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Introduction

@ Classical field theories for fundamental interactions
(electroweak, strong, gravitational) of geometrical origin

@ Quantum field theory for standard model
(electroweak+strong) is renormalisable

@ Gravity is not renormalisable

Renormalisation group interpretation
@ space-time being smooth manifold = gravity scaled away

@ weakness of gravity determines Planck scale where
geometry is something different

promising approach: noncommutative geometry
(unifies standard model with gravity [as classical field theories])
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Projective modules
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Scalar fields and projective modules

@ classical picture: scalar fields on (space-time) manifold M
are sections of some vector bundle V over M

Serre-Swan theorem (M — compact)

space of - finitely generated projective module &£
sections of V over algebra C(M) of continous functions

@ {U;}i=1, .~ —Open cover of M

Ifi |2 — partition of unity, g; — transition functions on U;NU;
° e = fgyfj € C(M) satisfy Y\' ; ejej = ey

& = e(C(M))N projective module over C(M)
@ generalisation: A - noncommutative C*-algebra

e € My(A) projection, — & = eAN
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Projective modules
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Connections

@ pass to smooth level: A — Fréchet pre-C*-algebra of A

o differential algebra Q(A) = @ Q"(A), Q°(A) = A

neN
— differential d : Q"(A) — Q"T1(A)
— scalar product { , ), on Q"(A)
(e.g. obtained from spectral triple and Dixmier trace)

@ hermitian structure (, )4:Ex & — A
—yields scalar product (, ) 4n0n & ®4 Q"(A)

@ connection V : £ — £ @4 Q(A)
— fulfiling d (v, n) 4 = (Vo m).4 + (¥, Vi) 4 € Q1 (A)
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Noncommutative torus
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Noncommutative torus

AY = {a =D ezd Uy _ /
U, -unitary, U, U, = e'"™00700, . {a,} € S(Zd)}

© = —0' € My(R) defines 2-cocycle on Z% c R

©j € Z: AY = algebra of functions on ordinary torus
O € Q: Ad@ = bundle of matrix algebras over ordinary torus
05 ¢ Q: AJ = truly noncommutative space

@ Fréchet semi-norms py(a) := sup,cz¢ (1 + [[7[?)"[a,|
@ derivations 6,(U,) = 2iry,U, y=(n,...,74) € 29
0 Q"(AD)={(wps,.....n)EA"((AZ)?) — completely antisymm.}

@ trace TrAg(ZVEZd aWUW) = ag

irrational A% is nc manifold without boundary, TrAde(éuuv) =0
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Noncommutative torus
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Heisenberg modules

® G = RP x ZY% x F — abelian group, G —dual of G
@ Heisenberg group = central extension of G x G> (9, 1),
acts on Hilbert space L?(G,dg) > ¢ by
‘ 1 e
(Tg,u®) (%) == 1(9)2 (X)¥(x + Q)
o [~ 74 lattice in G x é; restriction of G x G to
I 5~ = (g, ) yields right action of Ad@ on L%(G,dg):
UU’V = Tg,uﬁ)

Heisenberg cocycle e ~2™0") .= 1(g")u/(g) 1

@ (G x @)/F compact (enforces d even)
= &y = S(G) projective module (Heisenberg module)

hermitian structure (v, x) 4o = >_er (¥ XUq)12(G,dg) Y-

connection from infinitesimal action of G x G
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Noncommutative torus
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Simplest example: Schwartz module £&s = S(R) over A3

: = 0 6
|.e.d_2andG—G_R,@_<_9 O>

0 (¢U,)(x) := el™me2 g (x 1 mp), v = (Im,27n) € T
@ hermitian structure
_ imémn 7 2imnx
(0.0 = 2 (™ [ @ )™ x(x-+m)) U,
yel
@ covariant derivatives compatible with hermitian structure:

(Vio)(x) = —25%(x)  (V20)(x) = ¢/(x)

extended to S(R?) over AY := (A2)?, interesting case is d = 4
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Noncommutative torus
[e]ele] ]

Bargmann module

Bargmann space Hg = L2 ,(C,d ) of holomorphic functions
@ scalar product (¢, x)g := /du(z,i) d(2)x(2)

measure du(z,Z) = “e “IPPdR(z)dS(z) w=2

wlv|? =
@ projective repr. (Ty¢)(z) := e‘%‘“"’z¢(z+v) ofveC

satisfies Ty Ty = ez VW="")T,

yields right action (¢U.,)(z) := (Tz¢)(z) of A2 if
5= %(m +in) for y = (fm,27n) € T
@ Bargmann transform B : Hs — Hp

1 _w(x2_
(BX)(Z) = (%)2\/}Rdxe 2(X2 2\/§ZX+22)X(X)

( 1¢)( ) ( ) /d/,L(Z z)e 2(x2_2\/§Zx+22)¢(Z)
transports structures from Schwartz to Bargmann module
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Scalar fields
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Scalar field theory

¢ € & =S(R?) ¢t € £ = {Ad-linear forms on £}
700 = (¢:X) 8

Action functional on 2-dim. Schwartz module over A%
S[¢, '] \
= (V9, V¢>A4 ) +TrA4< (6, 8)as + 5(® @) )
47T2 2
/ x50~ e + X% + ) 0(x)
/ dx Y @(x+n+0m) (x+n) G(x) p(x+6m)
R2

m,neZ2

1
|

@ non-local interaction
@ harmonic oscillator term x?|¢(x)|? appears automatically
(ensures renormalisation of scalar models on Moyal plane)
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Scalar fields
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Relation to matrix models (d = 2)

interaction term /Rdx dy dzdt V(x,y,z,t)o(x) o(y) 6(z) o(t)

. A
with V(x,y.2,t) = 5 > 6(y—x-mb) 6(z—x—mo—n) 5(t—x—n)
m,nezZ
local interaction on quotient space R/(Z + 67Z)
meaningful for 9:% € Q = models of p xq rectangular matrices

@ F =vector bundle over 2-torus T2 of radius %
r°(F):={M:[0,%] x [0,1] = M(p x g,C) smooth ,
M(x,y+5) = M(x,y)

M(x+5.,y) = () (ay)M(x,y)(2q) " (~ay)}

ag+bp=1, Qu(y)= S eminxn, o)

(0]
[
3
<
OrF
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Scalar fields
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relation to Schwartz module:
p:S(R) = T(F), ¢ — My (X,Y): Z¢ X+7kq+'%+”pq) g—2imnay
neZ

inverse p* : T°(F)—S(R), M(X,y) — ¢(x Q/ dy Moo(X,Y)
@ scalar product

(M, N)gi=q /O [ Gy THMI (YN 0,Y)) = (0" M. "Ny

@ induces connection on *°(F):
Vi=g - S LA HRB), V2=

Action functional

S[o" M, (p*M)]

- q/qdy/qu Te((VM)T (Vi M) 2 MM A S (MIMP) (x,y)
0 0
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Quantum field theory
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Quantum field theory

Correlation functions = distributions on £**N g £®N
GZN(XL ©00 7XL’¢1" o ¢ )Q;Z)N)
/[D¢][D¢T] Tt g (X1, 6) ag) - Trga (&, ¥ )Ag)e—sww

[pépsiie-sie

@ generating functional (of general correlation functions)
[D&][D] 0S80 Ty ((3,6).4)+Tr iy ((6,9) 49)

Z[3,31 =
/ [D¢][Dgile Sl
@ connected correlations functions: W[J,J] = log Z[J, J7]
@ one-particle irreducible correlations functions:

M, @11 = Tr g ((3,0)a0) + Traa ((9,9) 1) — W3, 3]

_ oW _ oW
Where@—&]—]», QOT—W
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Quantum field theory
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Feynman rules for Bargmann module

Action functional for 2-dim. Bargmann module (z € C?)
S[6.3] = [ du 6(2)(Ho))
+ [ din eV (21,7223, 7)) 0(22) (E)0(24)
H=20(z +9)+n2
V(21,23,23,22) = 3 > el P+w((Z2-Z)i+7(23—21)+Z221+7a23)
<) regularisgd propagator
L e P2 {2, Z,) = / dge o= +utaze o

@ vertex =V(21,22,23,24)
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Quantum field theory
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One-loop two-point function

A
= 255 TrAg (01, 9022%1]

x(i—i—(l—g—)ln%)—i—(?(l)

Ew w

A
= gy sl eelg)

x(i—i—(l—g—w)ln%)—i—(?(l)

€w

@ the graphs are dual to each other (Poisson resummation)
@ corresponds to local mass renormalisation for any ¢ € R
@ no wave function renormalisation
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Quantum field theory
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One-loop four-point function: planar sector

A2 1
= —gz s (P 92) s (P3:0a) g ] N <
+0(1)
3 7, 7 7
A2 1
% 1 = ~ggagz s (91, 02) 4 (03, 0a) ag ] In =
+0(1)
; z,

@ the graphs are dual to each other
@ corresponds to local coupling constant renormalisation for
anyd eR
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Quantum field theory
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One-loop four-point function: non-planar sector

— — 2 =
32y 7% 73 L :_/\ E ¢ (Z221+7423+19; 23424157 =121 +22%1)
402
.95

. %% . ></6 dﬁldﬁz(l_e_(ﬁl+ﬂz)w)2

[Fa+i5312

A

><e_ 1_8—(ﬁw1+ﬁ2)w
><e_l_e—w%(—ﬁi%(1—9“’”)“%%(1—6‘51“’))
o appeears after Poisson rlesummation in o
f1=J5(M1+in1), 55 = —Z5(m2 +iny) Mi2,N12 €Z
@ j-integral divergent for 41 + i9; = 0O, solutions depend on ¢
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Quantum field theory
[e]e]e]ele] lo}

Number-theoretical aspect for 41 +i9; =0

@ 0 € Z = divergence for all 4,
local counterterm

0 0= g € Q = divergence for some 9
translation to matrices: )
counterterm q2/ . d?yd® (Tr(MTM)(x,y))
[075]4
unfamiliar, but local on 4-torus
@ 0 ¢Q = onlysolutionisd; =45 =0
additionally: finiteness of integrals for 4, +i9; # O requires
Diophantine condition on 6:
vn € Z\ {0} 3C,§ > 0 s.t. infyez NG — m| > C|n|~(+9)

2
non-local counterterm (TrAg [(o, @)Ag]>
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Quantum field theory
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similar discussion for second non-planar graph

(proof of finiteness under
Diophantine condition much
more complicated)

& Z

The scalar field theory on the Schwartz module S(R?) > ¢ over
the 4-dimensional noncommutative torus A = A7 (¢ irrational
and Diophantine), defined by the action

S[¢, ¢'] A
= (V9, Vo) a1 +Tra(12(6, ) a+5(6,0)3 ) +

is one-loop renormalisable
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Outlook
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Outlook: What about higher loop order?

Bargmann module inappropriate (no positivity)
work directly with Schwartz module S(R?)

@ propagator becomes 2-dim. Mehler kernel

2 * dg w 2 2
H-1(x _ W_/ . e—z(coth(wﬁnx—yl +tanh(wB)[x+y| )
(x.y) 472 Jo sinh(2wp)
(cf. 4-dim. Mehler kernel for renormalisable Moyal model)
@ vertex reads after Poisson resummation (x,y,z,t € R?)

V(,Y,28) = e 3 d(x-y-z-t) e miyiamiey

(20)4 m,nez2
@ compare with Moyal vertex (x,y,z,t € B%)
Va(X,Y,2,t) = 5 d(x—y+z—t) €20 )20

Mehler + Moyal in x-space well understood [Orsay group]
— extend this analysis by the new ~-x-interaction
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