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Introduction

¿ GR & QM ?

Gravity
m

Quantum fluctuations of space-time

Noncommutative space-time

[xi, xj] = i θij

Desire simple, intrinsic relation between NC & Gravity
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NC gauge theory contains gravity
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The Model

SYM = −Tr
[
Ya, Yb][Ya′ , Yb′]gaa′gbb′

Ya ∈ L (H) ... matrices/operators; a = 0, 1, 2, 3;

[
Ya, Yb] = i θab

• θab not constant

• Ya interpreted as quantization of coordinate functionsya on
Poisson manifold

(
M, θab(y)

)
with Poisson structureθab(y)

• This implies in the semi classical limit

[Ya, Ψ ] ∼ i θab(y)
∂

∂yb Ψ
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Scalars

Effective Metric

S [Φ] = −Tr [Ya,Φ]
[
Yb,Φ

]
gab

∼

∫
d4y ρ(y)Gab(y)∂aΦ(y)∂bΦ(y)

where
Gmn(y) = θma(y)θnb(y)gab

• Effective metric determined by Poisson sturctureθmn

• Φ couples to effective metric

• ρ(y) = |Gab|1/4

• θmn → vielbein
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Fermions

The Action

S = (2π)2 Tr Ψ̄γa [Ya, Ψ ]

∼

∫
d4yρ(y)Ψ̄ iγaθ

ab(y)∂bΨ

The Dirac operator

/D Ψ = γa [Ya, Ψ ] ∼ i γaθ
ab(y)∂bΨ

⋆ no spin connection appears ⋆

Compare to standard covariant derivative

/DcommΨ = i γaeµ
a

(
∂µ + Σab ωab

µ

)
Ψ
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Spin connection?

Yes, this is a strange feature

• Rotation of spin will be different in this model
• Holonomies will be different than in GR

Nevertheless ...

... trajectory of fermion will follow geodesics
... Einstein-Hilbert action will be induced

This is a reasonable action for fermions

... Opens possiblity for experimental signature?
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Emergent Gravity

How will the Einstein-Hilbert action join our game?
No need of adding further terms to the action.

SEH emerges automaticallyupon quantization.
One-loop effective actionΓΨ will correspond to EH-actionSEH.

e−ΓΨ =

∫
dΨdΨ̄e−S[Ψ,Ψ̄ ]

ΓΨ = −
1
2

Tr log 6D 2

/D 2 defines quadratic form

Ssquare=
(
2π2)Tr Ψ̄ /D 

Ψ =

∫
dyρ(y)Ψ̄ /D 

Ψ
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Emergent Gravity

Unimodular metric

G̃ab := eσGab eσ = (detGab)
−1/4 → detG̃ = 1

Ssquare=

∫
dy
√

G̃ Ψ̄ /̃D

Ψ

˜6D2
Ψ = −

(
G̃ab∂a∂bΨ + e−σγaγbθ

ma
(
∂mθdb

)
∂dΨ

)

:= −
(
G̃ab∂a∂bΨ + ãd∂dΨ

)
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Seeley-de Witt coefficients for
Fermions

1
2

Tr
(

log /̃D
2
− log /̃D

2
0

)
= −

1
2

Tr
∫ ∞

0

dα

α

(
e−α /eD

2

−e−α /eD
2
0

)
e−

1
2α eΛ2

Heat kernel expansion

Tre−α/eD
2

=
∑

n≥0

α
n−4

2

∫

M

dy an

(
y, /̃D


)

Seeley-de Witt coefficients

a0(y) =
1

16π2 tr I

a2(y) =
1

16π2 tr

(
R[G̃]


I + E

)
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Effective Action for Fermions

ΓΨ =
1

16π2

∫
dy

(
2 tr(I) Λ̃ + tr

(
R[G̃]


I + E

)
Λ̃ + O(log Λ̃)

)

Commutative case:

trEcomm = −R

This model: no spin connection→ E will be modified
Still a reasonable Einstein-Hilbert action?

yes
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Induced EH-Action?

E = −G̃mn
(
∂mΩn + ΩmΩn − Γ̃ k

mnΩk

)

Ωm =
1
2

G̃mn

(
ãn + Γ̃ n

)
ãn = e−σγaγbθ

ma
(
∂mθnb

)

∫
dy trE = −

∫
dy (2R[G̃] − Gmn (∂mσ) (∂nσ))

for on-shell geometries↔ fulfill eom
Obtain EH action with an unsual numerical constant

+ dilaton-like term
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R & trE

Use Jacobi identity

∂aθ
−1
bc + ∂cθ

−1
ab + ∂bθ

−1
ca = 0

R[G̃] = e−σ

[
−

1
2
θmnGpq∂p∂qθ

−1
mn −

1
2

Gpq (∂pθ
mn)
(
∂qθ

−1
mn

)

− (∂mθma) Gnk
(
∂kθ

−1
na

)
+

1
2

Gmn (∂mσ) (∂nσ)

+
1
2

(
∂mθ−1

na

) (
∂nθ−1

mb

)
gab −

1
2

Gmn
(
∂qθ−1

ma

) (
∂qθ

−1
nb

)
gab

−
1
2

(∂mθna)
(
∂nθ

mb
)

gab

]

trE = e−σ

[
Gmn

(
∂ lθ−1

ma

) (
∂lθ

−1
nb

)
gab −

(
∂mθ−1

na

) (
∂nθ−1

mb

)
gab
]
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R & trE

Partial integration reduces Ricci scalar to
∫

dyR[G̃]Λ̃ = e−σ×

[1
2

(
∂mθ−1

na

) (
∂nθ−1

mb

)
gab −

1
2

Gmn
(
∂pθ−1

ma

) (
∂pθ

−1
nb

)
gab

−
1
2

(∂pθ
pa) Gqk

(
∂kθ

−1
)

+
1
2

Gmn (∂mσ) (∂nσ)
]
Λ̃
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SUSY

Cancellation of bosonic and fermionic contributions

ΓΨ + 4ΓΦ =
1

16π2

∫
dy tr E Λ̃

• Induced gravitational action is nontrivial in the case of e.g.
N = 1 supersymmetry

• UV/IR mixing remains in supersymmetric models

• Full cancellation only forN = 4 supersymmetry
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Relation with gauge theory ...

S = (2π)2 Tr Ψ̄γa [Y a, Ψ ]

regarded as action for fermions onR


θ̄
coupled toU(1) gauge field

via
covariant coordiantes

Y a = Xa − θ̄abAb(x)

Ab(x) hermitian matrices, smooth functions onR
4
θ̄

[
Xa,Xb

]
= i θ̄ab

θ̄ab constant ḡab = θ̄amθ̄bngmn ρ̄ = |ḡab|
1/4
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UV/IR mixing

The “conventional” gauge theory point of view.

Write the action

S = (2π)2Tr Ψ̄γa [Y a, Ψ ]

as NCU(1) gauge theory...

S =

∫
dx Ψ̄iγa

(
∂̄aΨ + ig [Aa, Ψ ]

)

Consider again the one-loop effective action

→ Use fermionic Feynman rules
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UV/IR mixing

ΓΨ = −
1
2

Tr log∆0 −
g2

2
〈

∫
dx ρ̄Ψ̄ γa [Aa, Ψ ]

∫
dy ρ̄Ψ̄ γb [Ab, Ψ ]〉

... corresponds to the Feynman diagram

ΓΨ = −4ΓΦ −

∫
dx ρ̄ ḡacḡbd F̄ab∂̄

F̄cd
Λ

2
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Rewrite geometricΓΨ

We had

ΓΨ =
1

16π2

∫
dy

(
2 tr(I) Λ̃ + tr

(
R[G̃]


I + E

)
Λ̃ + O(log Λ̃)

)

= −4ΓΦ +
1

16π2

∫
dy trEΛ̃

compare this to the result from gauge theory point of view

rewriteΓΨ in x-coordiantes of Moyal-Weyl plane
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UV/IR mixing ...
...an effect of gravity

Relation betweeny andx coordinates

ya = xa − θ̄abĀb + O(θ)

Relation between

i θab(y) =
[
Y a, Y b

]
= iθ̄ab − iθ̄acθ̄bdF̄cd

θ−
ab (y) = θ̄−

ab − F̄ab

Obtain effective action inx-coordinates

ΓΨ = −4ΓΦ −

∫
dx ρ̄ ḡacḡbd F̄ab∂̄

F̄cd
Λ



UV/IR mixing is understood as an effect of gravity.
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Conclusions

Framework of NC emergent gravity extends to fermions

Fermions couple to background geometry

Spin connection appears to be missing

Fermions will follow standard trajectories
with different spin rotation

Einstein-Hilbert action is induced

UV/IR mixing is an effect of gravity

Bosonic & fermionic contributions do not cancel

... only forN = 4 SUSY
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