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1. Noncommutative geometry in string theory

® Quantum field theory on noncommutative space, [x*, x"] = iO*”,
displays a rich spectrum of unusual properties, some of which are
believed to be relevant for quantum gravity.
(...,Heisenberg,Synder,Yang...) (DFR,Wess,Zumino,Groose,Madore,
Frolich,Connes,...) (string community)
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1. Noncommutative geometry in string theory

® Quantum field theory on noncommutative space, [x*, x| = iO*”,
displays a rich spectrum of unusual properties, some of which are

believed to be relevant for quantum gravity.
(...,Heisenberg,Synder,Yang...) (DFR,Wess,Zumino,Groose,Madore,
Frolich,Connes,...) (string community)

@ Noncommutative geometry arises as low energy theory of D-brane in
NSNS B-field .  (Douglas, Hull; Chu, Ho; Schomerus; Seiberg, Witten)

@ A natural extension of the noncommutative space is to consider a
deformed superspace. e.g.

{6%,67} = C*%,
0,8y = 19,8" = 0,
¥, y"] = i0", [y",0°]=[y",0"] =0,

Do they arise in string theory?
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2. Non-anticoncommutative (NAC) deformation

o It was realized that string theory in graviphoton background leads to
a deformation of the 4-dimensional superspace. In particular, a
self-dual graviphoton field strength C,,, induces {6<,0°} = C¥.
(Ooguri, Vafa)



|. Review and Motivation

2. Non-anticoncommutative (NAC) deformation

@ It was realized that string theory in graviphoton background leads to
a deformation of the 4-dimensional superspace. In particular, a
self-dual graviphoton field strength C,,, induces {6<,0°} = C¥.
(Ooguri, Vafa)

o Initially it was thought [x*, x”] = 0 and all susy are broken.
(Ooguri, Vafa; de Boer, Grassi, van Nieuwenhuizen.)



|. Review and Motivation

2. Non-anticoncommutative (NAC) deformation

@ It was realized that string theory in graviphoton background leads to
a deformation of the 4-dimensional superspace. In particular, a
self-dual graviphoton field strength C,,, induces {6<,0°} = C¥.
(Ooguri, Vafa)

o Initially it was thought [x*, x”] = 0 and all susy are broken.

(Ooguri, Vafa; de Boer, Grassi, van Nieuwenhuizen.)

@ Seiberg realized that if we choose

y*,y"]1=0,

then one can preserve two out of the four supersymmetries. This is
also shown later to follow from string world sheet quantization.
(Berkovits, Seiberg) .
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@ The *-product is defined as usual

f(y,0,0)*g(y,0,0) = fexp (
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@ The *-product is defined as usual

= - c*? 9 0
FTT T

@ Written in the chiral basis y, 6,6, the supercharges and covariant
derivatives take the standard expressions

0 — 0

o = Ana’ &= T —= 2i0%c" . s
Q BLL Q aga T 2107004 8)//"/
0 —& 0 0
D, = 2 420" 5°-% py=--2

20> + 2oy, Dyr’ 57"
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@ They satisfy

_ 0
— Y M
{Qa-, Q('v} - ZIUQd (‘l)y“, ’
— = afd _p v (“)2
{Q”, Qﬁ} = 07 {Qdf Qi} = —4C igfy(igﬁgw.'

and standard one

{Da, D} = —2ict, -

ai gy {Da,Ds} = {Ds, Dy} =0,

with all the remaining anti-commutators equal to zero.
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@ They satisfy

_ 0
{Qom Qa} = 2,00‘0‘87}/“
o 5 i
_ _ « yn v
{Qa:; Qs} =0, {Qu,Qp}=—-4C"0l 045 dyrdy”’

and standard one

_ ] 9 _
{Da, Da} = ~2ictiaz . {Da, D3} = {Da, Dy} =0,

with all the remaining anti-commutators equal to zero.

@ The N = 1/2 supersymmetry is generated by the unbroken Q’'s. We
have a N = (1/2,0) supersupperspace.
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@ They satisfy

— 0
{QDM Qa} = 2,00‘0‘87}/“
_ 5 R
{Qaa QB} = 07 {Qém Qﬂ} = _4Ca Ugda—;,@ ayuayu’

and standard one
_ ] ) _
{DQ,DQ}:—2IUZ£XW, {Do”Dg}:{Dd,DB}:O,
with all the remaining anti-commutators equal to zero.

@ The N = 1/2 supersymmetry is generated by the unbroken Q's. We
have a A = (1/2,0) supersupperspace.

@ The deformation is possible only for Euclidean space or
(2, 2)-signature so that ¢ is not the complex conjugate of 6



|. Review and Motivation

Examples of Non-anticommutative theory

WZ model
o N =1/2 Wess-Zumino model

L= / d*0® x & + / d>OW(0) + / d*0 W(®)
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Examples of Non-anticommutative theory

WZ model
o N =1/2 Wess-Zumino model

L= /d49&>*¢+/d29W(¢)+/d2§ W(®)
@ For example, for a cubic superpotential

L = /d49<5¢+/d29(%m¢*¢+%g¢*¢*¢)+c.c.

L(C=0)— %g det CF® + total derivative.

o For general superpotential, one have an infinite sum in powers of F.
Remarkably, it has been shown quite recently can be written in
terms of a simple smearing of the Zumino's Lagrangian and the
holomorphic superpotential.

(Azorkina, Banin, Buchbinder, Pletnev; Alvarez-Gaume, Vazquez-Mozo)
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Gauge theory

@ The vector superfield transforms as

eV — e MxeV 5l

@ In the Wess-Zumino gauge, the N’ =1/2 SYM is given by the

Lagrangian

1 2 « 20 + WA/ W

= dOtrWex W, + | d0trWgs « W
16g2 \ .

In terms of the component fields, the Lagrangian reads (up to total
derivatives)

1 N = v i W [ po

o ngtr( — 4iXTDyX — F* Fuy + 5 FP FP% o + 207
- LV ‘C 2 2

—~2iC" Flu M+ (W) )
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NAC QFT and their properties

@ Although power counting non-renormalizable, nevertheless they are
renormalizable.
(Grisaru, Penati, Romagnoni; Berenstein, Britto, Feng, Lunin, Rey; Jack,
Jones, Worthy)
Also exists nonrenormalization theorem.
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NAC QFT and their properties

o Although power counting non-renormalizable, nevertheless they are
renormalizable.

(Grisaru, Penati, Romagnoni; Berenstein, Britto, Feng, Lunin, Rey; Jack,
Jones, Worthy)
Also exists nonrenormalization theorem.

@ Instanton (Imannpur; Britto, Feng, Lunin, Rey; Billo,Frau,Pesando,Lerda)

@ Central extension and supersymmetric anomaly (Chu, Inami)
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3. AdS/CFT correspondence

o Explicit realization of the holographic principle. (t' Hooft; Susskind)

@ Original Maldacena correspondence AdSs x S® is maximally
supersymmetric. Many generalizations. In particular, some of these
are characterized by a deformed *-product.

@ Maldacena-Russo : The SYM is deformed by a Moyal star-product

(0-deformation) :  fxg = /01— 070) fg
The dual is a supergravity background which is AdSs x S® deformed
by a (radially varying) NSNS B-field.

@ Lunin-Maldacena : The product between fields carrying different
U(1) charges is deformed

iB(QFQE— Q7 Q) £,

(-deformation) : fxg=-e g.

The SUGRA dual is obtained from AdSs x S° with a combination of
T-duality and shift operation s: TsT.
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Two motivations:

@ It is natural and of interest to construct a gauge/gravity duality for
the supersymmetric gauge theory deformed by non-anticommutative
C-deformation.

@ In the original Maldacena AdS/CFT correspondence, the amount of
preserved supersymmetry is maximal. Since holography is believed
to be a generic property of quantum gravity, it is interesting to
understand how gauge/gravity duality works in a less or
non-supersymmetric setting, especially when the supersymmetry is
preserved in a non-standard manner.
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Construction of the NAC deformed N = 4 SYM

@ TheN =4 SYM can be written in terms of N' = 1 language or
N =2 language. One can introduce NAC deformation to each of
them.

@ For the NAC deformation of the simple superspace, the Lagrangian
is easy to write down and it has V' = (1/2,0) susy.

W:tr[¢1*¢2*¢3—¢1*¢3*¢2}

@ The action of the NAC deformed N' =4 SYM with N = (1, 0) susy
can be constructed using NAC harmonic superspace.
(Ivanov,Lechtenfeld, Zupnik, Sokatchev; Ito, Sasai)
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NAC deformed extended SUSY

@ Deformation of N' =2 = (1,1) susy is defined by

{627,097} = C*Pi =12,

@ The deformation parameter can be decomposed into irreducible parts

Cozﬁij _ €a{3€ijl + C(()H)(IJ)

The first term preserves Euclidean SO(4) invariance and SU(2)

R-symmetry, and is called the singlet deformation.

The second term is called non-singlet deformation. The deformation

breaks A/ = (1, 1) supersymmetry down to A/ = (1,0) generically.
(Ivanov,Lechtenfeld, Zupnik; Ferrara, Sokatchev)



1. The Non-Anticommutative deformed N = 4 SYM

@ The non-singlet deformation can be obtained from string theory in a
constant RR 5-form background which satisfies the “double
self-duality” condition

1

Fpl/abc - Eﬁ/u/p/\ Fp)\abCa
—i

F/uxabc - ?Eabcdef F/n/def-

where i, v = 0,1,2,3 denote the 4-dimensional indices and
a,b,c,=4,---,9 are the indices of the transverse space.
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@ The non-singlet deformation can be obtained from string theory in a
constant RR 5-form background which satisfies the “double
self-duality” condition

1
F;u/abc = Ee,ul/p/\Fp)\abcv

Fuuabc = EY €abcdewadef-

where p,v = 0,1,2, 3 denote the 4-dimensional indices and
a,b,c,=4,---,9 are the indices of the transverse space.

@ The deformation parameter in field theory is related to the string by
C 3'AB (27_0 ) /2f(xA’3AB.
and is kept fixed in the o/ — 0 limit. A,B =1,2,3,4 € SU(4)

Fo BAB I_—/wabc( ;w)aﬁ(rabc)AB
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RR-flux config for the NAC deformation of N = 2 susy

@ To introduce a deformation to the N' = (1,1) superspace, the RR-5
form F*PAB should be non-vanishing only for a 2 x 2 sub-block of
the indices for A, B. This can be achieved with the following
configuration of RR 5-form:

Foiase = —iFoi7ss = Fosase = —iF23780 = C,
Foi7ss = —iFouaso = Fozrge = —if23a50 = C,

where ¢ := Fgi456 iS @ constant.
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RR-flux config for the NAC deformation of N = 2 susy

@ To introduce a deformation to the N = (1,1) superspace, the RR-5
form FBAB should be non-vanishing only for a 2 x 2 sub-block of
the indices for A, B. This can be achieved with the following
configuration of RR 5-form:

Foiase = —iFoi7s0 = Fosase = —iF23780 = C,
Foires = —iFouasa = Fasrge = —iFozasg = c,

where ¢ := Fpi456 is a constant.

@ This gives

QBAB _ na+ ( 3\aB njAB (T 0
F = 24ic(T°)*" M”"7, M = 2j L

which is of rank 2.
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RR-flux config for the NAC deformation of V' = 1 susy

@ One can similarly write down the necessary 5-form configuration that
will give rises to a F*PAB which is rank 1. (skipped)
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Intersecting brane configuration for NAC deformation of

@ The constant RR 5-form field strength does not generate any
energy-momentum tensor in flat Euclidean space:
My My Ms My

1
— —gunF?=0.
IOgMN

However this is no longer the case once one takes into account the

backreaction of the N D3-branes, which turns the flat spacetime to
AdSs x S°.

Tun = Frvng v, P
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Intersecting brane configuration for NAC deformation of

@ The constant RR 5-form field strength does not generate any

energy-momentum tensor in flat Euclidean space:
1
Tun = Fuangy o s gy Py MMM — TOgMNFz =0.

However this is no longer the case once one takes into account the
backreaction of the N D3-branes, which turns the flat spacetime to
AdSs x S5.

@ One can obtain the desired components of RR-5form field by

considering a configuration of intersecting D3-branes. For the case
of NAC deformation of ' = 2, one has

D3; |( 0 1 2 3 )
D3, |( 0 1 4 5 )
D3, |( 0 1 7 8 ).
D3s | ( 2 3 4 5 )
D3y | ( 2 3 7 8 )

Here D3; denotes the original N D3-branes; and we have
introduced four additional sets of D3-branes.
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@ One can check the supersymmetry and find that there are four
perserved susy. This matches with the AV = (1,0) susy.

@ The metric of our intersecting branes system is given by

HsHy/ 2 2 HaHy 2 2
ds® = ——(d d. —(d d.
s \/H1H2H2/( Xy + dxi) + H1H3H3,( Xy + dx3)

H1Hy Hs/ Hy H> H:
+\/1"_’+’_I33(dxf+dx§)+ Poe o+ i)

+/HiHa HsHy Hy (dx@ + dx3)

and the RR 5-form is

F=Fo+Fi,
1., o123
Fo = d(ﬁ)dx + dual,
1
F = d(i)dxm%—&—d(i)dxong—&—d(i)dxw‘s+d(i)dx2378+dua|
o H> Hy/ Hs Hs: :

Fo is the RR 5-form sourced by the original set of N D3-branes, and
F1 is sourced by the additional sets of branes.
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@ The functions H,, Hy/, H3, H3: has to depend on xg and xg in a
particular way

H2 = HQ(Z), Hg/ = HQ/(Z). H3 = H3(Z), H3/ = H3/(Z)

where
Z = Xg + IXo

so as to produce the desired RR 5-form configuration.
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@ The functions H,, Hy/, H3, H3: has to depend on xg and xg in a
particular way

H2 = "I2(Z)7 H2/ = Hz/(Z), H3 = H:‘;(Z)7 H3/ = H3/(Z)
where
Z = Xg + iXg

so as to produce the desired RR 5-form configuration.

@ The branes D35, D35/, D33, D33/ are smeared and have effectively a
single transverse direction.
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@ The equations of motion of the brane system are then solved and we
obtain the solution
1

Hy = Hy = H3 = Hy = .
2 2 3 3 1+ ez
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@ The equations of motion of the brane system are then solved and we
obtain the solution

1
1+cz

H2:H2/:H3:H3/:
@ The equation for H; reduces to
2 2 1 02
(07 + 05, + —502)Hy = 0.
H;

and we have

R4
Hl — ]- + VR
p
where S
p° ::X,—2+x,2n+WZ, W=

1+ cz’
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@ Taking the near horizon limit (o’ — 0) such that the LHS are fixed,
= x/d,
U:=p/d

¢ .= O/C = (,Y/F01456

X
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@ Taking the near horizon limit (o/ — 0) such that the LHS are fixed,
7= x7/d,
U:=p/d
¢:=a'c=aFose
@ We obtain the near horizon metric

ds? U? A
9 Lo P+ s+

o vV U2

where Z := z/a/, and

dzdz )
(1+¢2)2/)°

37
1+¢

U? = 57 + 55+

i

N

The RR 5-form F = Fy + F1 is
4
Fo_ d(%)dxmn + dual

a’?

F

a,/Z

= (dx’dx'd&*dx’dx® + idx"dx' dx" d5Pd%° + dx’dx®dt dx° dx°
+idPdxCd% dxBd5® + idx’dx dx dPdx® + dxdxtdxTdxBdx®

+idx® d*dx* dx°dx° + dx’dx’dx"dx’dx° + dual).
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o For the NAC deformation of the A/ = 1 susy, we consider the
interesting brane configuration

D3; |( 0 1 2 3 )
D3; | ( 0 1 4 5 )
D3, |( 0 1 7 8 )
D33 | ( 2 3 45 )
D33 | ( 2 3 7 8 )
D3, [( 0 1 4 7 )
D3y [ ( 0 1 5 8 )
D3s | ( 2 3 4 7 )
D3s | ( 2 3 5 8 )




I1I. Construction of the SUGRA dual

Intersecting brane configuration for NAC deformation of

@ For the NAC deformation of the A/ = 1 susy, we consider the
interesting brane configuration

D3 |[( 0 1 2 3 )
D3, | ( 0 1 4 5 )
D3, | ( 0 1 7 8 )
D3; | ( 2 3 45 )
D3y | ( 2 3 7 8 )
D3, | ( 0 1 4 7 )
D3, | ( 0 1 5 8 )
D35 | ( 2 3 4 7 )
D35 | ( 2 3 5 8 )

@ EOM are more complicated in this case. It is quite amazing that one
can still construct the solution in closed form explicitly.
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@ We have

where

Bi(w(2) = |5y C(@) = VNE)D(E)
M(z) = o [(1-i)in %H(Hi) tanH(e2)-20H) [ e
(1+ cz)? c’z”

+2(1—i)tan"(cz)—2(1—1)

1 .
D() = 4| Ty (1+c2)(=i+cz).
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N = 4 supersymmetric Yang-Mills theory with A" = (1,0) and
N = (1/2,0) supersymmetries.
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understand more this kind of supersymmetric breaking from the
supergravity point of view.



I1I. Construction of the SUGRA dual

Conclusions

@ We have constructed the supergravity duals for the NAC deformed
N = 4 supersymmetric Yang-Mills theory with NV = (1,0) and
N = (1/2,0) supersymmetries.

@ Checks of the duality by looking at the two point functions (refer to
our paper).

@ Interesting to analyse further:

o the fact that the metric is non-dilatonic suggests that the field
theory coupling is not renormalized. It will be interesting to check
this explicitly.

o NAC QFT breaks supersymmetry in a novel non-traditional way.
Nevertheless it preserves many remarkable properties of the usual
supersymmetric field theories. It will be interesting to analyse and
understand more this kind of supersymmetric breaking from the
supergravity point of view.

o twisting of NAC *-product and twisted realization of SUSY?
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