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Matrix models of Yang-Mills type

SYM = −Tr[Xa, Xb][Xc, Xd]ηacηbd
→ e.o.m: [Xa, [Xb, Xc]]ηab = 0

Xa are Hermitian matrices acting on a Hilbert space H,
and ηab is D dimensional �at background metric � �xes

signature

simplest solution of e.o.m.: [Xa, Xb] = iθab = constant

⇒ �at Groenewold-Moyal space Rθ

Xa =
(
Xµ,Φi

)
, µ = 1, . . . , 2n, i = 1, . . . , D − 2n,

so that Φi(X) ∼ φi(x) de�ne embeddingM2n ↪→ RD

(in semi-classical limit)
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Yang-Mills Matrix models II

gµν(x) M2n

induced metric of 2n dimensional submanifoldM2n ∈ RD

gµν(x) = ∂µx
a∂νx

bηab

= ηµν + ∂µφ
i∂νφ

jηij
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Yang-Mills Matrix models III

M2n endowed with a Poisson structure

−i[Xµ, Xν ] ∼ {xµ, xν}PB = θµν(x)
⇒ �e�ective� metric

Gµν = e−σθµρθνσgρσ
= −(J 2)µρgρν

, e−σ ≡

√
det θ−1

µν√
detGρσ

special case: 2n = 4 ⇒ detGµν = det gµν
opens possibility for special class of geometries where

Gµν = gµν ↔ J 2 = −1
corresponds to a self-dual symplectic form θ−1

µν ,

i.e. Θ = 1
2θ
−1
µν dx

µ ∧ dxν , ?Θ = ±iΘ

⇒ e.o.m. ∇µθ−1
µν = 0
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Yang-Mills Matrix models IV

example: scalar �eld φ onM4 in the semi-classical limit

where Xa ∼ xa are mere coordinates

S[φ] = −Tr[Xa, φ][Xc, φ]ηac

∼
∫
d4x

√
det θ−1

µν {Xa, φ}PB {X
c, φ}PB ηac

=
∫
d4x
√

detGµν e−σ θµν∂µxa∂νφ θρσ∂ρxc∂σφ ηac

=
∫
d4x
√

detGµν Gνσ∂νφ∂σφ ,

natural vector �elds: ea(f) := −i[Xa, f ] ∼ θµν∂µxa∂νf
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Yang-Mills Matrix models V

Also possible to add U(N) gauge �elds A to the matrix

model (for simplicity, consider only 4 dimensions):

Y µ = Xµ − θµνAν �covariant coordinates�

where the Aµ are some U(N) valued �elds.

Field strength tensor appears in semiclassical limit of

commutator:

[Y µ, Y ν ] ∼ i (1− θρσAσ∂ρ) θµν − iθµρθνσFρσ

→ SYM ∼ Yang-Mills action

Turns out, that this describes SU(N) gauge �elds coupled

to gravity � where U(1) gauge �eld becomes geometrical

d.o.f. (see e.g. review of H. Steinacker, arXiv:1003.4134)
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Energy-momentum tensor when Gµν = gµν

SYM ∝ Tr[Xa, Xb]2 : T ab = Hab − H
4 η

ab ,

Hab = 1
2

[
[Xa, Xc], [Xb, Xc′ ]

]
+
ηcc′ ,

H = Habηab ,

matrix ward-identity: [Xa, T a
′b]ηaa′ = 0

• semiclassical limit:

T ab ∼ eσ PabN , Hab ∼ −eσ PabT ,

PabT = gµν∂µx
a∂νx

b , PabN = ηab − PabT
where PN,T are the projectors on the normal resp. tangential

space at p ∈M4. This means that

PabT ∂µxb = ∂µx
a , PabN ∂µxb = 0 ,

P2
T = PT , P2

N = PN
8 / 28
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Curvature

Can use projector PN to write down covariant derivatives

∇ ≡ ∇g, i.e.

PabN ∂µ∂νxb = (ηab−PabT )∂µ∂νxb = (∂µ∂ν − Γρµν∂ρ)x
a

= ∇µ∇νxa

from which follows ∇µxa∇ν∇ρxa = 0 and

PabN ∇µ∇νxb = ∇µ∇νxa.

⇒ Riemann tensor:

Rρσνµ = R τ
ρσν ∂τx

a∂µxa = [∇ρ,∇σ]∇νxa∇µxa
= ∇σ∇µxa∇ρ∇νxa −∇σ∇νxa∇µ∇ρxa (→ G.-C. theo.)

= PabN (∂σ∂µxa∂ρ∂νxb − ∂σ∂νxa∂µ∂ρxb)

R = �gx
a�gxa −∇µ∇νxa∇µ∇νxa

9 / 28
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One-loop e�ective action

D. Klammer and H. Steinacker, JHEP 02 (2010) 074:

SΨ = −Tr
(

1
4

[Xa, Xb][Xa, Xb] +
1
2
ψ̄γa[Xa,Ψ]

)

⇒ ΓΨ =
k

16π2

∫
√
g

[
4Λ4 + Λ2

(
− 1

3
R+

1
4
∂µσ∂µσ

+
1
8
e−σθµνθρσRµνρσ +

1
4
�gx

a�gxa

)
+O(log Λ)

]

10 / 28
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Extensions to the matrix model action

• compare with:

S6 = Tr
(
α�Xa�Xa +

β

2
[Xc, [Xa, Xb]][Xc, [Xa, Xb]]

)
∼ α+ β

(2π)2

∫
√
g eσ�gx

a�gxa

+
β

(2π)2

∫
√
g

(
1
2
θµρθηαRµρηα − 2R+ eσ∂µσ∂µσ

)
with �Xa ≡ [Xb, [Xb, X

a]].

• extensions of order 10

SE-H = Tr
(

2T ab�Xa�Xb − T ab�Hab

)
∼ 2

(2π)2

∫
√
g e2σR

11 / 28
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Deviations from G = g

order 10-terms lead to E-H action only for G = g, but
variation requires Gµν = gµν + hµν

d.o.f: φi and Aµ, i.e.

gµν = ηµν + ∂µφ
i(x)∂νφj(x)ηij ,

θ−1
µν = θ̄−1

µν + Fµν , Fµν = ∂µAν − ∂νAµ

variations

δφgµν = δφGµν =: h(φ)
µν ,

δAθ
−1
µν = ∂µδAν − ∂νδAµ , → Gµν = gµν + δAGµν

Several matrix terms are semiclassically equivalent for

G = g, but not for G 6= g.
→ further terms possible (work in progress)

12 / 28
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Embedding of Schwarzschild metric

ds2 = −
(

1− rc
r

)
dt2S +

(
1− rc

r

)−1
dr2 + r2dΩ2

Consider Eddington-Finkelstein coordinates and de�ne:

t = tS + (r∗ − r) , r∗ = r + rc ln
∣∣∣∣ rrc − 1

∣∣∣∣ ,
⇒ ds2 = −

(
1− rc

r

)
dt2 +

2rc
r
dtdr +

(
1 +

rc
r

)
dr2 + r2dΩ2

need 3 extra dimensions:

φ1 + iφ2 = φ3e
iω(t+r) ,

φ3 =
1
ω

√
rc
r
, where φ3 is time-like
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Embedding of Schwarzschild metric II

7-dim. embedding given by

xa =



t
r cosϕ sinϑ
r sinϕ sinϑ
r cosϑ

1
ω

√
rc
r cos (ω(t+ r))

1
ω

√
rc
r sin (ω(t+ r))

1
ω

√
rc
r


with background metric ηab = diag(−,+,+,+,+,+,−).
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Embedded Schwarzschild black hole
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Symplectic form

Require ?Θ = iΘ, so that Gµν = eσθµρθνσgρσ = gµν and

lim
r→∞

e−σ = const. 6= 0.

Solution:

Θ = iE ∧ dtS +B ∧ dϕ ,
E = c1 (cosϑdr − rγ sinϑdϑ) = d(f(r) cosϑ) ,

B = c1

(
r2 sinϑ cosϑdϑ+ r sin2 ϑdr

)
=
c1

2
d(r2 sin2 ϑ) ,

γ =
(

1− rc
r

)
, f(r) = c1rγ , f ′ = c1 = const. ,

from which follows

e−σ = c2
1

(
1− rc

r
sin2 ϑ

)
≡ c2

1e
−σ̄ .
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Darboux coordinates

xµD = {Hts, tS , Hϕ, ϕ} corresponding to Killing vector �elds

Vts = ∂ts , Vϕ = ∂ϕ where the symplectic form Θ is constant:

Θ = ic1dHts ∧ dtS + c1dHϕ ∧ dϕ ,
= c1d (iHtsdtS +Hϕdϕ) ,

Hts = rγ cosϑ , Hϕ =
1
2
r2 sin2 ϑ

Relations to the Killing vector �elds:

E = c1dHts = c1Eµdx
µ = iVtsΘ , Eµ = V ν

tsθ
−1
νµ ,

B = c1dHϕ = c1Bµdx
µ = iVϕΘ , Bµ = V ν

ϕ θ
−1
νµ ,

ds2
D = −γdt2S +

eσ̄

γ
dH2

ts + r2 sin2 ϑdϕ2 +
eσ̄

r2 sin2 ϑ
dH2

ϕ

17 / 28
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Star product

A Moyal type star product can easily be de�ned as

(g ? h)(xD) = g(xD)e−
i
2

“←−
∂ µθ

µν
D

−→
∂ ν

”
h(xD) ,

with

θµνD = ε


0 i 0 0
−i 0 0 0
0 0 0 1
0 0 −1 0

 ,

where ε = 1/c1 � 1 denotes the expansion parameter.
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Star product II

. . . or in embedding coordinates:

(g ? h)(x) = g(x) exp

[
iε

2

((
←−
∂ t
ircze

σ̄

r2γ
+
←−
∂ zie

σ̄

)
∧
−→
∂ t

+
((←−
∂ t−

←−
∂ z

z
r

)
rceσ̄

r2 +
(←−
∂ xx+

←−
∂ yy

)
1

x2+y2

)
∧
(
x
−→
∂ y − y

−→
∂ x

))]
h(x)

where care must be taken with the sequence of operators and

the side they act on.

Higher orders in this star product lead to non-commutative

corrections to the embedding geometry, e.g.:

φ1 ? φ1 + φ2 ? φ2 6= φ3 ? φ3
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Star commutators for Schwarzschild geometry

− i
[
xa ?, xb

]
= εeσ̄

0 − rcyr2
rcx
r2 −i izf+

12(1)
r

izf−21(1)
r

izφ3
2r2

rcy
r2 0 e−σ̄ − rcyzr3

−yf+
12(γ)
r

−yf−21(γ)
r −yγφ3

2r2

− rcxr2 −e−σ̄ 0 rcxz
r3

xf+
12(γ)
r

xf−21(γ)
r

xγφ3
2r2

i rcyz
r3 − rcxzr3 0 −iωφ2 iωφ1 0

−izf+
12(1)
r

yf+
12(γ)
r

−xf+
12(γ)
r iωφ2 0 − iωzφ

2
3

2r2
−iωzφ3φ2

2r2
−izf−21(1)

r
yf−21(γ)

r
−xf−21(γ)

r −iωφ1
iωzφ2

3
2r2 0 iωzφ3φ1

2r2

− izφ3
2r2

yγφ3
2r2 −xγφ3

2r2 0 iωzφ3φ2
2r2

−iωzφ3φ1
2r2 0


+O(ε3) ,

with

f±ij (Y ) =
(
Y

2r
φi ± ωφj

)
.

20 / 28



Emerging
Geometries

D. Blaschke

Outline

Introduction

Curvature &
Gravity

Schwarzschild
Geometry

RN
Geometry

Conclusion

Embedding of Reissner-Nordström metric

RN metric in spherical coordinates xµ = {t, r, ϑ, ϕ}:

ds2 = −
(

1− 2m
r

+
q2

r2

)
dt̃2 +

(
1− 2m

r
+
q2

r2

)−1

dr2 + r2dΩ

which has two concentric horizons at

rh =
(
m±

√
m2 − q2

)
Shift the time-coordinate according to

t = t̃+ (r∗ − r) , with dr∗ ≡
(

1− 2m
r + q2

r2

)−1
dr ,

and arrive at

ds2 = −
(

1− 2m
r

+
q2

r2

)
dt2 + 2

(
2m
r
− q2

r2

)
dtdr

+
(

1 +
2m
r
− q2

r2

)
dr2 + r2dΩ .
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Embedding of RN metric II

10-dimensional embeddingM1,3 ↪→ R4,6 with additional

coordinates φi given by

φ1 + iφ2 = φ3e
iω(t+r) , φ3 =

1
ω

√
2m
r
,

φ4 + iφ5 = φ6e
iω(t+r) , φ6 =

q

ωr

φ3, φ4 and φ5 are time-like coordinates.
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Symplectic form and Darboux coordinates

Θ =
1
ε

(
idHt̃ ∧ dt̃+ dHϕ ∧ dϕ

)
,

Ht̃ = γ r cosϑ , Hϕ =
r2

2

(
1− q2

r2

)
sin2 ϑ ,

γ =
(

1− 2m
r

+
q2

r2

)
,

e−σ̄ = γ sin2 ϑ+
(

1− q2

r2

)2

cos2 ϑ

ds2
D = −γdt̃2 +

eσ̄

γ
dH2

t̃
+ r2 sin2 ϑdϕ2 +

eσ̄

r2 sin2 ϑ
dH2

ϕ
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Star product for RN geometry

A Moyal type star product can again be de�ned as

(g ? h)(xD) = g(xD)e−
i
2

“←−
∂ µθ

µν
D

−→
∂ ν

”
h(xD) ,

with the same block-diagonal θµν as before.

. . . and once more, higher orders in the star product lead to

non-commutative corrections to the embedding geometry, e.g.:

φ1 ? φ1 + φ2 ? φ2 6= φ3 ? φ3 ,

φ4 ? φ4 + φ5 ? φ5 6= φ6 ? φ6 .
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Star commutators for RN geometry

− i [xµ ?, xν ] ≈ θµν = εeσ̄
0 −(1−γ)y

r + iq2xz
r4

(1−γ)x
r + iq2yz

r4 −iβ
(1−γ)y

r 0 e−ς −yzη
r2

−(1−γ)x
r −e−ς 0 xzη

r2

iβ yzη
r2

−xzη
r2 0


− i [φi ?, xµ] ≈ εeσ̄

−izαf+
12( 1

2 )
r

yf+
12( γ2 )
r − iq2xzωφ2

r4
−xf+

12( γ2 )
r − iq2yzωφ2

r4 iωφ2β
−izαf−21( 1

2 )
r

yf−21( γ2 )
r + iq2xzωφ1

r4
−xf−21( γ2 )

r + iq2yzωφ1
r4 −iωφ1β

−izφ3α
2r2

yγφ3
2r2

−xγφ3
2r2 0

−izαf+
45(1)
r

yf+
45(γ)
r − iq2xzωφ5

r4
−xf+

45(γ)
r − iq2yzωφ5

r4 iωφ5β
−izαf−54(1)

r
yf−54(γ)

r + iq2xzωφ4
r4

−xf−54(γ)
r + iq2yzωφ4

r4 −iωφ4β
−izφ6α
r2

yγφ6
r2

−xγφ6
r2 0
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Star commutators for RN geometry II

− i [φi ?, φj ] ≈ εeσ̄

0 −iωzφ2
3α

2r2
−iωzφ3φ2α

2r2
−iωzφ1φ5α

2r2
−iωzαgφ

2r2
−iωzφ3φ5α

r2
iωzφ2

3α
2r2 0 iωzφ3φ1α

2r2
−iωzαgφ

2r2
iωzφ2φ4α

2r2
iωzφ3φ4α

r2
iωzφ3φ2α

2r2
−iωzφ3φ1α

2r2 0 iωzφ3φ5α
2r2 − iωzφ3φ4α

2r2 0
iωzφ1φ5α

2r2
iωzαgφ

2r2
−iωzφ3φ5α

2r2 0 −iωzφ2
6α

r2
−iωzφ5φ6α

r2
iωzαgφ

2r2
−iωzφ2φ4α

2r2
iωzφ3φ4α

2r2
iωzφ2

6α
r2 0 iωzφ4φ6α

r2
iωzφ3φ5α

r2
−iωzφ3φ4α

r2 0 iωzφ5φ6α
r2

−iωzφ4φ6α
r2 0


with

f±ij (Y ) =
(
Y

r
φi ± ωφj

)
, α =

(
1− q2

r2

)
,

e−ς =
(
γ + 2

z2

r2

(
m

r
− q2

r2

))
, β =

(
1− q2z2

r4

)
,

gφ = (φ3φ6 + φ1φ5) = (φ3φ6 + φ2φ4) .
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