= ——

—

—

S——

———

—

m—

Sm——

————

—

S—

—

—

__['liep-th]

=
=
(]

S

02

T
LS

8

I
=
=

Ee.
P
-
g
%

-

- S

H

N
\ V & ;
~P AL
Ly A W [

b o e
e
- == -

o

.

o

s =

-
- =
!_'-
u

HT

ol

:H‘..
L

-
£+
=

=t
[ ]

-
=,

o
P
o

BN Sl
'-t'a*.n‘ y
e
S
T
= -
L
3

5
#
4

V dal __

nas

AP
A. Due

© o0
e LU PR 2
.._-.“u...i.-__ﬂ.... F
- .l-__-.r BF i 1

2008 Bayrischzell Workshop on Noncbmmutativity in Physics

INVAERES
Based on



Summary

O (ntroduction: twisted vs. *-gauwge
transformations

O Half-way twisting: start-twisted gauge
theories

O outlook




Twisted vs. *-gauge transformations

(Ruantum) Field Theory gets nteresting when
the space LS noncommutative

Bl
n  particular, wowaommu’catl\/l’cg deforms the

gauge theory actiow:

1
S=—55 [ dom i

where

855 = el Oty =l Ry ShE ]




Twisted vs. *-gauge transformations

(Ruantum) Field Theory gets nteresting when
the space LS noncommutative

Bl
n  particular, wowaommu’catl\/l’cg deforms the

gauge theory actiow:

1
S=—55 [ dom i

Eﬁu} g(z)




This also results itn a deformation of gauge
symmetry (*-star gauge symmetry) :

DA =0 =t Al

Actually, because of the *-commutator,

[ A/J]* = &%, Ag]*{TaaTb} el Ag}*[TaaTb]
there are restrictions on the possible gauge groups
O The gauwge group is U(N)

O A, takes values in the Universal enveloping
algebra of a group G

Jureo, schralm, sSchupp § Wess ‘00)




'—5
n addition, the NCYM action is also tnvariant %
under twisted gauge transformations

(vasstlevich '06; Aschtert, Dimitrijevic, Meyer, Schraml § Wess '06)

ey = e Tlles Aty
while the action own products uses a deformed
Letbniz rule

55((131 * q)g) — (55@1) e q)g -+ (]:)1 * (55(132)

= 2)2
Z z/ goabs .Qanﬁn{[(‘)al, [+ [Oans0e] - . ]|®1 % Bg, ... D5, B2

s .]]<I>2}




In wmore precise terms, tntroducing the twist operator

I_i
*

F=¢ 39770.89 2big ol {f f®g}

the deformed Letbniz rule corresponds to a twist of
the coproduct

A(5€):58®1+1®5€ A(és)f:f(55®1+1®5s)f_l

For field theory purposes, this can be seem as a
gauwge transformation of the *-product

(Alvarez-Gaumé, Meyer § MA.V.-M. ‘0&)

55((131 * (I)Q) = (58(131) * (I)Q =t (I)l * (55(132) =t (1)1(55*)(1)2




Now, the equations of wotiom constraint the
posstble gauge groups

31
-

Iy =10k et haty — AL A

O The gawge group ts U(N)

0O A, takes values in the Universal enveloping
algebra of a gawge group G

*-gauge symmetry has been argued to play a
custodial role with respect to twisted-gauge

(Alvarez-gaumé, Meyer § M.AV.-M. ‘06)

S 5 mme’crg

(Glller, qonera, Kosinski § Maslanka ‘07)




Sumwmarizing (with a change of notation)

ik

S
2g°

dia tr [FW o FW} By = @)ty — iy =l A

O *-gawge transformations:

WAl — Bl 2l A e
A6)o=6®1+1®4

0] Twisteol—ga woe tra wsformatlows:
52"4# — au&" I i[E, A'u]()
A((Sg)@ — . (52@1 1@5?).7:9_1




Let s Look at an “Lntermediate” case:

It

e
2g°

diz tr [FW v F’“’} By == Ay, = Gty — iAol e

O *-twisted gauge transformations:

5S/Au = Oue +ile, Aulor

s there any way to umplement these
transformations as an tnvaritance of the action?




Let s Look at an “Lntermediate” case:

It

e
2g°

diz tr [FW v F’“’} By == Ay, = Gty — iAol e

1 1

O *-twisted gauge transformations:

5S/Au = Oue +ile, Aulor
!
s there any way to meLemew’c these

transformations as an tnvaritance of the action?




o
we Look wow for a oleformatuow o-(: the LCLbeLZ rule, |
such that F., transforms covariantly with respect F
to 0-*-gauge transformations '

SoeE = lien i A oA R A T R e A e A AT T

mposing now that ' F,, = [ic, Fulo ano using

(i 2 / ! b, V v
frog =3 TUE (g _guny _ (grunin_guavn)(@,. . B, fyxg (B -0 g)

n!
n=0

WE ﬁwd

2 (Ao ) = S L fgoor — gy an — gy g -

n=0

« {([aal,[am,...[a%,(sg]. ]]A“) L (aﬁlaﬁg...aﬁ A,,)
0 (aalaaz S .8%AM) e ([5*51, G




Ustng now the same Letbniz rule for the product
of two freld strength tensors ;

. v - _Z/2>n a101 o b1 Q299 oo D2 « 4o
5§(FW*9F“) — Z(T(e Bi _ gloabry(goelz _ grazbey  (gonbn _ glanfn)

=0

3 {([aal,[a%,...[a%,(sg’]...}] W) Y (851852...aﬁnpuy)
+ (OesBas - - Oa Fy ) %0 ([051, 1055, - - 05,01 ) |

we find that
0% (Fyu %0 F**) = i€, Fyuy %9 F*]g

This guarantees the wnwvariance of the pure
Yawg—-M'LLLs action. under *-twisted gawge
transformations:

/ Az tr ( Fu %o FW)} =0




Matter frelds
we constoer matter transforming unoer *-twisted
gauwge transformations as

55’@& = ek fundamental,
55/@& = —Y *g € antifundamental,

8% = lie, Y]y adjoint.

one can odefined the corresponding covariant
deritvatives

VvV, @A ok fundamental,
V., O + i xg A, antifundamental,
NoEr==0 b =i Aoy adjoint.




( Z/ ) (emﬁl b 9’%&)(@04252 o 9/04252) (@Oénﬁn 4, Qfanﬂn)

« { ([aal, B T oG (aﬁla@ 5 .aﬁncpg)

e (aalaa2 - aancbl) *g ([851, Bl 0l '”%)}

Lt can be proved that the dertvatives are Lndeed
covarLant

55/(VM¢) = i€ xgr V0 fundamental
53’(Vuw) = —i(V, ) xg € antifundamental
53/(vu¢) = [ie, V. 1)]g- adjoint

wWith this we can construct tnvariant actlons




A
Wwe can wakRe a bit wore wathematical '~*§
construction b Y defining the differential operator

= ( ";/!) LR S e e

n=0

n

with a left ¢™-action given by

WD
X? >o g = Z( / I (9“1”1...9“”””(%1...8%]3) (O O U e f*o_p g

n=0

Awnalogously, we can define

— (—i/2)"
g <]9/ X? = Z ( / ) (9“11/1 i .9“”””(8M LA .8Mng) *g! (8V1 B .8,,nf) = g*g/_g f

n!
n=0

ano




I_g
?

The tra wsformatww ﬁeLol LA dbfferew’c represewtatwws
can be writtewm thew as ‘

00 = iXlr.ore @ fundamental,

5S/CI> = —i® <grg X2re antifundamental,

55/613 = $Adj( X% p0) oo @ adjoint

Let’s take &, and &, such that &, x4 &, also
transforms tn one of these representations

Thew, tf om =o' (*-gauge transformations)

(@1 xo ®2) = | F A1 © D], AW =0 @1+100




I_g
?

Taking 0 £ 6" (*-twisted gawge tmw{ormatwws)

(Sg,(q)l *9 (I)Q) — U {fe_lA((Sg,)g_g/(q)l & @2):|

where
A6 Yo_g = Fo_g (55, R1+1® 55/)]:9__19/

This aowtiwuousLH LwterpoLates betweewn:

O 9" = ¢'* (*-gauge transformations)

O ¢w = (twisted-gauwge transformations)
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Concluding remarks

O we have showwn that the NCYM action admits
a continuous family of twisted invariances
interpolating  between *-gauge symmetry
and twisted gauge symmetry

for exa VWPLB:

gl Xgie




O Awn Linteresting case arises when

g — buct ' £ )

we find that ordinary (commutative) Yang-
MtLlls theories adwmit a continous famil,g of
twisted Lnvariances

Do these tnwvartances play any d Yna mieal role?




O (n all cases the twist can be tnterpreted as a
transformation of the *-product

53/((131 *0 (I)Q) — ((55,(1)1) *0 (1)2 —+ (I)l *0 (55/(1)2) —+ (131(55,*9)(132

{[aal, o e o s e

N SR T R e A .]]<I>2}

*-gauge symmetry might still be playing a
custodial role
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