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Motivation

NC geometry

Quantum mechanics implies NC geometry at short distances.
(Doplicher-+Fredenhagen-+Roberts, CMP 172 (1995) 187)
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Quantum mechanics: h-deformation

@ NC phase space: [x*, p,] = ihdé*,
@ Uncertainty principle: AxAp ~ h

@ Equivalence principle: NC geometry at short distances
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NC geometry

Quantum mechanics implies NC geometry at short distances.
(Doplicher-+Fredenhagen-+Roberts, CMP 172 (1995) 187)

Quantum mechanics: h-deformation

@ NC phase space: [x*, p,] = ihdé*,
@ Uncertainty principle: AxAp ~ h

@ Equivalence principle: NC geometry at short distances

NC field theory: 6-deformation

@ NC spacetime: [y*, y”]. = i6*”

@ Translation = inner automorphism: [y*, f(y)]. = i0** 0, f(y)

@ oo-dimensional symmetry: symplectomorphism = NC gauge symmetry
(Cornalba, ATMP 4 (2000) 271; Juréo+Schupp, EPJ C4 (2000) 367;

Juréo+Schupp+Wess, NPB 584 (2000) 784)

N

@ Translation = NC gauge symmetry: e®Y x f(y) x e=*Y = f(y + 0 - k)
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Large N duality (HSY, hep-th/0612231; arXiv:0704.0929)

NC field theory = matrix model or large N field theory.

Large N gauge theory ('t Hooft, NPB 72 (1974) 461)

@ Large N gauge theory = dual description of gravity in higher dimensions
@ 1/N expansion = genus expansion of (closed) string amplitudes
@ BFSS, IKKT matrix models and AdS/CFT duality
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Motivation

Large N duality (HSY, hep-th/0612231; arXiv:0704.0929)

NC field theory = matrix model or large N field theory.

Large N gauge theory ('t Hooft, NPB 72 (1974) 461)

@ Large N gauge theory = dual description of gravity in higher dimensions
@ 1/N expansion = genus expansion of (closed) string amplitudes
@ BFSS, IKKT matrix models and AdS/CFT duality

@ NCR? [a,af]=1, H={|n);n=0,1,---}
@ Complete operator basis:

Ag = {|m)(nl;n,m=10,1,---} 5 ¢(x,y) =3, , Mimn|m)(nl|
@ Scalar field on NC R? (or ;) < N x N matrix at N — co

@ NC gauge symmetry Ucpt(H) D U(N — o0)
@ 1/N expansion = NC deformation in terms of ¢
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NC field theory is a theory of gravity 7
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gravity 7
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Emergent Gravity from NC Spacetime

NC field theory is a theory of gravity 7

YES 11

What is the origin of diffeomorphism symmetry, the underlying local symmetry of

gravity 7

Symplectic geometry Riemannian geometry

@ Symplectic manifold (M, w): @ Riemannian manifold (M, g):
M a smooth manifold and M a smooth manifold and
w € N2(M) a closed 2-form g: TM® TM — R a symmetric
ie., dw=0 bilinear form

@ Darboux theorem: Locally, @ Equivalence principle: Locally,
(M,w) = (C", > dq' A dp;) (M, g) = (R", " dx" ® dxH)

@ [w'] = [w] € H?(M) such that w’ = w + dA, 3¢ : M — M € Diff(M)

x> OxP
wig(x) = wuv(y) (1)

dyH dyv

@ g.u(x) = elebs,, where ef, € GL(n,R)

7%
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Emergent Gravity from NC Spacetime

DBI action as a generalized geometry (HSY, hep-th/0611174; hep-th/0612231)

@ DBI action

S= 7;&1 / dP*1x\/det(g + w(B + F)) + O(V/KOF,--)
gs(2mK) 2

@ A-symmetry: B— B —d\, A— A+A

A=dd U(1) gauge symmetry: B — B, A — A+ dX

@ S depends only on the symplectic structure Q = B+ F on M
D-brane data = derived category: (M, g,Q) = (M, g + Q)

@ D-manifold = generalized complex geometry:
symplectic geometry (|xBg~!| > 1) = complex geometry (|xBg~!| < 1)
(Hitchin, QJM Oxford 54 (2003) 281; Gualtieri, math.DG/0401221)

@ [Q=B+F]=[w=B] € H*(M) since F = dA
3 ¢ € Diff(M) such that ¢*(Q) = w

Bayrischzell-13.05.07 NCFT /Gravity Correspondence



Emergent Gravity from NC Spacetime

@ A remarkable identity (Cornalba, ATMP 4 (2000) 271)

[ & ix/detle + B+ FON) = [ dPH iy E(B TG ()

where fluctuations of gauge fields now appear as an induced metric on the brane
given by

_ Ox¥ axP

= dyk dyv 8a

huv(y) Ié]

@ Covariant coordinates x"(y) = y* + 8"V A, (y) are dynamical fields:
RHS of Eq.(2) = NC (semi-classical) gauge theory

o (Seiberg+Witten, JHEP 09 (1999) 032)

@ LHS of Eq.(2): deformation of symplectic structure Q
= RHS of Eq.(2): deformation of complex structure J

@ Homological mirror symetry (Kontsevich, alg-geom/94110118)
category of A-brane (Fukaya category)
= category of B-brane (category of coherent sheaves)
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Self-dual Einstein gravity from self-dual NC electromagnetism

Self-dual NC electromagnetism = twistor space describing curved self-dual spacetime
(HSY, hep-th/0608013 & hep-th/0611174)

NC instanton = gravitational instanton (HSY+Salizzoni, PRL 96 (20

@ NC U(1) instanton: IA—_;“,(y) = i%aw,)\gft}a(y)

@ Gravitational instanton: R,peq = :l:%EabefREFCd

@ Seiberg-Witten map: F,,(x) = i%sHMUFAJ(X)
where F . (x) = (g—lF)uy(x), Buv = Opv + (FO) v

@ gy = %(cﬂw +8uv) = 8uv = hyper-Kihler metric

@ E.g., Nekrasov-Schwarz instanton = Eguchi-Hanson space
(Salizzoni+Torrielli+HSY, PLB 634 (2006) 427; HSY+Salizzoni, PRL 96 (2006) 201602)

@ ALE & ALF spaces and real heavens are solutions of NC electromagnetism

@ 3 a twistor space associated to every hyper-Kihler manifold
(Hitchin+Karlhede-+Lindtrém+Rotek, CMP 108 (1987) 535)

U(1) instantons act as a deformation of complex structure of twistor space
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NCFT/Gravity Correspondence

NCFT /Gravity correspondence as a large N duality > large N (HSY, arXiv:0704.0929)

@ NC U(1) gauge theory on R% x R3%. = U(N — c0) Yang-Mills theory on R’é

1

; 489y

/ dPXv/det GGMPGNQ (Fyy 4 O i) * (Frq + PpQ) (3)
with Fyy = Oy AN — OnAnm — I‘[AM7 AN]*

4—d

27K) 2 " _— 1

- @)z 27T)g /ddz\/dethTr<Zg“*gWFWFM,
S

1 1
+5g””gabDu¢QDV¢” — 3 8acgbal®?, ¢b][¢c,¢d]) )

where we defined adjoint scalar fields $2 = x?/k of mass dimension
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NCFT /Gravity correspondence as a large N duality > large N (HSY, arXiv:0704.0929)

@ NC U(1) gauge theory on R% x R3%. = U(N — c0) Yang-Mills theory on R’é

1

; 489y

/ dPXv/det GGMPGNQ (Fyy 4 O i) * (Frq + PpQ) (3)
with Fyy = Oy AN — OnAnm — I‘[AM7 AN]*

4—d

27K) 2 " _— 1

- @)z 27T)g /ddz\/dethTr<Zg“*gWFWFM,
S

1 1
+5g””gabDu¢QDV¢” — 3 8acgbal®?, ¢b][¢c,¢d]) )

where we defined adjoint scalar fields $2 = x?/k of mass dimension
@ NC field 2 (generalized) vector field:
— . =M
adzw[f] = [EM, fle = —i0 G5 06 + - = Vi (2,y)0:f (2,y) + O(6%)
where =M = D,, = 9,, — iA, or &2
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NCFT/Gravity Correspondence

Ward geometry (Ward, CQG 7 (1990) L217)

@ Consider gauge-Higgs system (A, $?) on R‘é with the gauge group
G = SDiff(N) and with a volume form v = d9z Aw

@ Let y? be local coordinates on N, then locally,

0 b 1o}
AH(Z):AZ(Zzy)ayav q)a(z):q)a(zvy)aiyb
@ f YDy, ---,Dy,®1,---,®p) forms an orthonormal frame and hence defines a

metric on R‘é X N where f is a scalar, a conformal factor, defined by
2 =w(®y, -, ®m)
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Ward geometry (Ward, CQG 7 (1990) L217)

@ Consider gauge-Higgs system (A, $?) on R‘é with the gauge group
G = SDiff(N) and with a volume form v = d9z Aw

@ Let y? be local coordinates on N, then locally,

0 b 1o}
AH(Z):AZ(Zzy)ayav q)a(z):q)a(zvy)aiyb
@ f YDy, ---,Dy,®1,---,®p) forms an orthonormal frame and hence defines a

metric on R‘é X N where f is a scalar, a conformal factor, defined by
2 =w(®y, -, ®m)

Emergent geometry from NC gauge theory

ds? = £25,,, dz"dz" + £26,,V2VE(dy® — A°)(dy? — AY) (5)
where A? = A? dz# and V20§ = 67
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Examples for D = 4 (HSY, hep-th/0608013)

@ Self-duality equation in NC electromagnetism
— 1 a b1 — 1 c pd
ad[Xa’Xb]* = iaﬁabcd ad[Xch]* = [(1> 1¢ ] = igaabcd[d) ,d) ] (6)

@ If &2 € LSDIff(N),
Eq.(6) = self-dual Einstein gravity =self-dual NC electromagnetism
(Ashtekar+Jacobson+Smolin, CMP 115 (1988) 631;
Mason+Newman, CMP 121 (1989) 659;

Chakravarty+Mason+Newman, JMP 32 (1991) 1458)
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Examples for D = 4 (HSY, hep-th/0608013)

@ Self-duality equation in NC electromagnetism

1 1
ad[xa,xb]* = iaeabcd ad[xc,xd]* Ad [(ba’ q)b] = igaade[d)C’ ¢d] (6)

@ If &2 € LSDIff(N),
Eq.(6) = self-dual Einstein gravity =self-dual NC electromagnetism
(Ashtekar+Jacobson+Smolin, CMP 115 (1988) 631;
Mason+Newman, CMP 121 (1989) 659;

Chakravarty+Mason+Newman, JMP 32 (1991) 1458)

ALE & ALF spaces Gibbons+Hawking, PLB. 78 (1978) 430; Joyce, DMJ 77 (1995) 519
— _5.0 4 9 -yl
@ & =—a5 + X and &4 = Ug-

@ Eq.(6) < Abelian Bogomol'nyi equation: VU +V x =0
@ ds? = U~1(dr +3-dx)?+ Udx - dX
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NCFT/Gravity Correspondence

Continued

Real heaven Boyer+Finley, JMP 23 (1982) 1126; Ootsuka-Miyagi-+Yasui4Zeze, CQG 16 (1999) 1305

o ¢ = Bxl 82¢8-r
& = 2 + a2

b3 = e¥/? (sin(z) — 031 cos( ) 8‘2_)
by = eV /2 <cos< )8 3 +63¢sm( )87)
@ Eq.(6) < 3-dimensional continual Toda equation: (0% + 02)) + 02e¥ = 0

@ ds? = (03))H(d7 + a'dx)? + (83p)(e¥dx’dx’ + dx3dx3)
with a' = Y04
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NCFT/Gravity Correspondence

Bubbling geometry (HSY, arXiv:0704.0929)

@ Vacuum geometry: (A, ®?) = (0,y?/k)

u.):dyl/\---/\dy6 < RY®

dyl Ao AdyS
w=PL LR o AdSs x S°
p

since AdSs x S° space is conformally flat, i.e.,
L? L2
ds? = E(nwjdz”dz“ +dy?dy?) = E(nw,dz“dz” + dp?) + L2dQ2

where p? = 23:1 yiy?
@ Turn on (A,,®?) = bubbling geometry

@ E.g., for (Au, ?)= half-BPS configuration with a particular isometry,
Ward metric (5) = LLM geometry
(Lin+Lunin+Maldacena, JHEP 10 (2004) 025)

@ AdS, x §9 is also similarly realized

Bayrischzell-13.05.07 NCFT /Gravity Correspondence



Deformation Quantization and NC Gravity

Deformation Quantization (Kontsevich, LMP 66 (2003) 157)

@ Einstein gravity emerges at semi-classical limit, i.e., O(0)
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Deformation Quantization and NC Gravity

Deformation Quantization (Kontsevich, LMP 66 (2003) 157)

@ Einstein gravity emerges at semi-classical limit, i.e., O(0)

@ What do we get after full NC deformations ?
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Deformation Quantization and NC Gravity

Deformation Quantization (Kontsevich, LMP 66 (2003) 157)

@ Einstein gravity emerges at semi-classical limit, i.e., O(0)

What do we get after full NC deformations ?

@ NC gravity !

(Aschieri4+-Blohmann+Dimitrijevic+Meyer+Schupp+Wess, CQG 22 (2005) 3511;
Aschieri+Dimitrijevic+Meyer+Wess, CQG 23 (2006) 1883;

Calmet+Kobakhidze, PRD 72 (2005) 045010)
@ Darboux theorem in deformation quantization: automorphism of A[[A]]

x—#, F()+ g(R) = D(R)(D(R) X (F(R) + D(R) H(g(h))

for £(h), g(h) € A[[H]].
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Deformation Quantization and NC Gravity

Seiberg-Witten map in general (Juréo+Schupp+Wess, NPB 604 (2001) 148; HSY, hep-th/0611174)

@ Theorem 1.1 and Theorem 2.3 in (Kontsevich, LMP 66 (2003) 157):
the set of gauge equivalence classes of star products on M = the set of
equivalence classes of Poisson structures modulo Diff(M), and, if we change
coordinates, y* +— x"(y), we obtain a gauge equivalent star product

(Zotov, MPL A16 (2001) 615)
@ Seiberg-Witten map: [x*,x"]« = i(0 — Gl?(y)«‘))‘“’ =2D(h)~(aM¥)

where at¥(x) = é (ﬁ)uy (x)

@ General Seiberg-Witten map <
= NC gravity as an emergent geometry

@ At semi-classical limit O(9), D(h) ~ 1
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Conclusion and Outlook

Where to go from here 7
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Conclusion and Outlook

Where to go from here 7

@ Gravity may be not a fundamental force but a collective phenomenon
emerging from NC (or non-Abelian) gauge fields.

@ Spacetime seems also to be emergent from gauge field interactions.
@ Why 47

The number of physical polarizations: A, = D —2 = D(D2_3) = guv

= D=1lorD=4
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Conclusion and Outlook

Where to go from here 7

@ Gravity may be not a fundamental force but a collective phenomenon
emerging from NC (or non-Abelian) gauge fields.

@ Spacetime seems also to be emergent from gauge field interactions.
@ Why 47

The number of physical polarizations: A, = D —2 = w = guv

= D=1lorD=4

@ An important difference between emergent gravity and Einstein gravity: Uniform
condensation of energy does not gravitate but is used to make flat spacetime.
Only vacuum fluctuations couple to gravity ! That is, the flat spacetime is very
heavy ! This fact may resolve the long standing cosmological constant problem.
(Padmanabhan, CQG 22 (2005) L107)
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@ An important difference between emergent gravity and Einstein gravity: Uniform
condensation of energy does not gravitate but is used to make flat spacetime.
Only vacuum fluctuations couple to gravity ! That is, the flat spacetime is very
heavy ! This fact may resolve the long standing cosmological constant problem.
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How to understand fermions in the context of emergent geometry ?
Black hole solutions ? etc.
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Conclusion and Outlook

Where to go from here 7

@ Gravity may be not a fundamental force but a collective phenomenon
emerging from NC (or non-Abelian) gauge fields.

@ Spacetime seems also to be emergent from gauge field interactions.
@ Why 47

The number of physical polarizations: A, = D —2 = w = guv

= D=1orD=24

@ An important difference between emergent gravity and Einstein gravity: Uniform
condensation of energy does not gravitate but is used to make flat spacetime.
Only vacuum fluctuations couple to gravity ! That is, the flat spacetime is very
heavy ! This fact may resolve the long standing cosmological constant problem.
(Padmanabhan, CQG 22 (2005) L107)

How to understand fermions in the context of emergent geometry ?
Black hole solutions 7 etc.

@ Final word: QFT is so rich and even contains quantum gravity, and still
remains largely unexplored !
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