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Weyl-Moyal correspondence

assume non-commuting space-time coordinates:

[x̂µ, x̂ν ] = iθµν , ⇒ leads to uncertainty relation:

∆xµ∆xν ≥ 1
2
|θµν | ∼ (λp)2

definition of the Groenewold-Moyal ?-product:

f(x) ? g(x) = e
i
2
θµν∂xµ∂

y
ν f(x)g(y)

∣∣∣
x=y

6= g(x) ? f(x)

invariance under cyclic permutations of the integral∫
d4xf(x) ? g(x) ? h(x) =

∫
d4xh(x) ? f(x) ? g(x)

=⇒
∫
d4xf(x) ? g(x) =

∫
d4xf(x)g(x)
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QFT on θ-deformed space-time

For a field theory this means:

interaction vertices gain phases, whereas
propagators remain unchanged

some Feynman integrals (“non-planar diagrams”)
have phases, e.g.∫

d4k
eikp̃

k2 + iε
∝ 1
p̃2

with p̃µ = θµνpν

phases act as UV-regulators,

⇒ origin of the UV/IR mixing problem
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recent successes

So far there are two types of scalar field theories where the
UV/IR mixing problem could be solved:

the Grosse-Wulkenhaar model (2003), where the φ4 theory
was supplemented by a (translation-invariance breaking)
oscillator term (≈ x̃2φ2)

and recently a translation-invariant model by Gurau,
Magnen, Rivasseau and Tanasa (2008), where the
oscillator term is replaced by a 1

p̃2
term.

⇒ Both models could be proved to be renormalizable to all
orders.
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in gauge theories . . .

. . . matters are more complicated. Recent ansatzes:

Slavnov model (2003): relies on a constraint → reduces
degrees of freedom

models involving oscillator terms in analogy to the scalar
model: break translation invariance
(de Goursac et. al., Grosse+Wohlgenannt, D.N.B. et. al., 2007)

proofs of renormalizability still missing for gauge theories

Inspired by the scalar model of Gurau et. al., whose propagator
has “damping” behaviour for vanishing momentum:

Gφφ(k) =
1

k2 +m2 + a
θ2k2

≈ θ2k2

a
for k → 0 ,

a new gauge field model is put forward:
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a new gauge field model

∫
d4xφ(x)

1
θ2�

φ(x) ⇒
∫
d4x

1
4
Fµν ?

1

D2D̃2
? Fµν ,

where

Fµν = ∂µAν − ∂νAµ − ig [Aµ ?, Aν ] ,

D̃2 = D̃µ ? D̃µ , with D̃µ = θµνD
ν ,

Expression 1
D2F ≡ Y transforms covariantly (sY = ig [c ?, Y ])

and is to be understood as formal power series in the gauge
field Aµ:

F = D2 ?
1
D2

? F = D2Y =

= �Y − ig∂µ [Aµ ?, Y ]− ig [Aµ ?, ∂µY ] + (ig)2 [Aµ ?, [Aµ ?, Y ]] .
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complete action including gauge fixing

• recursion formula leads to

Y 0 =
1
�
F ,

Y 1 =
1
�
F +

ig
�

{
∂µ
[
Aµ ?, Y 0

]
+
[
Aµ ?, ∂µY

0
]
− ig

[
Aµ ?,

[
Aµ ?, Y 0

]]}
• New action (where stars have been suppressed):

Γ(0) = Sinv + Sgf ,

Sinv =
∫
d4x

[
1
4
FµνFµν +

1
4
Fµν

1

D2D̃2
Fµν

]
,

Sgf = s

∫
d4x c̄

[(
1 +

1

��̃

)
∂µAµ −

α

2
B

]

=
∫
d4x

[
B ?

(
1 +

1

��̃

)
∂µAµ −

α

2
B2 − c̄

(
1 +

1

��̃

)
∂µDµc

]
.
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BRST symmetry and propagators

• this action is invariant under the BRST transformations

sAµ = Dµc ≡ ∂µc− ig [Aµ ?, c] , sc̄ = B,

sc = igc ? c, sB = 0,

s2ϕ = 0 for ϕ ∈ {Aµ, c, c̄, B} .

• the bilinear action leads to the improved propagators

GAµν(k) =
1

k2 + 1
k̃2

(
−δµν +

kµkν
k2
− α kµkν

k2 + 1
k̃2

)
,

Gc̄c(k) =
1

k2 + 1
k̃2

with k̃µ = θµνkν .

8 / 14



Translation-
invariant

models for
NCGFT

Talk presented
by Daniel

N. Blaschke

Introduction

NC gauge
fields

Conclusion
and Outlook

loop integrals

simplest non-planar one-loop integral:∫
d4k

e±ikp̃

k2 + 1
k̃2

=
1
2

∫
d4k

[
e±ikp̃(
k2 + i

θ

) +
e±ikp̃(
k2 − i

θ

)] ≈ 1
p̃2
.

for p̃2 → 0.
• In the sum of 1-loop graphs due to gauge symmetry:

≈ p̃µp̃ν
(p̃2)2

• IR damping due to propagators
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More convenient formulation

Snew =
∫
d4x

[
Bµν ? Fµν −Bµν ? D̃2D2 ? Bµν

]
is gauge invariant if new field Bµν transforms covariantly, i.e.

sBµν = ig [c ?, Bµν ]

and has only a finite number of new vertices.
Re-inserting the e.o.m.

δSnew

δBρσ
= Fρσ − 2D̃2D2 ? Bρσ = 0

leads again to ∫
d4x

1
4
Fµν ?

1

D2D̃2
? Fµν ,
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additional Feynman rules

• two additional propagators:

GABρ,στ (k) =
i (kσδρτ − kτδρσ)

2k2k̃2
(
k2 + 1

k̃2

) ,
GBBρσ,τε(k) =

1
4k2k̃2

[
δρτδσε − δρεδστ+

+
kσkτδρε + kρkεδστ − kσkεδρτ − kρkτδσε

k2k̃2
(
k2 + 1

k̃2

) ]
.

• and 5 new vertices, namely a BAA-vertex, a BBA-vertex, a
2B2A-vertex, a 2B3A-vertex and a 2B4A-vertex.
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vanishing tadpole graphs

There are only 4 possible one-loop tadpole graphs with external
gauge boson lines in this model:

From the Feynman rules one sees that all 4 come with a factor

δ4(p+ k − k) sin
(
kθp

2

)
→ 0 ,

Hence, all four graphs vanish.
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Conclusion and Outlook

the model seems to be a promising candidate for a
renormalizable non-commutative gauge model

gauge field and ghost propagators damp IR divergences

it is translation-invariant (tadpoles vanish)

one-loop calculations are in progress

13 / 14

Translation-
invariant

models for
NCGFT

Talk presented
by Daniel

N. Blaschke

Introduction

NC gauge
fields

Conclusion
and Outlook

References

D. N. Blaschke, F. Gieres, E. Kronberger, M. Schweda and
M. Wohlgenannt, to appear in J. Phys. A,
[arXiv:0804.1914].

R. Gurau, J. Magnen, V. Rivasseau and A. Tanasa,
[arXiv:0802.0791].

H. Grosse and F. Vignes-Tourneret, [arXiv:0803.1035].

F. Aigner, M. Hillbrand, J. Knapp, G. Milovanovic,
V. Putz, R. Schoefbeck and M. Schweda, Czech. J. Phys.
54 (2004) 711–719, [arXiv:hep-th/0302038].

Thank you for your attention!
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