and d̂z̄α = 0. In a
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series of papers [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16] Berkovits set up a formalism, the pure
spinor formalism for the superstring, where these constraints are implemented cohomologi-
cally. Physical states are defined as elements in the cohomology of the following BRST–like
operator:

Q = −
∮

iλαdzα, (2.26)

where λα is a commuting ghost. Since the dzα do not have vanishing OPEs with themselves
this BRST operator is not nilpotent unless one imposes the pure spinor condition for the λα:

λαγmαβλ
β = 0 (2.27)

Due to this equation only eleven of the sixteen components of this spinor are independent. To
obey this condition the λα must be complex. The equation can be solved by decomposing λα

with respect to a U(5) subgroup of the Wick–rotated Lorentz group SO(10). For a detailed
description of this decomposition we refer to Appendix D in [4]. A decomposition in terms of
irreducible U(5) components is given by [10]:

λ+ = es λab = uab λa = −1

8
e−sεabcdeubcude, (2.28)

where a = 1, . . . , 5 and uab = −uba. These expressions transform as (1 5

2

, 1̄0 1

2

, 5− 3

2

) represen-

tations of SU(5)U(1). For practical calculations all the expressions that involve ghosts and
their conjugate momenta ωzα have to be decomposed via (2.28) and the conjugate momenta
t and vab of s and uab. After the calculations the results can then be written again in terms
of ten–dimensional covariant quantities.
In this formalism there is a subtlety concerning the Lorentz currents. In the RNS string the
fermionic contribution to the Lorentz current is given by M̂mn = ψmψn [17]. These currents
satisfy a Lorentz algebra which corresponds to the following OPE:

M̂kl(z)M̂mn(w) ∼ ηm[lM̂k]n(w) − ηn[lM̂k]m(w)

z − w
+
ηknηlm − ηkmηln

(z − w)2
(2.29)

The fermionic contribution to the Lorentz current of the superstring is by naive considerations
Mmn = −1

2pγ
mnθ where γmn is the antisymmetrized product of two Gamma matrices. The

double pole contribution of the OPE of Mmn with itself yields 16
4 (ηknηlm − ηkmηln). At the

quantum level vertex operators for the superstring can only be equivalent to vertex operators
of the RNS string if one defines the Lorentz current as follows:

Mmn = −1

2
pγmnθ +Nmn, (2.30)

where

Nkl(z)Nmn(w) ∼ ηm[lNk]n(w) − ηn[lNk]m(w)

z − w
− 3

ηknηlm − ηkmηln

(z − w)2
(2.31)

Nmn can be explicitly constructed from the pure spinor λα:

Nmn = −1

2
ωγmnλ (2.32)
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Nmn has a non–vanishing OPE with λα:

Nmn(z)λα(w) ∼ 1

2
(γmnλ)α (2.33)

The most general massless vertex operator is:

U = λαAα(x, θ) (2.34)

The conditions QU = 0 and δU = QΩ, where δ and Ω are the gauge variation and the gauge
parameter respectively, imply:

γαβ[mnpqr]DαAβ = 0

δAα = DαΩ (2.35)

The first equation is derived as follows: ApplyingQ to the vertex operator yields λαλβDαAβ =
0. It follows from the Fierz identity that in ten dimensions every bispinor fαβ can be decom-
posed as fαβ = γmαβfm + γmnpαβ fmnp + γmnpqrαβ fmnpqr. For a symmetric bispinor the term with
the three gamma matrices vanishes. Using the pure spinor constraint only the expression
with five gamma matrices is left. One can define field strengths from Aα by:

Am =
1

8
γαβm DαAβ

Aα =
1

10
γαβm (DβA

m − ∂mAβ)

Fmn = ∂[mAn] =
1

8
(γmn)

β
α (DβA

α) (2.36)

Equations (2.35) are the super–Maxwell equations and gauge invariances written in terms of
a spinor superfield. Dα = ∂

∂θα +2θβγmαβ
∂

∂xm is the supersymmetric derivative. It can be shown
[10] that there exists a gauge choice such that Aα can be decomposed as follows:

Aα(x, θ) = c1(γ
mθ)αam(x) + c2(θγ

mnpθ)(γmnp)αβχ
β(x) + c3∂[man](θγ

mnpθ)(γpθ)α + . . . ,

(2.37)

where c1, . . . , c3 are numerical constants. am(x) can be identified with the gluon and χβ(x)
with the gluino. Their equations of motion describe on–shell super Yang–Mills theory.
To compute scattering amplitudes one also needs integrated vertex operators V . In the RNS
formalism V can be obtained from the unintegrated vertex operator U by computing its
anticommutator with the b ghost. There is no ghost of conformal weight 2 in this theory.
Thus one makes a general ansatz for a massless integrated vertex operator:

V = ∂θαAα(x, θ) + ΠmAm(x, θ) + dαA
α(x, θ) +

1

2
NmnF

mn (2.38)

Note that the Lorentz current Nmn appears here since it has a non–vanishing OPE with the
pure spinor that appears in the BRST charge. Massive states were described in [14]. The
most general vertex operator at the first mass level is given by:

U = ∂λαAα(x, θ)+ : ∂θβλαBαβ(x, θ) : + : dβλ
αCβα(x, θ) : + : ΠmλαHmα(x, θ) :

+ : JλαEα(x, θ) : + : NmnλαFαmn(x, θ) : (2.39)
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Aα . . . Fαmn are superfields, J = ωαλ
α is the ghost current, the normal ordered product is

defined by : OAλαΦαA(z) :=
∮

dw
w−zO

A(w)λα(z)ΦαA(z). It was shown in [14] that the physical
states form a massive spin 2 multiplet containing 128 bosons and 128 fermions.
One can define N–point tree level amplitudes as the correlation function of three unintegrated
vertex operators (2.34) and N − 3 integrated vertex operators (2.38):

A = 〈U1(z1)U2(z2)U3(z3)

∫

dz4V4(z4) . . .

∫

dzNVN (zN )〉 (2.40)

At first one eliminates all worldsheet fields of non–zero dimension, i.e. ∂xm, ∂θα, dα and
Nmn, by computing the OPEs with the other worldsheet fields. After integrating over the
zero modes of xm one gets:

A =

∫

dz4 . . . dzN 〈λαλβλγfαβγ(zr, kr, ηr, θ)〉, (2.41)

where λαλβλγ comes from the three unintegrated vertex operators and fαβγ is a function
of the zr, the momenta kr, the polarizations ηr and the θ zero modes. It is reasonable to
define a correlation function 〈λαλβλγfαβγ〉 such that Y = λαλβλγfαβγ is supersymmetric
and gauge invariant, which means that QY = 0 and 〈Y 〉 = 0 if Y = QΩ. The only state at
zero momentum and ghost number three in the cohomology is (λγmθ)(λγnθ)(λγpθ)(θγmnpθ).
Thus, for

fαβγ(θ) = Aαβγ + θδBαβγδ + . . .+ (λγmθ)(λγnθ)(λγpθ)(θγmnpθ)F + . . . (2.42)

one defines:

〈λαλβλγfαβγ(zr, kr, ηr, θ)〉 = F (zr, kr, ηr) (2.43)

For three–point scattering one finds, using (2.37) and (2.43), that 〈λαA1
αλ

βA2
βλ

γA3
γ〉 repro-

duces the super Yang-Mills vertex: Each of the Aα contributes one, two or three θs. If the
five θs are distributed as (1, 1, 3) one gets the three–gluon vertex a1

ma
2
n∂

[ma3n], whereas if
they are distributed as (2, 2, 1) one gets the gluon–gluino–gluino vertex (χ1γmχ2)a3

m. In [11]
a prescription for functional integration over the zero modes for a surface of arbitrary genus
was given that consistently incorporates (2.43).
To compute amplitudes on genus g surfaces one has to count the zero–modes of the fields on
this surface. λα has eleven independent zero modes, θα has sixteen. Nmn and J have 11g
independent zero modes on a genus g surface. For the definition of an integral measure it is
useful to define a Lorentz invariant, gamma matrix–traceless tensor T((α1α2α3))[δ1δ2δ3δ4δ5]. This
expression is unique up to rescaling and can be constructed out of γmα1δ1

γnα2δ2
γpα3δ3

(γmnp)δ4δ5
by symmetrizing with respect to the alpha indices, antisymmetrizing with respect to the delta
indices and subtracting off the gamma matrix trace in the alpha indices. The measure factor
[Dλ] for the ghosts is defined as follows:

(d11λ)[α1...α11] = [Dλ](ǫT )
[α1...α11]
((β1β2β3))

λβ1λβ2λβ3 (2.44)

with (ǫT )
[α1...α11]
((β1β2β3))

= ǫα1...α16T((β1β2β3))[α12...α16]. Measure factors for the Nmn and for J can

be constructed analogously [11].
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To take care of the zero mode integration of θ, Berkovits defines three picture changing
operators:

YC = Cαθ
αδ(Cβλ

β)

ZB =
1

2
Bmn(λγ

mnd)δ(BpqNpq)

ZJ = (λαdα)δ(J) (2.45)

Cα is a constant spinor, Bmn is a constant antisymmetric tensor. These operators are BRST
invariant and their derivative is BRST exact. In addition, their supersymmetry variations
are BRST trivial. The tree level amplitude is now defined as:

A = 〈U1(z1)U2(z2)U3(z3)

∫

dz4V4(z4) . . .

∫

dzNVN (zN )YC1
(y1) . . . YC11

(y11)〉, (2.46)

where YCI
(yI) = CIαθ

α(yI)δ(CIλ(yI)). Integration over the non–zero modes yields:

A = 〈λαλβλγfαβγ(θ)(C1θ) . . . (C11θ)δ(C1λ) . . . δ(C11λ)〉 (2.47)

With the measure factors the amplitude reads:

A =

∫

d16θ

∫

[Dλ]λαλβλγfαβγ(C1θ) . . . (C11θ)δ(C1λ) . . . δ(C11λ)

=

∫

d16θ(ǫT −1)
((αβγ))
[ρ1...ρ11]

∫

dλρ1 . . . dλρ11fαβγ(C1θ) . . . (C11θ)δ(C1λ) . . . δ(C11λ)

(2.48)

Lorentz invariance implies that the amplitude must be independent of the CI . The λ inte-
gration can be carried out and the result is [11]:

A = c(ǫT −1)
((αβγ))
[κ1...κ11]

∫

d16θθκ1 . . . θκ11fαβγ(θ) (2.49)

c is a normalization constant.
To compute g–loop amplitudes one needs to insert (3g − 3) bzz ghosts of ghost number −1
that satisfy

[Q, b(z)] = T (z) (2.50)

into the correlation function, where T (z) is the energy momentum tensor. There is no such
ghost in the theory but one can construct an expression such that:

[Q, b̃B(z,w)] = T (z)ZB(w)

[Q, bB(z)] = T (z)ZB(z), (2.51)

with

b̃B(z,w) = bB(z) + T (z)

∫ w

z
dvBpq∂N

pq(v)δ(BN(v)) (2.52)
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The local expression bB(z) can be constructed by an iterative procedure [11]. Now it is
possible to compute N–point g–loop closed superstring amplitudes. For g > 1 this amplitude
is defined as:

A =

∫

d2τ1 . . . d
2τ3g−3〈|

3g−3
∏

P=1

∫

d2uPµP (uP )b̃Bp(uP , zP )

10g
∏

P=3g−2

ZBP
(zP )

g
∏

R=1

ZJ(vR)

11∏

I=1

YCI
(yI)|2

N∏

T=1

∫

d2tTVT (tT )〉 (2.53)

VT (tT ) are dimension (1, 1) closed string vertex operators for theN external states (see below).
µP (uP ) are Beltrami differentials (cf. Appendix C.1), the τP are the Teichmüller parameters
associated to the Beltramis, | |2 signifies the left–right product. For g = 1 the amplitude is
given by:

A =

∫

d2τ〈|
∫

d2uµ(u)b̃B1
(u, z1)

10∏

P=2

ZBP
(zP )ZJ (v)

11∏

I=1

YCI
(yI)|2U1(t1)

N∏

T=2

∫

d2tTVT (tT )〉

(2.54)

For the closed superstring the unintegrated vertex operator is defined as:

U = λαλ̂β̂Aαβ̂(x, θ, θ̂) (2.55)

Physical states satisfy:

QU = Q̂U = 0 δU = QΩ + Q̂Ω̂ (2.56)

where Q̂ = −
∮
iλ̂α̂d̂z̄α̂ and Q̂Ω = QΩ̂ = 0. This implies the following equations of motion

and gauge transformations [10]:

DγAαβ̂ +DαAγβ̂ = 0

D̂γ̂Aαβ̂ + D̂β̂Aαγ̂ = 0 (2.57)

δAαβ̂ = DαΩ̂β̂ + D̂β̂Ωα (2.58)

Aαβ̂ can be gauged to the following form [11]:

Aαβ̂(x, θ, θ̂) = eikx
(

hmn(γ
mθ)α(γ

nθ̂)β̂ + ψ̂γ̂m(γmθ)α(γ
nθ̂)β̂(γnθ̂)γ̂

+ψγn(γ
mθ)α(γmθ)γ(γ

nθ̂)β̂ + F γδ̂(γmθ)α(γmθ)γ(γ
nθ̂)β̂(γnθ̂)δ̂ + . . .

)

(2.59)

with

k2 = kmhmn = knhmn = kmψ̂α̂m = kmψαm = 0

kn(γnψ̂m)α̂ = kn(γnψm)α = kmγ
m
αγF

γδ̂ = kmγ
m
α̂δ̂
F γδ̂ = 0 (2.60)

12



Aαβ̂ describes the on–shell type IIB supergravity multiplet where hmn comprises the graviton,

the antisymmetric tensor and the dilaton, and ψαm and ψ̂α̂m denote gravitini and dilatini. Fαβ̂

are the Ramond–Ramond field strengths.
The integrated vertex operator for the closed string is given by:

V = ∂θα∂̄θ̂β̂Aαβ̂ + ∂θαΠ̄mAαm + Πm∂̄θ̂α̂Âmα̂ + ΠmΠ̄nAmn

+dα

(

∂̄θ̂β̂Eα
β̂

+ Π̄mEαm

)

+ d̂α̂

(

∂θβÊα̂β + ΠmÊα̂m

)

+
1

2
Nmn

(

∂̄θ̂β̂Ω̂mn
β̂

+ Π̄pΩmn
p

)

+
1

2
N̂mn

(

∂θβΩmn
β + ΠpΩ̂mn

p

)

+dαd̂β̂P
αβ̂ +Nmnd̂α̂Ĉ

mnα̂ + dαN̂mnC
αmn +NmnN̂pqS

mnpq (2.61)

A systematic approach to compute the equations of motion and the gauge transformations as
well as the component expansions was given in [18].

There are some further constructions related to the Green–Schwarz superstring and the
pure spinor formalism that should be mentioned.
In [19] a superembedding formulation for the superstring is related to the GS string and the
pure spinor formalism.
In [20, 21] the pure spinor constraint is implemented via a BRST double complex.
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Chapter 3

Covariant Quantization of the

Superstring without Pure Spinor

Constraints

3.1 Introduction

This is the central chapter of this thesis. In the following we will discuss the covariant
quantization of the superstring without pure spinor constraints as it was introduced by Grassi,
van Nieuwenhuizen and collaborators. First we will give a short introduction to WZNW
models and discuss the relation of this covariant formulation of the superstring to these
models. Some difficulties concerning the generalization of the WZNW model to the type two
superstring will lead to a different approach that involves the Noether method to construct an
action for type II. The construction of the BRST operator and the problems concerning the
definition of physical states will be investigated. It will be shown how the fields in the model
can be used to construct a twisted N = 2 superconformal algebra and in the subsequently
an N = 4 algebra. Finally it will be shown how to implement worldsheet diffeomorphism
invariance into this model.

3.2 The Superstring as a Gauged WZNW Model

In this section we discuss the relation of the covariant quantization of the superstring to Wess-
Zumino-Novikov-Witten (WZNW) models. First we will give an introduction to WZNW
models. Then we will show that the heterotic superstring can be written as a WZNW model.
Nilpotency of the BRST transformations will imply that we have a gauged WZNW model.
Finally we discuss the problems that arise when we use the WZNW technology for the type
II superstring, which will be the motivation for a different approach to the problem in section
3.3.

3.2.1 WZNW Models

WZNW models were first introduced by Witten [22] in the context of the bosonization of
fermions with non–abelian symmetries in 1 + 1 dimensions. In this paper an action was
derived based on a current algebra that was obtained from the bosonization of a fermionic
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Lagrangian. In this short introduction we will mostly follow the lines of [23].
The two dimensional WZNW model is a classical conformally invariant field theory whose
basic fields are harmonic maps g from a Riemann surface Σ, the worldsheet, to a bosonic Lie
group G. We denote the generators of the Lie algebra by TM . The pullback of the Maurer
Cartan form Θ, i.e. the left invariant Lie algebra valued one–from, to the worldsheet is given
by:

g∗Θ := g−1dg = dσµg−1∂µg = (−)MTMΘM (3.1)

Analogously we can define the pullback of the right–invariant one–form ΘR:

g∗ΘR := dgg−1 = (−)MTMΘRM (3.2)

Now we define the following action:

Skin[g] =
1

4λ2
||g∗Θ||2

=
1

4λ2

∫

Σ
〈g−1dg, ∗(g−1dg)〉

= − 1

4λ2

∫

Σ
d2σ

√
h〈g−1∂µg, g

−1∂µg〉

= − 1

4λ2

∫

Σ
d2σ

√
hΘBµΘA

µHAB (3.3)

Here we called the determinant of the metric h to avoid confusion with the group element g.
In the last line the scalar product 〈, 〉 was computed explicitly using:

〈TM , TN 〉 = HMN , (3.4)

where HMN is the Killing metric.
Now we add a non–local term to the action, the Wess–Zumino term. This term is defined on
a three dimensional manifold B with ∂B = Σ. The map g is extended to g̃ with g̃ : B → G
such that g̃|Σ = g. The Wess–Zumino term of the action is now defined as follows:

SWZ [g] = − 1

24π

∫

B
〈g̃−1dg̃,d(g̃−1dg̃)〉

= − 1

24π

∫

B
d3xεijk〈g̃−1∂ig̃, ∂j(g̃

−1∂kg̃)〉

= − 1

24π

∫

B
〈g̃∗Θ,d(g̃∗Θ)〉

= − 1

24π

∫

B
d3xεijkHMN∂jΘ̃

N
k Θ̃M

i

=
1

48π

∫

B
d3xεijkHMRf

R
NP Θ̃P

k Θ̃N
j Θ̃M

i (3.5)

The last line can be computed if one starts with SWZ[g] = − 1
24π

∫

B〈g̃−1dg̃, g̃−1dg̃g̃−1dg̃〉 and
uses [TM , TN ] = TRf

R
MN .

The complete action is defined as:

S[g] = Skin[g] + n SWZ [g], (3.6)
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where the integer n is called the level of the WZNW model. For our purposes the level will
be set to −2 and the constant λ is given by λ2 = 4π

n .
It can be shown that the action is invariant under the action of the infinite dimensional group
G(σ+) ×G(σ−) with:

g(σ−, σ+) 7→ Ω̃−1(σ+)g(σ−, σ+)Ω(σ−) (3.7)

We can split this symmetry into a chiral and an antichiral contribution:

δcg(σ
−, σ+) = g(σ−, σ+)ω(σ−)

δag(σ
−, σ+) = −ω̃(σ+)g(σ−, σ+) (3.8)

In the following we will refer to these “semilocal” chiral symmetries as global symmetries.
The corresponding conserved currents can be computed to be1:

JL = − n

8π
g−1∂g = − n

8π
Θ−

JR = − n

8π
∂̄gg−1 = − n

8π
ΘR

+ (3.9)

The conservation laws are ∂JL = 0 and ∂̄JR = 0. The currents satisfy the following Poisson
bracket algebra:

{JLA(σ−), JLB(σ′−)} = JLC (σ−)fCABδ(σ
1 − σ′1) +

n

4π
HAB∂1δ(σ

1 − σ′1)

{JRA (σ−), JRB (σ′−)} = JRC (σ−)fCABδ(σ
1 − σ′1) − n

4π
HAB∂1δ(σ

1 − σ′1) (3.10)

This corresponds to the following OPEs at the quantum level, expressed in terms of the Θ
with n = −2:

ΘL
−A(σ−)ΘL

−B(σ′−) ∼ −
ΘL

−C(σ−)fCAB
z − w

− HAB

(z −w)2

ΘR
−A(σ−)ΘR

−B(σ′−) ∼ −
ΘR

−C(σ−)fCAB
z − w

+
HAB

(z −w)2
(3.11)

Gauged WZNW Models

Now we make the symmetry transformation (3.7) local by gauging a subgroup H ⊂ G×G:

g(σ−, σ+) 7→ λ−1(σ−, σ+)g(σ−, σ+)ρ(σ−, σ+), (3.12)

where λ, ρ : Σ → H are arbitrary smooth maps. We will focus on the gauging of a diagonal
subgroup H. In this special case we set ρ = λ so that the transformations read:

g(σ−, σ+) 7→ λ−1(σ−, σ+)g(σ−, σ+)λ(σ−, σ+) (3.13)

We introduce gauge fields with components A and Ā which transform as follows under gauge
transformations:

A → λ−1(∂ +A)λ

Ā → λ−1(∂̄ + Ā)λ (3.14)

1Note that we use ∂ and ∂− synonymously. See Appendix A for our conventions.
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It can be shown [23] that the following extended action is invariant under the local symmetry:

SH[g,A, Ā] = SH[g] −
∫

Σ
〈A, JR〉 + 〈J, Ā〉 − n

8π
〈A, g−1Āg〉 +

n

8π
〈A, Ā〉 (3.15)

Here we indicated explicitly the dependence on the Killing metric H of G.
Now we switch to the path integral formalism and perform the Faddeev–Popov procedure:

Z =

∫

[dg][dA][dĀ]e−SH[g,A,Ā] (3.16)

We choose the holomorphic gauge Ā = 0. Assuming the absence of gauge anomalies the gauge
fixed path integral reads:

Z =

∫

[dg][dA](det∂̄)e−SH[g,A,0], (3.17)

where

det∂̄ =

∫

[db][dc]e−
R

Σ
〈b,∂̄c〉 (3.18)

is the Faddeev–Popov determinant and (b, c) are the Faddeev–Popov ghosts. The remaining
gauge fields A can be parameterized by A = −∂hh−1 with a smooth function h : Σ → H.
The Polyakov–Wiegmann identity [23] states that the gauge fixed action can be written in
terms of the original WZNW action:

SH[g,A, 0] = SH[gh] − SH[h] (3.19)

At the quantum level the change of variables from A to h incurs in a Jacobian factor for the
functional measure of the path integral. An arbitrary infinitesimal variation of the gauge field
A can be written as:

δA = −∂(δhh−1) − [A, δhh−1] = −D(δhh−1), (3.20)

where D is the holomorphic component of the covariant derivative. From this it can be
deduced that the Jacobian is given by: [dA] = (detD)[dh]. This determinant can be expressed
via an integral over fermionic fields:

detD =

∫

[db̄][dc̄]e−
R

Σ
〈b̄,Dc̄〉 (3.21)

The path integral now reads:

Z =

∫

[dg][dh](detD)(det∂̄)e−SH[gh]+SH[h] (3.22)

To compute the determinants we have to make a short detour. We compute a more general
expression:

detDdetD̄ =

∫

[db][dc][db̄][dc̄]e−
R

Σ
〈b̄,Dc̄〉−

R

Σ
〈b,D̄c〉 (3.23)
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Now we use the following relation:

detD detD̄ = e−W [A,Ā]det∂det∂̄, (3.24)

where W [A, Ā] is the integrated anomaly. Using A = −∂hh−1 and Ā = −∂̄h̄h̄−1 it can be
shown that the anomaly has the form of a WZNW action:

e−W [A,Ā] = eSH′ [h̄−1h], (3.25)

where H′ is the Killing metric of the subgroup H. For the gauged WZNW model we have to
set Ā = 0 and h̄ = 1. Then the path integral can be written as:

Z =

∫

[dg][dh][db][dc][db̄][dc̄]e−SH[gh]+SH+H′ [h]e−
R

Σ
〈b,∂̄c〉+〈b̄,∂c̄〉 (3.26)

Finally we can make a change of variables g → gh−1. Absence of gauge anomalies implies that
the Jacobian is trivial and we finally arrive at the path integral formulation for the gauged
WZNW model:

Z =

∫

[dg][dh][db][dc][db̄][dc̄]e−SH[g]+SH+H′ [h]e−
R

Σ
〈b,∂̄c〉+〈b̄,∂c̄〉 (3.27)

We observe that the action of a gauged WZNW model consists of three blocks: two indepen-
dent WZNW models based on G and H, respectively, and a ghost sector. The h–action has
the opposite sign as compared to the g–action. This implies in particular that the currents
Jh and Jh R have opposite signs:

Jh L =
n

8π
h−1∂h =

n

8π
Θh

−

Jh R =
n

8π
∂̄hh−1 =

n

8π
Θh R

+ (3.28)

In the case we are interested in, the WZNW model SH′ is degenerate with H′ = 0. Then the
OPEs for the Θh read:

Θh L
−A(σ−)Θh L

−B(σ′−) ∼ −
Θh L

−C(σ−)fCAB
z − w

+
HAB

(z −w)2

Θh R
−A(σ−)Θh R

−B(σ′−) ∼
Θh R

−C(σ−)fCAB
z − w

− HAB

(z −w)2
(3.29)

For the currents Jh this means that the central terms change their signs. In the following we
will be interested in gauging the full diagonal subgroup H = G ⊂ G×G with h = g.
In the following we will mostly deal with the left–moving currents and skip the superscript
L.

3.2.2 The Superstring as a WZNW model

Relaxing the Pure Spinor Constraint

In their works [4][24, 25, 26, 27, 28] van Nieuwenhuizen and collaborators presented a way to
covariantly quantize the superstring without the pure spinor constraint

λγmλ = 0. (3.30)
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Only the chiral sector will be considered here. The starting point for this construction is
Berkovits’ BRST charge:

Q = −
∫

iλαdzα (3.31)

Now we check nilpotency on the fields using the OPEs collected in Appendix B. Acting with
the BRST operator on θα and λα yields sθα = iλα and sλα = 0. Thus, nilpotency on θα

and λα can be achieved. Next we compute sxm = λγmθ. Without the pure spinor constraint
s2xm = iλγmλ does not vanish. Therefore one introduces a real anticommuting ghost ξm and
and sets sxm = λγmθξ

m. The transformations of the new ghost are chosen such that the BRST
transformation on xm is nilpotent, which yields sξm = −iλγmλ. In order to obtain these
altered transformations a new Q′ =

∫
Πzmξ

m is added. It would have been sufficient to write
∂xm instead of Πzm but then Q′ would not be supersymmetric. In a next step we construct
nilpotent transformations on dzα. We have sdzα = 2(γmλ)αΠzm, s′dzα = 2iξm(γm∂θ)α and
(s + s′)2dzα = ∂(2ξm(γmλ)α). Thus, we introduce a new BRST transformation such that
s′′dzα = −∂χα. Nilpotency on dzα is achieved if we define sχα = 2ξm(γmλ)α. Using Fierz
rearrangement it can be verified that s2χα = 0. Thus we have obtained nilpotency on all the
fields and ghosts. We introduce antighosts βzm, ωzα and καz with the OPEs:

ξm(z)βm(w) ∼ − 1

z − w

λα(z)ωα(w) ∼ − 1

z − w

χα(z)κ
α(w) ∼ − 1

z − w
(3.32)

βzm is anticommuting, whereas ωzα and καz are commuting antighosts.
The BRST charge is now given by:

Q =

∮

−idzαλα − ∂θαχα − Πzmξ
m + iβzm(λγmλ) + 2ξm(κzγmλ) (3.33)

Unfortunately, the BRST transformations on the antighosts are not nilpotent:

sβzm = Πzm − 2(κzγmλ)

sωzα = idzα − 2iβzm(γmλ)α − 2(γmκz)αξ
m

sκαz = ∂θα (3.34)

There are now two ways to proceed:

1. Continue this procedure by requiring nilpotency on the antighosts and introducing new
fields. This will eventually lead to the WZNW model.

2. Terminate the procedure by hand by adding a ghost pair (b, cz) with c(z)b(w) = −1/(z−
w). In the following we will refer to this as the “old approach” [4].

Before we consider the WZNW model we give a brief review of the “old approach”. Computing
the square of (3.33) yields:

[Q,Q] =

∫

Az =

∫

ξm∂ξ
m + iλα∂χα − iχα∂λ

α (3.35)
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This expression is BRST invariant and we have [Q,Az] = ∂Y with Y = iξmλγ
mλ. Now we

define:

Q′ = Q+

∫

(cz + bBz) (3.36)

We find:

[Q′, Q′] =

∫

(Az − 2Bz) − b[Q,Bz] (3.37)

Requiring Q′ to be nilpotent yields:

[Q,Bz ] = 0 Bz =
1

2
(Az + ∂X) [Q,X] = −Y (3.38)

with X = − i
2χαλ

α. With that we obtain the BRST charge of the “old approach”:

Q =

∮

−idzαλα − Πzmξ
m − ∂θαχα + iβzm(λγmλ) + 2(κzγmλ)ξm

+cz + b

(
1

2
ξm∂ξ

m +
i

4
λα∂χα − 3i

4
χα∂λ

α

)

(3.39)

The altered transformations of the antighosts and the BRST transformations of the new
ghost pair can be computed using the OPEs of Q with these fields. There are, however, some
unattractive features concerning this approach.

• The introduction of the ghost pair (b, cz) changes the central charge to c = 20. In order
to obtain a theory with vanishing central charge another pair (ωm, ηmz ) is introduced
which cancels the central charge. The new fields are defined to be BRST inert.

• The cohomology of Q is trivial, i.e. all the currents are set to 0 cohomologically. To fix
this one has to introduce a grading condition to get the correct physics.

For a review of the cohomology computations in the “old approach”we refer to section 3.5.1.

Now we come to the WZNW approach that was first presented in [28]. We add “currents”
JhM = −(Πh

zm, idzα, ∂θ
α) to the BRST transformations of the antighosts:

sβzm = Πzm − Πh
zm − 2(κzγmλ)

sωzα = idzα − idhzα − 2iβzm(γmλ)α − 2(γmκz)αξ
m

sκαz = ∂θα − ∂θαh (3.40)

Demanding nilpotency of these transformations yields the following BRST transformations
for the h–currents:

sΠmh
z = ∂ξm + 2(λγm∂θh)

sθαh = −iλα

sdhzα = ∂χα + 2(γmλ)αΠmh
z + 2iξm(γm∂θ

h)α (3.41)
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This construction implies the following BRST operator:

Q =

∮

−(Πzm − Πh
zm)ξm − (idzα − idhzα)λ

α − (∂θα − ∂θαh)χα

+iβzm(λγmλ) + 2(κzγmλ)ξm, (3.42)

which is consistent if the h–currents satisfy the following OPEs:

idhzα(z)id
h
zβ(w) ∼ −2i

γmαβΠ
h
zm(w)

z − w
idhzα(z)Πh

zm(w) ∼ −2
γm αβ∂θ

βh

z − w

Πh
zm(z)Πh

zn(w) ∼ ηmn
(z −w)2

idhzα(z)∂θβh(w) ∼ iδβα
(z − w)2

(3.43)

The central terms in the OPEs change their signs as compared those of the original currents.
This is exactly the behavior of the JhM of the gauged WZNW model.

WZNW action and Currents for the Heterotic String

Having established a first contact between the covariant formulation of the superstring and
WZNW models we will now stress some more WZNW properties of this model. First we
introduce the following currents with capital indices: JM = (Πzm, idzα, ∂θ

α), the corre-
sponding h–currents have already been introduced above. The Maurer–Cartan forms are
ΘµM = (Πµm, idµα, ∂µθ

α). Defining the structure constants fmαβ = 2iγmαβ and f
α
βm = 2γm αβ

and a metric

HMN =





ηmn 0 0

0 0 iδβα
0 −iδαβ 0



 , (3.44)

we get the following OPEs:

JM (z)JN (w) ∼ −JKf
K
MN

z − w
− HMN

(z − w)2

JhM (z)JhN (w) ∼ JhKf
K
MN

z − w
+

HMN

(z − w)2
(3.45)

These are consistent with (3.11) and (3.29).
Now we define super Lie algebra generators2:

TM = (Pm, Qα,K
α) (3.46)

They satisfy the following (anti–)commutation relations:

[TM , TN ] = TPf
P
MN

[Qα, Qβ] = 2iγmαβPm [Qα, Pm] = 2γm αβK
β (3.47)

Using these generators we define a parameterization for the group manifold:

g = ePmxm

eiQαθα

eiK
αφα (3.48)

2This ansatz goes back to Siegel [29].
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This is a generalization of the WZNW models presented in [23] since in this case not all the
Lie algebra generators are bosonic.
With the formula

deB = eBdB +
1

2
eB [dB,B] +

1

6
eB [[dB,B]B] +O([[[dB,B], B], B]), (3.49)

one can easily verify that the correct chiral currents ∂Π and ∂θ are produced3:

g−1∂g = TMJ
M

= Pm (∂xm − iθγm∂θ) +Qαi∂θ
α +Kα

(

i∂φα − 2i(γmθ)α∂x
m − 2

3
(γmθ)α(θγ

m∂θ)

)

= PmΠm
z + iQα∂θ

α +Kαd(φ)
zα (3.50)

We could not take pzα as elementary field but had to use φα instead. To establish the
connection to pzα we have to define:

p(φ)
zα = −∂φα − 2i(γmθ)α∂x

m − 2

3
(γmθ)α(θγ

m∂θ) (3.51)

The WZNW action without the h–currents can be written as (n = −2):

S[g] = − 1

8π

∫

Σ
d2σΘµ

MΘM
µ − 1

24π

∫

B
d3xεijkΘ̃iAf

A
BCΘ̃C

k Θ̃B
j , (3.52)

where Θ̃M is the extension of the Maurer–Cartan form to the three dimensional manifold B.
Using the Maurer–Cartan equations

dΘ = d(g−1dg) = −g−1dgg−1dg = −Θ ∧ Θ

dΘC = (−)A
1

2
fCBAΘAΘB , (3.53)

we can rewrite the WZ term as an integral over a total derivative and we find:

S =
1

4π

∫

Σ
d2σ

(

−1

2
ΠmµΠmµ + d(φ)µ

α ∂µθ
α − 1

2
εµνd(φ)

µα∂νθ
α

)

(3.54)

Partial integration and the Maurer–Cartan equations then yield the final well–known result
for the action:

S =
1

4π

∫

Σ
d2σ

(

−1

2
ΠmµΠmµ + Pµνd(φ)

µα∂νθ
α − iεµνΠm

µ (θγm∂νθ)

)

(3.55)

3.2.3 Problems using WZNW technology for the Superstring

Despite the discussion in the previous section there are some problems with the WZNW
description of the superstring. In particular we focus on some complications for the general-
ization to the type II superstring which kept us from finding a standard WZNW formulation
for this case and eventually led us to the unconventional approach that will be presented in
section 3.3.

3Indices are lifted with the inverse of the metric, see Appendix B.
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Parameterization and Doubling of the Currents

If we only consider the chiral case the WZNW model yields antiholomorphic currents that do
not appear in the model for the superstring. We find:

∂̄gg−1 = Pm
(
∂̄xm + iθγm∂̄θ

)
+ iQα∂̄θ

α +Kα

(

i∂̄φα − 2ixm(γm∂̄θ)α − 2

3
(γmθ)α(θγ

m∂̄θ)

)

(3.56)

There is no interpretation for these currents for the heterotic string. It is also not possible
to interpret the antichiral currents as the currents of the right–moving sector for the type II
superstring.

Another problem is the fact that we have φα as an elementary field in the WZNW approach
and not pzα. The action (3.55) still contains the φα–field. It can be shown that variation of
the action with respect to the elementary fields xm, θα, φα does not yield free field equations.

Generalization to the Type II Superstring

In order to introduce rightmovers into the WZNW model we need new Lie algebra generators
with the following commutators:

[Q̂α̂, Q̂β̂] = −2iγmαβPm

[Q̂α̂, Pm] = −2γm α̂β̂K̂
β̂ (3.57)

We are forced by the Jacobi identity to introduce some further non–vanishing commutators:

[Qα, Q̂β̂ ] =: iRαβ̂ = iRβ̂α := [Q̂β̂, Qα]

[Rαβ̂, Q̂γ̂ ] = −2γm
β̂γ̂
γmαδK

δ

[Rαβ̂, Qγ ] = −2γmαγγm β̂δ̂K̂
δ̂ (3.58)

These commutators imply that left– and right–moving sectors mix. All the other commutators
between generators of the left– and right–moving sector can be chosen to be 0.
We introduce a new field yαα̂ for the generator Rαα̂ and choose the following parameterization
for the group element:

g = ePmxm+iQαθα+iKαφα+iQ̂α̂θ̂
α̂+iK̂α̂φ̂α̂+Rαα̂y

αα̂

(3.59)

The problem would simplify if it were possible to express yαα̂ in terms of the fields xm, θα,
θ̂α, φα and φ̂α̂. For this purpose we compute the composition law of two group elements g1
and g2 using the Baker–Campbell–Hausdorff formula [30]:

eAeB = eA+B+ 1

2
[A,B]+ 1

12
[A,[A,B]]− 1

12
[B,[B,A]]+... (3.60)

After a lengthy calculation we get the following contributions for the respective generators:

1. Terms proportional to Pm:

g1g2
Pm

= exp
[

Pm(xm1 + xm2 ) +
1

2
Pm
(
2iγmαβθ

α
1 θ

β
2 − 2iγm

α̂β̂
θ̂α̂1 θ̂

β̂
2

)]

= exp
[

Pm(xm1 + xm2 ) + iPm
(
(θ1γ

mθ2) − (θ̂1γ
mθ̂2)

)]

(3.61)
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2. Terms proportional to Qα:

g1g2
Qα

= exp
[

iQα(θα1 + θα2 )
]

(3.62)

3. Terms proportional to Q̂α̂:

g1g2
Q̂α̂

= exp
[

iQ̂α̂
(
θ̂α̂1 + θ̂α̂2

)]

(3.63)

4. Terms proportional to Rαβ̂:

g1g2
R

αβ̂

= exp
[

Rαβ̂
(
yαβ̂1 + yαβ̂2

)
+
i

2
Rαβ̂

(
θα1 θ̂

β̂
2 + θ̂β̂1 θ

α
2

)]

(3.64)

5. Terms proportional to Kδ:

g1g2
Kδ

= exp

[

iKδ
(
φ1δ + φ2δ

)
+ iKδγm δα

(

− xm1 θ
α
2 + xm2 θ

α
1 + γmα̂γ̂ θ̂

γ̂
1y

αα̂
2 − γmγ̂α̂θ̂

γ̂
2y

αα̂
1

)

+
1

3
Kδ
(

− γm δαγ
m
βγθ

α
1 θ

β
1 θ

γ
2 + γmαδγ

m
β̂γ̂
θα1 θ̂

β̂
1 θ̂

γ̂
2 − 1

2
γm δβγ

m
α̂β̂
θ̂α̂1
(
θβ1 θ̂

β̂
2 + θ̂β̂1 θ

β
2

))

−1

3
Kδ
(

γm δαγ
m
βγθ

α
2 θ

β
1 θ

γ
2 − γmαδγ

m
β̂γ̂
θα2 θ̂

β̂
1 θ̂

γ̂
2 +

1

2
γm δβγ

m
α̂β̂
θ̂α̂2
(
θβ1 θ̂

β̂
2 + θ̂β̂1 θ

β
2

))
]

(3.65)

6. Terms proportional to K̂ δ̂:

g1g2
K̂ δ̂

= exp

[

iK̂ δ̂
(
φ̂1δ̂ + φ̂2δ̂

)
+ iK̂ δ̂γm δ̂α̂

(

xm1 θ̂
α̂
2 − xm2 θ̂

α̂
1 + γmαγθ

γ
1y

αα̂
2 − γmαγ θ̂

γ
2y

αα̂
1

)

+
1

3
K̂ δ̂
(

γm δ̂α̂γ
m
βγ θ̂

α̂
1 θ

β
1 θ

γ
2 − γm δ̂α̂γ

m
β̂γ̂
θ̂α̂1 θ̂

β̂
1 θ̂

γ̂
2 − 1

2
γm δ̂β̂γ

m
αβθ

α
1

(
θβ1 θ̂

β̂
2 + θ̂β̂1 θ

β
2

))

−1

3
K̂ δ̂
(

− γm δ̂α̂γ
m
βγ θ̂

α̂
2 θ

β
1 θ

γ
2 + γm δ̂α̂γ

m
β̂γ̂
θ̂α̂2 θ̂

β̂
1 θ̂

γ̂
2 +

1

2
γm δ̂β̂γ

m
αβθ

α
2

(
θβ1 θ̂

β̂
2 + θ̂β̂1 θ

β
2

))
]

(3.66)

In order to get a proper composition law we must have:

eRαβ̂
y′αβ̂
1 eRαβ̂

y′αβ̂
2

!
= eRαβ̂

y′αβ̂
3 (3.67)

Considering equation (3.64) the only reasonable choice seems to be yαβ̂ = i
2θ
αθ̂β̂ but unfor-

tunately we get a wrong sign. What we want to get is:

eRαβ̂
θα
1 θ̂

β̂
1 eRαβ̂

θα
1 θ̂

β̂
1

!
= exp

[(
θα1 + θα2

)(
θ̂β̂1 + θ̂β̂2

)]

= exp
[ i

2

(

θα1 θ̂
β̂
1 + θα2 θ̂

β̂
2 + θα1 θ̂

β̂
2 + θα2 θ̂

β̂
1

)]

(3.68)

Using (3.64) to compute the product we get a negative sign in the last term as compared to
the equation above. Thus it is not possible to express yαα̂ in terms of the other fields and
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therefore it has to be made dynamical.
Now we compute the left– and right–moving currents from the parameterization (3.59). The
chiral currents from g−1∂g are:

Jmz = ∂xm − i(θγm∂θ) + i(θ̂γm∂θ̂)

Jαz = i∂θα

d(φ)
zα = Jzα = i∂φα + ixm(γm∂θ)α − i∂xm(γmθ)α − 2

3
(γmθ)α(θγ

m∂θ)

+(γmθ)α(θ̂γ
m∂θ̂) − iγmαβ∂y

ββ̂γm
β̂α̂
θ̂α̂ + iγm αβy

ββ̂γm
β̂α̂
∂θ̂α̂

J α̂z = i∂θ̂α̂

Jzα̂ = i∂φ̂α̂ − ixm(γm∂θ̂)α̂ + i∂xm(γmθ̂)α̂ − 2

3
(γmθ̂)α̂(θ̂γm∂θ̂)

+(γmθ̂)α̂(θγm∂θ) − iγm α̂β̂∂y
β̂βγmβαθ

α + iγm α̂β̂y
β̂βγmβα∂θ

α

Jαα̂z = ∂yαα̂ − i

2

(

θ̂α̂∂θα + θα∂θ̂α̂
)

(3.69)

We choose a metric where the mixing of right– and left–moving sector is minimal to pull Lie
algebra indices:

HMN =













ηmn 0 0 0 0 0

0 0 iδβα 0 0 0
0 −iδαβ 0 0 0 0

0 0 0 0 iδβ̂α̂ 0
0 0 0 −iδα̂

β̂
0 0

0 0 0 0 0 hγmαβγm α̂β̂













(3.70)

The right–moving currents ∂̄gg−1 can be computed out of the left–moving ones via:

∂̄gg−1 = −g∂̄g−1 = −
(
g(−φM )

)−1
∂̄
(
g(φM )

)
, (3.71)

with φM = (xm, iθα, iφα, iθ̂
α̂, iφ̂α̂, y

αα̂). For the calculation this means that we take the chiral
currents and exchange ∂ by ∂̄ and change the sign in every term that is quadratic in φM .
Thus, we get:

JmR
z̄ = ∂̄xm + i(θγm∂̄θ) − i(θ̂γm∂̄θ̂)

Jα Rz̄ = i∂̄θα

JRz̄α = i∂̄φα − ixm(γm∂̄θ)α + i∂̄xm(γmθ)α − 2

3
(γmθ)α(θγ

m∂̄θ)

+(γmθ)α(θ̂γ
m∂̄θ̂) + iγmαβ ∂̄y

ββ̂γm
β̂α̂
θ̂α̂ − iγm αβy

ββ̂γm
β̂α̂
∂̄θ̂α̂

J α̂ Rz̄ = i∂̄θ̂α̂

d̂
(φ̂)
z̄α̂ = JRz̄α̂ = i∂̄φ̂α̂ + ixm(γm∂̄θ̂)α̂ − i∂̄xm(γmθ̂)α̂ − 2

3
(γmθ̂)α̂(θ̂γm∂̄θ̂)

+(γmθ̂)α̂(θγm∂̄θ) + iγm α̂β̂ ∂̄y
β̂βγmβαθ

α − iγm α̂β̂y
β̂βγmβα∂̄θ

α

Jαα̂ Rz̄ = ∂̄yαα̂ +
i

2

(

θ̂α̂∂̄θα + θα∂̄θ̂α̂
)

(3.72)

We make the following observations concerning these results:
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• We have a doubling of the currents. For the chiral sector we only need Jmz , Jαz and Jzα,
for the antichiral sector JmR

z̄ , J α̂ Rz̄ and JRz̄α̂.

• For the currents J
m (R)
µ we would have expected Πm

µ = ∂µx
m − i(θγm∂µθ)− i(θ̂γm∂µθ̂).

Using the parameterization (3.59) we can achieve on–shell, i.e. using the equations of
motion ∂̄θ = 0 and ∂θ̂ = 0, that the left– and right–moving sectors decouple: Jmz →
∂xm − i(θγm∂θ) and JmR

z̄ → ∂̄xm − i(θ̂γm∂̄θ̂).

• The d– and d̂–currents contain terms that are not supersymmetric. Choosing a different

parameterization like ePmxm
eiQαθα

eiK
αφαeiQ̂α̂θ̂

α̂
eiK̂

α̂φ̂α̂eRαα̂y
αα̂

does not solve this prob-
lem because it removes the non–supersymmetric terms only in one sector as it can be
seen already for the heterotic case (3.56).

Considering these problems we quit the attempt to construct a WZNW action for the type
II superstring via a parameterization of the group element and successfully chose a different
approach that will be presented in the following section. An approach to the construction of
a WZNW action based on supergroups can be found in [31].

3.3 Gauging the Action via the Noether Procedure

As we have seen in the previous section the standard WZNW approach to the superstring
causes some problems:

• For the heterotic string one starts with a chiral algebra and the WZNW model produces
a chiral as well as an antichiral algebra. It is not possible to interpret the antichiral
algebra as the right moving sector of the type II superstring. Consequently one has to
start with a chiral and an antichiral algebra and both of them double.

• For the type II superstring the central extension of the supersymmetry algebra forces
one, via the Jacobi identity, to introduce an additional generator with two spinor indices.
As we have seen in section 3.2.3 the corresponding field cannot be expressed in terms
of the fields xm, θα, φα and thus has to be made dynamical. It has not been possible to
produce a WZNW action for the type II superstring.

• In [28] the currents JhM of the gauged WZNW were introduced by hand in order to
render the BRST transformations of the antighosts nilpotent. In this section we will
present a more fundamental way to introduce these h–currents into the action.

• Some aspects concerning the relation of the WZNW field φα and the momentum pzα of
the free field action are unclear.

To circumvent these difficulties we will use the Noether method to perform the WZNW action.
We start with the free field action and gauge the symmetry algebra induced by the OPEs
of the currents JM . We will mostly follow the line of [1] but we will treat the heterotic and
the type II case separately with the intention to focus on the details of Noether procedure
for the heterotic case. This will enable us to discuss the complications that arise for the type
II string without having to distract ourselves with the technicalities that come from gauging
the symmetries.
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The Noether method is an elegant way to construct out of an action that has a global
symmetry a new action that is invariant under the local version of this symmetry. The
iterative construction works as follows:

1. Take an action S0 that is invariant under a global symmetry such that δ0S0 = 0. The
subscripts denote a grading that keeps track of the order of the iteration. Compute the
variation of the action S0 under the local variation δ1. According to Noether’s theorem
this yields the currents:

δ1S0 =

∫
δS0

δφA
δ1φ

A ≡
∫

JµM∂
µωM , (3.73)

where φA stands for all the fields in the action and ωM is the transformation parameter.

2. Introduce a “gauge connection” AMµ that transforms as δ0A
M
µ = ∂µω

M . Add a new
term,

S1 = −
∫

JµMA
M
µ , (3.74)

to the action. With that one achieves δ1S0 + δ0S1 = 0.

3. Compute δ1S1 and obtain δ0S2 + δ1S1 + δ2S0 = 0 by adding a suitable S2 to the action
and/or by altering the transformations of the fields φA. These computations may carry
some ambiguities.

4. Continue until the procedure terminates or until sufficient steps are made to guess the
form of the final action and transformations.

For the superstring we would get for example: δ1S0 =
∫
JzM ∂̄ω

M+Ĵz̄M̂∂ω̂
M̂ where the hatted

quantities stand for the right movers.
Note that it is also possible to use the Noether theorem “backwards” by considering the fact
that via partial integration we have:

δ1S0 =

∫
δS0

δφA
δ1φ

A ≡
∫

JµM∂
µωM = −

∫

∂µJµMω
M (3.75)

Thus, it is possible to use the Noether theorem to compute the transformations if one knows
the conserved currents.
The standard reference for the Noether method is [32] but it was already applied in earlier
works, for example by Deser [33].

3.3.1 The Heterotic String

We start with the free field action for the heterotic string4:

S0 =

∫

−1

2
∂xm∂̄xm + pzα∂̄θ

α =

∫

−1

2
Πm
z Πz̄m − iΠm

z (θγm∂θ) + iΠm
z̄

(
θγm∂̄θ

)
+ dzα∂̄θ

α

(3.76)
The conserved currents are:

JzM = (Πzm, idzα, ∂θ
α) (3.77)

4From now on we absorb the prefactors in the action into the
R

–sign, see also Appendix A.
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The elementary fields are φA = (xm, θα, pzα). In order to avoid confusing prefactors and signs
in our condensed notation we use the following transformation parameters:

ωM = (ωm, ωα,−iωα) (3.78)

We compute the transformations of the elementary fields by computing their OPEs with the
currents:

δJNz (w) = Res
z→w

JzM (z)ωM (z)φN (w) (3.79)

Using this method of calculation we may miss off–shell contributions to the transformations.
In this simple case, however, the OPEs yield the full transformations:

δJM = −∂ωM + JP f
P
MNω

N (3.80)

δΠzm = −∂ωm + 2 (ωγm∂θ)

δ∂θα = i∂ωα

δidzα = −∂ωα + 2i (γmω)αΠm
z + 2ωm (γm∂θ)α (3.81)

Since it is easier to gauge the action in terms of the elementary fields, we express the currents
in terms of the elementary fields to obtain the following transformations:

δxm = −ωm + (ωγmθ)

δθα = iωα

δpzα = i∂ωα − 2iωm (γm∂θ)α − i∂ωm (γmθ)α + (γmω)α ∂x
m

+
3i

2
(ωγmθ) (γm∂θ)α +

1

2
(∂ωγmθ) (γmθ)α (3.82)

The first step in the Noether procedure is to compute δ1S0. Since we got the transformations
out of the OPEs of the currents this is merely a check if we computed them correctly. Using
partial integration and Fierz rearrangement we find that this is indeed the case:

δ1S0 =

∫

(∂xm − iθγm∂θ) ∂̄ωm + ∂θα∂̄ (−iωα) +

(

pα − (γmθ)α

(

i∂xm +
1

2
θγm∂θ

))

∂̄ωα

(3.83)

Introducing

S1 = −
∫

JzMA
M
z̄ = −

∫

ΠzmA
m
z̄ + idzαA

α
z̄ + ∂θαAz̄α (3.84)

we have constructed δ1S0 + δ0S1 = 0.
In the next step we compute δ1S1:

δ1S1 = −
∫

Πzm (δ1A
m
z̄ + 2i (ωγmAz̄)) + idzαδ1A

α
z̄ + ∂θα (δ1Az̄α + 2ωm (γmAz̄)α)

−∂ωmAmz̄ − ∂ωαAz̄α + i∂ωαA
α
z̄

= −
∫

JzP
(
fPMNω

NAMz̄ + δ1A
P
z̄

)
− ∂ωMA

M
z̄ (3.85)

We can read off the local transformations of the gauge connections:

δ1A
P
z̄ = fPMNω

NAMz̄ (3.86)
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There are still the ∂ωM–terms left to be absorbed. These terms come from the central
extension of the current algebra. Theoretically we have two possibilities to get rid of them
but unfortunately none of them work here:

• Adding a term S2 that is quadratic in the gauge connections does not work because we
would need an expression of conformal weight (1, 1) and there is neither a field AzM in
our model nor are there connections with upper indices. Even if we introduced a field
AMz and added a term S2 = −

∫
AzMA

M
z̄ to the action the δ0–variation would yield

AzM ∂̄ω
M which we do not want.

• We cannot alter the transformations of the elementary fields because the action S0 is
quadratic in the elementary fields and therefore the term we want to cancel would have
to be linear in the fields which it is not.

Knowing that the procedure must terminate after the first step we use a trick which leads us to
the gauged WZNW model. We double the fields and subtract from the original Lagrangian the
same Lagrangian in terms of these new auxiliary fields. We demand that the double poles in
the current algebra corresponding to these fields have the opposite sign as compared to those
of the currents JM . Since this is exactly the behavior of the h–currents in a gauged WZNW
model we will denote the new fields with a superscript h. The new action Sh0 is separately
invariant under the same chiral transformations (3.82) with the coordinates replaced by their
h–analogues and with a gauge parameter ωhM . For our purpose it is necessary to set ωhM = ωM .
In the WZNW language this means that we gauge the complete diagonal subgroupH = G×G
[23]. For the action we write now S0 → S0 − Sh0 ≡ S0. The gauge transformations of the
h–currents read:

δ0J
h
M = ∂ωM + JhP f

P
MNω

N (3.87)

δ0Π
h
zm = −∂ωm + 2

(

ωγm∂θ
h
)

δ0∂θ
hα = i∂ωα

δ0id
h
zα = −∂ωα + 2i (γmω)α Πmh

z + 2ωm
(

γm∂θ
h
)

α
, (3.88)

with

JhM =
(

−Πh
zm,−idhzα,−∂θhα

)

(3.89)

Variation of the new action under local transformations now yields:

δ1S0 =

∫ (

JM + JhM

)

∂̄ωM (3.90)

Now we add to the action a term:

S1 = −
∫ (

JM + JhM

)

AMz̄ (3.91)

Computation of δ1S1 now yields:

δ1S1 = −
∫

JzP
(
fPMNω

NAMz̄ + δ1A
P
z̄

)
, (3.92)
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and the procedure terminates after the first step if we define:

δ1A
P
z̄ = −fPMNω

NAMz̄ (3.93)

With that we have achieved δS = 0 with δ = δ0 + δ1 and S = S0 + S1.

Gauge Fixing and BRST Transformation

It is possible to use the gauge freedom to put all the gauge connections to 0 again. This is
done by the standard procedure of gauge fixing as it can be found for example in [34].
We introduce ghosts by writing the transformation parameters as:

ωM = ΛcM , (3.94)

with a global anticommuting parameter Λ. The BRST variation s on the elementary fields is
then defined as:

δφA = Λ sφA (3.95)

We add the usual gauge fixing term to the Lagrangian:

Lgf = L + s
(
bMA

M
z̄

)
(3.96)

with
sbM = ΩM sΩM = 0, (3.97)

where ΩM is a Lagrange multiplier field, the Nakanishi–Lautrup field. The BRST transforma-
tions of the ghosts are defined such that s becomes nilpotent. This is achieved by demanding
nilpotency of the BRST transformations on the fields (or currents) and using the Jacobi iden-
tity.
We get the BRST transformation of the gauge connection from its gauge transformation by
pulling the parameter Λ out in front:

δAPz̄ = ∂̄ωP − fPMNω
NAMz̄

sAPz̄ = ∂̄cP − (−)N+M+P fPMNc
NAMz̄ (3.98)

For the action we get, explicitly computing s(bMA
M
z̄ ):

Sgf = S +

∫

ΛPA
P
z̄ − (−)P bP ∂̄c

P + (−)N+MbP f
P
MNc

NAMz̄ (3.99)

ΩM and AMz̄ can be integrated out because the variation with respect to those fields yields
algebraic equations of motion:

AMz̄ = 0

ΩM =
(

JM + JhM

)

− (−)N+M bPf
P
MNc

N (3.100)

Now we define:

cM = (−ξm, λα, χα) cM = (−ξm, iχα,−iλα) (3.101)

bM = (βzm, ωzα, κ
α
z ) bM = (βmz , iκ

α
z ,−iωzα) (3.102)
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With these definitions we finally arrive at the gauged and gauge fixed action of the heterotic
string, which coincides with the result of [28]:

S =

∫

−1

2
∂xm∂̄xm +

1

2
∂xmh∂̄xhm + pzα∂̄θ

α − phzα∂̄θ
αh

+βzm∂̄ξ
m + ωzα∂̄λ

α + καz ∂̄χα

=

∫

−1

2
Πm
z Πz̄m − iΠm

z

(
θγm∂̄θ

)
+ iΠm

z̄ (θγm∂θ) + dzα∂̄θ
α

+
1

2
Πmh
z Πh

z̄m + iΠmh
z

(

θhγm∂̄θ
h
)

− iΠmh
z̄

(

θhγm∂θ
h
)

− dhzα∂̄θ
αh

+βzm∂̄ξ
m + ωzα∂̄λ

α + καz ∂̄χα (3.103)

To conclude this subsection we give a complete list of the BRST transformations of the fields,
currents, ghosts and antighosts:

sxm = ξm + (λγmθ)

sθα = iλα

spzα = i∂χα + 2iξm (γm∂θ)α + i∂ξm (γmθ)α + (γmλ)α ∂x
m

+
3i

2
(λγmθ) (γm∂θ)α +

i

2
(∂λγmθ) (γmθ)α (3.104)

sJM = −∂cM + (−)N+MJP f
P
MNc

N

sΠzm = ∂ξm + 2 (λγm∂θ)

s∂θα = i∂λα

s idzα = −i∂χα + 2i (γmλ)α Πm
z − 2ξm (γm∂θ)α (3.105)

One obtains the transformations of the h–fields by replacing the fields by their h–counterparts.

scM = −(−)K
1

2
fMLKc

KcL

sξm = −i (λγmλ)

sλα = 0

sχα = 2 (γmλ)α ξ
m (3.106)

sbM =
(

JM + JhM

)

− (−)N+MbP f
P
MNc

N = ΩM

sβzm =
(

Πzm − Πh
zm

)

− 2 (κzγmλ)

sωzα =
(

idzα − idhzα

)

− 2iβzm (γmλ)α − 2 (γmκz)α ξ
m

sκαz =
(

∂θα − ∂θαh
)

(3.107)
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BRST Current, Composite B–field and Energy–Momentum Tensor

We can read off the BRST current if we transform the action with local parameter Λ: δΛ(. . .) =
Λ s(. . .)

δΛS =

∫ (

JM + JhM

)

∂̄
(
ΛcM

)
−δΛ

(
(−)M bM ∂̄c

M
)

=

∫

∂̄Λ
(

(−)M
(

JM + JhM

)

cM + bM scM
)

(3.108)
We read off the following BRST current:

jBz = (−)M
(

JM + JhM

)

cM − (−)K
1

2
bMf

M
LKc

KcL

= −
(

Πzm − Πh
zm

)

ξm −
(

idzα − idhzα

)

λα −
(

∂θα − ∂θαh
)

χα + iβzm (λγmλ) + 2 (κzγmλ) ξm

(3.109)

For gauged WZNW models with H = G × G there exists an operator Bzz which makes the
energy–momentum tensor BRST exact [23]:

Tzz = [Q,Bzz] Q =

∮

jBz (3.110)

In our approach to the WZNW model it is now easy to find the symmetry corresponding to
Bzz. Looking at the ghost action

Sgh =

∫

−(−)MbM ∂̄c
M =

∫

−(−)McM ∂̄b
M (3.111)

one sees that bM and cM can exchange their role as long as the conformal weight of bM is of
no importance. Thus, one can construct a new symmetry by taking cM ↔ bM , which reads
in components:

−ξm ↔ βmz λα ↔ iκαz χα ↔ −iωzα (3.112)

Performing this exchange in all BRST transformations and in the complete BRST current
would yield another nilpotent fermionic symmetry. Our aim is, however, to make the energy–
momentum tensor BRST exact with respect to the generator Bzz. Tzz is basically the square of
the original currents minus the square of the h–currents (Sugawara construction). The BRST
current contains (JM + JhM )–terms, thus we need (JM − JhM )–terms in Bzz. Changing the
relative sign of the transformation parameter for the elementary fields and for the h–fields does
not affect the invariance of the matter action (“matter action” as opposed to “ghost action”),
as the h–part and the original part are invariant independently. The resulting contribution
to the current coming from the matter part of the action is then the difference between JM
and JhM .
We call ΛB the transformation parameter corresponding to the new symmetry and t the
fermionic transformation: δΛB

(. . .) = ΛB t(. . .). The variation of the complete action with
respect to this transformation then yields:

δΛB
S =

∫

∂̄ΛB

(

(−)M
(

JM − JhM

)

bM + cM tbM
)

+ (−)MΛB

(

JM − JhM

)

∂̄bM

−(−)MΛB tcM ∂̄b
M + ΛBcM ∂̄ tb

M (3.113)
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One can easily promote this transformation to a global symmetry of the whole action by
defining:

tcM =
(

JM − JhM

)

tbM = 0 (3.114)

Note that Bzz is no longer nilpotent. Out of the variation of the action we can read off that the
current of the new symmetry is (−)M

(
JM − JhM

)
bM . In order to obtain the correct energy–

momentum tensor in an OPE with the BRST current, this expression has to be multiplied
with a factor −1

2 . Thus, we get for Bzz:

Bzz = −1

2

(

Πzm + Πh
zm

)

βmz +
i

2

(

idzα + idhzα

)

καz − i

2

(

∂θα + ∂θαh
)

ωzα (3.115)

For completeness we write down the transformations of the fields and ghosts under the
fermionic symmetry:

txm = −βmz + i (κzγ
mθ)

tθα = −καz
tpzα = ∂ωzα − 2iβmz (γm∂θ)α − i∂βmz (γmθ)α + i (γmκz)α ∂x

m

−3

2
(κzγmθ) (γm∂θ)α − 1

2
(∂κzγmθ) (γmθ)α (3.116)

tJM = −∂bM + (−)N+MJP f
P
MNb

N

tΠzm = −∂βzm + 2i (κzγm∂θ)

t∂θα = −∂καz
t idzα = ∂ωzα − 2 (γmκz)αΠm

z + 2βmz (γm∂θ)α (3.117)

The corresponding h–fields and currents transform accordingly.

tcM = −1

2

(

JM − JhM

)

tξm =
1

2

(

Πm
z + Πmh

z

)

tλα = − i

2

(

∂θα + ∂θαh
)

tχα =
i

2

(

idzα + idhzα

)

(3.118)

sbM = 0 (3.119)

To conclude this section, we verify that Bzz is a homotopy for the energy–momentum tensor
Tzz:

sBzz = −(−)M
1

2

((

JP − JhP

)

fPNMc
M − 2∂cN

)

bN

−(−)M
1

2

(

JM − JMh
)((

JM + JhM

)

− (−)N+M bPf
P
MNc

N
)
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=
1

2
JMJ

M +
1

2
JhMJ

Mh − (−)MbM∂c
M

= −1

2
ΠzmΠm

z +
1

2
Πh
zmΠmh

z + dzα∂θ
α − dhzα∂θ

αh + βzm∂ξ
m + ωzα∂λ

α + καz ∂χα

= Tzz (3.120)

3.3.2 Type II String

Our starting point is the free field action for the type II superstring:

S =

∫

−1

2
∂xm∂̄xm + pzα∂̄θ

α + p̂z̄α̂∂θ̂
α̂

=

∫

−1

2
Πm
z Πz̄m + LWZ + dzα∂̄θ

α + d̂z̄α̂∂θ̂
α̂, (3.121)

where

Πm
µ = ∂µx

m − iθγm∂µθ − iθ̂γm∂µθ̂ (3.122)

dµα = pµα − (γmθ)α

(

i∂µx
m +

1

2
θγm∂µθ +

1

2
θ̂γm∂µθ̂

)

(3.123)

d̂µα̂ = p̂µα̂ − (γmθ̂)α̂

(

i∂µx
m +

1

2
θγm∂µθ +

1

2
θ̂γm∂µθ̂

)

(3.124)

LWZ = −iεµνΠm
µ

(

(θγm∂νθ) − (θ̂γm∂ν θ̂)
)

− εµν(θγm∂µθ)(θ̂γ
m∂ν θ̂). (3.125)

Our aim is to gauge this action in a procedure similar to the heterotic case. We will, how-
ever, encounter some complications which will eventually lead us to the introduction of new
auxiliary fields into the action.

Manifest Supersymmetry of the Conserved Currents

In a first try we naively extend the gauge transformations to the closed string case:

δxm = −ωm + (ωγmθ)− ω̂m + (ω̂γmθ̂)

δθα = iωα

δpzα = i∂ωα − 2iωm (γm∂θ)α − i∂ωm (γmθ)α + (γmω)α ∂x
m +

3i

2
(ωγmθ) (γm∂θ)α +

i

2
(∂ωγmθ) (γmθ)α

δθ̂α̂ = iω̂α̂

δp̂z̄α̂ = i∂̄ω̂α̂ − 2iω̂m(γm∂̄θ̂)α̂ − i∂̄ω̂m(γmθ̂)α̂ + (γmω̂)α̂∂̄x
m +

3i

2
(ω̂γmθ̂)(γ

m∂̄θ̂)α̂ +
i

2
(∂̄ω̂γmθ̂)(γ

mθ̂)α̂

(3.126)

If we compute the gauge variation of dzα using these transformations we find the following
result:

δdzα = i∂ωα + 2i(γmω)α

(

∂xm − iθγm∂θ − i

4
θ̂γm∂θ̂

)

− 2iωm(γmθ)α

+
3

2
(γmθ)α(ω̂γ

m∂θ̂) +
1

2
(γmθ)α(∂ω̂γ

mθ̂) + i∂ω̂m(γmθ)α (3.127)

We get δd̂z̄α̂ by replacing ∂ ↔ ∂̄ and ωM ↔ ω̂M . Now we make two observations:
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• The second summand in (3.127) is clearly not invariant under supersymmetry trans-
formations δεθ

α = εα, δεθ̂
α̂ = ε̂α̂ and δεx

m = i(εγmθ) + i(ε̂γmθ̂). In analogy to the
heterotic case we would rather want this expression to be replaced by the supersym-
metric 2i(γmω)αΠm

z .

• The last two terms in (3.127) also violate supersymmetry, but in this case this does not
hurt because for the global symmetry these terms vanish since ∂ω̂M = 0

We want the transformations to commute with supersymmetry because through gauging and
gauge fixing they will become the BRST transformations. If we want an off–shell formalism
that is manifestly supersymmetric, BRST symmetry and supersymmetry should commute.
To overcome these problems we alter the transformations of pzα and p̂z̄α̂ in order to obtain
manifestly supersymmetric transformations for dzα and d̂z̄α̂. For that purpose we get rid of
the transformations that vanish if we only consider the chiral sector by simply subtracting
them in the p–variation. To fix the other problem we use the following trick: Remember that
there exist trivial gauge transformations [34]:

δφA = (−)BAAB δS

δφB
, (3.128)

whereAAB is graded antisymmetric. This is a local symmetry of the Lagrangian that is present
in any theory with more than one field. It does not imply a gauge freedom. Invariance of the
action is easily checked:

δS =

∫
δS

δφA
δφA =

∫

(−)B
δS

δφA
AAB δS

δφB
= 0 (3.129)

Adding such trivial gauge transformations to pzα and p̂z̄α̂ does not change the form of the
currents but surprisingly we can find a transformation such that the gauge variation of dzα
and d̂z̄α̂ becomes supersymmetric. If we set φA = (xm, θα, pzα, θ̂

α, p̂z̄α̂) we get the desired
result if the matrix AAB has the following elements5:

Aαβ̂ = (γmµ̂)β̂(γ
mθ)α + (γmµ)α(γ

mθ̂)β̂

Aα̂β = (γmµ̂)α̂(γmθ)β + (γmµ)β(γ
mθ̂)α̂ (3.130)

We fix the parameters µ and µ̄ by demanding that the dzα and d̂z̄α̂ transform supersymmet-
rically. This yields the altered transformations for pzα and p̂z̄α̂:

δpzα = i∂ωα − 2iωm (γm∂θ)α − i∂ωm (γmθ)α + (γmω)α ∂x
m +

3i

2
(ωγmθ) (γm∂θ)α +

i

2
(∂ωγmθ) (γmθ)α

−3i

2
(γmω)α(θ̂γm∂θ̂) +

3i

2
(ω̂γm∂θ̂)(γ

mθ)α − i∂ω̂m(γmθ)α +
i

2
(∂ω̂γmθ̂)(γmθ)α

δp̂z̄α̂ = i∂̄ω̂α̂ − 2iω̂m(γm∂̄θ̂)α̂ − i∂̄ω̂m(γmθ̂)α̂ + (γmω̂)α̂∂̄x
m +

3i

2
(ω̂γmθ̂)(γ

m∂̄θ̂)α̂ +
i

2
(∂̄ω̂γmθ̂)(γ

mθ̂)α̂

−3i

2
(γmω̂)α̂(θγm∂̄θ) +

3i

2
(ωγm∂̄θ)(γ

mθ̂)α̂ − i∂̄ωm(γmθ̂)α̂ +
i

2
(∂̄ωγmθ)(γ

mθ̂)α̂ (3.131)

The transformations of xm, θα and θ̂α̂ remain unchanged. With that we obtain supersym-
metric transformations of the conserved currents:

δJM = −∂ωM + JP f
P
MNω

N + (ω̂ − terms)

5See Appendix B for an explanation of the underlined indices.
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δΠzm = −∂ωm + 2(ωγm∂θ) − ∂ω̂m + 2(ω̂γm∂θ̂)

δ∂θα = i∂ωα

δidzα = −∂ωα + 2i(γmω)αΠm
z + 2ωm(γm∂θ)α (3.132)

δĴM̂ = −∂̄ω̂M̂ + Ĵ P̂
M̂N̂

ω̂N̂ + (ω − terms)

δΠz̄m = −∂̄ωm + 2(ωγm∂̄θ) − ∂̄ω̂m + 2(ω̂γm∂̄θ̂)

δ∂̄θ̂α̂ = i∂̄ω̂α̂

δid̂z̄α̂ = −∂̄ω̂α̂ + 2i(γmω̂)α̂Πm
z̄ + 2ω̂m(γm∂̄θ̂)α̂ (3.133)

In the condensed notation we have ĴM̂ = (Πz̄m, id̂z̄α̂, ∂̄θ̂
α̂) and ω̂M̂ = (ω̂m, ω̂α̂,−iω̂α̂) for the

right moving sector.

Non–Closure of the off–shell Algebra and Pzm, Pz̄m

Having found supersymmetric gauge transformations unfortunately has not solved all of our
problems. Computing the commutator of the gauge transformations on JM an ĴM̂ we find
that the gauge algebra does not close on all the currents:

[δ1, δ2]idzα = 2i∂ ((γmω1)αω
m
2 − ωm1 (γmω2)α) + 4i(γm∂θ)α(ω1γ

mω2)

+2i(γmω2)α

(

−∂ω̂m1 + 2(ω̂1γ
m∂θ̂)

)

− 2i(γmω1)α

(

−∂ω̂m2 + 2(ω̂2γ
m∂θ̂)

)

(3.134)

Here the Fierz identity was used once. We find an analogous expression for the commutator
acting on id̂z̄α̂. The first two terms correspond to transformations with the parameters ωα
and ωm, respectively. The last two terms show the non–closure of the algebra since off–shell
hatted quantities appear in the transformation of idzα. The reason for these terms to show
up is the Πzm in the transformation of idzα. Its gauge variation contains, in contrast to the
heterotic case, also hatted variables.
Non–closure of the gauge algebra implies that at the BRST–level the transformations are not
nilpotent on idzα. Lack of BRST nilpotency on this current was already encountered in [25]
and it was solved by introducing an auxiliary variable Pm0 for Πm

0 . The authors wrote all
BRST–transformations with only ∂1–derivatives using the free field equations to eliminate
the ∂0–contributions. Nilpotency on all the fields was reinstalled but the price one has to pay
was that the transformation rules for the heterotic string were altered.
We will now present a similar ansatz to close the algebra by manifestly separating the trans-
formations of the chiral and the antichiral sector off-shell. This will be achieved by introducing
two auxiliary fields Pmz and Pmz̄ into the transformation of idzα and id̂z̄α̂ which transform
as Πm

z and Πm
z̄ in the chiral and antichiral case, respectively. We will call the corresponding

gauge transformation δ̃:

δ̃Pmz
!
= −∂ωm + 2 (ωγm∂θ)

δ̃idzα
!
= −∂ωα + 2i (γmω)α P

m
z + 2ωm (γm∂θ)α

= δidzα − 2i (γmω)α (Πm
z − Pmz ) , (3.135)
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and analogously for the right movers. The transformations are supersymmetric if we define
the new fields to be SUSY–inert. At the same time we have to guarantee that the equations
of motion remain unchanged and that on–shell P coincides with Π. It seems obvious that
this can be achieved by introducing the P into the action as a Legendre transform of the Π.
This would mean that we replace −1

2Πm
z Πz̄m by 1

2P
m
z Pz̄m − 1

2P
m
z Πz̄m − 1

2Πm
z Pz̄m. This is

a first order action and variation with respect to Pmz and Pz̄m yields algebraic equations of
motion Pmz = Πm

z and Pz̄m = Πz̄m which can be reinserted to reproduce the original action.
However it turns out that an action of this form is not invariant under the simple variation
we postulated for idzα in (3.135)6.
A more general possibility to introduce the P into the action without changing the equations
of motion is to add a term proportional to (P −Π)2 to the Lagrangian (3.121). We make the
following ansatz:

L̃ = L +
c

2
(Pmz − Πm

z ) (Pz̄m − Πz̄m) (3.136)

Now we fix the parameter c by the invariance condition:

δ̃S̃ =

∫

δ̃L +
c

2
δ̃ {(Pmz − Πm

z ) (Pz̄m − Πz̄m)}

=

∫

δL +
(

δ̃ − δ
)

dzα∂̄θ
α +

(

δ̃ − δ
)

d̂z̄α̂∂θ̂
α̂

+c

{(

(ω̂γm∂θ̂) − 1

2
∂ω̂m

)

(Πz̄m − Pz̄m) +

(

(ωγm∂̄θ) − 1

2
∂̄ωm

)

(Πzm − Pzm)

}

=

∫

δL +
c

2
∂̄ωm (Pzm − Πzm) +

c

2
∂ω̂m (Pz̄m − Πz̄m)

+(−2 + c)(ωγm∂̄θ) (Πzm − Pzm) + (−2 + c)(ω̂γm∂θ̂) (Πz̄m − Pz̄m) (3.137)

For the global variation to vanish we have to choose c = 2. From this calculation one can see
that the conserved currents Πzm and Πz̄m are replaced by Pzm and Pz̄m, respectively.
The new action has now the following form (we drop the˜again.):

S =

∫

Pmz Pz̄m − Pmz Πz̄m − Πm
z Pz̄m +

1

2
Πm
z Πz̄m + LWZ + dzα∂̄θ

α + d̂z̄α̂∂θ̂
α̂ (3.138)

Introducing JM = (Pzm, idzα, ∂θ
α) and ĴM = (Pz̄m, id̂z̄α̂, ∂̄θ̂

α̂) we find the following gauge
transformations of the currents:

δJM = −∂ωM + JP f
P
MNω

N

δPmz = −∂ωm + 2i(ωγm∂θ)

δ∂θα = i∂ωα

δidzα = −∂ωα + 2i(γmω)αP
m
z + 2ωm(γm∂θ)α (3.139)

δĴM̂ = −∂̄ω̂M̂ + ĴP̂ f̂
P̂
M̂N̂

ω̂N̂

6In fact, it can be checked that the first order form of the action is invariant if we choose δ̃idzα = −∂ωα +

2i(γmω)α

““

1 − 1√
2

”

Πm
z + 1√

2
P m

z

”

+ 2ωm(γm∂θ)α.
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δPmz̄ = −∂̄ω̂m + 2i(ω̂γm∂̄θ̂)

δ∂̄θ̂α̂ = i∂̄ω̂α̂

δid̂z̄α̂ = −∂̄ω̂α̂ + 2i(γmω̂)α̂P
m
z̄ + 2ω̂m(γm∂̄θ̂)α̂ (3.140)

Noether Procedure

In principle, the procedure to implement the local gauge symmetry in order to obtain the
action of a gauged WZNW model for the type II string is completely analogous to the heterotic
case. The only difference is that we now have the P–fields instead of the Π. We get an

additional gauge connection ÂM̂z for the right moving sector.The h–fields are introduced in a
completely analogous way. Gauge fixing and the introduction of ghosts and BRST symmetry
are as in the heterotic case, apart from the fact that we need a second Nakanishi–Lautrup
field Λ̂M for gauge fixing. bM ≡ bzM are fields of conformal weight 1 which will become the
antighosts. Now we give some of the crucial results:

δ1S0 =

∫ (

JM + JhM

)

∂̄ωM +
(

Ĵz̄M̂ + Ĵh
z̄M̂

)

∂ω̂M̂ , (3.141)

with JhM = −(P hzm, id
h
zα, ∂θ

αh) and Ĵh
M̂

= −(P hz̄m, id̂z̄α̂, ∂̄θ̂
α̂h).

S1 = −
∫ (

JzM + JhzM

)

AMz̄ +
(

Ĵz̄M̂ + Ĵh
z̄M̂

)

ÂM̂z (3.142)

δ0A
M
z̄ = ∂̄ωM δ0Â

M̂
z = ∂ω̂M̂ (3.143)

We get δ1S1 = 0 if we define:

δ1A
P
z̄ = −fPMNω

NAMz̄ δ1Â
P̂
z = −f̂ P̂

M̂N̂
ω̂N̂ ÂM̂z (3.144)

We have the following new or altered BRST transformations of the fields and currents:

sΠm
µ = ∂µξ

m + 2(λγm∂µθ) + ∂µξ̂
m + 2(λ̂γm∂µθ̂)

sPmz = ∂ξm + 2(λγm∂θ)

sθα = iλα

sidzα = −i∂χα + 2i(γmλ)αP
m
z − 2ξm(γm∂θ)α

sPmz̄ = ∂̄ξ̂m + 2(λ̂γm∂̄θ̂)

sθ̂α̂ = iλ̂α̂

sid̂z̄α̂ = −i∂̄χ̂α̂ + 2i(γmλ̂)α̂P
m
z̄ − 2ξ̂m(γm∂̄θ̂)α̂ (3.145)

The corresponding h–currents transform accordingly.
The BRST transformations for the ghosts remain unchanged. For the new hatted ghosts

we have sĉM̂ = −(−)K̂ 1
2 f̂

M̂
L̂K̂
ĉK̂ ĉL̂ where ĉM̂ = (−ξ̂m, λ̂α̂, χ̂α̂). For the right moving

antighosts the BRST transformations are sb̂M̂ = (ĴM̂ + Ĵh
M̂

) − (−)N̂+M̂ b̂P̂ f̂
P̂
M̂N̂

ĉN̂ with
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b̂M̂ = (β̂z̄m, ω̂z̄α̂, κ̂
α̂
z̄ ). Note that the J contain the P -fields. In particular we have sβzm =

(Pzm − P hzm) − 2(κzγmλ).
The left– and right–moving BRST currents are given by:

jBz = −(Pzm − P hzm)ξm − (idzα − idhzα)λα − (∂θα − ∂θαh)χα + iβzm(λγmλ) + 2(κzγmλ)ξm

ĵBz̄ = −(Pz̄m − P hz̄m)ξ̂m − (id̂z̄α̂ − id̂hz̄α̂)λ̂
α̂ − (∂̄θ̂α̂ − ∂̄θ̂α̂h)χ̂α̂ + iβ̂z̄m(λ̂γmλ̂) + 2(κ̂z̄γmλ̂)ξ̂m

(3.146)

For the left– and right–moving B–currents we find:

Bzz = −1

2

(

Pzm + P hzm

)

βmz +
i

2

(

idzα + idhzα

)

καz − i

2

(

∂θα + ∂θαh
)

ωzα

B̂z̄z̄ = −1

2

(

Pz̄m + P hz̄m

)

β̂mz̄ +
i

2

(

id̂z̄α̂ + id̂hz̄α̂

)

κ̂α̂z̄ − i

2

(

∂̄θ̂α̂ + ∂̄θ̂α̂h
)

ω̂z̄α̂ (3.147)

For the type II string Bzz is a homotopy for the energy momentum tensor Tzz only on the
operator level and not as an off–shell current:

sBzz = −1

2
PzmP

m
z +

1

2
P hzmP

mh
z + dzα∂θ

α − dhzα∂θ
αh + βzm∂ξ

m + ωzα∂λ
α + καz ∂χα

on shell
= Tzz, (3.148)

where “on–shell” means P → Π and ∂θ̂ = ∂̄θ = 0. In contrast to that, the off–shell holomor-
phic component of the energy momentum tensor reads:

Tzz = (Pz − Πz)
2 − (P hz − Πh

z )
2 − 1

2
ΠzmΠm

z +
1

2
Πh
zmΠmh

z + dzα∂θ
α − dhzα∂θ

αh + d̂zα̂∂θ̂
α̂ − d̂hzα̂∂θ̂

α̂h

+βzm∂ξ
m + ωzα∂λ

α + καz ∂χα + β̂zm∂ξ̂
m + ω̂zα̂∂λ̂

α̂ + κ̂α̂z ∂χ̂α̂ (3.149)

Similarly we have on–shell sBz̄z̄ = Tz̄z̄. The complete gauged and gauge fixed action is now
given by:

S =

∫

Pmz Pz̄m − Pmz Πz̄m − Πm
z Pz̄m +

1

2
Πm
z Πz̄m + LWZ + dzα∂̄θ

α + d̂z̄α̂∂θ̂
α̂

−Pmhz P hz̄m + Pmhz Πh
z̄m + Πmh

z P hz̄m − 1

2
Πmh
z Πh

z̄m − LhWZ − dhzα∂̄θ
αh − d̂hz̄α̂∂θ̂

α̂h

+βzm∂̄ξ
m + ωzα∂̄λ

α + καz ∂̄χα + β̂z̄m∂ξ̂
m + ω̂z̄α̂∂λ̂

α̂ + κ̂α̂z̄ ∂χ̂α̂ (3.150)

3.4 N = 2 Algebra

3.4.1 Kazama Algebra

In this section we focus on the operator algebra satisfied by the energy–momentum tensor
T (z), the BRST current jB(z), the ghost current jgh(z) and the composite B–field. By the
introduction of the fields Pzm and Pz̄m we achieved in section 3.3.2 that the left– and right–
moving sector for the type II superstring decouple on–shell. Thus, we will concentrate on the
holomorphic sector only and the results presented here are valid for both the heterotic and
the closed string case. It turns out that the currents satisfy a Kazama algebra [35]. Using the
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Mathematica–package OPE–defs.m by Kris Thielemans [36] it is straight forward to check
the following relations:

T (z)T (w) ∼ 2T (w)

(z − w)2
+
∂T (w)

z − w

T (z)jB(w) ∼ jB(w)

(z − w)2
+
∂jB(w)

z − w

T (z)B(w) ∼ 2B(w)

(z − w)2
+
∂B(w)

z − w

T (z)jgh(w) ∼ 22

(z − w)3
+

jgh(w)

(z − w)2
+
∂jgh(w)

z − w

jB(z)B(w) ∼ −22

(z − w)3
+

jgh(w)

(z − w)2
+
T (w)

z − w

jgh(z)jB(w) ∼ jB(w)

z − w

jghB(w) ∼ −B(w)

z −w

jgh(z)jgh(w) ∼ −22

(z − w)2

B(z)B(w) ∼ F (w)

z − w

jB(z)Φ(w) ∼ F (w)

z − w
(3.151)

The algebra closes on two new composite fields given by:

Fzzz = −iβzm
(

κzγ
m
(

∂θ − ∂θh
))

+
i

2
(κzγ

mκz)
(

Πzm − Πh
zm

)

(3.152)

Φzzz =
i

2
βzm (κzγ

mκz) (3.153)

3.4.2 Topological Quartet and N = 2–Algebra

The only term in the algebra that prevents it from coinciding with an N = 2 twisted7 super-
conformal algebra is the BRST–exact operator Fzzz. We know from [23] that the currents of
WZNW models satisfy a Kazama algebra. It was shown in [28] how one can turn this Kazama
algebra into an N = 2 superconformal algebra.
For this purpose we introduce a topological Koszul quartet consisting of a pair of anticommut-
ing ghosts (b′zz, c

′z) and a pair of commuting ones, (β′zz, γ
′z). We assign to the anticommuting

ghosts the ghost numbers −1 and 1, respectively. The commuting ghosts, however get ghost
numbers −2 and 2 in order for Bzz to have a well–defined ghost number, as will become clear
soon. Introduction of this quartet into our theory causes the following changes:

L → L + b′zz∂̄c
′z + β′zz∂̄γ

′z (3.154)

7The algebra is twisted because the OPE of the energy momentum tensor with itself has no central term.
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Tzz → Tzz + T top′
zz = Tzz + 2b′zz∂c

′z + ∂b′zzc
′z + 2β′zz∂γ

′z + ∂β′zzγ
′z (3.155)

jBz → jBz + jB top′
z = jBz + b′zzγ

′z (3.156)

jghz → jghz + jgh top′
z = jghz + b′zzc

′z + 2β′zzγ
′z (3.157)

The form of the BRST operator for the quartet induces:

sc′z = −γ′z sβ′zz = −b′zz (3.158)

Thus, the ghosts BRST–transform into one another, i.e. they form a quartet, and do not
contribute to the cohomology.
There is also a Bzz field for the Koszul quartet:

Btop′
zz = −2β′zz∂c

′z − c′z∂β′zz − µ′b′zz (3.159)

It can be shown that T top′
zz , jB top′

z , jgh top′
z and Btop′

zz satisfy a twisted N = 2 superconformal
algebra with ghost number anomaly −3 for arbitrary parameter µ′. In order to get an N = 2–
algebra for our theory we have to set µ′ = 1 and alter Bzz as follows:

Bzz → Bzz − 2β′zz∂c
′z − c′z∂β′zz − b′zz −

1

2
c′zFzzz −

1

2
γ′zΦzzz (3.160)

Now we see that assigning γ′z ghost number 2 gives Bzz ghost number 1. With that we find
that Bzz is now nilpotent and the twisted superconformal algebra is:

T (z)T (w) ∼ 2T (w)

(z − w)2
+
∂T (w)

z − w

T (z)jB(w) ∼ jB(w)

(z − w)2
+
∂jB(w)

z − w

T (z)B(w) ∼ 2B(w)

(z − w)2
+
∂B(w)

z − w

T (z)jgh(w) ∼ 25

(z − w)3
+

jgh(w)

(z − w)2
+
∂jgh(w)

z − w

jB(z)B(w) ∼ −25

(z − w)3
+

jgh(w)

(z − w)2
+
T (w)

z − w

jgh(z)jB(w) ∼ jB(w)

z − w

jghB(w) ∼ −B(w)

z −w

jgh(z)jgh(w) ∼ −25

(z − w)2

B(z)B(w) ∼ 0 (3.161)

We get the structure of an untwisted N = 2–algebra by defining: T̂ = T − 1
2∂g

gh, J = jgh,
G+ = jB and G− = 2B where G± are the supersymmetry generators and J is the U(1)–
current. Then we find:

T̂ (z)T̂ (w) ∼ c/2

(z − w)4
+

2T (w)

(z − w)2
+
∂T (w)

z − w
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T̂ (z)G±(w) ∼ 3/2 G±(w)

(z − w)2
+
∂G±(w)

z − w

T̂ (z)J(w) ∼ J(w)

(z − w)2
+
∂J(w)

z − w

G+(z)G−(w) ∼ 2c/3

(z − w)3
+

2J(w)

(z − w)2
+

2T̂ (w) + ∂J(w)

z − w

J(z)G±(w) ∼ ±J(w)

z − w

J(z)J(w) ∼ c/3

(z − w)2
(3.162)

In our casae we have c = 75.

3.5 BRST Operator and Cohomology

In contrast to Berkovits’ pure spinor approach the definition of physical states in our model
presents a great difficulty and unfortunately no satisfying solution has been found to the
present day. Relaxing the pure spinor constraint alters the BRST operator Q. In addition
to the term

∫
−idαzαλ which implements the constraint dzα = 0 we get terms proportional

to all the currents Πzm and ∂θα, see for example equation (3.109). This implies that all
the currents of our WZNW model are set to 0 which renders the cohomology trivial. In the
WZNW approach we have the additional complication that we have to get rid of the auxiliary
h–currents. In this section we present a review of the ideas that have been suggested to fix
this problem.

3.5.1 Cohomology in the Old Approach and the Grading Condition

In the “old approach” (cf. section 3.2.2) the BRST–operator for the heterotic string reads
[4]:

Q =

∮

−idzαλα − Πzmξ
m − ∂θαχα + iβzm (λγmλ) + 2 (κzγmλ) ξm

+cz + b

(
1

2
ξm∂ξ

m +
i

4
λα∂χα − 3i

4
χα∂λ

α

)

, (3.163)

where the ghost number (−1, 1)–pair (b, cz) with b(z)cz(w) ∼ −1/(z − w) was introduced
by hand to make the BRST charge nilpotent. Now one can make an ansatz for a generic
unintegrated massless vertex operator of ghost number 1 [26]:

U (1) = λαAα + ξmAm + χαA
α

+b
(

λαλβFαβ + λαξmFαm + ξmξnFmn + λαχβF
β

α + χαξ
mFαm + χαχβF

αβ
)

(3.164)

The fields Aα, . . . , F
αβ are arbitrary superfields. Note that they can only depend on xm and

θα and not on ∂xm, ∂θα, dzα or pzα because U (1) has to be a worldsheet scalar.
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Now we demand QU (1) !
= 0 which yields the following equations from the terms quadratic in

the ghosts:

λλ : D(αAβ) + γmαβAm + iFαβ = 0

λξ : ∂mAα − iDαAm + 2γm αβA
β + Fαm = 0

ξξ : ∂[mAn] + Fmn = 0

λχ : DβA
α + iF α

β = 0

ξχ : ∂mA
α + Fαm = 0

χχ : Fαβ = 0, (3.165)

where Dα = ∂
∂θα + 2θβγmαβ

∂
∂xm

with the normalization DαDβ + DβDα = 4γmαβ∂m. We get
another set of equations cubic in the ghosts which correspond to the Bianchi identities for the
curvatures Fαβ , Fαm, Fmn, F

α
m, F β

α and Fαβ . Note that due to our conventions we get some
different factors and signs as compared to [26], which can be absorbed into the definitions of
the fields Aα . . . F

αβ .
From the first two equations one can derive the equations for N = 1, D = (9, 1) linearized
Yang–Mills theory,

γαβ[mnpqr]DαAβ = 0, (3.166)

and the definition of the vector potential Am and the spinoral field strength Aα in terms of
Aα:

Am =
1

8
γαβm DαAβ

Aα =
1

10
γmαβ (DβAm − ∂mAβ) (3.167)

Unfortunately, this only works if we impose Fαβ = Fmα = 0. Otherwise we get the wrong
equations of motion. This is a symptom of the fact that our BRST operator sets more than
the constraint dzα to 0. Thus, we need to look for a motivation to set the unwanted field
strengths to 0.
In [24] it was argued that Fαβ = Fmα = 0 could be obtained in the following way: The BRST
charge is deformed to QU = Q+U (1). This shifts the currents Πzm, ∂θα and dzα by the gauge
potentials Am, Aα and Aα. We get the equations (3.165) from requiring the nilpotency of QU
(up to terms quadratic in U (!)) which implies [Q,U (1)] = 0. Now the same shift is made for
the energy momentum tensor:

TAzz = −1

2
(Πm

z −Am)(Πzm −Am) − (−dzα +Aα)(∂θα −Aα)

+βzm∂ξ
m + ωzα∂λ

α + καz ∂χα − ∂bcz − ∂ηmωzm (3.168)

One demands that TAzz satisfies the standard OPE:

TA(z)TA(w) ∼ 2TA(w)

(z − w)2
+
∂TA(w)

z − w
(3.169)

This yields constraints on the gauge potentials and the field strengths including the linearized
super Yang–Mills equations of motion and gauge fixing conditions. It is then claimed that

43



these equations together with the Bianchi identities imply Fαβ = Fmα = 0.

In the following papers [26] and [25] this ansatz was abandoned and replaced by the notion
of the grading. Physical vertex operators are defined as operators with non–negative grading.
One starts by assigning grading −1 to dzα and the opposite grading to the corresponding
ghost λα. This assures that the term −idzαλα has grading 0 and therefore remains in the
BRST operator. Then one demands that the grading is preserved in the operator product
expansion. Thus dd ∼ Π implies that Πzm has grading −2 and ξm has grading 2. dΠ ∼ ∂θ
assigns grading −3 to ∂θα and grading 3 to χα. The ghost cz is defined to have grading 4.
The antighosts are given the opposite grading of the corresponding ghosts.
One finds that with this definition the BRST operator (3.163) has non–negative grading. In
the vertex operator U (1) (3.164), however, we find two terms with negative grading: The
terms bλαλβFαβ and bλαξmFαm have grading −2 and −1, respectively, and are, according
to the new definition of physical vertex operators, not allowed. This efficiently removes the
unwanted terms from (3.165) but still the grading has some unattractive features:

• The grading is introduced by hand and does not seem to come out of the theory in some
fundamental way. In [37] the grading was related to general properties of Lie algebras
but no explicit calculations for the superstring were given.

• From the OPEs of ghosts and antighosts it follows that the unit operator has grading
0. In contrast to that the OPEs d∂θ ∼ (z − w)−2 and ΠΠ ∼ (z − w)−2 imply that the
grading of the unit operator is −4. To avoid this inconsistency it was suggested in [4]
to introduce a central charge operator I for the double poles that has grading −4.

The arguments presented in this section can be generalized to the type II string which was
shown in [26].

3.5.2 Coset Gauging and Second BRST Operator

In [37] it was shown for simple Lie algebras how to gauge constraints related to coset generators
and not to those of a subgroup. A simple Lie algebra decomposed into the Cartan–Weyl basis
reads:

[Eα, E−α] = αiHi [Hi, E±α] = ±αiE±α

[Eα, Eβ] = NαβEα+β if α+ β 6= 0 [Hi,Hj ] = 0 (3.170)

One can gauge the Eα alone (and not together with the Hi) by first gauging both Eα and Hi,
i.e. setting them to 0 cohomologically by a BRST operator Q, and then undo the gauging of
the Hi by introducing a second BRST operator Qc. For the superstring, Eα corresponds to
dzα and the Hi correspond to Πzm and ∂θα. The case of the superstring is not contained in
the discussion of [37] since the string is based on a non–semisimple Lie algebra. In [1] these
concepts were extended to an arbitrary set of constraints that generate a first class system
and then specialized to the case of the superstring.
We consider a gauge algebra with generators GM =

∮
JM that satisfies:

[GM , GN ] = GKf
K
MN (3.171)

Note that there is no central extension. Thus, the following construction only works for the
superstring as a gauged WZNW model where the above algebra is satisfied for JM ≡ JM+JhM .
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It cannot be applied to the “old approach”.
Now we assume that we only want to gauge symmetries which correspond to some subset of
generators Gα that do not generate a subalgebra. We call GM ≡ (Ga, Gα) where Ga are the
remaining generators. In order to gauge the generators Gα one first has to gauge the complete
algebra and one gets the usual BRST operator of the form:

Q =

∫

(−)MJMc
M − (−)K

1

2
bMf

M
LKc

KcL (3.172)

Now we undo the gauging of Ga by setting the corresponding ghosts ca to 0 in the cohomology.
This is achieved by making them BRST exact, but the ca cannot be made exact with respect
to Q because their BRST transformation is already fixed to something non–zero. Therefore
a new BRST operator Qc =

∮
jc has to be introduced together with some new fields. The

ghosts ca and the antighosts ba as well as the new fields will be removed from the cohomology
via the following diagram:

ba ca

Qc

ց
Qc

ր
↓ K πa ϕa ↑ −K

Q

ր
Q

ց
b′a c′a

(3.173)

Here c′a and b′a are new ghosts and antighosts with grading |a| + 1, whereas πa and ϕa are
fields with ghost number 0 and grading |a|. K is a homotopy operator.
The contribution of the new fields to the Lagrangian is:

L′ = −(−)ab′a∂̄c
′a + πa∂̄ϕ

a (3.174)

The on–shell energy–momentum tensor is modified to:

Tzz → Tzz − (−)ab′a∂c
′a + πa∂ϕ

a (3.175)

As indicated in the diagram, Q has to be extended by a term (−)aπac
′a:

Q =

∮

(−)mJM c
M − (−)K

1

2
bMf

M
LKc

KcL + (−)aπac
′a (3.176)

This yields the desired BRST transformations sb′a = πa and sϕa = c′a.
One can construct a suitable Qc, that anticommutes with Q, as the commutator of Q with a
homotopy operator K:

K =

∮

k =

∮

(−)ab′ac
a, (3.177)

with δKc
′a = −ca and δKba = b′a. Now we can compute Qc:

Qc =

∮

jc = [Q,K] =

∮

(−)aπac
a + (−)N

1

2
b′af

a

MNc
N cM (3.178)

From this we get the following transformations:

scbM = πaδ
a

M + (−)N+Mb′bf
b

MNc
N
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scϕ
a = ca

sc′a = (−)K
1

2
fa

LKc
KcL, (3.179)

where δa

M means that there is only a contribution if M belongs to the subset a.
The Jacobi identity

∑◦ [Q, [Q,K]] = 0 implies, together with the nilpotency of Q, that Q and
Qc anticommute:

[Q,Qc] = 0 (3.180)

Furthermore
∑◦ [Qc, [Q,K]] = 0 implies:

[Qc, Qc] = [Q, [K,Qc]] = 0 (3.181)

In the last step we used the fact that δKQc = 0 trivially since it does not contain c′a and ba
by construction.
Physical variables are defined to lie in the relative cohomology of Q with respect to Qc.
Part of Q turns out to be exact with respect to Qc. We define:

Ξ = (−)abac
′a +

(
Ja − (−)γ+abαf

α
aγc

γ
)
ϕa (3.182)

Then we can write Q as follows:

Q =

∮

(−)αJαc
α − (−)β

1

2
bγf

γ
αβc

βcα + scΞ

−(−)b
1

2
bγf

γ
ab
cbca − (−)Nb′bf

b

aNc
N c′a − (−)γ+a+N+αb′bf

b

αNc
Nfαaγc

γϕa

(3.183)

For gauging the roots of a simple Lie algebra all structure constants in the second line vanish
[37] and the result is a BRST charge which consists of the constraint we want to implement
plus something which is Qc–exact.

Coset Gauging for the Superstring

Now we specialize the above considerations for the type II and the heterotic superstring. We
will only consider the chiral sector here. The generalization to the closed string case is straight
forward. As usual one simply has to replace Πzm by Pzm and add the corresponding hatted
quantities to the expressions given here. For the superstring (3.183) reduces to:

Q =

∮

(−)αJαc
α + scΞ − (−)αb′bf

b

aαc
αc′a (3.184)

We make the following identifications for currents and ghosts:

JM = (Πzm − Πh
zm, idzα − idhzα, ∂θ

α − ∂θαh) Ja = (Πzm − Πh
zm, ∂θ

α − ∂θαh) (3.185)

ca = (−ξm, χα) ba = (βzm, κ
α
z ) (3.186)

c′a = (−ξ′m, χ′
α) b′a = (β′zm, κ

′α
z ) (3.187)

ϕa = (ϕm,−iϕα) πza = (πzm,−iπαz ) (3.188)
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The additional terms in the Lagrangian are given by:

L′ = β′zm∂̄ξ
′m + κ′αz ∂̄χ

′
α + πzm∂̄ϕ

m − παz ∂̄ϕα (3.189)

For the type II superstring we also get a contribution from the right–movers:

L̂′ = β̂′z̄m∂ξ̂
′m + κ̂α̂′z̄ ∂χ̂

′
α̂ + π̂z̄m∂ϕ̂

m − π̂α̂z̄ ∂ϕ̂α̂ (3.190)

The BRST current and the corresponding transformations for the new fields read:

jBz = −(Πzm − Πh
zm)ξm − (idzα − idhzα)λα − (∂θα − ∂θαh)χα

+iβzm(λγmλ) + 2(κzγmλ)ξm − πzmξ
′m + iπαz χ

′
α (3.191)

sβ′zm = πzm sϕm = −ξ′m

sκ′αz = −iπαz sϕα = iχ′
α (3.192)

The homotopy current and the δK–transformations are given by:

kz = −β′zmξm − κ′αz χα (3.193)

δKξ
′m = −ξm δKβzm = β′zm

δKχ
′
α = −χα δKκ

α
z = κ′αz (3.194)

The second BRST current is computed via jzc = skz:

jzc = −πzmξm + iπαz χα − iβ′zm(λγmλ) − 2(κ′zγmλ)ξm (3.195)

The corresponding BRST charge is:

Qc =

∮

−πzmξm + iπαz χα − iβ′zm(λγmλ) − 2(κ′zγmλ)ξm (3.196)

scβzm = πzm + 2(κ′zγmλ)

scκ
α
z = −iπαz

scωzα = 2iβ′zm(γmλ)α + 2(γmκ
′
z)αξ

m (3.197)

scϕ
m = −ξm scξ

′m = i(λγmλ)

scϕα = iχα scχ
′
α = 2(γmλ)αξ

m (3.198)

The new fields contribute to the on–shell energy–momentum tensor in the following way:

Tzz → Tzz + β′zm∂ξ
′m + κ′αz ∂χ

′
α + πzmϕ

m − παz ϕα (3.199)

In order to maintain the on–shell relation Tzz = sBzz the composite B–field has to be modified
to:

Bzz → Bzz + b′a∂ϕ
a

→ Bzz + β′zm∂ϕ
m − iκ′αz ∂ϕα (3.200)
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The ghost current changes as follows:

jghz → jghz + β′zmξ
′m + κ′αz χ

′
α (3.201)

The new expressions for Tzz j
B
z , jghz and Bzz still satisfy an N = 2 twisted superconformal

algebra (3.161) where the ghost number anomaly is changed due to c′a and b′a by an amount
of −6 from −25 to −31.

3.5.3 Deforming the BRST charge Q

Some interesting results found shortly before concluding this paper show that the deformation
of the BRST charge may not be necessary at all. Thus, this section is no longer essential for
this thesis and may be skipped. The new results will be presented in the following section.
The BRST charge (3.184) contains the constraint–term −idzαλα plus Qc–exact terms and
an additional expression. From the construction of the relative cohomology it is expected to
recover Berkovits’ cohomology up to Qc–exact terms. In order to get rid of the unwanted
term we try to deform Q. Unfortunately it will turn out that all reasonable ansätze for the
deformed Q make the situation worse or do not change anything.
Since all the computations in this section will be performed in condensed notation we neglect
the different gradings of the fields collected by the indices M and a. This has no influence
on our results and the signs in our calculations become more transparent. In these simplified
conventions all the currents JM are bosonic, all the ghosts are fermionic, the primed ghosts
are fermionic, the other new fields (πza, ϕ

a) are bosonic. Q, Qc, K and Ξ are then:

Q =

∮

Jαc
α + scΞ − b′

b
fb

aMc
Mc′a (3.202)

Qc = [Q,K] =

∮

πac
a +

1

2
b′af

a

MNc
N cM (3.203)

K =

∮

b′ac
a (3.204)

Ξ = bac
′a + Jaϕ

a (3.205)

We apply the following procedure to deform Q:

• Add some terms to Q that produce b′
b
fb

aMc
Mc′a via scΞ = [[Q,K],Ξ].

• Add more terms such that the new BRST charge is nilpotent on all the fields.

• Compute jc = −δKj.

• Compute the Qc–exact terms −δΞjc and hope that the unwanted term in (3.202) is
included in the result.

The K– and Ξ– variations act as follows:

−δK : c′a → ca

ba → −b′a

−δΞ : ca → c′a

b′a → −ba
πa → Ja

(3.206)
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Now we look for terms that produce the expression b′
b
f b

aNc
N c′a when we apply first δK and

then δΞ. The following combinations of primed and unprimed ghosts and antighosts exist:

K Ξ

b′fc′c′ → b′fcc′ → b′fc′c′

→ bfcc′

bfc′c′ → b′fcc′ → bfcc′

→ b′fc′c′

→ b′fc′c′ → bfc′c′

b′fcc′ → b′fcc → b′fcc′

→ bfcc

b′fcc → 0

bfcc′ → b′fcc′ → bfcc′

→ b′fcc

→ bfcc → bfcc′

bfcc → b′fcc → b′fcc′

→ bfcc

Note that the only terms that can produce a term of the form b′fcc′ are the term itself and
the term bfcc that is the standard cubic ghost term in the BRST operator.
We make an ansatz by adding a linear combination of the deformation candidates to Q:

Qdef =

∮

JMc
M − 1

2
bMf

M
LKc

KcL + πac
′a + ρ1b

′
af

a

bNc
N c′b + σ1bMf

M
LKc

KcL

+ρ2πcf
c

aNc
Nϕa + σ2JMc

M (3.207)

Some comments are in order:

• ρ1, σ1, ρ2 and σ2 are arbitrary constants that will be fixed by the requirement that Q
is nilpotent.

• For the σ1–term we actually should have written σ1baf
a

LKc
KcL (and consequently

σ2Jac
a) but for the string the expressions are equivalent since there is no structure

constant with an upper index α.

• The ρ2–term and the σ2–term are added in order to achieve nilpotency of Q.

• It does not seem useful to add any of the other terms to Q since they either reproduce
themselves or one of the others.

The altered BRST transformations are given by:

sϕa = c′a + ρ2f
a

bNc
Nϕb

sb′a = πa + ρ1b
′
cf

c

aNc
N

sπa = −ρ2πcf
c

aNc
N
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sbK = (1 + σ2)JK − (1 + 2σ1)bLf
L
KNc

N − ρ1b
′
af

a

bKc
′b + ρ2πcf

c

bKϕ
b

scM =

(

−1

2
+ σ1

)

fMLKc
KcL

sJK = (1 + σ2)JMf
M
KNc

N

sc′a = ρ1f
a

bN c
Nc′b (3.208)

Now we check the nilpotency on all fields. For the superstring most terms that are quadratic
in the structure constants vanish. The only non-zero structure constants are fmαβ = 2iγmαβ

and f
β

αm = 2γmαβ . The vanishing f2 terms will not be given explicitly in the following
expressions and will be denoted by ’. . . ’ In particular we make use of fM

bNf
N
LK = 0.

s2ϕa = ρ1f
a

bNc
N c′b − ρ2f

a

bNc
N c′b + . . . (3.209)

In order to make this expression vanish we have to set ρ1 = ρ2:

s2b′a = −ρ2πcf
c

aNc
N + ρ1πcf

c

aNc
N + . . . = 0 (3.210)

s2πa = . . . = 0 (3.211)

s2bK = (1 + σ2)
2JMf

M
KNc

N − (1 + 2σ1)(1 + σ2)JLf
L
KNc

N + (1 + 2σ1)
2bRf

R
LT c

T fLKNc
N

+(1 + 2σ1)

(

−1

2
+ σ1

)

bLf
L
KNf

N
RT c

T cR − ρ1πaf
a

bKc
′b + ρ2πaf

a

bKc
′b + . . . (3.212)

This expression cannot vanish unless σ1 = σ2 = 0. It follows from the Jacobi identity that
1
2f

L
KNf

N
RT bLc

T cR = bLf
L
NT c

T fNKRc
R. In order to use this relation in the expression above

we would have to demand (1 + 2σ1)(1 − 2σ2)
!
= (1 + 2σ1)

2 which is of course only fulfilled
when σ1 = 0 which immediately implies that σ2 = 0. Adding further terms to Q to make this
expression nilpotent would amount to multiplying Q with a constant factor which, of course,
would not change anything.
With the Jacobi identity we get:

s2JK = JRf
R
MT c

T fMKNc
N − 1

2
JMf

M
KNf

N
RT c

T cR = 0, (3.213)

and

s2cM =
1

2
fMLKf

K
RT c

T cRcL + . . . = 0. (3.214)

Finally we have:
s2c′a = . . . = 0 (3.215)

Since we were forced to set σ1 = σ2 = 0 the deformed BRST charge now reads:

Qdef =

∮

JM c
M − 1

2
bMf

M
LKc

KcL + πac
′a + ρb′af

a

bN c
Nc′b + ρπcf

c

aNc
Nϕa (3.216)

Now we compute jc = −δKjdef :

jc =
1

2
b′af

a

LKc
KcL + πac

a + ρb′af
a

bN c
Ncb (3.217)
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Next we evaluate −δΞjc:

−δΞjc = Jac
a − 1

2
baf

a

LKc
KcL + πac

′a + b′af
a

bLc
Lc′b

−ρbafa

bLc
Lcb + ρb′af

a

bLc
Lc′b + ρb′af

a

bcc
cc′b

︸ ︷︷ ︸

0

(3.218)

We draw the following conclusions from this calculation:

• The ρ–term reproduces itself but also yields further terms we did not have before.

• The term b′af
a

bLc
Lc′b appears anyway since it comes from the term 1

2bMf
M
LKc

KcL.
Since we are not allowed to add another term of this form to Q (the σ–terms) it does
not seem possible to deform Q without making matters worse.

Some attempts were made to leave Q fixed and alter the homotopy K. We found that we
have to choose K such that it only affects one field in each term of Q in order to maintain
nilpotency of Qc. The following K–deformations turned out to be bad:

1. K = Ξ = c′aba+ cab′a did not work because bfcc→ b′fc′c− b′fcc− bfcc under K and Ξ.

2. K = caba + c′ab′a. K acting on −1
2bfcc yields −1

2bfcc+ 2baf
a

Kb
cbcK .

3. K such that πa → πa and c′a → ca yields a Jac
′a that would not be taken care of

properly, i.e. yielding a Jac
a, by the corresponding Ξ.

4. K such that πa → ba and c′a → ca would imply that ca → ϕa which causes significant
trouble.

5. K such that ba → b′a and c′a → ϕa. The latter implies: πa → b′a which produces a term
b′ac

a which we do not want.

6. K = c′b′ + b′c. Then πac
′a transforms into itself but then we cannot find a Ξ that also

produces the Jac
a–term out of this expression.

The last attempt to deform Q was to give up the homotopy K, that guarantees that the
two BRST charges anticommute, and to make the most general ansatz for j and jc, which
contains all the previous guesses. For ghost number 1 and conformal weight 1 we get:

j̃ = µ0Jαc
α + µ1Jac

a + µ2Jac
′a + µ3πac

a + µ4πac
′a − µ5baf

a

bαc
αcb

−µ6

2
baf

a

αβc
βcα − µ7baf

a

bαc
αc′b − µ8b

′
af

a

bαc
αcb − µ9

2
b′af

a

αβc
βcα

−µ10b
′
af

a

bαc
αc′b + µ11πaf

a

bαc
αϕb + µ12jaf

a

bαc
αϕb (3.219)

j̃c must be of the same form but may have different numerical constants:

Q̃c = λ0Jαc
α + λ1Jac

a + λ2Jac
′a + λ3πac

a + λ4πac
′a − λ5baf

a

bαc
αcb

−λ6

2
baf

a

αβc
βcα − λ7baf

a

bαc
αc′b − λ8b

′
af

a

bαc
αcb − λ9

2
b′af

a

αβc
βcα

−λ10b
′
af

a

bαc
αc′b + λ11πaf

a

bαc
αϕb + λ12jaf

a

bαc
αϕb (3.220)
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Demanding nilpotency of Q̃ and Q̃c yields the following equations for the µ and λ:

µ2
0 − µ1µ6 − µ2µ9 = 0

µ3µ5 + µ4µ8 + µ11µ3 = 0

µ3µ6 + µ4µ9 = 0

µ3µ7 + µ4µ10 + µ11µ4 = 0

µ0µ1 − µ1µ5 − µ8µ2 − µ12µ3 = 0

µ0µ2 − µ7µ1 − µ10µ2 − µ12µ4 = 0 (3.221)

λ2
0 − λ1λ6 − λ2λ9 = 0

λ3λ5 + λ4λ8 + λ11λ3 = 0

λ3λ6 + λ4λ9 = 0

λ3λ7 + λ4λ10 + λ11λ4 = 0

λ0λ1 − λ1λ5 − λ8λ2 − λ12λ3 = 0

λ0λ2 − λ7λ1 − λ10λ2 − λ12λ4 = 0 (3.222)

For the most general expression for Ξ̃ with ghost number 0 and conformal weight 1 we find:

Ξ̃ = ρ0bac
′a + ρ1b

′
ac

a + ρ2bαc
α + ρ3bac

a + ρ4b
′
ac

′a

+ρ5πaϕ
a + ρ6Jaϕ

a + ρ7baf
a

bαc
αϕb + ρ8b

′
af

a

bαc
αϕb (3.223)

If we demand that s̃cΞ̃ yields the full Q̃ apart from the constraint term given by λ0Jαc
α we

get the following set of equations:

−µ1 + ρ1λ2 + ρ6λ3 + ρ3λ1 = 0

−µ2 + ρ0λ1 + ρ4λ2 + ρ6λ4 = 0

−µ3 + ρ1λ4 + ρ3λ3 + ρ5λ3 = 0

−µ4 + ρ0λ3 + ρ4λ4 + ρ5λ4 = 0

µ5 − ρ1λ7 − ρ2λ5 + ρ7λ3 + ρ0λ8 = 0
1

2
µ6 +

1

2
ρ0λ9 − ρ2λ6 +

1

2
ρ3λ6 = 0

µ7 − ρ0λ5 + ρ0λ10 − ρ2λ7 − ρ3λ7 + ρ7λ4 − ρ4λ7 = 0

µ8 − ρ1λ10 + ρ1λ5 − ρ2λ8 − ρ3λ8 + ρ4λ8 + ρ8λ3 = 0
1

2
µ9 +

1

2
ρ1λ6 − ρ2λ9 +

1

2
ρ4λ9 = 0

µ10 − ρ0λ8 + ρ1λ7 − ρ2λ10 + ρ8λ4 = 0

−µ11 + ρ2λ11 + ρ7λ3 + ρ8λ4 = 0

−µ12 − ρ2λ12 − ρ5λ12 + ρ6λ0 + ρ6λ11 + ρ7λ1 + ρ8λ2 = 0

ρ2λ0 = 0 (3.224)
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Demanding finally that Q and Qc anticommute yields:

λ0µ0 −
1

2
λ1µ6 −

1

2
λ2µ9 −

1

2
λ9µ2 −

1

2
λ6µ1 = 0

λ0µ1 + λ1µ0 − λ1µ5 − λ2µ8 − λ5µ1 − λ8µ2 − λ3µ12 − λ12µ3 = 0

λ0µ2 − λ1µ7 + λ2µ0 − λ2µ10 − λ4µ12 − λ7µ1 − λ10µ2 − λ12µ4 = 0

−λ3µ11 + λ3µ5 − λ4µ8 − λ5µ3 − λ8µ4 − λ11µ3 = 0

−1

2
λ3µ6 −

1

2
λ4µ9 −

1

2
λ9µ4 −

1

2
λ6µ3 = 0

−λ3µ7 − λ4µ11 − λ4µ10 − λ7µ3 − λ10µ4 − λ11µ4 = 0 (3.225)

We have 31 equations and 35 unknowns. It takes too long for Mathematica to find a solution
for these equations straight away. Making some reasonable assumptions for some of the
constants (preservation of the undeformed Q, unaltered transformations of the JM , etc. )
either brought us to the deformations discussed in the previous section or led to other sets of
equations which also have no solution.
One could also try to deform Q such that it squares to 0 up to Qc–exact terms.

BRST Cohomology and Vertex Operator

After many futile attempts to remove the non–Qc–exact term from our Q we recently found
out that it may not be necessary to deform the BRST charge Q (3.184) at all because the
problematic term b′

b
fb

aMc
Mc′a seems to have no influence on the physical spectrum as we will

show now.
The massless vertex operator of ghost number one is:

U (1) = (−)αcαAα(xm, θα, ϕa) + (−)acaWa(x
m, θα, ϕa) + (−)aBa(x

m, θα, ϕa)c′a(3.226)

According to [37] physical states are defined to lie in the relative cohomology H(Q|H(Qc)) of
Q with respect to Qc, i.e. they are Qc–closed and Q–closed modulo Qc–exact terms. Acting
with Qc on the vertex operator yields:

scU (1) = (−)αscϕ
b
∂

∂ϕb
Aα(x

m, θα, ϕa)cα + (−)ascϕ
b
∂

∂ϕb
Aa(x

m, θα, ϕa)ca

+(−)ascϕ
b
∂

∂ϕb
Ba(x

m, θα, ϕa)c′a +Bascc
′a

= (−)αcb
∂

∂ϕb
Aα(xm, θα, ϕa)cα + (−)acb

∂

∂ϕb
Aa(x

m, θα, ϕa)ca

+(−)acb
∂

∂ϕb
Ba(x

m, θα, ϕa)c′a + (−)K
1

2
Ba(x

m, θα, ϕa)fa

LKc
KcL (3.227)

From this we conclude that Ba = 0 and ∂
∂ϕbAα = 0 and ∂

∂ϕbAa = 0. Using scϕ
a = ca we can

rewrite the vertex operator:

U (1) = (−)αcαAα(xm, θα) + (−)a[Qc, ϕ
aWa(x

m, θα)] (3.228)

This is Berkovits’ vertex operator plus a Qc–exact term. Now we compute [Q,U (1)]:

[Q,U (1)] = [Jαc
α, cβAβ] + (−)α+a[Jαc

α, [Qc, ϕ
aWa]] + (−)α[[Qc,Ξ], cαAα]

+(−)a[[Qc,Ξ], [Qc, ϕ
aWa]] − [b′bf

b

aαc
αc′a, cβAβ ] − (−)α+a[b′af

b

aαc
αc′a, [Qc, ϕ

cWc]]

(3.229)
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For the second and the third term we use the Jacobi identity to get Qc–exact expressions:

(−)α+a[Jαc
α, [Qc, ϕ

aWa]] + (−)α+a+1[Qc, [ϕ
aWa, Jαc

α]] + (−)α+a[ϕaWa, [Jαc
α, Qc]] = 0

→ [Jαc
α, [Qc, ϕ

aWa]] − [Qc, [ϕ
aWa, Jαc

α]] = 0

(3.230)

(−)α[[Qc,Ξ], cαAα] + (−)α+1[[Ξ, cαAα], Qc] + (−)α+1[[cαAα, Qc],Ξ] = 0

→ [[Qc,Ξ], cαAα] + [Qc, [Ξ, c
αAα]] = 0, (3.231)

where [Qc, Jαc
α] = [Qc, c

αAα] = 0. Using [Qc, Qc] = 0 the fourth term in (3.230) can be
rewritten as (−)a[Qc, [Ξ, [Qc, ϕ

aWa]]]. The last two terms in (3.230) are zero since both cαAα
and caWa have vanishing commutators with b′

b
fb

aαc
αc′a. Thus, we get:

[Q,U (1)] = [Jαc
α, cβAβ]

+[Qc, (−)α+a[ϕaWa, Jαc
α] + (−)α+a+1[Ξ, cαAα] + (−)a[Ξ, [Qc, ϕ

aWa]]]

(3.232)

The first term corresponds to Berkovits’ cohomology, all the other terms are Qc exact, as it
is needed to get a relative cohomology which yields the physical spectrum that comes out of
the pure–spinor formalism.

3.5.4 Worldsheet Diffeomorphism Invariance

In order to implement worldsheet diffeomorphism invariance one has to gauge the symmetry
corresponding to Tzz. To get a complete ghost system with vanishing central charge one also
has to gauge the fermionic symmetry corresponding to Bzz. These calculations were per-
formed explicitly and will be presented in section 3.7. We will use the results derived there
since they are known in the literature [38] and because we need them to conclude this section
on cohomology.
Having added a quartet (b′zz, c

′z , β′zz, γ
′z) to obtain an N = 2 algebra we add another topo-

logical quartet (bzz, c
z, βzz , γ

z) to our model. This quartet has the same structure as the one
used to construct the N = 2 superconformal algebra. We have:

T top
zz = 2bzz∂c

z + ∂bzzc
z + 2βzz∂γ

z + ∂βzzγ
z

jBtop
z = bzzγ

z

Btop
zz = −2∂czβzz − cz∂βzz − µbzz

jgh,topz = bzzc
z + 2βzzγ

z (3.233)

The Lagrangian is modified to:

L → bzz∂̄c
z + βzz∂̄γ

z, (3.234)

and bz̄z̄∂c
z̄ + βz̄z̄∂γ

z̄ if one considers the type II superstring. One can add T top
zz , jBtop

c , Btop
zz

and jgh,topz to Tzz, j
B
z , Bzz and jghz to obtain an N = 2 superconformal algebra with ghost

number anomaly −34.
From the gauging and gauge fixing procedure we get the following BRST operator:

QV =

∮

cz
(

Tzz +
1

2
T top
zz

)

+ γz
(

Bzz +
1

2
Btop
zz

)

(3.235)
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This operator anticommutes with Q+Qtop.
We can maintain the BRST–exactness of the new energy momentum tensor Tzz + T top

zz :

[

Q+Qtop +

∮

cc
(

Tzz +
1

2
T top
zz

)

+ γz
(

Bzz +
1

2
Btop
zz

)

, Bzz +Btop
zz

]

= Tzz + T top
zz (3.236)

Now we finally have introduced all the fields we need in our model. Thus, we give the complete
expressions for the Lagrangian, the on–shell energy momentum tensor, the composite B–field,
the BRST current and the ghost current:

L = Pmz Pz̄m − Pmz Πz̄m − Πm
z Pz̄m +

1

2
Πm
z Πz̄m + LWZ + dzα∂̄θ

α + d̂z̄α̂∂θ̂
α̂

−Pmhz P hz̄m + Pmhz Πh
z̄m + Πmh

z P hz̄m − 1

2
Πmh
z Πh

z̄m − LhWZ − dhzα∂̄θ
αh − d̂hz̄α̂∂θ̂

α̂h

+βzm∂̄ξ
m + ωzα∂̄λ

α + καz ∂̄χα + β̂z̄m∂ξ̂
m + ω̂z̄α̂∂λ̂

α̂ + κ̂α̂z̄ ∂χ̂α̂

+β′zm∂̄ξ
′m + κ′αz ∂̄χ

′
α + πzm∂̄ϕ

m − παz ∂̄ϕα

+β̂′z̄m∂ξ̂
′m + κ̂α̂′z̄ ∂χ̂

′
α̂ + π̂z̄m∂ϕ̂

m − π̂α̂z̄ ∂ϕ̂α̂

+b′zz∂̄c
′z + β′zz∂̄γ

′z + b̂′z̄z̄∂ĉ
′z̄ + β̂′z̄z̄∂γ̂

′z̄

+bzz∂̄c
z + βzz∂̄γ

z + bz̄z̄∂c
z̄ + βz̄z̄∂γ

z̄ (3.237)

Tzz = −1

2
ΠzmΠm

z +
1

2
Πh
zmΠmh

z + dzα∂θ
α − dhzα∂θ

αh + βzm∂ξ
m + ωzα∂λ

α + καz ∂χα

+β′zm∂ξ
′m + κ′αz ∂χ

′
α + πzmϕ

m − παz ϕα

+2b′zz∂c
′z + ∂b′zzc

′z + 2β′zz∂γ
′z + ∂β′zzγ

′z

+2bzz∂c
z + ∂bzzc

z + 2βzz∂γ
z + ∂βzzγ

z (3.238)

Bzz = −1

2

(

Πzm + Πh
zm

)

βmz +
i

2

(

idzα + idhzα

)

καz − i

2

(

∂θα + ∂θαh
)

ωzα

+β′zm∂ϕ
m − iκ′αz ∂ϕα − 2β′zz∂c

′z − c′z∂β′zz − b′zz −
1

2
c′zFzzz −

1

2
γ′zΦzzz

−2βzz∂c
z − cz∂βzz (3.239)

Note that we set µ = 0 in order to obtain nilpotency.

jBz = −
(

Πzm − Πh
zm

)

ξm −
(

idzα − idhzα

)

λα −
(

∂θα − ∂θαh
)

χα + iβzm(λγmλ) + 2(κzγmλ)ξm

−πzmξ′m + iπαz χ
′
α + b′zzγ

′z + bzzγ
z

+cz
(

Tzz +
1

2
T top
zz

)

+ γz
(

Bzz +
1

2
Btop
zz

)

(3.240)

jghz = βzmξ
m + ωzαλ

α + καz χα + β′zmξ
′m + κ′αz χ

′
α + b′zzc

′z + 2β′zzc
z + bzzc

z + 2βzzc
z

(3.241)
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We have two problems to define the cohomology for this model:

1. We have to get rid of the auxiliary h–currents. In gauged WZNW models, as presented
for example in [23], these currents remain in the cohomology. In [28] it was proposed
to impose the condition B0|phys〉 = 0 as an analogue to the Siegel gauge b0|phys〉 = 0
of the RNS–string (see for example [39]). It is argued that this condition removes the
dependence of the combinations JM − JhM which is not fixed by the BRST charge Q
(which fixes JM + JhM ). Thus, for physical states JM and JhM decouple.

2. We have to construct a Qc. Using the homotopy (3.177) to define Qc = [Q,K] does
not yield a nilpotent Qc because of the quadratic and cubic antighost terms in Fzzz and
Φzzz in (3.239) whose contribution to Q does not vanish in Q2

c = −1
2 [Q, [K, [K,Q]]].

In [41] it was proposed to construct a nilpotent Qc by using the bosonization of one of
the two quartets. We fermionize the bosonic ghosts as follows [17]:

γ′z = η′ze
−φ′ γz = ηze

−φ

β′zz = ∂ξ′eφ
′

βzz = ∂ξeφ, (3.242)

where the new fields satisfy the OPEs ξ(z)η(w) ∼ 1
z−w and φ(z)φ(w) ∼ − ln(z − w),

analogously for the primed fields.
Now one can define Qc via a similarity transformation:

Qc = e−R
∮

η′ze
R R = [Q,

∮

ξ′Kz] [Q,

∮

Kz] = Qc (3.243)

where Qc is given by (3.196). Q remains unchanged under the similarity transformation
and Qc is of the form

∮
η′z +Qc + . . .. The extra terms . . . are needed in order that Q

and Qc anticommute. This construction is not unique. A different choice using both
quartets is:

Q̄c = e−R
∮

(rηz + sη′z)e
R R = [Q,

∮

ξ′Kz + ξKtop
z ] Ktop

z = c′zbzz

(3.244)
with arbitrary r, s.
The problem with this construction, apart from the fact that it is not unique, is that Qc

comes out of a similarity transformation of η. Similarity transformations do not change
physics. Thus, it is expected that one needs a filtration similar to the grading to define
the physical spectrum. Since the second BRST operator was constructed to replace the
grading this result is not very satisfying.

3.6 N=4 Algebra

In [41] it was shown that one can use the two topological quartets and the fields from the
WZNW model to construct a twisted N = 4 superconformal algebra. For this purpose we
split the complete expressions for the energy momentum tensor, the composite B–field, the
BRST current and the ghost current into the following components:

TWzz = −1

2
ΠzmΠm

z +
1

2
Πh
zmΠmh

z + dzα∂θ
α − dhzα∂θ

αh + βzm∂ξ
m + ωzα∂λ

α + καz ∂χα
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T co
zz = β′zm∂ξ

′m + κ′αz ∂χ
′
α + πzmϕ

m − παz ϕα

TK
′

zz = 2b′zz∂c
′z + ∂b′zzc

′z + 2β′zz∂γ
′z + ∂β′zzγ

′z

TKzz = 2bzz∂c
z + ∂bzzc

z + 2βzz∂γ
z + ∂βzzγ

z (3.245)

B̃W
zz = −1

2

(

Πzm + Πh
zm

)

βmz +
i

2

(

idzα + idhzα

)

καz − i

2

(

∂θα + ∂θαh
)

ωzα − 1

2
c′zFzzz −

1

2
γ′zΦzzz

Bco
zz = β′zm∂ϕ

m − iκ′αz ∂ϕα
BK ′
zz = −2β′zz∂c

′z − c′z∂β′zz − b′zz
BK
zz = −2βzz∂c

z − cz∂βzz − µbzz (3.246)

jB W
z = −

(

Πzm − Πh
zm

)

ξm −
(

idzα − idhzα

)

λα −
(

∂θα − ∂θαh
)

χα

+iβzm(λγmλ) + 2(κzγmλ)ξm

jB co
z = −πzmξ′m + iπαz χ

′
α

jB K ′
z = b′zzγ

′z

jB K
z = bzzγ

z (3.247)

jghWz = βzmξ
m + ωzαλ

α + καz χα

jgh co
z = β′zmξ

′m + κ′αz χ
′
α

jghK
′

z = b′zzc
′z + 2β′zzc

′z

jghKz = bzzc
z + 2βzzc

z (3.248)

Out of these expressions we construct the following N = 4 superconformal currents:

Tzz = TWzz + T co
zz + TK

′
+ TK

Jz3 = jghWz + jgh co
z + jghK

′
z + jghKz

G+
z = jB W

z + jB co
z + jB K ′

z + jB K
z

G−
zz = B̃W +Bco +BK ′

+BK

J++ = γz
(

jghWz + jgh co
z + jghK

′
z +

1

2
jghKz

)

− cz
(

jB W
z + jB co

z + jB K ′
z +

1

2
jB K
z

)

+ 17∂γz

J−−
zz = −βzz

G̃+
z = cz

(

TWzz + T co
zz + TK

′
+

1

2
TK
)

+ γz
(

B̃W +Bco +BK ′
+

1

2
BK

)

−µ
(

jB W
z + jB co

z + jB K ′
z +

1

2
jB K
z

)

− ∂

(

cz
(

jghWz + jgh co
z + jghK

′
z +

1

2
jghKz

))

− 17∂2cz

G̃−
zz = bzz (3.249)

The total derivative terms in J++ and G̃+ are improvement terms which ensure that the
correct algebra relations are satisfied. Note that for µ = 0

∮
G̃+ is the BRST charge that

comes in after gauging worldsheet diffeomorphisms and the fermionic symmetry.
These currents satisfy the following algebra8:

J3J
±±(w) ∼ ±2

J±±(w)

z − w
8The relations were checked using the OPE package [36]. See also Appendix D.
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J++(z)J−−(w) ∼ −17

(z − w)2
+
J3(w)

z − w

J3(z)J3(w) ∼ −34

(z − w)2

T (z)J3(w) ∼ 34

(z − w)3
+

J3(w)

(z − w)2
+
∂J3(w)

z − w

J++(z)G−(w) ∼ −G̃+(w)

z −w

J++(z)G̃−(w) ∼ −G+(w)

z −w

J−−(z)G̃+(w) ∼ −G−(w)

z −w

J−−(z)G+(w) ∼ −G̃−(w)

z −w

J3(z)G
±(w) ∼ ±G

±(w)

z − w

J3(z)G̃
±(w) ∼ ±G̃

±(w)

z − w

T (z)G̃+(w) ∼ G̃+(w)

(z − w)2
+
∂G̃+(w)

z − w

T (z)G̃−(w) ∼ 2G̃−(w)

(z − w)2
+
∂G̃−(w)

z − w

G±(z)G̃±(w) ∼ 2J±±(w)

(z − w)2
+
∂J±±(w)

z − w

G+(z)G−(w) ∼ −34

(z − w)3
+

J3(w)

(z − w)2
+
T (w)

z − w

G̃+(z)G̃−(w) ∼ 34

(z − w)3
+

−J3(w)

(z − w)2
+

−T (w)

z − w
(3.250)

All the other OPEs are regular. Now we make some comments:

• The currents J±± and J3 form an SU(2) subalgebra. Thus, we have an N = 4 super-
conformal algebra of the “small” type [42]9.

• The algebra (3.250) is a twisted N = 4 superconformal algebra because the SU(2)
triplet has spin (0, 1, 2) instead of spin 1.

• (T, J3, G
+, G−) and (T, J3, G̃

+, G̃−) are N = 2 multiplets. Both are topological multi-
plets since the anomalies in TJ3 and J3J3 have opposite signs.

• G+ and G̃+, which correspond to the BRST currents in our model, are nilpotent and
anticommute.

9Apart from the small type there is a large superconformal algebra based on su(2)⊕ su(2)⊕ u(1), a middle
type based on su(2) ⊕ u(1) ⊕ u(1) ⊕ u(1) ⊕ u(1), an asymmetric one based on su(2) ⊕ u(1) ⊕ u(1) and a
non–reductive type [43].
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3.7 Worldsheet Covariant Formulation of the Superstring

In this section we will implement worldsheet diffeomorphism invariance into our action by
gauging the symmetry corresponding to the energy momentum tensor via the Noether pro-
cedure. Gauge fixing then yields the ghost pair (bzz, c

z). Since we want to maintain a model
with vanishing central charge we also need the second pair (βzz, γ

z). This is the motivation
to gauge the fermionic symmetry that corresponds to Bzz.
The calculations turn out to be very complicated, so our starting point will be a toy model
with the following action:

Stoy
0 =

∫

−1

2
∂xm∂̄xm +

1

2
∂xmh∂̄xhm + βzm∂̄ξ

m (3.251)

This is the simplest form of an action that is invariant under global diffeomorphisms and the
fermionic symmetry. The diffeomorphism transformations are given by:

δTx
m = cz∂xm + cz̄∂̄xm

δTx
hm = cz∂xmh + cz̄∂̄xmh

δT ξ
m = cz∂ξm + cz̄∂̄ξm

δTβzm = cz∂βzm + cz̄∂̄βzm + ∂czβzm + ∂cz̄βz̄m. (3.252)

Here c is still a commuting parameter.
The transformations of the elementary fields under the fermionic symmetry read:

δBx
m =

1

2
γzβmz

δBx
mh = −1

2
γzβmz

δBξ
m =

1

2
γz
(

∂xm + ∂xmh
)

, (3.253)

with anticommuting parameter γ.
The first observation we make is that we cannot gauge both symmetries in one step. The
reason for that is the non–closure of the algebra. We compute the commutator of δK and δB
on all the fields:

[δB , δT ]xm = δB
(
cz∂xm + cz̄∂̄xm

)
− δT

(
1

2
γzβmz

)

=
1

2
cz∂γzβmz +

1

2
cz̄∂̄γzβmz − 1

2
γz∂czβmz − 1

2
γz∂cz̄βmz̄ (3.254)

For [δB , δT ]xmh we get the same expression with an overall minus sign. Thus, the combination
[δB , δT ](xm +xmh) is 0. The first three terms look like a B–transformation of x, the last one,
however, is not a B–transformation since the fermionic symmetry transformations do not
contain a βz̄m.

[δB , δT ]ξm = δB
(
cz∂ξm + cz̄∂̄ξm

)
− δT

(
1

2
γz(∂xm + ∂xmh)

)

= (cz∂γz − γz∂c+ cz̄∂̄γz)(∂xm + ∂xmh) − γz∂cz̄(∂̄xm + ∂̄xmh) (3.255)
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Finally, [δB , δT ]βzm = 0. Thus, to gauge both symmetries one has to proceed as follows:

• Gauge diffeomorphisms via the Noether procedure in order to obtain a worldsheet co-
variant action.

• Find a covariant form of the fermionic symmetry transformations under which the new
action is invariant and gauge the covariantized fermionic symmetry.

3.7.1 Gauging Diffeomorphisms

We expect the complete covariant action of the heterotic string to be of the following form10:

S =

∫ √−g − 1

2
gµνΠm

µ Πνm − iεµνΠµm(θγm∂νθ) + Pµνdµα∇νθ
α

+
1

2
gµνΠmh

µ Πh
νm + iεµνΠh

µm(θhγm∂νθ
h) + Pµνdhµα∇νθ

αh

+Pµνβµm∇νξ
m + Pµνωµα∇νλ

α + Pµνκαµ∇νχα

+
1

2
PµνP λρβ

′
µλ∇νγ

′ρ +
1

2
PµνP λρb

′
µλ∇νc

′ρ (3.256)

The ΠΠ– term has the same structure as the ∂x∂̄x–term of the toy model action. All the
WZNW ghost terms transform like β∂̄ξ of the toy model under diffeomorphisms. Since√−gεµν ∝ ǫµν the εµν–terms in (3.256) directly translate into the flat case and do now
have to be covariantized using the Noether procedure. Thus, it is sufficient to gauge the toy
model action using the Noether procedure and check in addition that b′zz∂̄c

′z translates into
1
2P

µνP λρb
′
µλ∇νc

′ρ.
From now on we use the convention that Greek letters from the beginning of the alphabet are
target space spinor indices and Greek letters from the middle of the alphabet are covariant
worldsheet indices.

Worldsheet Diffeomorphism Invariance of the Toy Model

We start with the action (3.251) and compute its variation under local diffeomorphisms
(3.252):

δ1S
toy
0 =

∫

∂̄czTzz + ∂cz̄Tz̄z̄ + ∂̄γzBzz, (3.257)

where

Tzz = −1

2
∂xm∂xm +

1

2
∂xmh∂xhm + βzm∂ξ

m

Tz̄z̄ = −1

2
∂̄xm∂̄xm +

1

2
∂̄xmh∂̄xhm + βz̄m∂̄ξ

m (3.258)

Now we introduce gauge connections which we call µ z
z̄ ≡ µ and µ̄ z̄

z ≡ µ̄ because we will show
that they can be identified with the Beltrami differentials (see Appendix C.1). We add the
following term to the action:

Stoy
1 = −

∫

µ z
z̄ Tzz + µ̄ z̄

z Tz̄z̄ (3.259)

10Throughout this section we will neglect, for simplicity, fields and ghosts that come in through coset gauging.
A generalization to the case where these fields are included is straight forward.
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We get δ1S
toy
0 + δ0S

toy
1 = 0 if we define:

δ0µ
z
z̄ = ∂̄cz δzµ̄

z̄
z = ∂cz̄ (3.260)

Next we compute δ1S
toy
1 . A lengthy but simple calculation yields:

δ1S
toy
1 =

∫
(
−δ1µ− 2µ∂c+ ∂(µc) + ∂̄(µc̄)

)
(

−1

2
∂xm∂xm +

1

2
∂xmh∂xhm + βzm∂ξ

m

)

+
(
−δ1µ̄− 2µ̄∂̄c̄+ ∂̄(µ̄c̄) + ∂(µ̄c)

)
(

−1

2
∂̄xm∂̄xm +

1

2
∂̄xmh∂̄xhm + βz̄m∂̄ξ

m

)

−2
(
∂c̄µ+ ∂̄cµ̄

)
(

−1

2
∂xm∂̄xm +

1

2
∂xmh∂̄xhm

)

−µ∂c̄
(
βz̄m∂ξ

m + βzm∂̄ξ
m
)
− µ̄∂̄c

(
βz̄m∂ξ

m + βzm∂̄ξ
m
)

= −
∫
(
δ1µ− ∂(µc) − ∂̄(µc̄) + 2µ∂c

)
Tzz

+
(
δ1µ̄− ∂(µ̄c) − ∂̄(µ̄c̄) + 2µ̄∂̄c̄

)
Tz̄z̄

+µ∂c̄(Tzz̄ + Tz̄z) + µ̄∂̄c(Tzz̄ + Tz̄z), (3.261)

where we used the following abbreviations11:

Tzz̄ = −1

2
∂xm∂̄xm +

1

2
∂xmh∂̄xhm + βzm∂̄ξ

m (3.262)

Tz̄z = −1

2
∂̄xm∂xm +

1

2
∂̄xmh∂xhm + βz̄m∂ξ

m, (3.263)

and cz ≡ c, cz̄ ≡ c̄. From this we obtain the variations for µ and µ̄:

δ1µ = ∂(µc) + ∂̄(µc̄) − 2µ∂c

δ1µ̄ = ∂(µ̄c) + ∂̄(µ̄c̄) − 2µ̄∂̄c̄ (3.264)

The remaining terms can be compensated by adding the following term to the action:

Stoy
2 =

∫

µµ̄ (Tzz̄ + Tz̄z) , (3.265)

With that we have achieved δ1S
toy
1 + δ0S

toy
2 = 0. The next order is δ3S

toy
0 + δ2S

toy
1 + δ1S

toy
2 +

δ0S
toy
3 = 0. We find:

δ1S
toy
2 =

∫

2∂̄cµµ̄Tzz + 2∂c̄µµ̄Tz̄z̄ (3.266)

Now there are two ways to proceed:

1. We cancel δ1S
toy
2 with δ2S

toy
1 by defining:

δ2µ = 2∂̄cµµ̄ δ2µ̄ = 2∂c̄µµ̄ (3.267)

11Although it is quite intuitive and practical to use this notation it may be a little misleading since for the
flat case Tzz̄ = Tz̄z = 0.
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With that we get δ2S
toy
1 + δ1S

toy
2 = 0. We get an additional term in the action at order

4 again:

δ2S
toy
2 =

∫

2∂̄cµµ̄2(Tzz̄ + Tz̄z) + 2∂c̄µ2µ̄(Tzz̄ + Tz̄z), (3.268)

which can be compensated by δ0S
toy
4 where:

Stoy
4 = −

∫

µ2µ̄2(Tzz̄ + Tz̄z) (3.269)

2. Introduce an Stoy
3 ,

Stoy
3 = −

∫

µ2µ̄Tzz + µ̄2µTz̄z̄, (3.270)

such that

δ1S
toy
2 + δ0S

toy
3 = −

∫

∂c̄µTzz + ∂̄cµ̄Tz̄z̄. (3.271)

These terms can be compensated by a δ2S1 if we define:

δ2µ = −∂c̄µ2 (3.272)

δ2µ̄ = −∂̄cµ̄2 (3.273)

The second choice leads directly to the Beltrami parameterization of the covariant action
(3.256), as we will show now. The matter part of the toy model action after three steps of
the Noether procedure reads:

Stoy
gauged,x = −1

2

∫

∂xm∂̄xm − µ∂xm∂xm − µ̄∂̄xm∂̄xm + 2µµ̄∂xm∂̄xm

−µ2µ̄∂xm∂xm − µµ̄2∂̄xm∂̄xm + . . . (3.274)

For the Beltrami parameterization of the covariant action for the free boson we get, using
(C.17) and (C.18):

Sx = −1

2

∫ √−ggµν∂µxm∂νxm

= −
∫

1

(1 − µµ̄)

(
(1 + µµ̄)∂xm∂̄xm − µ∂xm∂xm − µ̄∂̄xm∂̄xm

)

= −
∫

∂xm∂̄xm − µ∂xm∂xm − µ̄∂̄xm∂̄xm + µµ̄∂xm∂̄xm

−µ2µ̄∂xm∂̄xm − µµ̄2∂̄xm∂̄xm +O
(
(µµ̄)2

)
, (3.275)

where we used 1
1−x = 1 + x+ x2 + . . .. These results agree up to a factor 2. This factor can

be explained as follows: For gauging via the Noether procedure we started with an action in
light cone coordinates. The covariant action uses the coordinates (σ0, σ1). In our conventions
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these coordinates are related by a factor 2.
For the ghost action we get from the Noether procedure:

Stoy gh
gauged =

∫

βzm∂̄ξ
m − µβzm∂ξ

m − µ̄βz̄m∂̄ξ
m + µµ̄βzm∂̄ξ

m + µµ̄βz̄m∂ξ
m

−µ2µ̄βzm∂ξ
m − µµ̄2βz̄m∂̄ξ

m + . . . (3.276)

Comparing this with the covariant form using (C.19),

Sgh =

∫ √−gPµνβµ∂νξm

=

∫
2

1 − µµ̄

(
βzm∂̄ξ

m − µβzm∂ξ
m − µ̄βz̄m∂̄ξ

m + µµ̄βz̄m∂ξ
m
)

= 2

∫

βzm∂̄ξ
m − µβzm∂ξ

m − µ̄βz̄m∂̄ξ
m + µµ̄βzm∂̄ξ

m

+µ2µ̄βzm∂̄ξ
m + µµ̄2βz̄m∂̄ξ

m +O
(
(µµ̄)2

)
, (3.277)

we find that these results agree.

Worldsheet Diffeomorphism Invariance of the Quartet Terms

We examine the term

Squart =

∫
1

2

√−gPµνP λρb′µλ∇νc
′ρ (3.278)

of the covariant action. Decomposition in terms of the Beltramis yields:

1

2

√
−gPµνP λρb′µλ∇νc

ρ =
2

(1 − µµ̄)2

(

b′zz∂̄c
′z − µb′zz∂c

′z + µb′zz∂̄c
′z̄ − 2µ̄b′zz̄∂̄c

′z

−2µµ̄b′zz̄∂̄c
′z̄ + µ̄2b′z̄z̄∂̄c

′z + µ2b′zz∂c
′z̄ − 2µµ̄b′zz̄∂c

′z

−µµ̄2b′z̄z̄∂̄c
′z̄ + µµ̄2b′z̄z̄∂c

′z + 2µ2µ̄b′zz̄∂c
′z̄

+µ2µ̄2b′z̄z̄∂c
′z̄
)

+ . . . , (3.279)

where . . . stands for connection terms coming from the the covariant derivative which is, in
contrast to the previous cases, not equal to the ordinary partial derivative.
Now we go to the other end of our problem and gauge diffeomorphisms of the action

Squart
0 =

∫

b′zz∂̄c
′z (3.280)

Local diffeomorphism variations of the fields are given by (we called the transformation pa-
rameters εz ≡ ε and εz̄ ≡ ε̄ to avoid confusion with the ghosts from the topological quartets.):

δ1b
′
µν = ελ∂λb

′
µν + ∂µε

λb′λν + ∂νε
λb′µλ

δ1c
′µ = εµ∂νc

′µ − ∂νε
µc′ν (3.281)

In particular we get:

δ1b
′
zz = ε∂b′zz + ε̄∂̄b′zz + 2∂εb′zz + 2∂ε̄b′zz̄

δ1c
′z = ε∂c′z̄ + ε̄∂̄c′z̄ − ∂ε̄c′z − ∂̄ε̄c′z̄ (3.282)
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Using this we get for the variation of the action:

δ1S
quart
0 =

∫
(
ε∂b′zzc

′z + ε̄∂̄b′zz + 2∂εb′zz + 2∂ε̄b′zz̄
)
∂̄c′z + b′zz∂̄

(
ε∂c′z + ε̄∂̄c′z − ∂εc′z − ∂εc′z̄

)

=

∫

∂̄ǫ
(
∂b′zz + 2b′zz∂c

′z + ∂̄b′zzc
′z̄)+ 2∂ε̄b′zz̄∂̄c

′z (3.283)

There are some unexpected issues about this result.

• The term after ∂̄ε should yield the corresponding component of the energy-momentum
tensor Tzz. There is, however, an additional on–shell contribution ∂̄b′zzc

′z.

• The 2b′zz∂c
′z term of Tzz does not appear in (3.279), instead there is −µb′zz∂c′z+µb′zz∂̄c′z̄ .

These terms are equivalent by partial integration up to terms with derivatives on the
Beltramis. These expressions correspond to contributions from the connection terms
coming from the covariant derivatives.

The first step in the Noether procedure can be performed in the standard way. We introduce
Beltramis µ and µ̄ with δ0µ = ∂̄ε and δ0µ̄ = ∂ε̄. Adding

S1 = −
∫

µ
(
∂b′zzc

′z + 2b′zz∂c
′z + ∂̄b′zzc

′z̄)+ 2µ̄ b′zz̄∂̄c
′z (3.284)

to S0 we obtain δ1S0 + δ0S1 = 0.
We will skip the second step of the Noether procedure since it turns out to be very tedious.
What one can see quickly is that the term 2µ̄∂ε̄b′z̄z̄∂̄c

′z coming from δ1(2b
′
zz̄∂̄c

′z) can be
compensated by adding a term µ̄2b′z̄z̄∂̄c

′z to the action. This is consistent with the µ̄2–term
in (3.279).

3.7.2 Gauging the Fermionic Symmetry

The fermionic symmetry transformations under which the complete action (3.237) (without
(bzz, c

z, βzz , γ
z) which we want to get out of this calculation) is invariant can be computed

by commuting the OPEs of all fields with the complete B–current (3.239):

δxm =
1

2
γzβmz − i

2
γz(κzγ

mθ) +
i

4
γzc′z(κzγ

mκz)

δΠm
z =

1

2
∂(γzβmz ) − iγz(κzγ

m∂θ) +
i

4
∂
(
γzc′z(κzγ

mκz)
)

δ∂θα =
1

2
∂(γzκαz )

δdzα = − i

2
∂(γzωzα) − iγz(γmκz)αΠm

z + iγzβm(γm∂θ)α

+
i

2
∂
(
γzc′z(γmκz)αβzm

)
− 1

2
γzc′z(γm∂θ)α(κzγmκz) (3.285)

δxmh = −1

2
γzβmz +

i

2
γz(κzγ

mθh) +
i

4
γzc′z(κzγ

mκz)

δΠmh
z = −1

2
∂(γzβmz ) + iγz(κzγ

m∂θh) +
i

4
∂
(
γzc′z(κzγ

mκz)
)
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δ∂θαh = −1

2
∂(γzκαz )

δdhzα =
i

2
∂(γzωzα) + iγz(γmκz)αΠmh

z − iγzβm(γm∂θ
h)α

+
i

2
∂
(
γzc′z(γmκz)αβzm

)
− 1

2
γzc′z(γm∂θh)α(κzγmκz) (3.286)

For the transformation of Πm
z̄ one has to replace ∂ → ∂̄ in δΠm

z .

δξm =
1

2
γz
(

Πm
z + Πmh

z

)

+
i

2
γzc′z

(

κzγ
m
(

∂θ − ∂θh
))

+
i

4
γzγ′z(κzγ

mκz)

δλα = − i

2
γz
(

∂θα + ∂θαh
)

δχα = −1

2
γz
(

dzα + dhzα

)

+ iγzc′z(γmκz)α
(

Πzm − Πh
zm

)

− 1

2
γzc′zβzm

(

γm(∂θ − ∂θh)
)

α

− i

2
γzγ′aβzm(γmκz)α (3.287)

δβzm = δκαz = δωzα = 0 (3.288)

δc′z = γz

δb′zz = −2∂γzβ′zz − γz∂β′zz +
1

2
γzFzzz

= −2∂γzβ′zz − γz∂β′zz −
i

2
βzm

(

κzγ
m(∂θ − ∂θh)

)

+
i

4
γz(κzγ

mκz)
(

Πzm − Πh
zm

)

δγ′z = −γz∂c′z + ∂γzc′z

δβ′zz = −1

2
γzΦzzz =

i

4
γzβzm(κzγ

mκz) (3.289)

Now we have to find the covariant form of these transformations. We could use our intuition
and guess the covariant form of the transformations above as we did for the action, but in this
case there is more than one way to write them in a covariant form. The best way to get the
transformations is to use the Noether theorem backwards. This method to obtain symmetry
transformation from a given conserved current was briefly mentioned in section 3.3:

δ1S0 =

∫
δS

δφA
δφA

!
= −

∫

2γν∇µBµν , (3.290)

where S0 is given by (3.256).
For this purpose we compute the equations of motion for all the fields. Then we take the right
hand side of the above equation and manipulate it until we get an expression proportional to
the equations of motion. Comparing the coefficients then yields the correct transformations.
In order to perform this inverse Noether method we need the covariant form of the current
Bzz. Fortunately it turns out that there is a unique way to write down this current in its
covariant form:

Bµν = −1

8
P λµP

ρ
ν(Πλm + Πh

λm)βmρ +
i

8
P λµP

ρ
ν(idλα + idhλα)καρ − i

8
P λµP

ρ
ν(∇λθ

α + ∇λθ
αh)ωρα

−1

4
P λµP

ρ
νP

στβ′λρ∇σc
′
τ −

1

8
P λµP

ρ
νP

στ c′τ∇σβ
′
λρ −

1

4
P λµP

ρ
νb

′
λρ

− 1

16
P λµP

ρ
νP

στ c′τFσλρ −
1

16
P λµP

ρ
νP

στγ′τΦσλρ
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Fσλρ = −iβσm
(
κλγ

m(∇ρθ −∇ρθ
h)
)

+
i

2
(κσγ

mκλ)(Πρm − Πh
ρm)

Φσλτ =
i

2
βσm(κλγ

mκρ) (3.291)

Now we compute the equations of motion. We have the following field content:

φA =
(

xm, θα, dµα, x
mh, θαh, dhµα, ξ

m, βµm, λ
α, ωµα, χα, κ

α
µ , c

′ρ, b′µλ, γ
′ρ, β′µλ

)

(3.292)

Note that we used the field dµα instead of the elementary field pµα. This can be done since
these fields yield equivalent equations of motion. The advantage is that the d–transformations
have a simpler form. The variation of the action with respect to those fields reads:

δS0

δxm
= Pµν∇µΠνm

δS0

δxmh
= −Pµν∇µΠ

h
νm

δS0

δθα
= −2iPµνΠm

µ (γm∇νθ)α − iPµν∇µΠ
m
ν (γmθ)α − Pµν∇νdµα

δS0

δθαh
= 2iPµνΠmh

µ (γm∇νθ
h)α + iPµν∇µΠ

mh
ν (γmθ

h)α + Pµν∇νd
h
µα

δS0

δdµα
= −Pµν∇νθ

α δS0

δdhµα
= Pµν∇νθ

αh (3.293)

δS0

δξm
= −Pµν∇νβµm

δS0

δλα
= −Pµν∇νωµα

δS

δχα
= −Pµν∇νκµα

δS0

δβµm
= −Pµν∇νξ

m δS0

δωµα
= Pµν∇νλ

α δS0

δκµα
= Pµν∇νχα (3.294)

δS0

δc′ρ
= −1

2
PµνP λρ∇νb

′
µλ

δS0

δγ′ρ
= −1

2
PµνP λρβ

′
µλ

δS0

δb′µλ
= −1

2
PµνP λρ∇νc

′ρ δS0

δβ′µλ
= −1

2
PµνP λρ∇νγ

′ρ (3.295)

At first we compute the transformations of the WZNW ghosts. For this purpose we have
to collect all the terms in Bµν that contain antighosts. The identity (C.9) was used in the
following calculations:

• δξm: −
∫

2γν∇µBµν β =

= −
∫

γν
[

− 1

4
P ρµP

λ
ν(Πλm + Πh

λm)∇µβmρ +
i

8
P λµP

ρ
µP

στ c′τ∇µβσm
(
κλγ

m(∂ρθ − ∂ρθ
h)
)

− i

16
P λµP

ρ
νP

στγ′τ∇µβσm(κλγ
mκρ)

]

= −
∫

P ρµ∇µβρmγ
ν

[
1

4
P λν(Π

m
λ + Πmh

λ ) +
i

8
P σνP

λτc′τ
(
κλγ

m(∂σθ − ∂σθ
h)
)

+
i

16
P σνP

λτγ′τ (κλγ
mκσ)

]

(3.296)
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• δλα: −
∫

2γν∇µBµνω =

= −
∫

γν
[

− i

4
P λµP

ρ
ν(∂λθ

α + ∂λθ
αh)

]

= −
∫

P ρµ∇µωρα

[

− i

4
P λνγ

ν(∇λθ
α + ∇λθ

αh)

]

(3.297)

• δχα: −
∫

2γν∇µBµν κ =

= −
∫

P λµ∇µκαλ γ
ν

[

− 1

4
P ρν(dρα + dhρα) +

i

8
P ρνP

στ c′τβσm(γm(∂ρθ − ∂ρθ
h)α)

− i

8
P ρνP

στ c′τ (γ
mκσ)α(Πρm − Πh

ρm) − i

8
P ρνP

στγ′τβσm(γmκρ)α

]

(3.298)

Next we evaluate the transformations for the quartet ghosts.

• δc′ν : −
∫

2γν∇µBµν b′ =

= −
∫

γν
[

− 1

2
P λµP

ρ
ν∇µb′λρ

]

(3.299)

• δγ′ν : −
∫

2γν∇µBµν β′ =

= −1

2

∫

γν
[

− P λµP
ρ
νP

στ∇µβ′λρ∇σc
′τ − P λµP

ρ
νP

στβ′λρ∇µ∇σc
′
τ

−1

2
P λµP

ρ
νP

στ∇µc′τ∇σβ
′
λρ −

1

2
P λµP

ρ
νP

στ c′τ∇µ∇σβ
′
λρ

]

= −1

2

∫

P λµP
ρ
ν∇µβ′λρ

[

− P στγν∇σc
′
τ +

1

2
P στ∇σ(γ

νc′τ )

]

+P λνP
στ∇µc′τ

[

− P ρν∇σ(γ
νβ′λρ) +

1

2
P ρνγ

ν∇σβ
′
λρ

]

(3.300)

The expression in the last line belongs to δb′σλ. It enters this calculation because we
used partial integration to get the second equality. There is another difficulty in this
calculation. Curvature terms arise since ∇µ∇σc

′
τ = ∇σ∇µc′τ + [∇µ,∇σ]c

′
τ = ∇σ∇µc′τ +

R µ
τη σc′η and ∇µ∇σβ

′
λρ = ∇σ∇µβ′λρ+R ηµ

λ σβ
′
ηρ+R ηµ

ρ σβ′λη but these terms cancel. One

can check this using Rµνλρ = −R
2 ε

µ
νελρ, which holds in two dimensions, and (C.9).

• δb′σλ: −
∫

2γν∇µBµν c′ =

= −1

2

∫

P λµP
στ∇µc′τ

[

− P ρν∇σ(γ
νβ′λρ) +

1

2
P ρνγ

ν∇σβ
′
λρ +

1

4
γνP ρνFσλρ

]

= −1

2

∫

P λµP
στ∇µc′τ

[

− P ρν∇σ(γ
νβ′λρ) +

1

2
P ρνγ

ν∇σβ
′
λρ

− i

4
P ρνγ

νβσm
(
κλγ

m(∂ρθ − ∂ρθ
h)
)

+
i

8
P ρνγ

ν(κσγ
mκλ)(Πρm − Πh

ρm)

]

(3.301)
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• δβ′σλ: −
∫

2γν∇µBµν γ′ =

=

∫

γν
[
1

8
P λµP

ρ
νP

στ∇µγ′τΦσλρ

]

=
1

2

∫

P λµP
στ∇µγ′τ

[
i

8
P ρνγ

ν(κλγ
mκρ)

]

(3.302)

Finally we come to the elementary fields. We start with δθα(h) and collect all the terms that

are proportional to d
(h)
µα :

−
∫

γν
i

4
P λµP

ρ
ν∇µ(idλα + idhλα)καρ

=

∫

−P λµ∇µdλα

(
1

4
P ρνγ

νκαρ

)

+ P λµ∇µdhλα

(

−1

4
P ρνγ

νκαρ

)

(3.303)

From this we get the correct transformations for θα(h) but the prefactor that should be
proportional to the equations of motion is incomplete. The missing terms are given by:

(
δS0

δθα
+ Pµν∇νdµα

)

δθα =
(
−2iPµνΠm

µ (γm∂νθ)α − iPµν∇µΠ
m
ν (γmθ)α

)
(

1

4
P ρλγ

λκαρ

)

=
i

2
PµνP ρλγ

λΠm
µ (κργm∇νθ) +

i

4
PµνP ρλγ

λ∇µΠ
m
ν (κργmθ)

(3.304)

We add and subtract those terms. This repairs the equation for δθα(h) but the new terms will

contribute to δxm(h) and δd
(h)
µα .

Next we consider δxm(h) where we collect the terms proportional to Pµν∇µΠ
m(h)
ν . One of the

additional terms is included in the first line of the following equation:

∫

Pµν∇µΠ
m
ν

(

− i

4
P ρλγ

λ(κργmθ)

)

− Pµν∇µΠ
mh
ν

(
i

4
P ρλγ

λ(κργmθ
h)

)

+
1

4
P λµP

ρ
λγ

ν∇µ(Πλm + Πh
λm)βmρ +

i

16
P λµP

ρ
λγ

νP στγνc′τ (κσγ
mκλ)∇µ(Πρm − Πh

ρm)

=

∫

Pµν∇µΠ
m
ν

[

− i

4
P ρνγ

ν(κργmθ) +
1

4
P ρνγ

νβρm +
i

16
P λνP

στγνc′τ (κσγ
mκλ)

]

−Pµν∇µΠ
mh
ν

[
i

4
P ρνγ

ν(κργmθ
h) − 1

4
P ρνγ

νβρm +
i

16
P λνP

στγνc′τ (κσγ
mκλ)

]

+
i

2
εµνP ρνγ

ν
(
∇µθγm∇λθ + ∇µθ

hγm∇λθ
h
)
βmρ

−1

8
εµρP λνP

στγνc′τ (κσγ
mκλ)

(
∇µθγm∇ρθ −∇µθ

hγm∇ρθ
h
)

(3.305)

The last terms had to be added in order to make the transformations complete. Finally we

get for δ
(h)
µα , collecting the terms proportional to −Pµν∇νθ

α and subtracting the terms we
added to complete the other transformations:

∫

− i

2
PµνP ρλγ

λΠm
µ (κργm∇νθ) −

i

2
PµνP ρλγ

λΠmh
µ (κργm∇νθ

h)
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−Pµλ∇λθ
α

(
i

2
P ρνγ

ν(γm∇µθ)αβ
m
ρ

)

− Pµρ∇ρθ
α

(
1

8
P λνP

στγνc′τ (κσγ
mκλ)(γm∇µθ)α

)

+Pµλ∇λθ
αh

(

− i

2
P ρνγ

ν(γm∇µθ
h)αβ

m
ρ

)

+ Pµρ∇ρθ
αh

(
1

8
P λνP

στγνc′τ (κσγ
mκλ)(γm∇µθ

h)α

)

+
i

4
P λµP

ρ
νγ

ν
(
∇µ∇λθ

α + ∇µ∇λθ
αh
)
ωρα − i

8
P λµP

ρ
νγ

νP στγνc′τβσm
(
κλγ

m(∇µ∇ρθ −∇µ∇ρθ
h)
)

=

∫

−Pµν∇νθ
α

[

− i

2
P ρλγ

λΠm
µ (γmκρ)α − i

2
P ρλγ

λ(γm∇µθ)αβ
m
ρ − 1

8
P λρP

στγρc′τ (κσγ
mκλ)(γm∇µθ)α

− i

4
P ρν∇µ(γ

νωρα) +
i

8
P λνP

στ∇µ

(
γνc′τβσm(γmκλ)α

)
]

+Pµν∇νθ
αh

[
i

2
P ρλγ

λΠmh
µ (γmκρ)α +

i

2
P ρλγ

λ(γm∇µθ
h)αβ

m
ρ − 1

8
P λρP

στγρc′τ (κσγ
mκλ)(γm∇µθ

h)α

+
i

4
P ρν∇µ(γ

νωρα) +
i

8
P λνP

στ∇µ

(
γνc′τβσm(γmκλ)α

)
]

(3.306)

Now we summarize our results for the covariantized fermionic symmetry transformations:

δxm = − i

4
P ρνγ

ν(κργ
mθ) +

1

4
P ρνγ

νβmρ +
i

16
P ρνP

στγνc′τ (κσγ
mκρ)

δΠm
µ = − i

2
P ρνγ

ν(κργ
m∇µθ) +

1

4
P ρν∇µ(γ

νβmρ ) +
i

16
P ρνP

στ∇µ

(
γνc′τ (κσγ

mκρ)
)

δθα =
1

4
P ρνγ

νκαρ

δdµα = − i

2
P ρνγ

νΠm
µ (γmκρ)α − i

2
P ρνγ

ν(γm∇µθ)αβ
m
ρ − 1

8
P ρνP

στγνc′τ (κσγ
mκρ)(γm∇µθ)α

− i

4
P ρν∇µ(γ

νωρα) +
i

8
P ρνP

στ∇µ

(
γνc′τβσm(γmκρ)α

)
(3.307)

δxmh =
i

4
P ρνγ

ν(κργ
mθh) − 1

4
P ρνγ

νβmρ +
i

16
P ρνP

στγνc′τ (κσγ
mκρ)

δΠmh
µ =

i

2
P ρνγ

ν(κργ
m∇µθ

h) − 1

4
P ρν∇µ(γ

νβmρ ) +
i

16
P ρνP

στ∇µ

(
γνc′τ (κσγ

mκρ)
)

δθαh = −1

4
P ρνγ

νκαρ

δdhµα =
i

2
P ρνγ

νΠmh
µ (γmκρ)α +

i

2
P ρνγ

ν(γm∇µθ
h)αβ

m
ρ − 1

8
P ρνP

στγνc′τ (κσγ
mκρ(γm∇µθ

h)α

+
i

4
P ρν∇µ(γ

νωρα) +
i

8
P ρνP

στ∇µ

(
γνc′τβσm(γmκρ)α

)
(3.308)

δξm =
1

4
P λνγ

ν(Πm
λ + Πhm

λ ) +
i

8
P ρνP

λτγνc′τ
(
κλγ

m(∇ρθ −∇ρθ
h)
)

+
i

16
P ρνP

λτγνγ′τ (κλγ
mκρ)

δλα = − i

4
P ρνγ

ν(∇ρθ
α −∇ρθ

αh)

δχα = −1

4
P ρνγ

ν(dρα + dhρα) +
i

8
P ρνP

στγνc′τβσm
(
γm(∇ρθ −∇ρθ

h)
)

α

− i

8
P ρνP

στγνc′τ (γ
mκσ)α(Πρm − Πh

ρm) − i

8
P ρνP

στγνγ′τβσm(γmκρ)α (3.309)
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δc′ν = γν

δb′σλ = −P ρν∇σ(γ
νβ′λρ) +

1

2
P ρνγ

ν∇σβ
′
λρ −

i

4
P ρνγ

νβσm
(
κλγ

m(∇ρθ −∇ρθ
h)
)

+
i

8
P ρνγ

ν(κσγ
mκλ)(Πρm − Πh

ρm)

δγ′ν = −P στγν∇σc
′
τ +

1

2
P στ∇σ(γ

νc′τ )

δβ′σλ =
i

8
P ρνγ

νβσm(κλγ
mκρ) (3.310)

In a lengthy calculation one can show that Bµν is still nilpotent, i.e. that the fermionic varia-
tion of the B–current is 0. This makes the Noether procedure very simple since it terminates
after the first step. So far, the variation of the action under the fermionic transformation is:

δS0 =

∫

2∇µγ
νBµ

ν (3.311)

We add the following term to the action:

S1 =

∫

−2A ν
µ Bµ

ν (3.312)

The new action is invariant if we define:

δ0A
ν
µ = ∇µγ

ν (3.313)

No further steps are needed. Thus, the complete gauged action is given by:

S =

∫ √−g − 1

2
gµνΠm

µ Πνm − iεµνΠµm(θγm∇νθ) + Pµνdµα∇νθα

+
1

2
gµνΠmh

µ Πh
νm + iεµνΠh

µm(θhγm∇νθ
h) − Pµνdhµα∇νθ

h
α

+Pµνβµm∇νξ
m + Pµνωµα∇νλ

α + Pµνκαµ∇νχα

+
1

2
PµνP λρβ

′
µλ∇νγ

′ρ +
1

2
PµνP λρb

′
µλ∇νc

′ρ − 2A ν
µ Bµ

ν (3.314)

3.7.3 WZNW BRST Symmetry

Having gauged diffeomorphisms and the fermionic symmetry the new gauged action is no
longer invariant under BRST transformations. As we will demonstrate now, BRST invari-
ance can be reestablished by introducing a BRST transformation of the metric. Due to the
complexity of the calculations we only consider the toy model which we introduced above.
The gauged action is given by:

Stoy
gauged =

∫ √−g
[

−1

2
gµν∇µx

m∇νxm +
1

2
gµν∇µx

mh∇νx
h
m + Pµνβµm∇νξ

m − 2A ρ
ν B

ν
ρ

]

(3.315)

with

Bρν = −1

8
PµνP

λ
ρβµm

(

∇λx
m + ∇λx

mh
)

. (3.316)
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Note that we do not need a topological quartet for this model since it already has an N = 2
superconformal algebra. The covariant form of the BRST transformations looks as follows:

sxm = ξm

sxmh = ξm

sξm = 0

sβµm =
(

∇µxm −∇µx
h
m

)

(3.317)

The BRST variation of Bρν then reads:

sBρν =
1

4
P

(µ
νP

λ)
ρ

(

−1

2
∇(µxm∇λ)x

m +
1

2
∇(µx

h
m∇λ)x

mh + β(µm∇λ)ξ
m

)

(3.318)

This expression looks similar to the energy–momentum tensor which reads:

Tστ =
1√−g

δS

δgστ

=
1

2
(2δµσδ

ν
τ − gστg

µν)

(

− 1

2
∇µx

m∇νxm +
1

2
∇µx

mh∇νx
h
m + βµm∇νξ

m

+
1

4
P λρA

ρ
ν βµm(∇λx

m + ∇λx
mh)

)

+
1

8

(

2gσρε
λ
τ − gστε

λ
ρ

)

PµνA ρ
ν βµm(∇λx

m + ∇λx
mh)

(3.319)

For this calculation we made use of the following relations:

δ
√−g =

1

2

√−ggµνδgµν = −1

2

√−ggµνδgµν

δεµν = −
√−g
(−g) ǫ

µν = −1

2
gστ δg

στ εµν

δPµν =
1

2
δgστ (2δµσδ

ν
τ − gστ ε

µν)

δ
(√−gPµν

)
= δ

(√−ggµν
)

=
1

2

√−gδgστ (2δµσδ
ν
τ − gστg

µν) (3.320)

To cancel the term that comes from the BRST variation of A ρ
ν B

ν
ρ we thus define a BRST

variation of the metric. The BRST variation of the action is then given by:

sStoy
gauged = sS

︸︷︷︸

0

+

∫ √−g
(

1

2
Tνρ sg

νρ − 2 sA ρ
ν B

ν
ρ + 2A ρ

ν sB ν
ρ

)

(3.321)

In contrast to Tµν , which has non–vanishing components Tzz and Tz̄z̄ in conformally flat
coordinates, sBνρ only has a non–vanishing zz–component. Hence, we expect part of the
BRST variation of B ρ

ν to coincide with Λ
8 P̄

νσP τ
ρ . With P σνgστP

τ
ρ = 0 the following relations

hold:

P σνP τρ

(

2δµσδ
τ
ρ − gστg

µλ
)

= 2P (µνP
λ)
ρ

1

4
P σνP τρ

(

2gσκε
λ
τ − gστε

λ
κ

)

= −1

2
P ν
κ P λρ (3.322)
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If we define

sgστ = −1

2
P σνP τρA

ρ
ν (3.323)

we find after a lengthy calculation:

sStoy
gauged =

∫ √−g




1

4
PµνP λρ

(

sA ρ
ν − δστA

ρ
σ A

τ
ν

︸ ︷︷ ︸

0

)

βµm

(

∇λx
m + ∇λx

mh
)



(3.324)

From this we can read off:

sA ρ
ν = 0 (3.325)

Thus, we have reimplemented BRST symmetry in the gauged action.

3.7.4 Gauge Fixing

Now we perform the gauge fixing of diffeomorphism invariance and the fermionic symmetry.
After integrating out all Lagrange multiplier fields we expect a second BRST operator of the
following form:

QV =

∮

cz
(

Tzz +
1

2
T top
zz

)

+ γz
(

Bzz +
1

2
Btop
zz

)

(3.326)

In order to make the new BRST operator anticommute with the WZNW BRST operator we
expect:

Q → Q+

∮

bzzγ
z (3.327)

We add a gauge fixing term to the gauged action, fixing the metric to the flat light cone
metric and all other gauge fields to zero.

Stoy
gf = Stoy

gauged + sV

∫ √−g
(

bµν(g
µν − ĝµν) + 2gνλβµνA

µ
λ

)

(3.328)

We define the new BRST variations as follows:

sV gµν = ∇µcν + ∇νcµ − 2λgµν

↔ sV g
µν = −∇µcν −∇νcµ + 2λgµν

↔ sV
√−g =

1

2

√−ggµνsV gµν =
√−g(∇µc

µ − 2λ)

sV (
√−gbµν) =

√−gΛµν
↔ sV bµν = Λµν − (∇λc

λ − 2λ)bµν

sV (
√−ggνλβµν) =

√−ggνλΩµν

↔ sV βµν = Ωµν + (2gν(σδ
λ
τ) − gστ δ

λ
ν )
(

∇(σcτ) − λgστ
)

βµλ
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sV A
µ
λ = λ̃ µ

λ +
1

4
PµσP

τ
λ

(

∇τγ
σ − λ̃ µ

λ

)

+ cκ∇κA
µ
λ + ∇λc

κA µ
κ −∇κc

µA κ
λ

(3.329)

(γµ, λ̃ ν
µ ) and (cµ, λ) are now commuting and anticommuting ghosts, respectively. With that

we get for the gauge fixed action:

Stoy
gf = Stoy

gauged +

∫ √−g
[

Λµν(g
µν − ĝµν) + 2Ωµνg

νλA µ
λ + 2bµν

(

∇(µcν) − λgµν
)

+2gνλβµν

(

λ̃ µ
λ +

1

4
PµσP

τ
λ

(

∇τγ
σ − λ̃ µ

λ

)

+ cκ∇κA
µ
λ + ∇λc

κA µ
κ −∇κc

µA κ
λ

)]

(3.330)

Next we integrate out the Lagrange multipliers, using the following variations:

δ

δλ̃τσ
: 0 = βστ −

1

4
PµσP

ν
τβµν

δ

δ(β − 1
4PPβ)λµ

: λ̃ µ
λ =

1

4
P τ
λ Pµσλ̃

σ
τ

δ

δΩ λ
µ

: A µ
λ = 0

δ

δAνµ
: Ωµν = −Bµν + ∇κ(βµνc

κ) − βµλ∇λcν + βκν∇µc
κ

δ

δλ
: bµνg

µν = 0

δ

δ(bµνgµν)
: λ =

1

2
∇µc

µ

δ

δΛµν
: gµν = ĝµν =

1

2

(
0 1
1 0

)

δ

δgµν
: Λµν = −Tµν − T top

µν (3.331)

Inserting these results back into (3.330) we end up with the following expression:

Stoy =

∫ √−g
[

− 1

2
gµν∇µx

m∇νxm +
1

2
gµν∇µx

mh∇νx
h
m + Pµνβµm∂νξ

m

+bzz∂̄c
z + bz̄z̄∂c

z̄ + βzz∂̄γ
z

]

(3.332)

Finally we compute the additional term in the WZNW BRST operator Q by demanding that
the new BRST variation and the WZNW variation anticommute. Using

sA ν
µ = 0

sgµν = −1

2
PµσP ντA

τ
σ (3.333)

we compute the WZNW BRST variation of the homotopy (with respect to sV ) of the gauge
fixing term in (3.330). (Stoy

gauged is already s–invariant.)

s
(√−gbµν(gµν − ĝµν) + 2

√−ggνλβµνA µ
λ

)
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=
√−g sbµν(gµν − ĝµν) −√−gbµν sgστ

(

δµ(σδ
ν
τ) −

1

2
gστ (g

µν − ĝµν)

)

+
√−g sgστ

(

2δνσ)δ
λ
τ) − gστg

νλ
)

βµνA
µ
λ + 2

√−ggνλ sβµνA µ
λ

=
√
−g sbµν(gµν − ĝµν) +

1

2

√
−gbστP σλP τµA µ

λ

−√−gP σλP τµA µ
λ A λ

τ βλσ + 2
√−ggνλ sβµνA µ

λ (3.334)

In the last step we made use of PµλP νλ = 0. For the two BRST transformations to anticom-
mute this expression has to vanish. This can be achieved by defining the following WZNW
BRST variations of the antighosts:

sbµν = 0

sβµν = −1

4
bστP

σ
νP

τ
µ −

1

2
P σνP

τ
µA

λ
τ βλσ (3.335)

After integrating out the Lagrange multipliers (A λ
τ = 0) we get the transformation

sβzz = −bzz (3.336)

which is implemented by adding a term bzzγ
z to the WZNW BRST operator:

Q → Q+

∮

bzzγ
z (3.337)

The new BRST transformations are now given by:

sV bzz = −Tzz − T top
zz

sV bz̄z̄ = −Tz̄z̄ − T top
z̄z̄

sV βzz = −Bzz −Btop
zz (3.338)

with

T top
zz = 2bzz∂c

z + ∂bzzc
z + ∂̄bzzc

z̄ + 2βzz∂γ
z + ∂βzzγ

z + ∂̄βzzγ
z̄

T top
z̄z̄ = 2bz̄z̄∂̄c

z̄ + ∂̄bz̄z̄c
z̄ + ∂bz̄z̄c

z

Btop
zz = −2βzz∂c

z − ∂βzzc
z − ∂̄βzzc

z̄ (3.339)

Tzz, Tz̄z̄ and Bzz are the currents coming from the WZNW model. These transformations
correspond to the following BRST charge:

QV =

∮

cz
(

Tzz +
1

2
T top
zz

)

+ γz
(

Bzz +
1

2
Btop
zz

)

(3.340)

From our results for the toy model we conclude that the gauge fixing procedure works anal-
ogously for the heterotic superstring and yields the results we already anticipated in section
3.5.4. Note that this computation of T top

zz , T top
z̄z̄ and Btop

zz yields also terms that vanish on–shell
which are not present in the expressions given in 3.5.4.
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3.7.5 Worldsheet Covariant Formulation of the Type II Superstring

For the type II superstring the covariant form of the action reads:

S =

∫ √−g PµνPµmP
m
ν − PµνPµmΠm

ν − PµνΠµmP
m
ν +

1

2
PµνΠµmΠm

ν + LWZ

−PµνP hµmPmhν + PµνP hµmΠmh
ν + PµνΠh

µmP
mh
ν − 1

2
PµνΠh

µmΠmh
ν − LhWZ

+Pµνdµα∇νθ
α + P̄ νν d̂µα̂∇ν θ̂

α̂ − Pµνdhµα∇νθ
αh − P̄ νν d̂hµα̂∇ν θ̂

α̂h

+Pµνβµm∇νξ
m + Pµνωµα∇νλ

α + Pµνκαµ∇νχα

+P̄µν β̂µm∇ν ξ̂
m + P̄µν ω̂µα̂∇ν λ̂

α̂ + P̄µν κ̂α̂µ∇νχ̂α̂

+
1

2
PµνP λρβ

′
µλ∇νγ

′ρ +
1

2
PµνP λρb

′
µλ∇νc

′ρ

+
1

2
P̄µνP̄ λρβ̂

′
µλ∇ν γ̂

′ρ +
1

2
P̄µν P̄ λρb̂

′
µλ∇ν ĉ

′ρ (3.341)

where

LWZ = −iεµνΠm
µ

(

(θγm∇νθ) − (θ̂γm∇ν θ̂)
)

− εµν(θγm∇µθ)(θ̂γm∇ν θ̂). (3.342)

Knowing the fermionic symmetry transformations for the heterotic case and the Π and P–
transformations for the flat case it is easy to guess the transformations for type II:

δΠm
µ = − i

2
P ρνγ

ν (κργ
m∇µθ) +

1

4
P ρν∇µ

(
γνβmρ

)
+

i

16
P ρνP

στ∇µ

(
γνc′τ (κσγ

mκρ)
)

− i

2
P̄ ρν γ̂

ν
(

κ̂ργ
m∇µθ̂

)

+
1

4
P̄ ρν∇µ

(

γ̂ν β̂mρ

)

+
i

16
P̄ ρν P̄

στ∇µ

(
γ̂ν ĉ′τ (κ̂σγ

mκ̂ρ)
)

δPmµ = − i

4
P ρνP

σ
µγ

ν (κργ
m∇σθ) +

1

8
P ρνP

σ
µ∇σ

(
γνβmρ

)
+

i

32
P ρνP

στP λµ∇λ

(
γνc′τ (κσγ

mκρ)
)

− i

4
P̄ ρν P̄

σ
µγ̂

ν
(

κ̂ργ
m∇σ θ̂

)

+
1

8
P̄ ρνP̄

σ
µ∇σ

(

γ̂ν β̂mρ

)

+
i

32
P̄ ρνP̄

στ P̄ λ̂µ∇λ

(
γ̂ν ĉ′τ (κ̂σγ

mκ̂ρ)
)

δθ̂α̂ =
1

4
P̄ ρν γ̂

ν κ̂α̂ρ

δd̂µα̂ = − i

2
P̄ ρν γ̂

νPmµ (γmκ̂ρ)α̂ − i

2
P̄ ρν γ̂

ν(γm∇µθ̂)α̂β̂
m
ρ − 1

8
P̄ ρνP̄

στ γ̂ν ĉ′τ (κ̂σγ
mκ̂ρ)(γm∇µθ̂)α̂

− i

4
P̄ ρν∇µ(γ̂

ν ω̂ρα̂) +
i

8
P̄ ρνP̄

στ∇µ

(
γ̂ν ĉ′τ β̂σm(γmκ̂ρ)α̂

)
(3.343)

δΠmh
µ =

i

2
P ρνγ

ν
(

κργ
m∇µθ

h
)

− 1

4
P ρν∇µ

(
γνβmρ

)
+

i

16
P ρνP

στ∇µ

(
γνc′τ (κσγ

mκρ)
)

+
i

2
P̄ ρν γ̂

ν
(

κ̂ργ
m∇µθ̂

h
)

− 1

4
P̄ ρν∇µ

(

γ̂ν β̂mρ

)

+
i

16
P̄ ρνP̄

στ∇µ

(
γ̂ν ĉ′τ (κ̂σγ

mκ̂ρ)
)

δPmhµ =
i

4
P ρνP

σ
µγ

ν
(

κργ
m∇σθ

h
)

− 1

8
P ρνP

σ
µ∇σ

(
γνβmρ

)
+

i

32
P ρνP

στP λµ∇λ

(
γνc′τ (κσγ

mκρ)
)

+
i

4
P̄ ρν P̄

σ
µγ̂

ν
(

κ̂ργ
m∇σ θ̂

h
)

− 1

8
P̄ ρνP̄

σ
µ∇σ

(

γ̂ν β̂mρ

)

+
i

32
P̄ ρνP̄

στ P̄ λ̂µ∇λ

(
γ̂ν ĉ′τ (κ̂σγ

mκ̂ρ)
)

δθ̂α̂h = −1

4
P̄ ρν γ̂

ν κ̂α̂ρ

δd̂hµα̂ =
i

2
P̄ ρν γ̂

νPmhµ (γmκ̂ρ)α̂ +
i

2
P̄ ρν γ̂

ν(γm∇µθ̂
h)α̂β̂

m
ρ − 1

8
P̄ ρν P̄

στ γ̂ν ĉ′τ (κ̂σγ
mκ̂ρ)(γm∇µθ̂

h)α̂
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+
i

4
P̄ ρν∇µ(γ̂

ν ω̂ρα̂) +
i

8
P̄ ρνP̄

στ∇µ

(
γ̂ν ĉ′τ β̂σm(γmκ̂ρ)α̂

)
(3.344)

δξ̂m =
1

4
P̄ λν γ̂

ν(Pmλ + Pmhλ ) +
i

8
P̄ ρνP̄

λτ γ̂ν ĉ′τ
(
κ̂λγ

m(∇ρθ̂ −∇ρθ̂
h)
)

+
i

16
P̄ ρνP̄

λτ γ̂ν γ̂′τ (κ̂λγ
mκ̂ρ)

δλ̂α̂ = − i

4
P̄ ρν γ̂

ν(∇ρθ̂
α̂ −∇ρθ̂

α̂h)

δχ̂α̂ = −1

4
P̄ ρν γ̂

ν(d̂ρα̂ + d̂hρα̂) +
i

8
P̄ ρνP̄

στ γ̂ν ĉ′τ β̂σm
(
γm(∇ρθ̂ −∇ρθ̂

h)
)

α̂

− i

8
P̄ ρνP̄

στ γ̂ν ĉ′τ (γ
mκ̂σ)α̂(Pρm − P hρm) − i

8
P̄ ρνP̄

στ γ̂ν γ̂′τ β̂σm(γmκ̂ρ)α̂ (3.345)

δĉ′ν = γ̂ν

δb̂′σλ = −P̄ ρν∇σ(γ̂
ν β̂′λρ) +

1

2
P̄ ρν γ̂

ν∇σβ̂
′
λρ −

i

4
P̄ ρν γ̂

ν β̂σm
(
κ̂λγ

m(∇ρθ̂ −∇ρθ̂
h)
)

+
i

8
P̄ ρν γ̂

ν(κ̂σγ
mκ̂λ)(Pρm − P hρm)

δγ̂′ν = −P̄ στ γ̂ν∇σ ĉ
′
τ +

1

2
P̄ στ∇σ(γ̂

ν ĉ′τ )

δβ̂′σλ =
i

8
P̄ ρν γ̂

ν β̂σm(κ̂λγ
mκ̂ρ) (3.346)

γ̂ν is the transformation parameter for the right–moving sector. The fields and ghosts of
the left–moving sector transform as in the heterotic case apart from the fact that one has to
replace Πµm with Pµm.
For the type II case we now have two B–currents corresponding to the left– and right–moving
sector:

Bµν = −1

8
P λµP

ρ
ν(Pλm + P hλm)βmρ +

i

8
P λµP

ρ
ν(idλα + idhλα)καρ − i

8
P λµP

ρ
ν(∇λθ

α + ∇λθ
αh)ωρα

−1

4
P λµP

ρ
νP

στβ′λρ∇σc
′
τ −

1

8
P λµP

ρ
νP

στ c′τ∇σβ
′
λρ −

1

4
P λµP

ρ
νb

′
λρ

− 1

16
P λµP

ρ
νP

στ c′τFσλρ −
1

16
P λµP

ρ
νP

στγ′τΦσλρ

B̂µν = −1

8
P̄ λµP̄

ρ
ν(Pλm + P hλm)β̂mρ +

i

8
P̄ λµP̄

ρ
ν(id̂λα̂ + id̂hλα̂)κ̂α̂ρ − i

8
P̄ λµP̄

ρ
ν(∇λθ̂

α̂ + ∇λθ̂
α̂h)ω̂ρα̂

−1

4
P̄ λµP̄

ρ
νP̄

στ β̂′λρ∇σ ĉ
′
τ −

1

8
P̄ λµP̄

ρ
νP̄

στ ĉ′τ∇σβ̂
′
λρ −

1

4
P̄ λµP̄

ρ
ν b̂

′
λρ

− 1

16
P̄ λµP̄

ρ
νP̄

στ ĉ′τ F̂σλρ −
1

16
P̄ λµP̄

ρ
νP̄

στ γ̂′τ Φ̂σλρ (3.347)

In a lengthy calculation it can be shown that these currents are nilpotent under the fermionic
transformations. As a second consistency check we verified the invariance of the action under
the transformation, picking out the terms that transform into Πµm and Pµm. A tedious
calculation, involving partial integration, the Fierz identity and various identities for the
Pµν , showed that left– and right–moving sector completely decouple (as in the flat case) and
that the correct currents are produced. Thus, gauging and gauge fixing can be performed as
in the heterotic case. Calling (3.341) S0 we can perform the Noether procedure as usual:

δS0 =

∫

2∇µγ
νBµ

ν + 2∇µγ̂
νB̂µ

ν (3.348)
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We introduce gauge connections A ν
µ and Â ν

µ and extend the action by

S1 =

∫

−2A ν
µ Bµ

ν − 2Â ν
µ B̂µ

ν (3.349)

where

δ0A
ν
µ = ∇µγ

ν δ0Â
ν
µ = ∇µγ̂

ν (3.350)

The next step would be gauge fixing and reimplementation of the WZNW BRST invariance.
We expect that the procedure is analogous to the the toy–model case but some difficulties
may arise from the fact that the BRST variation of the composite B–field yields the energy–
momentum tensor only on–shell.
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Chapter 4

Summary and Outlook

In this diploma thesis on the covariant quantization of the superstring the following results
were found:
We gave a WZNW formulation of the type II superstring using the Noether procedure to
gauge the free field action given by Siegel. With that we generalized the WZNW formulation
for the heterotic superstring, which was found by van Nieuwenhuizen and collaborators, to
type II. This was possible by introducing auxiliary fields which separate the left– and right–
moving sector off–shell. Gauging the symmetries of the free action forced us to introduce a
new set of auxiliary fields which led to a formulation of the superstring as a gauged WZNW
model.
In order to turn the Kazama algebra into a twisted N = 2 superconformal algebra a topo-
logical quartet has to be introduced. We pointed out that this quartet cannot be used to
implement manifest worldsheet covariance. For this purpose two more pairs of ghosts have
to be introduced. This was done explicitly, using a covariantized form of the Noether pro-
cedure, by gauging diffeomorphisms and the fermionic symmetry of our model. Due to the
complexity of these calculations some of the computations, in particular gauge fixing, have
been performed for a toy model only.
Some progress was made concerning the definition of the cohomology. One of the most dif-
ficult problems of this model for the covariant quantization of the superstring without pure
spinor constraints is that the BRST operator has trivial cohomology. This is due to the fact
that, apart from the constraint that relates the free field theory to the GS string, all the other
conserved currents are set to 0 as well. Grassi and van Nieuwenhuizen suggested a method to
solve this problem by introducing a second BRST operator which undoes the gauging of the
other currents. Physical states are defined to lie in the relative cohomology of the two BRST
operators. We generalized this method, which was only worked out for simple Lie algebras
before, for an arbitrary set of constraints that generate a first class system and specialized
it for the superstring. We expected to find a BRST operator which consists of the BRST
operator of Berkovits’ pure spinor formalism plus an expression which is exact with respect to
the second BRST operator. Unfortunately we obtained a different result which we could not
improve by deforming the BRST operator but later we found out that we can nevertheless
get the desired physical spectrum.

There are many open problems, the most difficult of which is probably the definition of
physical states. It is not yet clear if the definition of the physical states via a relative coho-
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mology works for the superstring if we implement worldsheet diffeomorphism invariance. It
would be interesting to work out an idea by van Nieuwenhuizen et al. that involves bosoniza-
tion and a similarity transformation. It would also be interesting to further investigate our
ansätze concerning the deformation of the BRST charges. A further problem are the h–fields
of the gauged WZNW model which should decouple from the theory for physical states. Van
Nieuwenhuizen and collaborators suggested an analogue of the Siegel gauge, demanding that
the zero mode of the composite B–field, corresponding to the fermionic symmetry of the
WZNW model, acting on physical states yields 0. No examples were computed so far to see
if this really works.
Another problem related to the cohomology is the computation of correlation functions. Due
to the huge amount of fields and ghosts in this model we have not been able to give a proper
definition of the correlation function, neither at tree level nor at higher genus.
Concerning the implementation of world sheet diffeomorphism invariance for the type II su-
perstring there are still some calculations missing. For type II the BRST variation of the
B–field yields the energy–momentum tensor only on–shell. One may need to check how this
affects the WZNW invariance of the gauged action and the gauge fixing procedure.
Since one of the most important motivations for the covariant quantization of the superstring
are string theories in Ramond–Ramond backgrounds a goal is to couple this theory to a curved
background.
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Appendix A

Conventions

Our conventions are quite complementary to those of the standard string theory references.
In particular, we use the NE–convention for superspace rather than the more common NW–
convention. Since this thesis is based mostly on the work of van Nieuwenhuizen and collabo-
rators it seemed practical and less confusing to adopt their conventions.

A.1 General Definitions

The worldsheet metric has signature (−,+). We define light cone coordinates by:

σ− =
1

2

(
σ1 − σ0

)
σ+ =

1

2

(
σ1 + σ0

)

∂ = ∂− = ∂1 − ∂0 ∂̄ = ∂+ = ∂1 + ∂0 (A.1)

After Wick–rotation to Euclidean space and introduction of complex coordinates we have
with σ0 → −iσ2:

z =
1

2

(
σ1 + iσ2

)
z̄ =

1

2

(
σ1 − iσ2

)

∂ = ∂z = ∂1 − i∂2 ∂̄ = ∂̄z̄ = ∂1 + i∂2 (A.2)

We define the conformal map from the closed string worldsheet to the complex plane as

z′ = e−2iz = e−iσ
1+σ2

. (A.3)

We define chiral projection operators Pµν and P̄µν [2]:

Pµν = gµν − εµν

P̄µν = gµν + εµν , (A.4)

with the properties PµνAµBν = AzBz̄ and P̄µνAµBν = Az̄Bz. For further properties of these
operators we refer to Appendix C. In Minkowski space we have:

εµν =
ǫµν√−g ǫ01 = 1 = −ǫ10 (A.5)
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In Euclidean space we define:

εµν = − iǫ
µν

√
g

ǫ12 = 1 = −ǫ21 (A.6)

The action in Minkowski space is:

S =
1

2πα′

∫

d2σ
√−g L, (A.7)

with d2σ = dσ0dσ1. For the Euclidean action we get an extra minus from replacing the
Minkowski metric by the Euclidean metric:

SE = − 1

2πα′

∫

d2σ
√
g LE , (A.8)

where d2σ = dσ1dσ2. L and LE formally look the same, one only has to use the corresponding
expressions for the ε–tensor and the metric.
Switching to complex coordinates the measure transforms as follows:

d2z = dzdz̄ =
1

4

(
dσ1 + idσ2

) (
dσ1 − idσ2

)
=

i

2
dσ2dσ1 =

i

2
d2σ (A.9)

The numerical values of the ε–tensor in complex/light cone coordinates are:

εzz̄ = −1

2
= ε−+ εzz̄ = 2 = ε−+ (A.10)

Whenever the constant α′ is not written down explicitly it is set to α′ = 2.
In explicit calculations it is not necessary to specify whether we are in Euclidean or in
Minkowski space. S =

∫
L is valid for both cases and the prefactors and measure part

can be viewed as part of the
∫

–sign.

A.2 Superspace Conventions

As mentioned above we use Southwest–Northeast (NE) conventions for capital indices, where
M = (m,α):

AMB
M = (−)MBMAM (A.11)

It is useful to define two Kronecker deltas:

δNM = δMN = (−)MNδ M
N , (A.12)

where δNM is numerically equal to the usual Kronecker delta. To see the necessity of this
definition, take the metric and its graded inverse:

HMPHPN = δ N
M = (−)M δNM

(−)PHMPHPN = δMN = δNM (A.13)

For small Latin and Greek indices we are not as strict with the NE conventions. In particular
we have:

δβα = δ β
α = δβα (A.14)

The graded commutator is always denoted with squared brackets:

[A,B] = AB − (−)ABBA (A.15)
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A.3 Gamma Matrices and Spinors in 10 dimensions

This section mostly follows the arguments in [4].
At first we construct the Γ–matrices in D = (9, 1) by starting with the Pauli matrices,

τ1 =

(
0 1
1 0

)

τ2 =

(
0 −i
i 0

)

τ3 =

(
1 0
0 −1

)

(A.16)

and working our way up to ten dimensions.
Now we define the well–known γ–matrices in D = (3, 1):

γk = τk ⊗ τ2 γ4 = 1⊗ τ1 γ5 = 1⊗ τ3, (A.17)

where k = {1, 2, 3}. Here γ2, γ4, γ5 are real and symmetric whereas γ1, γ3 are imaginary and
antisymmetric 4 × 4–matrices.
The next step in the ladder is D = (7, 0) where we construct 7 symmetric purely imaginary
8 × 8–matrices λi:

λi =
{
γ2 ⊗ τ2, γ4 ⊗ τ2, γ5 ⊗ τ2, γ1 ⊗ 1, γ3 ⊗ 1, τ2 ⊗ 1⊗ τ1, τ2 ⊗ 1⊗ τ3

}
(A.18)

Now we go to D = (8, 0) and construct 8 real block off–diagonal 16 × 16–matrices σµ:

σµ =
{
λi ⊗ τ2,1⊗ τ1

}
(A.19)

In D = (8, 0) we have a real block diagonal 16× 16 chirality matrix χ which is the product of
all σµ and which obeys χT = χ and χ2 = 1. With that we can finally construct the ten real
D = (9, 1) 32 × 32 Dirac matrices Γm:

Γm =
{1⊗ (iτ2), σµ ⊗ τ1, χ⊗ τ1

}
, (A.20)

where m runs from 0 to 9. The chirality matrix in D = (9, 1) is Γ# = Γ0 . . .Γ9 = 1 ⊗ τ3.
The charge conjugation matrix C, which satisfies CΓm = −Γm,TC, is given by C = Γ0. We
consider spinors ΨT = (λL, ζR) with spinor indices λαL and ζR,β̇. Then the Γ–matrices have
the following index structure:

γm =

(

0 (σm)αβ̇

(σ̃m)β̇γ 0

)

C =

(

0 c β̇
α

cβ̇γ 0

)

Γ# =

( 1 0
0 −1 ) Γ9 =







0

( 1 0
0 −1 )

( 1 0
0 −1 ) 0






, (A.21)

where σm = {1, σµ, χ} and σ̃m = {−1, σµ, χ}, the matrices c β̇
α and cβ̇γ are numerically equal

to 1 and −1, respectively. The form of Γ# implies that the λα are chiral and the ζβ̇ are
antichiral.
In practical calculations we need the matrices CΓm1. Matrix multiplication yields:

CΓm =

(

(σ̃m)αβ 0

0 − (σm)β̇α̇

)

≡
(
γmαβ 0

0 (γm)βα

)

(A.22)

1One considers the expressions Ψ̄Γm1...mr Ψ, where Γm1...mr are antisymmetrized products of the Γ–
matrices, which transform as tensors under Lorentz transformations. We have Ψ̄ = ΨT Γ0 = ΨT C.
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In our calculations we will only use the real symmetric 16 × 16 matrices γmαβ = σ̃mαβ and

γα̇β̇m = −σm α̇β̇. Now we explain why the dots can be omitted.
The Lorentz generators expressed in terms of the Γ–matrices are given by:

Lmn =
1

2
(ΓmΓn − ΓnΓm) =

(
1
2σ

mαβ̇ σ̃n
β̇γ

−m↔ n 0

0 1
2 σ̃

m
α̇βσ

n βγ̇ −m↔ n

)

(A.23)

Since this expression is block diagonal we find that the chiral spinors λα and the antichiral ζβ̇
form separate representations for SO(9, 1). These representations are inequivalent because
σm and σ̃m are equal except for m = 0 where σ0 = 1 and σ̃0 = −1 and there is no matrix
S satisfying Sσµ = −σµS and Sχ = −χS at the same time. It is easy to see that this
is true: Assume that we found an S such that Sσµ = −σµS. Then χ = σ1 . . . σ8 implies
Sχ = (−)8χS = χS. This proves that we really have two inequivalent representations of
SO(9, 1), which we denote by 16 and 16′.
In D = (9, 1) one cannot raise or lower spinor indices with the charge conjugation ma-
trix because it is off–diagonal. Thus, we are free to define spinors κα and ηα̇ which trans-
form under Lorentz transformations such that καλ

α and ηα̇χα̇ remain invariant. If we de-
note the generators of λα by (γkl, γk) with k, l = 1, . . . , 8 those for the χα̇ are given by
(−γkl,T ,−γk,T ) = (γkl,−γk). (This follows from the form of the charge conjugation matrix.)
Using the conditions for Lorentz invariance we imposed above we find that κα has (γkl,−γk)
and ηα̇ has (γkl, γk). Thus, κα and χα̇ and λα and ηα̇ have the same transformation properties
under Lorentz transformations. This is why we can omit the dots without causing confusion.
We conclude that chiral spinors are given by λα and antichiral ones are given by χα.
Finally we give two important identities for the twenty real symmetric 16 × 16 matrices γmαβ
and γmαβ:

γmαβγ
n βγ + γnαβγ

m βγ = −2ηmnδγα (A.24)

γm (αβγ
m
γ)δ = 0 (A.25)

In principle, both identities can be verified using the general form of the Fierz identity [46]

(ϕ̄ΓAψ)(χ̄ΓBη) = (−)ψχ̄+ψη+χ̄η 1

2D/2

∑

I

(ϕ̄ΓIΓBη)(χ̄ΓIΓ
Aψ), (A.26)

but since these calculations can turn out to be very tedious these identities will not be verified
here. In fact, it is straight forward to prove the first relation directly by expressing the γm in
terms of the σm and σ̃m and checking the relation component–wise using the Clifford algebra.
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Appendix B

Fields and Ghosts

Since we are dealing with a large number of fields and ghosts we collect all the objects and
their properties in the following tables.

Field Grassmann Reality Conf. Conjugate Grassmann Reality Conf. Central

Parity Weight Momentum Parity Weight Charge

xm(h) 0 real 0 Π
(h)
zm 0 real 1 1 × 10

θα(h) 1 herm. 0 p
(h)
zα 1 antiherm. 1 −2 × 16

d
(h)
zα 1 antiherm. 1

For the type II string the following definitions hold:

Πm
µ = ∂µx

m − iθγm∂µθ − iθ̂γm∂µθ̂ (B.1)

dµα = pµα − (γmθ)α

(

i∂µx
m +

1

2
θγm∂µθ +

1

2
θ̂γm∂µθ̂

)

(B.2)

d̂µα̂ = p̂µα̂ −
(

γmθ̂
)

α̂

(

i∂µx
m +

1

2
θγm∂µθ +

1

2
θ̂γm∂µθ̂

)

(B.3)

The OPEs for the elementary fields xm, θα and pzα and the corresponding h-fields are given
by:

∂xm(z)∂xn(w) ∼ − ηmn
(z − w)2

pzα(z)∂θ
β(w) ∼ − δβα

(z − w)2

∂xhm(z)∂xhnw ∼ ηmn
(z − w)2

phzα(z)∂θ
βh(w) ∼ δβα

(z − w)2

(B.4)

For practical calculations we mostly use the supersymmetric objects Πzm, ∂θα and dzα. These
expressions can be grouped into “currents”1 JM = (Πzm, idzα, ∂θ

α) and JhM = −(Πh
zm, id

h
zα, ∂θ

αh).
In condensed notation the relevant OPEs are:

JM (z)JN (w) ∼ −JKf
K
MN

z − w
− HMN

(z − w)2

1These objects are the conserved currents of the gauge symmetry described in section 3.3.
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JhM (z)JhN (w) ∼ JhKf
K
MN

z − w
+

HMN

(z − w)2
(B.5)

The only non-vanishing structure constants are2:

fmαβ = 2iγmαβ = fmβα

f
α
βm = 2γm βα = −fαmβ (B.6)

The metric HMN is:

HMN =





ηmn 0 0

0 0 iδβα
0 −iδαβ 0



 (B.7)

We can use its graded inverse

HMN =





ηmn 0 0
0 0 −iδαβ
0 iδβα 0



 , (B.8)

to pull indices: JM = JNHNM = (Πm
z , i∂θ

α, dzα).
Unpacking equations (B.5) yields the following operator algebra:

idzα(z)idzβ(w) ∼ −2i
γmαβΠzm(w)

z − w

idzα(z)Πzm(w) ∼ −2
γmαβ∂θ

β

z − w

Πzm(z)Πzn(w) ∼ − ηmn
(z − w)2

idzα(z)∂θβ(w) ∼ − iδβα
(z − w)2

idhzα(z)idhzβ(w) ∼ −2i
γmαβΠ

h
zm(w)

z − w

idhzα(z)Πh
zm(w) ∼ −2

γm αβ∂θ
βh

z −w

Πh
zm(z)Πh

zn(w) ∼ ηmn
(z − w)2

idhzα(z)∂θβh(w) ∼ iδβα
(z − w)2

(B.9)

Analogous OPEs hold for the right moving sector. One simply has to replace the fields by their
hatted counterparts and worldsheet indices and derivatives by the antiholomorphic expres-
sions. Metric and structure constants are numerically equal to those of the left moving sector.

Now we turn to the ghost fields of our model. The signs in the following table are chosen
such that,

bM (z)cN (w) ∼ δNM
z − w

, (B.10)

2In the following equation there appear underlined indices. They indicate that the indices are in the wrong
position as compared to the capital Latin indices, e.g. M is an upper index but α ∈ M is downstairs. We will
try to avoid this notation in order not to overload our formulas.
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which is consistent with our convention q(z)p(w) ∼ −1/(z −w) where q is a field and p is its
conjugate momentum.

Ghost Grass. Reality Conf. ngh Antighost Grass. Reality Conf. ngh Central

Parity Weight Parity Weight Charge

−ξm 1 herm. 0 1 βzm 1 antih. 1 −1 −2 × 10

λα 0 real 0 1 ωzα 0 real 1 −1 2 × 16

χα 0 real 0 1 καz 0 real 1 −1 2 × 16

−ξ′m 1 herm. 0 1 β′zm 1 antih. 1 −1 −2 × 10

χ′
α 0 real 0 1 κ′αz 0 real 1 −1 2 × 16

ϕm 0 herm 0 0 πzm 0 antih. 1 0 1 × 10

−iϕα 1 real 0 0 −iπαz 1 real 1 0 −2 × 16

−c′z 1 herm. −1 1 b′zz 1 herm. 2 −1 −26

γ′z 0 herm. −1 2 β′zz 0 antih. 2 −2 26

−cz 1 herm. −1 1 bzz 1 herm. 2 −1 −26

γz 0 herm. −1 2 βzz 0 antih. 2 −2 26

Note that we included the fields (ϕm, πzm) and (ϕα, π
α
z ) into this table although they are

ghost number 0 fields with the “correct” statistics. However, considering the way these fields
are introduced into our model, it seems more natural to place them among the ghosts.
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Appendix C

Identities in 2 Dimensions

In two dimensions we have the following identities that involve the ε–tensor:

εµνερλ = −gµρgνλ + gµλgνρ (C.1)

εαβε
βγ = δγα (C.2)

T [µ1µ2]µ3...µn =
1

2
εµ1µ2ελ2λ2

T λ1λ2µ3...µn , (C.3)

where T µ1...µn is an arbitrary tensor of rank n.
We define the chiral projection operators [2]:

Pµν = gµν − εµν

P̄µν = gµν + εµν = P νµ (C.4)

Using (C.2) it is easy to show that they indeed satisfy the properties of projection operators:

PµλP ν
λ = 2Pµν (C.5)

PµλP νλ = 0 (C.6)

The projector also satisfies the following useful identities:

P λ(µP ν)ρ = gµνP λρ (C.7)

Pµ[νP λ]ρ = ενλPµρ (C.8)

P [µνP λ]ρ = 0 (C.9)

In the last equation the squared brackets refer to antisymmetrization with respect to µ and
λ. The first two identities can be combined to PµνP λρ = P λνPµρ.

• Equation (C.7) can be verified by inserting the definition of Pµν and using (C.1):

gµνP λρ − P λ(νPµ)ρ = gµνgλρ − gµνελρ − gλ(νgµ)ρ + gλ(νεµ)ρ + ελ(νgµ)ρ − ελ(νεµ)ρ

(C.1)
= −gµνελρ + gλ(νεµ)ρ + ελ(νgµ)ρ

Now we observe that −gµνελρ + gλνεµρ is antisymmetric under the exchange of λ and
µ which suggests to use (C.3):

−gµνελρ + gλ(νεµ)ρ =
1

2
ελ(µεαβ

(

−gαν)εβρ + gβν)εαρ
)
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(C.2)
= −1

2
ελ(µgαν)δρα − 1

2
ελ(µgβν)δρβ

= −ελ(µgν)ρ

This completes the proof of the identity (C.7).

• To prove (C.8)we use (C.3):

Pµ[νP λ]ρ =
1

2
ενλεστP

µτP σρ

=
1

2
ενλ (εστ g

µτ − εστε
µτ )P σρ

=
1

2
ενλ (ε µ

σ + δµσ )P σρ =
1

2
ενλPµσP

σρ

= ενλPµρ

• Since I could not think of an elegant proof for the identity (C.9) so I chose the direct
way and checked it component–wise. Using (A.5) we can write Pµν as a matrix:

Pµν =

(

g00 g01 − 1√−g
g01 + 1√−g g11

)

(C.10)

Most components of (C.9) vanish trivially, a non–trivial one is for example

P [11P 0]0 = P 11P 00 − P 01P 10 = g11g00 −
(
(
g01
)2

+
1

g

)

= 0, (C.11)

where we used g = det(gµν) = 1/det(gµν) = g00g11 − (g01)2.

C.1 Beltrami Differentials

Consider the following parameterization of the vielbeine:

ez = dσze z
z + dσz̄e z̄

z̄ =
(
dσz + dσz̄µ z

z̄

)
e z̄
z

ez̄ = dσze z̄
z + dσz̄e z̄

z̄ =
(
dσzµ̄ z̄

z + dσz̄
)
e z̄
z̄ (C.12)

µ z
z̄ and µ̄ z̄

z are called the Beltrami differentials. Using the above equation they can be
expressed in terms of the vielbeine:

µ z
z̄ =

e z
z̄

e z
z

µ̄ z̄
z =

e z̄
z

e z̄
z̄

(C.13)

Thus, we can write the vielbein as follows:

e a
µ =

(
e z
z µ̄ z̄

z e
z̄
z̄

µ z
z̄ e

z
z e z̄

z̄

)

(C.14)

Its determinant is given by:

det e = eē (1 − µµ̄) , (C.15)
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where we set e ≡ e z
z , ē ≡ e z̄

z̄ , µ ≡ µ z
z̄ , µ̄ ≡ µ̄ z̄

z . Now we can express the metric in terms of
the vielbeine1:

gµν = e a
µ gabe

b
ν =

(
e µ̄ē
µe ē

)(
0 1
1 0

)(
e µ̄ē
µe ē

)T

= eē

(
2µ̄ 1 + µµ̄

1 + µµ̄ 2µ̄

)

(C.16)

The determinant of the metric is:

det g = −det e2 = − (eē)2 (1 − µµ̄)2 (C.17)

The inverse of the metric is given by:

gµν =
1

eē(1 − µµ̄)2

(
−2µ 1 + µµ̄

1 + µµ̄ 2µ̄

)

(C.18)

For the chiral projectors expressed in terms of the Beltrami differentials we get:

Pµν = − 1

eē(1 − µµ̄)2

(
2µ −(1 + µµ̄)

−(1 + µµ̄) 2µ̄

)

+
1

eē(1 − µµ̄)

(
0 1
−1 0

)

=
2

eē(1 − µµ̄)2

(
−µ 1
µµ̄ −µ̄

)

(C.19)

Pulling one index with gµν we find:

Pµν =
2

eē(1 − µµ̄)

(
1 µ
−µ̄ −µµ̄

)

(C.20)

1Note that there is a small inconsistency in our conventions. Here we use gab =

„

0 1
1 0

«

instead of

gab =

„

0 2
2 0

«

of our conventions. In our calculations this does not matter because the factor always cancels

in
√

ggµν .
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Appendix D

Mathematica File

The OPEs for the N = 2 and N = 4 algebra were computed with Mathematica using the
OPE package by Chris Thielemans [36]. The file with the definitions of the fields and currents
looks as follows:

Declaration of the Fields
Bosonic@P@_DD;
Fermionic@d@_D, dΘ@_DD;
Bosonic@Ph@_DD;
Fermionic@dh@_D, dΘh@_DD;
Fermionic@Β@_D, Ξ@_DD;
Bosonic@Κ@_D, Χ@_DD;
Bosonic@Ω@_D, Λ@_DD;
Fermionic@Β1@_D, Ξ1@_DD;
Bosonic@Κ1@_D, Χ1@_DD;
Bosonic@Πbos@_D, jbos@_DD;
Fermionic@Πfer@_D, jfer@_DD;
Fermionic@b1, c1D;
Bosonic@bet1, gam1D;
Fermionic@b2, c2D;
Bosonic@bet2, gam2D;

Dummies
DefineDummy@iD;
DefineDummy@ΜD;
dimension@iD = 10;
dimension@ΜD = 16;
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Basic OPEs
OPE@P@m_D, P@n_DD := MakeOPE@8-Delta@m, nD One, 0<D;
OPE@d@Α_D, dΘ@Β_DD := MakeOPE@8- Delta@Α, ΒD One, 0<D;
OPE@d@Α_D, d@Β_DD := NewDummies@MakeOPE@82 ä Γ@i@1DD@ΑD@ΒD P@i@1DD<DD;
OPE@P@m_D, d@Α_DD := NewDummies@MakeOPE@8-2 ä Γ@mD@ΑD@Μ@1DD dΘ@Μ@1DD<DD;

OPE@Ph@m_D, Ph@n_DD := MakeOPE@8Delta@m, nD One, 0<D;
OPE@dh@Α_D, dΘh@Β_DD := MakeOPE@8Delta@Α, ΒD One, 0<D;
OPE@dh@Α_D, dh@Β_DD := NewDummies@MakeOPE@82 ä Γ@i@1DD@ΑD@ΒD Ph@i@1DD<DD;
OPE@Ph@m_D, dh@Α_DD := NewDummies@MakeOPE@8-2 ä Γ@mD@ΑD@Μ@1DD dΘh@Μ@1DD<DD;

OPE@Β@m_D, Ξ@n_DD := MakeOPE@8-Delta@m, nD One<D;
OPE@Κ@Α_D, Χ@Β_DD := MakeOPE@8Delta@Α, ΒD One<D;
OPE@Ω@Α_D, Λ@Β_DD := MakeOPE@8Delta@Α, ΒD One<D;

OPE@Β1@m_D, Ξ1@n_DD := MakeOPE@8-Delta@m, nD One<D;
OPE@Κ1@Α_D, Χ1@Β_DD := MakeOPE@8Delta@Α, ΒD One<D;
OPE@Πbos@m_D, jbos@n_DD := MakeOPE@8Delta@m, nD One<D;
OPE@Πfer@Α_D, jfer@Β_DD := MakeOPE@8-Delta@Α, ΒD One<D;

OPE@b1, c1D := MakeOPE@8- One<D;
OPE@bet1, gam1D := MakeOPE@8 One<D;
OPE@b2, c2D := MakeOPE@8- One<D;
OPE@bet2, gam2D := MakeOPE@8 One<D;

Energy Momentum Tensor
Twzw := NewDummies@

-1�2 NO@P@i@1DD, P@i@1DDD + 1�2 NO@Ph@i@1DD, Ph@i@1DDD + NO@d@Μ@1DD, dΘ@Μ@1DDD -

NO@dh@Μ@1DD, dΘh@Μ@1DDD + NO@Β@i@1DD, Derivative@1D@Ξ@i@1DDDD +

NO@Ω@Μ@1DD, Derivative@1D@Λ@Μ@1DDDD + NO@Κ@Μ@1DD, Derivative@1D@Χ@Μ@1DDDDD;

Tco := NewDummies@NO@Β1@i@1DD, Derivative@1D@Ξ1@i@1DDDD +

NO@Κ1@Μ@1DD, Derivative@1D@Χ1@Μ@1DDDD + NO@Πbos@i@1DD, Derivative@1D@jbos@i@1DDDD +

NO@Πfer@Μ@1DD, Derivative@1D@jfer@Μ@1DDDDD;

Tk1 := 2 NO@bet1, Derivative@1D@gam1DD + NO@Derivative@1D@bet1D, gam1D +

2 NO@b1, Derivative@1D@c1DD + NO@Derivative@1D@b1D, c1D;

Tk2 := 2 NO@bet2, Derivative@1D@gam2DD + NO@Derivative@1D@bet2D, gam2D +

2 NO@b2, Derivative@1D@c2DD + NO@Derivative@1D@b2D, c2D;

F− and Phi−currents
F := NewDummies@-ä Γ@i@1DD@Μ@1DD@Μ@2DD NO@Β@i@1DD, Κ@Μ@1DD, dΘ@Μ@2DDD +

ä Γ@i@1DD@Μ@1DD@Μ@2DD NO@Β@i@1DD, Κ@Μ@1DD, dΘh@Μ@2DDD +

ä�2 Γ@i@1DD@Μ@1DD@Μ@2DD NO@Κ@Μ@1DD, Κ@Μ@2DD, P@i@1DDD -

ä�2 Γ@i@1DD@Μ@1DD@Μ@2DD NO@Κ@Μ@1DD, Κ@Μ@2DD, Ph@i@1DDDD;

F := NewDummies@ä�2 Γ@i@1DD@Μ@1DD@Μ@2DD NO@Β@i@1DD, Κ@Μ@1DD, Κ@Μ@2DDDD;
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B−current
Bwzw := NewDummies@-1�2 NO@P@i@1DD, Β@i@1DDD - 1�2 NO@Ph@i@1DD, Β@i@1DDD +

ä�2 NO@ä d@Μ@1DD, Κ@Μ@1DDD + ä�2 NO@ä dh@Μ@1DD, Κ@Μ@1DDD -

ä�2 NO@dΘ@Μ@1DD, Ω@Μ@1DDD - ä�2 NO@dΘh@Μ@1DD, Ω@Μ@1DDDD;

Bco := NewDummies@
NO@Β1@i@1DD, Derivative@1D@jbos@i@1DDDD + NO@Κ1@Μ@1DD, Derivative@1D@jfer@Μ@1DDDDD;

Bk1 := -2 NO@bet1, Derivative@1D@c1DD - NO@c1, Derivative@1D@bet1DD - b1;

Bnil := -1�2 NO@c1, FD - 1�2 NO@gam1, FD;

Bk2 := -2 NO@bet2, Derivative@1D@c2DD - NO@c2, Derivative@1D@bet2DD - p b2;

BRST - current
Jwzw := NewDummies@-NO@P@i@1DD, Ξ@i@1DDD + NO@Ph@i@1DD, Ξ@i@1DDD -

NO@ä d@Μ@1DD, Λ@Μ@1DDD + NO@ ä dh@Μ@1DD, Λ@Μ@1DDD - NO@dΘ@Μ@1DD, Χ@Μ@1DDD +

NO@dΘh@Μ@1DD, Χ@Μ@1DDD + ä Γ@i@1DD@Μ@1DD@Μ@2DD NO@Β@i@1DD, Λ@Μ@1DD, Λ@Μ@2DDD +

2 Γ@i@1DD@Μ@1DD@Μ@2DD NO@Κ@Μ@1DD, Λ@Μ@2DD, Ξ@i@1DDDD;

Jco := NewDummies@-NO@Πbos@i@1DD, Ξ1@i@1DDD - NO@Πfer@Μ@1DD, Χ1@Μ@1DDDD;

Jk1 := NO@b1, gam1D;

Jk2 := NO@b2, gam2D;

Jv := NO@c2, Twzw + 1�2 Tk2D + NO@gam2, Bwzw + Bnil + 1�2 Bk2D;

Jvco := NO@c2, TcoD + NO@gam2, BcoD;

Ghost Current
jwzw := NewDummies@NO@Β@i@1DD, Ξ@i@1DDD + NO@Ω@Μ@1DD, Λ@Μ@1DDD + NO@Κ@Μ@1DD, Χ@Μ@1DDDD;

jco := NewDummies@NO@Β1@i@1DD, Ξ1@i@1DDD + NO@Κ1@Μ@1DD, Χ1@Μ@1DDDD;

jk1 := NO@b1, c1D + 2 NO@bet1, gam1D;

jk2 := NO@b2, c2D + 2 NO@bet2, gam2D;
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