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« Why noncommutative geometry at small scales ?

e Euristically:

General relativity

L,: Planck scale

Quantum mechanics

/




 To “measure” geodetics 1n a gravitational field:
use freely falling particles with mass m.

 How precisely can we measure geometry?

« Uncertainty in position of the particle:

corresponding to fp ~ mc (pair creation threshold)

* To decrease 4q, increase m — then also the curvature
of
spacetime 1ncreases until ...

curvature radius = /q




» what 1s then the order of 4q ?

_ 3nG _ 8nG
-R = » T - 1/ = »
and substituting m ~h/ (c 4q)
N~ (hG /)

~ Planck length




> It 1s therefore impossible to observe
phenomena (or spacetime structure)
under the Planck scale L,

« This indetermination emerges automatically 1f the coordinates
are noncommutative :

xy—yx=0a(Ly)’ x y (Lp)

or in general:

[x ', x/] =10V

with 07 = antisymmetric tensor (constant)






NCG 1s a recurrent theme in physics:

 Well-known example: phase space of (nonrelativistic)
quantum mechanics

e, p ) =ik o
] Heisenberg indetermination principle: x p =-h

First discussion on the “quantum” differential geometry of phase space
are due to Dirac (1926).

* from the algebra of operators x ', p/ — idea of considering
also spacetime coordinates as noncommuting operators.

Heisenberg, in a letter to Peierls, suggests that an indetermination principle
on space(time) coordinates could resolve the problem of UV divergences.
Peierls @ Pauli ® Oppenheimer ® Snyder (1947)



Noncommutativity of coordinates x, y of an electron in a
strong magnetic field (Peierls 1933) orthogonal to xy plane

L=1m +eABv—V(x,y)
c

In the gauge A = (0, bx) where b i1s the modulus of the magnetic field b :

b .
L=im/’ +ec?€y -V(x,y)

With V(x,y)=0 , the quantized theory predicts the well known

Landau energy levels, with separations of the order of 5/m .

The limit of high 5 (equivalent to the limit m ® 0) projects the system
on the lowest Landau level. Taking m = 0 in the Lagrangian:

eb . b . .
Ly=—xy=V(x,y) éhcx’yE are conjugated variables
C
E— [xi,xj] _ Zgzj
e




NB: x, y become noncommuting operators only after
quantizing the theory, 1.e. noncommutativity 1s a
quantum effect.



Some appearances of NCG in physics.:

e in other problems of condensed matter physics, for ex. in
the quantum Hall effect (Belissard etal, 1993)

* in Connes’ “reconstruction” of the standard model, where
the NCG of a suitable algebra of operators is used (Connes, 1991)

e 1n field theories on products (Minkowski) x (discrete spaces)
(Connes 1991, Cocquereaux et al 1991, Mueller-Hoissen et al 1993,
Madore et al 1996, O’Raifeartaigh et al 1998, LC 1999,...) Higgs fields

* in Yang-Mills and gravity theories on g-group “manifolds™
(LC 1992, Volovich 1993, Majid 1993,...) , in q-deformations of group
structures and their NCG (for ex k-Minkowski , Florence group since 1991...),

in q-deformations of (single particle) quantum mechanics
(Wess et al 1994,...)

 Noncommutative structures in string field theory
(Witten, 1986, NCG and string field theory)



° Fuzzy spaces (Madore, Presnajder, Grosse, Steinacker...)

More recently:

* Fuzzy coset space dimensional reduction (Aschieri, Madore,
Manousselis, Steinacker, Zoupanos...)

* Yang-Mills theories on noncommutative spaces emerge in the
context of M theory compactified on a torus, with a
background 3-form field (Connes, Douglas e Schwarz, 1997), Or as low
energy limit of open strings with background 2-form field B, a
limit that captures the dynamics of D-branes
(nonperturbative extended objects on which open strings can enc
(Douglas,Hull 1998,...Seiberg,Witten, 1999)

* Field theories on noncommutative spacetime: realized
via
Groenewold-Moyal-Weyl product (and



- deformed (twisted) field theories, twisted Yang-Mills

Study of their quantum behaviour. (Minwalla,van Raamsdonk,
Seiberg; Hayakawa; Martin, Sanchez-Ruiz; Wulkenhaar; Grosse,
Wohlgenannt; Buri¢, Latas, Radovanovic¢; Steinacker; Aschieri, Dimitrijevic,
Meyer, Schraml, Wess; Alvarez-Gaume, Vazquez-Mozo; Vassilievich...)

- Twisted diffeomorphisms (gravity) (Aschieri, Blohmann, Dimitrijevi¢
Meyer, Schupp, Wess...)
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CONCLUSTONS

« BY HEANS OF AN EXTENSION OF THE MOYAL
PRODUCT, WL HAVE IMPLEMENTED DYNAMICAL
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