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A spectral triple for the quantum projective space CP2
q

A(CP2
q ), H, D

a q-deformation of the classical principal fibrations:

U(2) ↪→ SU(3)→ CP2 U(1) ↪→ S5 → CP2

and q-deformation of associated bundles



With 0 < q < 1, the function algebra

O := A(SUq(3))

has generators uij and relations
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kl(q) is the R-matrix of the SUq(n) series



Coproduct, counit and antipode:

∆(uij) =
∑

k
uik ⊗ u

k
j ,

ε(uij) = δij ,

S(uij) = (uji)
∗



The symmetry algebra

Symmetries are via the ∗-Hopf algebra U := Uq(su(3))

generated by Ki,K
−1
i , Ei, Fi, i = 1,2 with Ki = K∗i , Fi = E∗i ,

and relations ( aij = Cartan matrix )

[Ki,Kj] = 0 , KiEjK
−1
i = qaij/2Ej , [Ei, Fj] = δij

K2
i −K

−2
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q−q−1

EiE
2
j − (q + q−1)EiEjEi + EjE

2
i = 0 ∀ i 6= j .



Coproduct, counit and antipode are given by (with i = 1,2)

∆(Ki) = Ki ⊗Ki , ∆(Ei) = Ei ⊗Ki +K−1
i ⊗ Ei ,

ε(Ki) = 1 , ε(Ei) = 0 ,

S(Ki) = K−1
i , S(Ei) = −qEi



Via a non-degenerate dual pairing 〈 , 〉 : U ×O → C

define commuting left and right U-actions on O:

h . a = a(1)

〈
h, a(2)

〉
, a / h =

〈
h, a(1)

〉
a(2) ,

forall h ∈ Uq(su(3)), a ∈ A(SUq(3))

notation ∆(a) = a(1) ⊗ a(2)



The deformation of the quadratic Casimir of U(su(3));

a central element in U given by

Cq := (q−q−1)−2
(

(H+H−1)
{

(qK1K2)2+(qK1K2)−2
}

+H2+H−2−6
)

+(qHK2
2 +q−1H−1K−2

2 )F1E1 +(qH−1K2
1 +q−1HK−2

1 )F2E2

+ qH[F2, F1]q[E1, E2]q + qH−1[F1, F2]q[E2, E1]q

with H := (K1K
−1
2 )2/3 [a, b]q := ab− q−1ba

The restriction of Cq to the irrep (n1, n2) is

Cq
∣∣∣
(n1,n2)

= [1
3(n1−n2)]2 +[1

3(2n1 +n2)+1]2 +[1
3(n1 +2n2)+1]2



Some relevant subalgebras:

Uq(su(2))
the Hopf ∗-subalgebra of Uq(su(3)) generated by {K1,K

−1
1 , E1, F1}

Uq(u(2))
the Hopf ∗-subalgebra generated by Uq(su(2)) and K1K

2
2, (K1K

2
2)−1

K1K
2
2 commutes with all elements of Uq(su(2))

a class {σ`,N} of irreducible representation of Uq(u(2))
coming from a spin ` representation of Uq(su(2)), ` ∈ 1

2N, and a
representation of charge N on K1K

2
2,

σ`,N(K1K
2
2) = qN , N ∈

1

2
Z

a constraint on the labels: `+N ∈ Z



The quantum complex projective plane CP2
q

The ∗-algebra A(SUq(3)) is an Uq(su(3))-bimodule for the canon-

ical actions . and /

Call A := A(CP2
q ) the fixed point subalgebra for the right action

of the ∗-Hopf subalgebra Uq(u(2)) ⊂ Uq(su(3)) :

A(CP2
q ) = A(SUq(3))Uq(u(2))

=
{
a ∈ A(SUq(3))

∣∣∣ a / h = ε(h)a , ∀ h ∈ Uq(u(2))
}

A is a left Uq(su(3))-module algebra;



A generated by elements pij := (u3
i )∗u3

j , of a projection

p2 = p = p∗

this projection is a line bundle over CP2
q more later on

there are commutation rules (here sgn(0) := 0)

piipjk = qsgn(i−j)+sgn(k−i)pjkpii i, j, k distinct ,

piipij = qsgn(j−i)+1pijpii − (1− q2)
∑
k<i q

6−2kpkkpij i 6= j ,

pijpik = qsgn(k−j)pikpij i /∈ {j, k} ,
pijpjk = qsgn(i−j)+sgn(k−j)+1pjkpij − (1− q2)

∑
l<j pilplk i, j, k distinct ,

pijpji = (1− q2)
(∑

l<i pjlplj −
∑
l<j pilpli

)
i 6= j ,



and ‘projective plane’ conditions∑
k
pjkpkl = pjl , Trq(p) := q4p11 + q2p22 + p33 = 1

also: ∗-structure (pij)
∗ = pji



There is a quantum sphere S5
q

Call B := A(S5
q ) the fixed point subalgebra for the right action

of the ∗-Hopf subalgebra Uq(su(2)) ⊂ Uq(su(3)) :

A(S5
q ) = A(SUq(3))Uq(u(2))

=
{
a ∈ A(SUq(3))

∣∣∣ a / h = ε(h)a , ∀ h ∈ Uq(su(2))
}

B is a left U-module algebra, and is generated by zi := u3
i

Also: A(CP2
q ) '

{
a ∈ A(S5

q )
∣∣∣ a / K1K

2
2 = a

}
and its generators are written as pij := z∗i zj



Relations for the sphere generators:

zizj = qzjzi ∀ i < j , z∗i zj = qzjz
∗
i ∀ i 6= j ,

[z∗1, z1] = 0 , [z∗2, z2] = (1− q2)z1z
∗
1 ,

[z∗3, z3] = (1− q2)(z1z
∗
1 + z2z

∗
2) ,

z1z
∗
1 + z2z

∗
2 + z3z

∗
3 = 1 .



The classical spinc-structure

CP2 does not admit a spin structure; only spinc structures

it is a Kähler manifold ⇒

the bundle of antiholomorphic forms Ω0,• with a natural Z2-

grading is a canonical spinc-bundle and a spinc-Dirac operator is

given by the Dolbeault-Dirac operator

D = ∂ + ∂̄

tensoring with line bundles one gets other spinc-bundles



Associated bundles: line bundles in particular

σ : Uq(u(2))→ End(Cn) an n-dimensional ∗-representation

A(CP2
q )-bimodule of equivariant elements associated to σ:

M(σ) :=
{
v ∈ A(SUq(3))n

∣∣∣
σ(S(h(1))) · (v / h(2)) = ε(h)v , ∀ h ∈ Uq(u(2))

}

These are finitely generated projective right-A(CP2
q ) modules

σ = σ`,N , with ` ∈ 1
2N, N ∈ 1

2Z, and condition `+N ∈ Z

denote Σ`,N := M(σ`,N); in particular Σ0,0 = A



Antiholomorphic forms again

Ω0,0 := A = Σ0,0 , Ω0,1 := Σ1
2,

3
2
, Ω0,2 := Σ0,3 ,

The full differential calculus Ω•,• = ⊕Ωi,j
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Ωi,j ' Σ`,N , with suitable values of (`,N)

The double complex: ∂ : Ωp,q → Ωp+1,q and ∂̄ : Ωp,q → Ωp,q+1

denote ∂i,j := ∂|Ωi,j and ∂̄i,j := ∂̄|Ωi,j and Rha := a / h



∂0,0 :=
(RE2

RY

)
, ∂̄0,0 :=

(RX
RF2

)
,
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)
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)
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)
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)
,
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(
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,

∂1,2 := −
(
RX∗ RE2

)
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(
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RY ∗
)



One finds: ∂2 = ∂̄2 = ∂∂̄ + ∂̄∂ = 0; d = ∂ + ∂̄; d2 = 0

An inner product on Ω•,• : 〈ω, η〉 :=
∑
p,q ϕ

(
ω
†
p,q ηp,q

)
with ϕ the Haar functional of A(SUq(3))

Ω2,2 is a rank one free module with basis a central element vol

use it to define an integral∫
− ω := 〈vol, ω〉 = ϕ(ω2,2) , ω ∈ Ω•,•

since ∂ and ∂̄ are constructed with the right action of elements
in ker ε and the Haar functional is invariant (ϕ(a/x) = ε(x)ϕ(a)),
the integral is closed ∫

− ∂̄ω =
∫
− ∂ω = 0



A spectral triple over CP2
q from antiholomorphic forms

Ω(0,0) ∂̄→ Ω(0,1) ∂̄→ Ω(0,2) → 0 .

H+ the completion of Ω(0,0) ⊕Ω(0,2) , H− of Ω(0,1) ,

H := H+ ⊕H−

Dolbeault-Dirac operator:

Dω := (∂̄†v, ∂̄a+ ∂̄†b, ∂̄v) , ω = (a, v, b) ∈ Ω(0,•)

∂̄† the Hermitian conjugate of ∂̄

[D, f ] ∈ B(H) for all f ∈ A



A self-adjoint extension of D defined once it is diagonalized
Compactness of (D+ i)−1 from asymptotic behaviour of Sp(D)

kerD = C are the constant 0-forms;
non-zero eigenvalues of D are (n ≥ 1)

±
√

2
[2][n][n+ 2] with multiplicity (n+ 1)3 ,

±
√

[n+ 1][n+ 2] with multiplicity 1
2n(2n+ 3)(n+ 3)

The spectrum of D is a q-deformation of the spectrum of the
Dolbeault-Dirac operator of CP2

Sp(D) grows exponentially: a 0+-dimensional spectral triple

The spectrum of the Dirac operator from

D2 ω = [2]−1ω / (Cq − 2) Cq is the quadratic Casimir



The Hodge star operator

the linear operator ∗H : Ωi,j → Ω2−j,2−i∫
− ω∗∧qω′ =

〈
∗H ω, ω′

〉
Since Ω2,2 ' A and the Haar state is faithful, equivalently

ω∗∧qω′ =
〈
∗H ω, ω′

〉
vol

The calculus defined so that ∗2Hω = (−1)dg(ω)ω

d† = ∗Hd ∗H .

e(ω) the left ‘exterior product’ : e(ω)ω′ := ω∧qω′

i(ω) = e(ω)† the ‘contraction’ by ω

∗Hω = i(ω∗)vol



Line bundles

Σ0,N are line bundles of ‘degree’ N

As right A-modules:

Σ0,N ' PNArN , PN = ΨNΨ†N

ΨN is the column vector with components ψNj,k,l:

(ψNj,k,l)
∗ :=

√
[j, k, l]! zj1z

k
2z
l
3 , if N ≥ 0 ; j + k + l = N ,

(ψNj,k,l)
∗ := q−N+j−l

√
[j, k, l]! (zj1z

k
2z
l
3)∗ , if N < 0 ; j + k + l = −N

Ψ†NΨN = 1 ⇒ (PN)2 = PN



The size is rN := 1
2(N + 1)(N + 2); think of ΨN as a column

vector of size rN , and of Ψ†N as a row vector of the same size.

[j, k, l]! are the q-trinomial coefficients:

[j, k, l]! = q−(jk+kl+lj)[j + k + l]!

[j]![k]![l]!

q-factorial is

[n]! := [n][n− 1] . . . [2][1], n > 0; [0]! := 1



The Grassmannn connection:

∇ : Σ0,N ⊗AΩ→ Σ0,N ⊗AΩ ∇ := PN ◦ d

has curvature which is constant:

∇2
N = qN−1[N ]∇2

1 ∈ Ω(1,1)

and anti-self-dual:

∗∇2
N = −∇2

N

the bundles are of rank 1

‘first Chern number ’ N

‘first Chern number’ 1
2N(N + 1)



Gauged Laplacian operator

�N = ∇†N∇N

Related to the Casimir Cq

�N = q−
3
2
q

3
2 + q−

3
2

q
N
3 + q−

N
3

(
Cq−[1

3N ]2q−[1
3N+1]2q−[2

3N+1]2q

)
+[2]q[N ]q ,



The spectrum {λn,N}n∈N of �N

λn,N = (1 + q−3)[n]q[n+N + 2]q + [2]q[N ]q if N ≥ 0 ,

λn,N = (1 + q−3)[n+ 2]q[n−N ]q + [2]q[N ]q if N ≤ 0 .

with n ∈ N.

not invariant under the exchange N ↔ −N ,

not even when sending q ↔ q−1



K-theory and K-homology

the C∗-algebra

0→ K → C(CP2
q )→ C(CP1

q )→ 0

C(CP1
q ) ' C(S2

q ) = K⊕ C1

K0(C(CP2
q )) = Z3, K1(C(CP2

q )) = 0

K0(C(CP2
q )) = Z3, K1(C(CP2

q )) = 0

There are interesting twisted cocycles;
in particular a twisted volume form



K0(A): the a. group of finitely generated projective A-module

K0(A): the a. group of even Fredholm modules

their pairing is via Chern characters; these are cyclic (co)-cycle,

a cyclic 2n-cocycle: τn : A2n+1 → C which is cyclic:

τn(a0, a1, . . . , a2n) = τn(a2n, a0, . . . , an−1) ,

and Hochschild boundary closed: b τn = 0

b τn(a0, . . . , a2n+1) :=
2n∑
j=0

(−1)jτn(a0, . . . , ajaj+1, . . . , a2n+1)

− τn(a2n+1a0, a1, . . . , a2n)



Even cyclic cocycles ch(π,H,F )
n , 2n ≥ k,

canonically associated to a k + 1-summable Fredholm module:

a triple (π,H, F ) :

H = H+ ⊕H− a Z2-graded Hilbert space with grading γ

a graded representation π : A → B(H+)⊕ B(H−)

an odd operator F such that

[F, a0][F, a1] . . . [F, ak] is traceclass

then

ch(π,H,F )
n (a0, . . . , a2n+1) := 1

2(−1)nTrH(γF [F, a0][F, a1] . . . [F, a2n])



The coupling with idempotents:

〈 , 〉 : K0(A)×K0(A)→ Z ,

〈[(π,H, F )], [e]〉 = 1
2(−1)nTrH⊗Cm(γF [F, e]2n+1)

it is an integer ; the index of a Fredholm operator



Classical Invariants

Back to line bundles over CP2
q

The rank

The algebra A = A(CP2
q ) with generators pij has

a character (1-dimensional representation):

τ0 : A → C, τ0(pij) := δi3δj3

then

〈[τ0]|[PN ]〉 : = τ0(ch0(PN)) = τ0(TrCrNPN)

= 1



The monopole charge via a Fredholm module on A(CP2
q )

`2(N), with orthonormal basis |n〉;
the Hilbert space is H1 := `2(N)⊗ C2, and

F :=

(
0 1
1 0

)
, γ :=

(
1 0
0 −1

)
,

representation π := π+ ⊕ π− and

π±(p11) = π±(p12) = π±(p13) ,

π−(p22) = π−(p23) = 0

π+(p22)|n〉 = q2n|n〉 , π+(p23)|n〉 = qn+1
√

1− q2(n+1)|n+ 1〉 ,



π+(pij)− π−(pij) is trace class for all i, j

the Fredholm module is 1-summable; a cyclic 0-cocycle:

τ1 : A(CP2
q )→ C, τ1(a) := 1

2TrH(γF [F, a])

then

〈[τ1]|[PN ]〉 : = τ1(ch0(PN)) = 1
2 TrH⊗CrN (γF [F, PN ])

= ...

= N

The number depends only on the restriction of the bundle to the

subspace CP1
q ' S2

q , (a reason to call it the monopole charge)



The instanton charge via a Fredholm module on A(CP2
q )

the Hilbert space H2 (is two copies of) the linear span of or-
thonormal vectors |`,m〉, with ` ∈ 1

2N and `+m ∈ N

the grading γ and the operator F are like before.

for the representation π2 = π+ ⊕ π−

π+(p11) = π+(p12) = π+(p13) = 0 ,

π+(p22)|`,m〉 =

q2(`+m)|`,m〉 if m ≤ ` ,
0 if m > ` ,

π+(p23)|`,m〉 =

q`+m+1
√

1− q2(`+m+1)|`,m+ 1〉 if m ≤ `− 1 ,

0 if m ≥ ` .



π−(p11) = π−(p12) = π−(p13) = 0 ,

π−(p22)|`,m〉 = q2(`+m)|`,m〉 ,

π−(p23)|`,m〉 = q`+m+1
√

1− q2(`+m+1)|`,m+ 1〉 .

π+(pij)− π−(pij) is trace class for all i, j

the Fredholm module is 1-summable; a cyclic 0-cocycle:

τ2 : A(CP2
q )→ C, τ2(a) := 1

2TrH(γF [F, a])

then

〈[τ2]|[PN ]〉 : = τ2(ch0(PN)) = TrH2⊗Cm(γF [F, PN ])

= ...

= 1
2N(N + 1)



For any N ∈ Z, the (right) module Σ0,N has

‘rank’ 1
‘monopole charge’ N
‘instanton number’ 1

2N(N + 1)

The three generators {e1, e2, e3} of K0(A(CP2
q )) are:

e1 = [1] is the class of the rank one free A(CP2
q )-module Σ0,0

e2 is the class of Σ0,−1 (the dual of the tautological bundle)

and e3 is the class of Σ0,1 (the tautological bundle)

The three generators of K0(A(CP2
q )) are the classes of the Fred-

holm modules (πi,Hi, Fi), i = 0,1,2, given before



Quantum invariants

Classically, invariants of vector bundles are computed by inte-

grating powers of the curvature of a connection on the bundle,

the result being independent of the particular chosen connection.

In order to integrate the curvature of a connection on the quan-

tum projective space CP2
q one needs ‘twisted integrals’; the re-

sult, is no longer an integer but rather its q-analogue



Invariants for CP2
q

The Haar state of A(SUq(3))

ϕ(ab) = ϕ
(
(K . b / K)a

)
, for a, b ∈ A(SUq(3)) ,

that when a, b ∈ A(CP2
q ) means

ϕ(ab) = ϕ
(
(K . b)a

)
= ϕ

(
η(b)a

)
.



η-twisted cyclic 2n-cocycles: τn : A2n+1 → C

τn(a0, a1, . . . , a2n) = τn(η(a2n), a0, . . . , an−1) ,

and Hochschild boundary closed: bη τn = 0

bη τn(a0, . . . , a2n+1) :=
2n∑
j=0

(−1)jτn(a0), . . . , ajaj+1, . . . , a2n+1)

− τ(η(a2n+1)a0, a1, . . . , a2n)



The restriction of the Haar state to A(CP2
q ) is the representative

of a class in the cohomology [τ0] ∈ HCη0(A(CP2
q ))

An element [τ4] ∈ HCη4(A(CP2
q )) is constructed as

τ4(a0, . . . , a4) :=
∫
− a0da1 ∧q . . . ∧qda4 .

A 2-cocycle can be defined in a similar way.
Elements of Ω1,1(CP2

q ) are ω = (α, α4), with α4 ∈ A(CP2
q ).

Let π : Ω1,1(CP2
q )→ A(CP2

q ) be such that π(ω) = α4;
extend it to a projection π : Ω2(CP2

q )→ A(CP2
q )

by π(ω) = 0 if ω ∈ Ω0,2 or ω ∈ Ω2,0.

The map τ2(a0, a1, a2) := ϕ ◦ π(a0da1 ∧qda2)

is the representative of a class [τ2] ∈ HCη2(A(CP2
q )).



Both classes [τ4] and [τ2] are proven to be not trivial by pairing

them with the monopole projections PN = ΨNΨ†N

The pairing of [τ4] with PN :

〈[τ4]|[PN ]〉 =
∫
− Tr

(
PN(dPN)4σN(K−4

1 K−4
2 )t

)
= q−2N

∫
− ∇2

N ∧q∇
2
N

∼ [N ]2

For q = 1, the integral of the square of the curvature is the

instanton number of the bundle.



The pairing of [τ2] with PN :

〈[τ2]|[PN ]〉 = ϕ ◦Tr
(
π(PNdPN ∧qdPN)σN(K−4

1 K−4
2 )t

)
= q−2Nϕ ◦ π(∇2

N)

∼ [N ]

At q = 1 the integral of the curvature is the monopole number

of the bundle.

The pairing of [τ0] with PN

〈[τ0]|[PN ]〉 = ϕ ◦Tr
(
PN)σN(K−4

1 K−4
2 )t

)
= q−2N

At q = 1 this is the rank of the bundle.



If q is trascendental, this means that all [PN ] are independent,

i.e. the equivariant K0-group is infinite dimensional

Indeed, were the classes [PN ] not independent, there would exist

a sequence {kN} of integers – all zero but for finitely many – such

that
∑
N kNq

−2N = 0, and q−1 would be the root of a non-zero

polynomial with integer coefficients.



thank you !!


