Chapter 10

Many—particle systems

In previous chapters we mostly considered the behaviour of a single quantum particle in a
classical environment. We now turn to systems with many quantum particles, like electrons in
solid matter or in atoms with Z > 1. The basic principle that identical particles cannot be

distinguished in the quantum world will have important and far-reaching consequences.

/ 2 /(1)

Figure 10.1: Two types of paths that the system of two colliding particles could have followed.

As an example we consider the scattering of two identical particles, as shown in figure 10.1.
Oppositely polarized electrons essentially remain distinguishable because the magnetic spin
interaction is negligible as compared to the electric repulsion. If the detector D counts electrons
of any spin then the classical probabilities for both processes just add up

do
Ol
If beams (1) and (2) are both polarized spin up then the detector cannot distinguish between

[FO) + |f(m = ). (10.1)

the incident particles and we will see that the rules of quantum mechanics tell us to superimpose
amplitudes rather than probabilities. Particles with integral spin, like a-particles, follow the

Bose-FEinstein statistics, which means that their amplitudes have to be added
(48) pp = 1£(0) + f(zm = 0)]” (10.2)
Q) BE ’
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while particles with half-integral spin, like electrons, obey Fermi-Dirac statistics, which means

that their amplitudes have to be subtracted

IS

(93) pp = 11(0) = (= O (10.3)

IS

At an angle 6§ = /2 this implies

(Z_S)BE (5) =41/, (%)FD (5) =0 (10.4)

so that identical fermions never scatter at an angle of /2, while the differential cross section

for boson scattering becomes twice the classical value for this angle [Feynman)].

In the present chapter we discuss the construction of many particle Hilbert spaces and their
application to systems with many identical particles. As applications we discuss the derivation
of (10.1-10.3) for particle scattering and the Hartree-Fock approximation for the computation of
energy levels in atoms. We then introduce the occupation number representation and discuss
the quantization of the radiation field, which will allow us to compute the amplitudes for
electromagnetic transitions. As a last point we briefly discuss phonons and the concept of

quasiparticles.

10.1 Identical particles and (anti)symmetrization

Particles are said to be identical if all their properties are exactly the same. In classical
mechanics the dynamics of a system of N identical particles is described by a Hamilton function
that is invariant under all N! permutations i — m; = 7(7) of the index set for the positions ;

and momenta p;,

N
Il

N N - ~ — - 12 ...N
H(xlapla"'axNapN) - H(:Eﬂ'(l)vpﬂ(l)a"~7xﬂ(N)7p7r(N))7 < ) (105)

T2 ... TN
The permutation group is generated by transpositions
_(1..i..j...N
””_(1...3'...1'...]\7)’ (10.6)
and the sign (—1)" of a permutation 7 is defined in terms of the number n modulo 2 of required

transpositions,

sign(m o ') = sign() - sign(n’), sign(m;;) = —1. (10.7)
Even and odd permutations have sign, = +1 and sign, = —1, respectively.

Although identical particles cannot be distinguished by their properties we can number
them at some instant of time and identify them individually at later times by following their

trajectories, as is illustrated for the example of a scattering experiment in figure 10.1. In
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quantum mechanics, however, there are no well-defined trajectories and the wave functions
start to overlap in the interaction region. It is hence no longer possible to tell which of the
two particles went into the detector. The principle of indistinguishability of identical particles
states that there is no observable that can distinguish between the state with particle 1 at
position |z1) and particle 2 at position |z3) and the state with the positions of the particles
exchanged. But then the state vectors in the Hilbert space Hs of two identical particles for the

states with quantum numbers |z, z9),, and |z, 21),, must be the same up to a phase

id
‘x27x1>id = eip|‘r17x2>id (10'8>

because otherwise, for example, the projector |xy, z2) (21, 25| could be used to find out whether

the position x; is occupied by particle 1 or by particle 2.

In the case of N distinguishable particles the wave functions (¥, ..., Zy) are arbitrary
(normalizable) functions of the N positions. An N-particle state is thus in general not a
product state py, (1) - ... @iy (zn) but a superposition of such states and hence an element
of the tensor product

V(... o) EHN = H® ... H (10.9)
N

of N copies of the 1-particle Hilbert space. The states |¢)) can be taken from an arbitrary

complete orthonormal basis of H.

Often the positions are combined with the magnetic quantum numbers describing the spin
degrees of freedom (and possibly other quantum numbers) as ¢; = (#;, m;). Permutations 7 of

the particles correspond to unitary operations P, in the product space

Prlgy - an) = gz - - Gn(vy)- (10.10)

For identical particles |g1, ¢2),, and |g2, ¢1),, should correspond to indistinguishable states

145, 6i)ia = Pislais 45)a = €101, 65)a € Ha with Py =P(my) (10.11)
in the 2-particle Hilbert space Hs. It is now usually argued that
PZ’Qj’q“ qj>id = e2ip’ql" qj>id = ‘Qh qj>id’ (10'12>
hence

2p€20L = 195, @i)ia = Pijl i 45)ia = £16i @iy (10.13)

because exchanging the position twice brings us back to the original state. Particles for which
\9j,9i),, = +ldi, q;),, are called bosons and particles for which |g;, ¢;),, = —|a, g;),, are called
fermions. For more than two particles every permutation can be obtained as a product of

transpositions and it is easy to see that N-boson states are invariant under P, while N-fermion
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states transform with a factor sign(7).! Based on the axioms of relativistic quantum field theory
Wolfgang Pauli (1940) proved the spin statistic theorem, which states that particles are bosons
if they have integer spin j € Z and fermions if they have half-integral spin j € Z + %.2

Symmetrization and antisymmetrization. For bosons and fermions the N-particle
Hilbert spaces Hﬁ) and H%” can now be constructed as subspaces of the N-particle Hilbert

space H” of distinguishable particles. We introduce the symmetrization operator
1
S=i > P (10.14)
and the antisymmetrization operator

A= % > " sign(m) Py (10.15)

The operators S and A are Hermitian because (P;)" = P,-1 and the set of all permutations is
equal to the set of all inverse permutations, for which sign(7~!) = sign(7). Similarly it can be

shown that both operators are idempotent

32:%235:%23:8:3*, (10.16)
1 1
A= > sign(m) PrA = i Y A=A=Al (10.17)

and hence projection operators. States of the form S|¢) and A|Y) are eigenstates of the
transposition operator P;; with eigenvalues +1 and —1, respectively. Moreover, S and A
project onto orthogonal eigenspaces, SA = AS = 0, and commute with all observables O for

identical particles

[S,0] = [A4,0] =0 (10.18)

because such observables must be invariant under every exchange of two identical particles

[Pi;, O] = 0. The images of the projectors S and A hence can be used as Hilbert spaces for the

L' The conclusion Pfj = 1 in eq. (10.12) is not stringent because, in principle, Pfj could differ from the
identity by a phase. For 2-dimensional quantum systems that violate parity it is indeed conceivable that the
phase € in (10.11) depends on the direction in which the particles are moved about one another so that the
phase of P;; = Pj_il remains free. The particles are then neither bosons nor fermions and were therefore called
anyons in the 1970s. For rational phases i p € Q such particles would have fractional statistics or braid group
statistics. In the present context the braid group relates to the permutation group in the same way as the
spin group SU(2) relates to the rotation group SO(3): A double exchange, like a rotation by 2w, is physically
unobservable but still can lead to a non-trivial phase in quantum mechanics. The permutation of two particles
in two dimensions can thus be regarded as a braiding process where the phase e depends on which strand is
above and which strand is below.

Fractional statistics presumably has indeed been observed in the 1980s in the fractional quantum Hall effect,
where charge carriers with fractional charges @ = 1/3 ... up to about @ = 1/11 have been observed. These
are believed to be “quasi-particles” that obey a corresponding fractional statistics. Parity violation in these
effectively two-dimensional thin layers is due to a strong magnetic field.

2In two dimensions the rotation group SO(2) is abelian and therefore spin is not quantized. In accord
with the spin-statistics connection fractional statistics, as discussed in the previous footnote, comes along with
fractional spin of the quasi-particles on the fractional quantum Hall effect.
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quantum mechanical description of identical particles

HO =SH®..oH), HI=AH®.. oH). (10.19)
N N
Operators corresponding to permutation invariant observables automatically restrict to well-

defined operators on Hg\?) and on ng.

Given some basis |g;) of H we now want to construct useful bases for the Hilbert spaces
Hy of N identical particles. To get started we consider the examples of antisymmetrized

two-particle and three-particle states

|1, q2)a = \%(’%) ® |q2) — |2) ® |q1)) = \/§A|q1,qQ>, (10.20)
|QIa qo, q3>A = \/Lg Z Sign(ﬂ—) |Q7r1>(1) |Q7r2>(2) |Q7r3>(3) = \/y A|Q1> g2, Q3>7 (1021)

where the superscript ¢ of ]qj)(i) refers to the number of the particle and the subscript j refers
to the quantum numbers labelling an orthonormal basis of 1-particle wave functions ¢; () =

lg;) € H. It is easily verfied that 4{q1,¢a2|q1,q2)a = alq1, G2, ¢3|q1, G2, g3) 4 = 1. More generally,
the antisymmetrized product states

1542, - )a = VNV Alqi, o, - ) (10.22)

provide an orthonormal basis of Hgf),

Aq, a1, g2, - )a =1, ¢ #q; for 1# 7, (10.23)

where the normalization factor had to be chosen as v/ N! because only the N! scalar products in
the double sum over all permutations of the bra and the ket vectors for which the permutations
match contribute to the norm. The antisymmetrization of a product state can also be written

as a determinant
(N)

(€] (2)
1 |91> \Q1> |Q1>

wA(ql,---,qN)=\/N!A|q1,---,qN>=W : : Sk (10.24)
(1) (2) (N)

. lan) lgn) NN

called Slater determinant, which vanishes if two quantum numbers agree. Antisymmetrization

hence implies Pauli’s exclusion principle.

For bosons we can similarly construct an orthonormal basis as

NI -
|CI1---C]N>S:\/mS|Q1---QN>7 ;WZN, (10.25)

where the normalization g(gi...qn|q1...qn)s = 1 has required additional factors 1/4/n;! if

groups of n; of the quantum numbers g; agree because then all terms where the order of identical
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quantum numbers is exchanged also contribute in the double sum over all permutations of the
quantum numbers of the bra and the ket vectors. (If, for example, all quantum numbers agree,
then |q,...,q) is already symmetric and the prefactor becomes \/W = 1). In analogy to
the Slater determinant the symmetrization of product states is sometimes written in terms of
the permutant | |g;)"”

Y

(N)

(1) (2
1 |(I1> |Q1> \Q1>

Sla,- - av) = & , (10.26)

(N)

’ (2)
lan)

' (1)
lan)

lan) N

which is defined similarly to the determinant except that all signs of the N! terms are positive.

10.2 Electron-electron scattering

The above considerations imply that our ansatz (8.20) for the asymptotic scattering wave

function _
zkr

—

uas:< ik )as+f(k 0)

has to be modified for identical particles. With ug = V2 Suas and uy = v2Au,, it becomes

o << £ ) 4 (F0) + F(m—0) " + o<}2>) (10.28)

V2

in the center of mass system, which leads to the differential cross section

do 9
2q = [f(0) £ f(m = 0)] (10.29)

as we anticipated in the introduction of the present chapter.

(10.27)

For non-scalar wave functions we have to be more precise, however, because antisymmetriza-
tion non only affects the positions but also the other quantum numbers. For scattering of iden-
tical spin 1/2 particles like electrons the relevant quantum numbers are the relative coordinate
Z and the magnetic quantum numbers my, ms of the two particles. In the total spin basis the

spin part of the wave function is either in the singlet state

) mste) — 4 (7) s, — %( ITL) = [1T) (10.30)
or in the triplet state
| )
)P = wup(@)xr,  xr =9 D+ (10.31)
Iy

Since the spin part of the singlet is antisymmetric the total antisymmetrization leads to a

symmetrization of the position space wave function and hence

()~ 1r0+ =0 (1032)
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while the triplet is symmetric under exchange of the two electrons so that the position part has

to be antisymmetrized
dO' 2
— — : 10.
(), =)= r=—o) (103
For unpolarized electrons the triplet state is 3 times more likely than the singlet state and since
FO) % fr—OF = [P +1f(r— )P £ (FO)f (x—6) + FO)f(x—6)) (1034
the classical probabilities pr = 3/4 and py = 1/4 imply
do _3(do
sy 4\dY)

This is in accord with our anticipation that electrons with different spin orientation experience

(jf;) = [fO)F|+ f(x = )2 —Re (fO)f (x=0) . (10.35)

no quantum interference while the exclusion principle affects the 50% of the scattering events

where both spins are up or both spins are down.

For Coulomb scattering of electrons we recall formula (8.145) for the amplitude,

/y . _ a2
0) — )V  i(200—7logsin*(8/2) 10.36
10) = =~ s’ 02)° 050

with o9 = Imlog I'(1 + 47), and hence

_ g i(200—log cos?(0/2)
)= T i2on—ylog . 10.
J(m =) 2k 0082(0/2)6 (10:37)

In f(0)f*(m — 6) the constant oy drops out and the logarithms combine to log tan®(6/2). We

thus arrive at Mott’s scattering formula

do _ 7* 1 1 _ cos(ylog tan®(0/2))
dQ  4k2 <81n4(9/2) + cos'(0/2)  sin®(0/2) cos2(6/2) ) (10.38)

which shows that the quantum mechanical interference term and its modification by the phase
correction to the classical formula for Coulomb scattering can be observed already for unpolar-

ized electrons.

10.3 Selfconsistent fields and Hartree-Fock

The Hamilton function for an atom with N electrons and nuclear charge Z consists of the
kinetic and potentials energies T; + V; of the electrons in the electric field of the nucleus and

the repulsive interaction terms W;; among the electrons,

ol al P2 Ze? 1 e?
H = Y (Ti+V)+ ZWZJ = 2(2;1—7)432:@ (10.39)
=1 7 i#] 7

z;éj 1=1
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or
N

H = HY+H®  with HO=>(T,+V;), H®= %Z Wij. (10.40)

i=1 i#j
If N is large then it is plausible to assume that the potential that is felt by an individual
electron is approximately independent of its own motion. We can hence think of each electron
as moving in a mean field that is determined a posteriory in a self consistent way, i.e. we

compute the electron states for a given potential XN/Z and then make sure that the electron states

indeed produce exactly (or at least approximately) that potential.

In the present section we discuss selfconsistent methods for a central potential V(r), i.e. in
the context of atomic physics. Similar methods can also be used for solids, where the electrons

move in the periodic potential of the nuclei that are located on a crystal lattice.

The Hartree method. Under the assumptions of the selfconsistent approach we can
determine energy eigenstates |pq(#)) by solving the Schrodinger equation for H; = T} + V; and
then fill up the available orbits with increasing energies. This is motivation for the Hartree

approximation, which assumes that the wave functiton is of the product form

V(g1 -5 qN) = Par (@1) - - Pay (aN) (10.41)

where ¢;(q;) = i(Z;)x; are energy eigenstates
Hilg:) = (Ti + Vi) i) = Eiles) (10.42)

and y; = |%, i%) describes the spin degree of freedom. Within this class of wave fuctions the
@; are determined with the help of the variational principle. The Pauli exclusion principle is
implemented in the naiv way of assuming that any two eigenfunctions o, (%) and ¢, (Z) are
different except for a possible two-fold degeneracy for electrons that differ by their spin degrees

of freedom x; # x;.

The variational method has been introduced in chapter 6, where we have shown that the
Schrédinger equation is equivalent to the variational equation 0 E[¢] = 0 for the energy func-
tional E[¢)] = %, which assumes its minimum exactly if v is the ground state wave function.
If v is restricted to belong to a family of trial wave functions then an approximation to the
ground state is obtained by minimizing E[¢)] within that family. The quality of this approxi-
mation depends on the quality of chosen candidate family. In the Hartree approximation the

family consists of all N-particle wave functions of the product form (10.41).

The main trick of this approach is to implement the orthonormalization of the one-particle
wave functions ¢; by a collection of Lagrange multipliers ¢;;. We hence extremize the extended

functional

Bl,e) = @1H) + Y ey (3 - (o) (10.43)
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for arbitrary variations of |p;) and e;;. In order to simplify out notation we ignore for a
moment a possibe degeneracy of the configuration space wave functions @q, (%) = ¢4, (7) in
case of different spins s; # s;, which would reduce the number of Lagrange multipliers. For the
evaluation of the expectation value (¢)|H1t) it is important to note that the one-particle part
HW of the Hamiltonian (10.39) is a sum of terms that only act on one of the factors of the
product wave function (10.41) while all others are unaffected so that the respective bra’s and

ket’s multiply to 1,
N

(Wl HY |y) = Z (| (Ts + Vi) i) (10.44)

i=1
Similarly, the two-particle Hamiltonian H®, which describes the interaction of two electrons,
consists of a sum of terms that only act on two factors of the wave function, while the remaining

factors can again be ignored,

] HO 19) = 53 {ou sl Wi Lo ) (10.45)

25
Since orthonormality of the |¢;) is implemented by the Lagrange multipliers we can freely
vary all factors ¢;(z;) of the wave function [¢). In the treatment of the variational method
in chapter 6 we have shown that extremality under real and imaginary variations of ¢;(Z;) is
equivalent to a formally independent variation of the bra-vector (dp;| with fixed ket |p;). The

variational equation hence becomes

N
1
Ely,ey] = Z<5§0i|(Ti + Vi)lei) + B Z ((5%’, pil + (i, 5<Pj|> Wij lei ;) (10.46)
i=1 i#j

= (Seileijles) =0
]
which implies
(T + Vi)les) + Z 0ilWisles) lei) = ng‘% (10.47)
JF
Since the Lagrange multipliers ;; in (10.43) form a Hermitian matrix this matrix can be
diagonalized by a unitary transformation of the |¢;). We thus obtain the Hartree equation,

which can be written in a more explicit notation as
S 721N|2
VA ZE ) (@) + e [ @IE 30 (7) = eilior). 10.48
T)¢<x>+e; OB o) =ale). (1049

In addition to the one-particle potential V; it contains the Hartree potential

( 7) = (p|Wijlps) = e Z/| _,,| d3 ’, (10.49)

JF

which describes the combined repulsion by the other electrons. The entries €; of the diagonalized

matrix of Lagrange multipliers thus obtain the meaning of energy eigenvalues of an auxiliary
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one-particle Schrodinger equation (10.42) with potential Vi=Vi+ VH_ The complete binding

energy of the system can now be written as

N 2

_ _ ¢ 2 L =\(2 73,73

E=(H)=) &-5 Z// D gyl (@ P’ (10.50)
i=1 7]

where the energy of the electron-electron interaction has to be subtracted because is counted

twice in the sum over the one-particle energies ¢;.

Hartree—Fock. We now improve the product ansatz for the wave function by antisym-

metrization, as we should for fermionic N-particle states, and replace (10.41) by

1 Yoy (q1) -+ $a,(aN)

¢A(q1,...,qN)=\/MA%l(qg...%N(qN):m : ) (10.51)

Pan (Q1) s Pay ((IN)

Evaluating the functional (10.43) for the Hartree-Fock family {14} of wave fuctions it is
straightforward to verify that the expectation value of the one-particle Hamiltonian H® re-
mains unchanged, while the two-particle interaction term (10.45) obtains an additional contri-
bution,
1
(Wal HP J1ha) = 52 ((%Sﬁﬂ Wij leisp5) — (@5, @il Wi |90i790j>> ) (10.52)
i#]

because now also permutations for which the two interacting particles are exchanged can have
a non-vanishing expectation value. The detailed calculation can be done by cancelling the
normalization factor (1/v/N1)? of the Stater determinants against the sum over all permutations
of the positions in the ket-vectors. This leaves us with a signed sum over all orderings of the
bra quantum numbers for a fixed ket. But then the contribution of nontrivial permutations of
the bra vectors vanishes because of the orthogonality of the factors of v unless all displaced
factors are modified by the action of a nontrivial operator. For the two-particle operator W;;
this keeps the identity and the transposition P;;. For the one-particle operator H (M) only the

trivial permutation survives.

The second term in (10.52) is called ezchange energy. Since it is negative it amounts to an
attractive force that reduces the mutual repulsion of the electron. Variation of the bra-vectors

in (10.52) adds an exchange contribution
= s, 80il Wi i 05) (10.53)
i#j

to the variational equation and we obtain the Hartree—Fock equation

Tilen) + Viles) + Y (el Wil len) = > (el Wisle)lps) = eileps), (10.54)
i i
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which is an integro-differential equation for ¢;(x) because T; acts as a differential operator while
@i(x') is integrated over in the exchage term. Including the spin degrees of freedom into our
discussion we note that the sum over j # 7 in the exchange terms is restricted to equal spins
because the product (@;|W;;|p;) is proportional to dy,,;. This is in accord with our experience
from electron scattering, where quantum interference also occured only for equal spin directions.

The expectation value of the total energy for the Hartree-Fock wave function thus becomes

N

(YalHWa) = ;<%|(T+v o2 + ;//m _||%( M e
——;5&53 // 1S % (| LR (10.55)
= ij} ~——§//m —‘I%( [P drd’a’
+< ;5315] // #iE)es j,) 90;(| JoUT) gy, (10.56)

for solutions to the Hartree-Fock equation.

Summarizing, the Hartree-Fock approximation is a variational procedure so that the result
can only be as close to the correct ground state wave fuction as one can get with an antisym-
metrized product wave function in the much larger N-particle Hilbert space Hy. On top of
this, the Hartree—Fock equation (10.54) can only be solved approximately, which is usually done
by a numerical interation. A resonable starting point for this interation can be constructed by
following the semiclassical ideas of L.H. Thomas (1926) and E. Fermi (1928).

The Thomas—Fermi method. This method is based on the idea that the uncertainty
principle implies that each particle occupies at least a volume d*zd®p ~ h® in phase space.
According to Pauli’s exclusion principle N electrons hence occupy a volume of at least 73 N/2
where the factor 1/2 accounts for the two allowed spin projections. For a classical Hamilton
function H(Z,p) = % + V(&) we can then assume that the density of states f(Z,p) in phase
space has the constant value 2/h? up to the energy level Er that is required for accomodating N
particles and vanishes for higher energies H (7, p) > Er. This energy level is refered to as Fermi

surface because if bounds the volume in phase space that is occupied by the N particles. The

momentum pr(r) = \/2m(Er — V(r)) is called Fermi momentum, which obviously is position
dependent. These ideas have a wide range of application including nuclear physics and an easy

derivation of an estimate for the size of neutron stars.

Density functional theory. Modern computations in chemistry and in solid state physics
are mostly based on this improvement of the Hartree-Fock method, which is based on the the-

orem of P. Hohenberg and W. Kohn theorem (1964) stating that the ground state energy can
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be expressed as a functional E[p| of the electron density p(Z). This functional is a sum of the
Hartree energy Hpqriree, the exchange energy Heychange and the correlation energy Heorreiation
which accounts for the fact that the correct ground state wave function is not of the anti-
symmetrized product form. In less fancy terms, the correlation energy is simply all the rest.
Unfortunately, the correlation functional is not known explicitly, but it is determined by the
Kohn-Sham equation (1965), which serves as the analog of the Hartree equation. Popular ap-
proaches to the solution of that equation go under the names LDA (local density approximation)

and LSD (local spin density approximation).

10.4 Occupation number representation

We have seen that it is often useful to describe states |1)) € Hy of systems with a large number
N of identical particles in terms of a basis of symmetrized or antisymmetrized products states
whose factors belong to a fixed basis |¢;) of the one-particle Hilbert space H. Such a product
state is then uniquely described by the occupation numbers n; of the states |p;), where n;
counts how often the vector |p;) occurs as a factor in the product state. Since N = > n; only a
finite number of occupation numbers is nonzero and for fermions n; is restricted to the values 0
and 1. A basis vector of Hy can hence be simply be characterized by the collection of nonzero
occupation numbers

|niy ...y, ) with S n, =N, (10.57)

where it is usually clear from the context whether we are talking about bosons or fermions.

The Fock space. It is now a small step to drop the condition of having a fixed particle
number N. Nonconstant particle numbers are needed for many purpuses, like the description
of grand canonical ensembles in statistical mechanics, particle creation in relativistic quantum
field theory, but also for the description of photons or phonons, which can be created with
little energy in quantum optics of solid state physics. The appropriate Hilbert space is now the

infinite direct sum of the N-particle spaces for N =0, 1,2, ..., which is called Fock space
F=HoPHI PHsDPHsD ... (10.58)

where ‘H; = H and Hy is the O-dimensional Hilbert space C. In a sense, the bosonic Fock
space FB) is much larger than the fermion one F) because the occupation numbers are not

restricted to n;, < 1.

Creation and annihilation operators. All operators that we inherited from the single-
particle Hilbert space can change occupation numbers but do not change N. Once we have

introduced the Fock space we should also consider operators that allow us to change the total

30ne the other hand, they are of equal size in the sense that both remain seperable if H is separable.
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number of particles. We first discuss the case of bosons. In order to increase a particular
occupation number n; by one we tensor with VN + 1 |¢;) and symmetrize. The resulting map

from Hﬁ) to Hﬁil is called creation operator a] and it acts as
al g, ...oniooni) = VN+18(e) @ |ng, ...ng. .0, ) (10.59)

on the normalized basis vectors, where the factor v/n; + 1 in the second line follows from

(N£D)!

S (|q0> ® Hn 1 S la - )) = ; (N+1 l_[n ; Z laoqr - - - qn) (10.61)
' (N+1)!
% d %Moqyuqm = /55 lgoqs - - - aw)s (10.62)

in the notation of formula (10.25). The adjoint of the creation operator in Fock space is called

annihilation operator and its action on the basis vectors is

With (10.60) and (10.63) it is now easily verified that creation operators a] and annihilation
operators a; commute for ¢ # j, while they satisfy the same algebraic relations as those of the

harmonic oscillator if 7 = j. All commutation relations are summarized in the formulas

la;, a;] =0, [ai,a}] = dij, [al,al] = 0. (10.64)

17 77)

Some authors use b; for bosonic and a; for fermionic annihilation operators but we prefer to

keep the a of the harmonic oscillator for the bosonic case.

Fermions. The same construction can now be applied to fermions. Since now all nonzero
occupation numbers are 1 we can drop the redunant n from the notation and denote the states by
iy ...i1). Accordingly the normalizations simplify. But on the other hand orderings and signs

have to be treated more carefully because the sign of a state changes for every transposition,
lig .o g iy ip) = —|ig .. 0. g g (10.65)

The fermionic creation operators b;r are again defined by tensoring with VN + 1 |¢;), but now

with a subsequent antisymmetrization so that we obtain

i ir) e O
bi liinis .. .i) = |itia. . .iL), b livia. i) = 4 [ 12eei) =0 0 )
0 ifn, =1

and b; vanishes if n; = 0. For fermions the sign changes whenever we transpose two positions.
We hence obtain the same algebra as for bosons, except that now all commutators are replaced

by anticommutators

{bi,0;} =0, {bi, 01} = 65, {v], b1} = 0. (10.67)
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These formulas are easily verified for our basis of the Fock space by using the definitions (10.66).

Operators and occupation numbers. For bosons, as well as for fermions, every basis
vector of the Fock space can now be obtained by repeated application of creation operators
from the Fock vacuum |0), for which all occupation numbers are zero and which is hence a
normalized state in Hy. As for the harmonic oscillator we can define the occupation number

operators

NB) — Z alag, NE = Z bl by, (10.68)
k k

which count the occupation numbers for bosons and fermions, respectively. It is a beautiful
feature of this formalism that we can rewrite all our previous operators for identical particles

in terms of creation and annihilation operators [Hittmair]. For a single-particle operator like
V =YV, V(z;) the formula is

vV => (ilVlj) ala;. (10.69)
]
For two-particle operators like the electron-electon interaction W = % > W;; one can show that
i#]
1 .
W = 3 Z(zﬂW\kl) aja}alak. (10.70)

ijkl

An important special case of this is the Hamilton operator of non-interacting particles, which

is a one-particle operator so that

HY =" hw; ala; (10.71)

where H|p;) = hw;|@;). From the analogy with the harmonic oscillator we expect an additional
contribution from the zero point energies. A constant is, however, not a one-particle but rather
a zero-particle operator, whose contribution could be recovered as H® = (0|H|0). In any case,

a constant contribution to the Hamilton function is unobservable in quantum mechanics.

10.4.1 Quantization of the radiation field

Our first application of the occupation number formalism is the quantization of the electro-
magnetic field in an intuitive and simplified form where we are only interested in radiation
and exclude Coulomb interactions. In the absence of charges the Maxwell equations for the

electromagnetic potentials are
0A, —0,0,A” = 0. (10.72)

Imposing the Coulomb gauge
VAZ t) =0 (10.73)



CHAPTER 10. MANY-PARTICLE SYSTEMS 198

the equation for the scalar potential ¢ = A° becomes
1
D¢ — 506 = —A¢ = 0, (10.74)
c

which contains no time derivative so that ¢ is not dynamical and can be set to ¢ = 0. This

gauge is also called radiation gauge and the vector potential equation becomes

19 -

OA(Z,t) = = atzA(:v 1) — AA(Z, 1) =0 (10.75)
with Lo
E(Z,t) = —EaA’@, t), B(it) = V x A(Z,1). (10.76)

Its solutions ff(f, t) can be written as superpositions of plane waves eiFT=wt) with o = ¢ ]/g |.

To simplify the subsequent discussion we put our system into a large box with volume
V = L? and impose periodic boundary conditions (physical boundary conditions would be
inconsistent with ¢ = 0 because of the presence of surface charges). For later convenience the

coefficients in the Fourier series of the vector potential ff(f, t) are normalized such that

(10.77)

( ) Z 27r7w2 (ak el i(kZ—wt) =+ C_l)}; e—i(Ea‘:‘—wt)) with ]; = fﬂ'

neL3
The constant contribution for 7 = 0 can be omitted because it does not contribute to E or
B. For i # 0 the coefficient vectors @(k) have to be transversal k- @, = 0. This condition is
solved by linear combinations of two transversal polarization vectors €y, with @ = 1,2 which

we choose to be orthonormal,

E . é}ca = O, é}ca . gko/ = 50404’ = Z (eka)i(eka)j = 5@' — k;fj = 53; (1078)

2
With the expansion ay, = Z Qo €re OUr ansatz becomes

2mhc? ilka —i(kT—w =
=3 > a,kae(k D 4 qf e i t>) B (10.79)

nez3 a=1,2
7i#£0

In terms of the vectorpotential the energy of our radiation field is

1 [ (2 = 1/3 1 (9A\? 2
H 87T/de<E + B?) s |0 (=5 + (v x 4) (10.80)

Inserting the ansatz (10.79) into this expression the integral can be evaluated and we obtain

2

1 . . - B o
H = 5 Z hw (agaar, + . Gka) with k= - w=c |k|. (10.81)

7,
This form of the Hamilton function reminds us of the harmonic oscillator and also of the

Hamiltonian (10.71) of free particles in the occupation number representation. It is hence
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natural to interpret the Fourier coefficients ag, as anihilation operators and to replace their

complex conjugates by the corresponding creation operators
a;;a - azoﬂ [akou aJ]r.g/o/] = 501,0/5];7;;/- (1082)

This procedure is called field quantization, or second quantization in contrast to the first qua-
tization in which particle trajectories were replaced by wave functions. Electromagnetism is
described by a field already at the classical level, and its quantization is performed by replacing

(the Fourier modes of) the classical field by operators.*

With the identification of the Fourier coefficients of the electromagnetic field in a box with
creation and annihilation operators we interpret each oscillation mode as a harmonic oscillator.
According to the Hamilton function (10.81) E? provides the kinetic term and B2 plays the role
of a harmonic potential. For finite volume we have a discretely infinite sum over polarizations
« and wave vectors k € 2%23 of harmonic oscillators. For L — oo the Fourier series turns into

a Fourier integral and we obtain a continuum of such oscillators.

10.4.2 Interaction of matter and radiation

We are now in the position to compute electromagnetic transitions in atomic physics. Our
starting point is Fermi’s golden rule

2m
— 0

(E; = Ey) [(FIHili) ], (10.86)

which we derived in chapter 6. It expresses the transition probability P;_,; per unit time from an
initial state |7) to a final state | f) in terms of the matrix element of the interaction Hamiltonian

H; in the interaction picture. We will only work out the leading approximation and neglect

4 In a more deductive approach, the starting point for the quantization of the electromagnetic field /T(a:, t)
is the Lagrange function L = [ d3zL with Lagrange density

1 5 - 1 1
L=—(E*-B%)=_—|A?
871'( ) 871'(c2

—(V x ,I)Q) . (10.83)

The canonical momenta m; conjugate to the dynamical variables A; are

oL 1 . 1
0A;  Ame2" dre " (10.84)

T

By inserting the expansion (10.79) one can show that the commutation relations (10.82) for the Fourier coeffi-
cients are equivalent to

where 6 (Z — ¢) is the Fourier transform of the transversal J-function that was defined in eq. (10.78). The
restriction of the J-function to transversal degrees of freedom is required by the Coulomb gauge condition
(10.73). This can be shown to follow from the quantization prescription in the presence of constraints that was
developed by Dirac and Bergmann [Dirac|. A theoretical framework that enabled a Lorentz covariant canonical
quantization of the full electromagnetic field was only developed in the 1970s.
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magnetic interactions with the electron’s spin and the order (eA)? term in the Hamiltonian

1 » L
H=—(F-"AP+... =  H=—s—(FA+Ap+..., (10.87)

© 2m 2me
where ﬁff = /Tﬁ in the Coulomb gauge.
In the interaction picture the initial and final states are energy eigenstates of the Hamil-

tonian H,,q¢ + H.p,, which factorize into a matter part with energy eigenvalue ¢ and a photon

state in the occupation number representation,
0) = [A) @i}, [N) =[x @lng), Huat |A) = €|A) (10.88)

where A = (g, ...) specifies the energy eigenstate of the electron. For the emission or absorption
of a single photon it is sufficient to specify the occupation number n; = n;£1 for the momentum

i and the polarization « for which we want to compute the probability (10.86). Inserting —micﬁg

with
T 2mhc? ikZ T —ikZ) =
A(Z,0) = Z Z Vi <akae +a;.€ > Cha (10.89)
fie@3 a=1,2
70
and the matrix elements
(n; — 1laln;) = /ni. (n; + 1la'|n;) = v/n; + 1 (10.90)

we obtain the absorption probability

Py = T e+ o= o) s [(es] P € ) (1091)
i—f = E; —&f) N ka g €ka € E; .
f m2Vw £) ik f1PCk
and the emission probability
Ar2e? . 2
Py = m@—vew 5(es — hw — £4) (Niga + 1) ‘<ef| P e |2 (10.92)

For n;, = 0 we obtain the probability for spontaneous emission, while the probabilities for

absorption and induced emission are proportional to the occupation number.

In the dipol approximation the exponentials eihZ are replaced by 1. Since [Z, H] = %ﬁ the

expectation value of p'is related to the dipol moment by

(erlplei) = F(er — &) (4l es) (10.93)

If we want to compute the life time for an excited state we need to integrate over all momenta

and to sum over all polarizations. Since k= 27” i the limit . — oo amonts to

% Z — / (;lw]; (10.94)

pez?

The energy conserving d-function leads to a finite integral over a sphere in momentum space.
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10.4.3 Phonons and quasiparticles

As one can hear by knocking on a door the lowest vibration frequencies of a solid are far below
the frequencies w that correspond to excitations of single atoms or molecules. This implies that
the smallest energy quanta hw that are available in a solid for quantum mechanical processes
correspond to excitations that involve the collective motion of a large number of atoms. The
particle-like degrees of freedom that enter such a process are called quasi-particles. In the case

of lattice vibrations of a solid the quasi-particles are called phonons.

For small temperatures anharmonic effects may be neglected and the Hamiltonian has the
form

2m
=1

9 L

H= Z p—ll + % klzl Kyrga, (10.95)
where m; are the effective masses of the elementary degrees of freedom and the matrix Ky,
describes the harmonic forces. Diagonalization yields the normal modes, which correspond to
decoupled harmonic oscillators. In terms of the respective creation and annihilation operators

the quantum system is hence described by a Hamilton function
1
H=Y hwala;+ ). 10.96
S hw(aa; + ) (10.96)

The number operators N; = ajai count the occupation numbers of the phonon states with
wave vector k and their dispersion relation w(E) is given by the speed of sound. Many physical
properties of solids such as specific heat and thermal conductivity can be describe in terms of

phonons, which are bosons with spin zero.

Phonons in a solid are quite analogous to electromagnetic modes in a cavity and we can
read the previous quantization procedure backwards and construct a phonon field ¢(Z,t) ~
Z(akei(’;f_“t) + ake_i(’;f_“’t)). For certain quantities non-linear interaction terms become im-
portant. Creation and annihilation of phonons requires cubic terms ¢3, which automatically
have a excess of a creation operator or an annihilation operator and hence change the phonon
number. Phonon-phonon scattering is described by interaction terms ¢*, whose expansion in

creation and annihilation operators assumes the form of two-particle operator.



