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A. Frames

or woere 3eneraLLy f

CLa5SiCa(/ 9ra,vf""y "
an be Cve,r?l

Rf&mahh - Car+a,n 3e,om¢f’ry) [
epF:‘cie«w!'Ly) deseri bed tn +erms of +he

frames (+L+rai 5 Vielbesrn )

A Fra,mc. i85 r“ou.ﬂ% , & set of
o rthonormal A -forms
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6d= 6."(!) J-X"
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Ffor example , fer +he 20l Schwargschild

(cne ela ment

ds* = - L) dE + g de*
£0r)

with £(r) = 4-—_%..2"-—-— y we choose
A

‘l" ot ) 'r-'F dr
So ‘Hh\it

0L52= - (a,)'l. 'l'(B‘)z



i, Frames

. One can choose differently too, .. define
+he null - Hrome !

ds*s - (at*- L ar') = L0 (* - k)

where re 15 +he “ortovse ceord: nate F

e = dr  Then with

Metric elements are constant in the frame

bascs ; 6% are, however  not full dc#—(erm-{—inls

o A ol B ¥

[F we aSSume 'H’\a;& 4orsion vanishes ) Cdﬁa.

d—&fe.rmihe '[4\8. Cohn&cfiov\
_%—(Cdﬂ, -C“ﬁ *Cpn) er

and the Cor\heo'h‘on aLe,(-;neS +he Cu,rv&‘tw"e—

Wxp

_O."p = d.wd“p + w‘*‘w‘p



A. Frames

v Ih 4he noncommutative case | in order o
(,lQSCYs‘Igg 3ra.v»'+y 30,0 me'l"r‘s'c_a_(,(,.j : we ne,e_,oL +D

Lebine a noncommutative space = aw alﬂe,bm

Lx*, x"3 = ik TM(x)

with a compa,'t'IL,pLe. d.u'%ereu‘h'a,(.. structure .

bLSu.au,\/ one assumes +hat +he o ffe remtial
ol.:ejs 'H'fk L&me‘% w,Le ) f‘c we are n a

.@prma’(, a.(,ﬂ-ebra +his is a ConS"‘ra.Cu't

« Differential on MC Space can be oelrned

wSing o noncommutative frame H% aS
AP = e,f D" = CPu, 3 0%

1o have constant 9,"" , t s sufficent

to impese that 07 commute with +he alyebra
[6%/x*] =0

. Pu are the momenta ; usually we fake

them o be n the MC Space



. & consbraints

¢ To Summarize . £ we denote

dx* = e, (x) &% 6% = &% VA

)

we have +he -@ou.ow;hg ‘—°“Sc's+euc?( consra tnts
Leconi2 ik €y < gt Ceﬂu.xv] ~-Le?,, x” )

. Ja.oob; CXA,JMUJ‘* [XA,JVJJ + C XVJ JM‘} &

' .From d Ced,X’J =D we é_p’t

M Co ﬂJ -
Lx*,ch.T6f =0

+ To proceed : we restrict +o  ,lmest -
commutative arPr'oxo‘mq}rs‘on aned werk +o

.p.‘rS‘f' ordec In i\- . This ts net heceSSaLr-?l
(66- ) -Fu%}\/ SPLere). Then we have

(x4, 0] = 4k T4V, ¥ + O(4?)

e we wish 4o Lond & smeoth nC Space i e.
Solve the given constaints. The inital
Step is to define Spﬁerfcau»[ Symmetric
Ansata .



2. 44 exa mpLL

Rssume we L‘“Ve 4 MNC ceord  nates i A and

Xp) /L=l,2,3 . Thﬁ Y‘aa[ﬁw(- Cee rolinate r s
al,ep-fnecl/ bs/ r?a xbxb

A pessible choice of commutato,s ) O

Selut con °€ +Lc JaColbl' coenstra iu+$, '

J‘O(} -"-',CX‘: U"‘J.

) = O

(he n also Ct,r] = ik e.r

ASSw me further Schwarzschild - ke /
d.v‘agona,(, Ansatz {Zor the ﬁawe

0° = F(r)ob , 0° o A 4y
Fr)

The leiliis cons tray , + +hen 9c‘ves

Jor AE

Ay =&



. ‘r‘kus the LorreSPoYldt‘nj L{)mi{‘i Hg C(A.SSiC.a«L-

metric is fixed

dsz‘ _ ‘Lr‘l-M?" % 41 - M&d&;
)Lf'

= “'/ttftdt" + -‘-;-:'er¢' .i;_o[.ﬂ}
Vold M

This selution is hef I"eau\{ Ja+¢'r€a¢+ory [ AS
mc,i'ric.a.u.j, +he Space (S & d. rect Produof

oF a (t"r) pwr‘f’ anodl +he anjuta_r Pa,rt

SEIL j4his slution s 314,&{'& cnteresting .
p we defne clectromagnetic field +emsor as
Foi = (-3)4/43'042
we obtacn +hat
Ruv = T 9puR = const - Ty

-Far ‘HM‘S Srm.ce ! T/'“U LS -Hae_ Que_r:f):]_ mgm-e.n‘\'u-
ol +the zlcof'romaujm/h‘c @a‘d.al. Noncommu't'x'h‘w\(*y

Lehaves CCS) aS a Source of sm.'-fy



Sd medels

. Majbe, in the previous example +he sphen‘mé
symmetvy was not reFregen+¢a(, in a pProper way.
[dea ¢ use the furzy sPInere construction as
i+ Contains repreSentation of rotations (as
momeu‘l‘a) . Deform 7

M Feor ‘”\e .-Pu'z?\{ .Srlntre ' gl‘uen 50(3)
acneni'ors T

[7¢ 797 = c Y5 gk

the  coord. nates are defived as

NUI MY,
- )

[x*,x%] = ik -;- gk xk

Yy - rm;us - l.‘S' a &M‘h“\:t ‘ TI'\E mne M&Mi_a

)

wh ¢ch ale/(-{he the oLb\Fge,r%'{‘t‘a(_ caleuluus  are

{

P* = E X

and oloviou.s(.\j also 3e,ne.rai‘¢_ rotations .



LY moMS

ﬂhSw“!’Z . choose § C,ooreLJna«"{‘-Q—S: t,r'x".

< ave prepertional +o T* , except that

hew ¥ 4$ no‘t Qa C.ous{’a,u’b : AS Cgu,a,w"{-i%af{“c‘om
we  requcire +hat the area of +he Sphere [S

dfe® = Mk n
From +his we deduce +that +he relafion
b@twwr\ +he coerdinates sheuld be

. % ¢ &
Raxi = r2(a-) . e
r‘f r?.

1t veducesS +he number of (wordinates on
"H\t V""'“;Co(-a! ‘(‘o ‘k

e We aSSume f’urf'lwr
[x°r] =0
Ct,r] = ,f,l:p(.-)
[e,x] = ,d‘ﬁ.-‘r—s:r-)—-x‘;
The consestency weth +he conshraint » Aives

B rid




Sd models

. T“\L t'ema,c:ming wmmu"'ﬁ\l‘or LS L’X';'Xj] : ASSuhfuj
[x‘;, x3]) = 46 E'U.k-f.t—f‘i xk

and imposiha +he Jaceb: fatem’(‘f'l’\\j
(b, Tx X3+ CxY, b, xi3] & [x‘Cx't1] =0

we can determone +the «Fu.no'h:on ollv) ;

log oL ;j reat dr
r

- . 2r
gt v 0 2 e sinh TE vt

« This Complz‘f‘es the a,Lje,bra ol
L,ooraLc‘nai'&S. H‘ e\as one wuhfcrmimed,

Ler arlo:'ﬁarj) Lunction (A(r) .



10

Sd models

CIV\OOSan momenta

L the {rume, Lormalism

we £ix the dipferential caleulus . This
s an additional Ansate . We take

No't& 'Hna,'t '1”'!6 h

Cpe) %3 = Ecji Tk

r

ad

. 5 -
Cpeypil = &y = P
p, are hot exactly +he 52,,,3”;(»0,,5 of

\fo‘[’u'{“fon S



sS4 mod.oLS

e For the ol»‘{’-fexe,n’h‘a/LS we 9&t

dx' = g* {i

wln-&re, 60)9') 9‘; s +the pne ‘Fra,m!’. :

e From <+he .Fu%%\{ sPher—e we khow that
the forst relat ion

MSELﬁ ) °ne  has <o

Can pet be inverted
!)u+koduce, tn

prenwple | a \h'lonoFoLQ Potential’
8" - () E:‘;a-k Xd Ax® & xCA
- 'c'(r)s':i,,_ xdx® - ok z‘—‘i x°9' «x*A
We obTain

(104 ZZL) xbob = A
r3

A4
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Sd MCM

« The momentTum a,l.ﬂ@lov—a, vS
[Pt;PC] =0
[PP)PA']*( /5{'-3(-—)?‘,
[PF:FtJ - # gﬁ

but Lrom +he general properbies of +he
NC frame formalism we know it Should
be guadeatic. This gives the following
Comstraiuts on The ankvown Luuwctions

pLr a(r), ﬁ(.\')
da |/
/5(1/"3 -—r—') = ngF
p%' " A~51+53+C + Dox*

A B,C .. F are constants

! l

@I’L) n""r'a. r)l .

{
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5S4 mod-els

One can Mnow anw(ﬁze +he solutions of the
given structure | in Pa,rh‘c.u,tav-) Hhe classical
Lemit
. A pfom{sino one seems to be A’:D.

Then we have
4

L .ok ik . X e

dr = pa‘

dk - -pgo°
ond x*8' =0 . It is a static metec.
Caleulat ing 076 we obtain , addibionaly
the function Tlr)

T ol x‘l = 4
r

* The lone e,(.e.'me,u't' m the Limit s
2 , Lo
ds"= - (6°)" + (8Y)* + 6°p*

.
=- A Ar® + Al

e
(64)° ¢

aSSuming +hat 9':9L=r7'ol_('),
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Sd m..Lth

e This sclution can accomodate Schwarzsehild
Comparing it with

LSt e —Rer) dit® ¢ Lo dr¥s Fda”

r)

we See —+hat we need

6=JTF- ) g'f—%r = Iy

e« This s PoSSJLQL, as A |5 and T

are ?b(.a.«tbot Ioj 2 &&%"'Cous ' The, u(floic,e
ol B and q necessary for the Schwavzschild
metric y -I-lwou.sl«. the 2qu ations ¢ ‘FW' D=op

)
P:XCS CTC\') .

(OL_IS—:)‘ = A+ e,
-(-or Some -Fix.ed. constFants ¢ and d -

[ L@ & i.ﬁ +heve tS no -pu,r'H\er reStrichon

Lejond. +he horizon !) )



