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NC spaces of Lie algebra type

Let g be a Lie algebra generated by X1,X2, . . . ,Xn:

[Xµ,Xν ] = i
n∑
λ=1

aλµν Xλ, aλµν deformation parameters

Classical limit: aλµν → 0 ⇒ Xµ → xµ commutative coordinates

Lie algebra type NC spaces

κ-deformed space

[Xµ,Xν ] = i(aµXν − aνXµ), aµ ∈ R,

generalized κ-deformed space

[Xµ,Xν ] = iθµνX0 + i(aµXν − aνXµ), θµν = −θνµ, X0 central element
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Realizations of NC spaces of Lie algebra type

Problem: find realizations of Xk as elements of the Weyl algebra An,

[xµ, xν ] = [∂µ, ∂ν ] = 0, [∂µ, xν ] = δµν .

Lie algebra homomorphism ϕ : g→ Ān (formal completion of An)

ϕ([Xµ,Xν ]) = x̂µx̂ν − x̂ν x̂µ, x̂µ = ϕ(Xµ)

We seek realizations of Xµ of the form

x̂µ =
n∑

α=1

xα ϕαµ(∂), ϕαµ ∈ D[[a]] formal power series in a

Classical limit

lim
a→0

ϕαµ = δαµ ⇒ lim
a→0

x̂µ = xµ commutative coordinates
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Realizations of NC spaces of Lie algebra type

x̂µ = xµ + deformation(a, x , ∂)

Commutation relations imply

[x̂µ, x̂ν ] = i(aµx̂ν − aν x̂µ) ⇔ ϕµν satisfy a system of nonlinear PDE’s

n∑
β=1

(
∂ϕαµ
∂∂β

ϕβν −
∂ϕαν
∂∂β

ϕβµ

)
= iaµϕαν − iaνϕαµ

Simplifications needed

ϕµν = ϕµν(A,B), A = ia∂, B = a2∂2
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Noncovariant realizations of κ-deformed space

Assume aµ = anδµn

[x̂i , x̂j ] = 0, [x̂n, x̂j ] = iax̂j , i , j = 1, 2, . . . , n − 1. (1)

Ansatz

x̂i = xiϕ(A), A = ia∂n,

x̂n = xnψ(A) + ia
n−1∑
k=1

xk∂k γ(A), ϕ(0) = ψ(0) = 1

Commutation relations (1) imply

γ =
ϕ′

ϕ
ψ + 1

There is an infinite family of noncovariant realizations parameterized by
real-analytic functions ϕ and ψ.
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Natural realization of κ-deformed space

Assume commutation relations

[x̂µ, x̂ν ] = i(aµx̂ν − aν x̂µ), µ, ν = 1, 2, . . . , n. (2)

Ansatz

x̂µ = xµϕ(A,B) + i

(
n∑

k=1

akxk

)
∂µ, ϕ(0, 0) = 1

Commutation relations (2) imply

∂ϕ

∂A
+ 1 = 0,

∂ϕ

∂A
− 2(ϕ+ A)

∂ϕ

∂B
= 0.

Solution
ϕ(A,B) = −A +

√
1− B

The natural realization belongs to an infinite family of covariant realizations.
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Universal realization for a general Lie algebra type space

Consider Lie algebra g defined by

[x̂µ, x̂ν ] = i
n∑
λ=1

aλµν x̂λ.

Associate to g n × n matrix of differential operators

Mµν = i
n∑
λ=1

aλµν ∂λ.

Let f be the generating function for the Bernoulli numbers Bn,

f (t) =
t

et − 1
=
∞∑
n=0

Bn
tn

n!
, and define matrix f (M).

The universal realization is defined by

x̂µ =
n∑

α=1

xα f (M)αµ
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Similarity transformations

Fix a ϕ-realization of a Lie algebra g:

x̂µ =
n∑

α=1

xα ϕαµ(∂), µ = 1, 2, . . . , n

Define similarity transformations TP : Ān → Ān

TP(u) = Ad(eP)u, P =
n∑

α=1

xαAα(∂), Aα ∈ D[[a]], Aα(0) = 0

BCH ⇒ {TP} is a group under composition

Similarity transformations act covariantly on ϕ-realizations.

g
ϕ−→ Ān

TP−−→ Ān, ϕ̃ = TP ◦ ϕ new realization
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TP−−→ Ān, ϕ̃ = TP ◦ ϕ new realization
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Similarity transformations (cont.)

Using Ad(eP)(u) = ead(P)u one finds:

TP(xµ) =
n∑

α=1

xαψαµ(∂) for some ψαµ ∈ D[[a]],

TP(∂µ) = ∂µ +
∞∑
k=1

(−1)k

k!
Qk−1(Aµ) = Λµ(∂), Q =

n∑
α=1

Aα
∂

∂∂α

The relation [TP(∂µ),TP(xν)] = δµν implies:

ψ = [ψµν ], ψ−1 =

[
∂Λµ
∂∂ν

]
Jacobian matrix

New realization

TP(x̂µ) =
n∑
β=1

xβϕ̃βµ(∂), ϕ̃βµ(∂) =
n∑

α=1

ψβα(∂)TP(ϕαµ(∂))
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Differential algebra on κ-Minkowski space

We want to construct a differential algebra on κ-Minkowski space which is
compatible with an action of the Lorentz algebra, and the number of one-forms
equals the number of NC coordinates.

Some earlier work:

A. Sitarz, Phys. Lett. B (1995)

M. Dimitrijević et. al., J. Phys. A (2004)

S. Meljanac, SKJ, J. Phys. A (2009)
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Desired properties of differential algebra

Consider κ-Minkowski space with coordinates x̂µ, µ = 0, 1, . . . , n − 1.

Desired properties of the differential algebra (Ω, d̂):

1 exterior derivative maps k-forms to (k + 1)-forms, d̂ : Ωk → Ωk+1,

2 d̂ is nilpotent, d̂2 = 0,

3 one-forms ξ = d̂ · x̂µ anti-commute, {ξµ, ξν} = 0,

4 d̂ satisfies undeformed Leibniz rule

d̂ · [f̂ (x̂)ĝ(x̂)] = [d̂ · f̂ (x̂)]ĝ(x̂) + f̂ (x̂)[d̂ · ĝ(x̂)],

5 [ξµ, x̂ν ] is closed in the space of one-forms alone,

6 there is a well-defined action of the Lorentz algebra on Ω,
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S. Krešić-Jurić ( Faculty of Natural and Mathematical Sciences, Split, Rudjer Boskovic Insitute, Zagreb)Differential structures on κ-Minkowski space
Bayrischzell Workshop, May 14-17, 2010 12 /

25



Desired properties of differential algebra

Consider κ-Minkowski space with coordinates x̂µ, µ = 0, 1, . . . , n − 1.

Desired properties of the differential algebra (Ω, d̂):

1 exterior derivative maps k-forms to (k + 1)-forms, d̂ : Ωk → Ωk+1,

2 d̂ is nilpotent, d̂2 = 0,

3 one-forms ξ = d̂ · x̂µ anti-commute, {ξµ, ξν} = 0,

4 d̂ satisfies undeformed Leibniz rule

d̂ · [f̂ (x̂)ĝ(x̂)] = [d̂ · f̂ (x̂)]ĝ(x̂) + f̂ (x̂)[d̂ · ĝ(x̂)],

5 [ξµ, x̂ν ] is closed in the space of one-forms alone,

6 there is a well-defined action of the Lorentz algebra on Ω,
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Construction of differential forms

In order to construct differential forms on κ-Minkowski space we extend the
Weyl Algebra An by one-forms dxµ:

[dxµ, xν ] = [dxµ, ∂ν ] = 0, {dxµ, dxν} = 0.

Basis for extended algebra A:

xk0
0 xk2

2 . . . x
kn−1

n−1 ∂
l0
0 ∂

l2
2 . . . ∂

ln−1

n−1 dxi1 dxi2 . . . dxip

where 0 ≤ i1 < i2 < . . . < ip ≤ n − 1, p = 0, 1, . . . , n − 1.

Z2-grading A = A0 ⊕A1

A is a Lie superalgebra with graded commutator

[[u, v ]] = uv − (−1)|u| |v |vu

S. Krešić-Jurić ( Faculty of Natural and Mathematical Sciences, Split, Rudjer Boskovic Insitute, Zagreb)Differential structures on κ-Minkowski space
Bayrischzell Workshop, May 14-17, 2010 13 /

25



Construction of differential forms

In order to construct differential forms on κ-Minkowski space we extend the
Weyl Algebra An by one-forms dxµ:

[dxµ, xν ] = [dxµ, ∂ν ] = 0, {dxµ, dxν} = 0.

Basis for extended algebra A:

xk0
0 xk2

2 . . . x
kn−1

n−1 ∂
l0
0 ∂

l2
2 . . . ∂

ln−1

n−1 dxi1 dxi2 . . . dxip

where 0 ≤ i1 < i2 < . . . < ip ≤ n − 1, p = 0, 1, . . . , n − 1.

Z2-grading A = A0 ⊕A1

A is a Lie superalgebra with graded commutator

[[u, v ]] = uv − (−1)|u| |v |vu
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Construction of differential forms (cont.)

Define exterior derivative and one-forms by

d̂ =
n−1∑
α,β=0

dxα ∂β kαβ(∂), ξµ =
n−1∑
α=0

dxα hαµ(∂), kµν , hµν ∈ C[[∂]]

related by
ξ = d̂ · x̂µ ≡ [d̂ , x̂µ].

Classical limit a→ 0:

d̂ →
n−1∑
α=0

dxα ∂α, ξ → dxµ, dxµ = [d , xµ].

d̂ and ξµ automatically satisfy

d̂2 = 0, {ξµ, ξν} = 0
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Construction of differential forms (cont.)

Compatibility of ξ = d̂ · x̂µ and [x̂µ, x̂ν ] = i(aµxν − aνxµ) requires that

[ξµ, x̂ν ]− [ξν , x̂µ] = i(aµξν − aνξµ),

which places constraints on the realizations of ξµ.

Additional constraints come from the requirement

[ξµ, x̂ν ] =
n−1∑
λ=0

Kλ
µνξλ, Kλ

µν ∈ C.

In this case any k-form can be written uniquely as∑
k

pk(x̂)ξi1ξi2 . . . ξik , i1 < i2 < . . . < ik .
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Exterior derivative

Extend the action of d̂ to any k-form ω̂k by

d̂ · ω̂k = [[d̂ , ω̂k ]].

Then the following holds:

d̂ · (ξi1ξi2 . . . ξik ) = 0,

d̂ : Ω̂k → Ωk+1

d̂ ·
(
ω̂k η̂l

)
=
(
d̂ · ω̂k

)
η̂l + (−1)k ω̂k

(
d̂ · η̂l

)
Graded commutativity generally does not hold,

ω̂k η̂l 6= (−1)kl η̂l ω̂k .
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κ-Minkowski space and Lorentz algebra

Let M be the κ-Minkowski space

[x̂i , x̂j ] = 0, [x̂0, x̂j ] = ia0 x̂j , i , j = 1, 2, . . . , n − 1.

Let L be the Lorentz algebra

[Mµν ,Mλρ] = ηνλMµρ−ηµλMνρ−ηνρMµλ+ηµρMνλ, µ, ν = 0, 1, . . . , n−1,

η = diag(−1, 1, . . . , 1) Lorentz metric.

If we demand that [Mµν , x̂λ] is linear in Mµν and x̂µ, then

[Mi0, x̂0] = −x̂i + ia0Mi0, [Mi0, x̂k ] = −δik x̂0 + ia0Mik ,

[Mij , x̂0] = 0, [Mij , x̂k ] = δjk x̂i − δik x̂j .

g = M⊕ L Lie algebra, M,L subalgebras of g
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Realizations of κ-Minkowski space

Problem: find relizations of g in An,

[xµ, xν ] = [∂µ, ∂ν ] = 0, [∂µ, xν ] = ηµν ,

which posses the shift operator Z defined by

[Z , x̂µ] = iaµZ , [Z , ∂µ] = 0.

The shift operator is essential in the construction of differnetial forms.

Realization of M

x̂0 = x0ϕ(A) + ia0

(
n−1∑
k=1

xk∂k

)
γ(A), A = −ia0∂0,

x̂i = xiψ(A), γ =
ϕ′

ϕ
ψ + 1,

Z = eΨ(A), Ψ(A) =

∫ A

0

dt

ψ(t)
shift operator.
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Realizations of Lorentz algebra

To find realizations of the Lorentz algebra, use the natural realization

Mµν = XµDν − XνDµ,

and the transformation of variables (Xµ,Dµ) 7→ (xµ, ∂µ):

Mi0 = xiϕ(A)

(
ia0

2
eΨ(A)�− eΨ(A) − 1

ia0

)
−

[
x0Ψ(A) + ia0

( n−1∑
k=1

xk∂k
)
γ(A)

]
∂i
ϕ(A)

,

Mij = xi∂j − xj∂i .

� is a deformed Laplace operator

� = 4e−Ψ(A)

ϕ2(A)
−
( 2

ia0

)2

sinh2(Ψ(A)), 4 =
n−1∑
k=1

∂2
k
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Realizations of one-forms

Ansatz for d̂

d̂ = −dx0∂0K1(A) +
( n−1∑

k=1

dxk∂k
)
K2(A), A = −ia0∂0.

Find K1 and K2 such that

ξ0 = [d̂ , x̂0] = dx0Z
−s , ξi = [d̂ , x̂i ] = dxiZ

−t , s, t ∈ R,
Z shift operator, [Z n, x̂µ] = niaµZ

n.

Solutions

K1(A) =
1− Z−s

sA
, K2(A) =

Z−1

ϕ(A)
, s 6= 0, t = 1

Commutators [ξµ, x̂ν ] are closed:

[ξ0, x̂0] = −sia0ξ0, [ξi , x̂0] = −ia0ξi , s 6= 0,

[ξ0, x̂j ] = 0, [ξi , x̂j ] = 0.
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( n−1∑

k=1

dxk∂k
)
K2(A), A = −ia0∂0.

Find K1 and K2 such that

ξ0 = [d̂ , x̂0] = dx0Z
−s , ξi = [d̂ , x̂i ] = dxiZ

−t , s, t ∈ R,
Z shift operator, [Z n, x̂µ] = niaµZ

n.

Solutions

K1(A) =
1− Z−s

sA
, K2(A) =

Z−1

ϕ(A)
, s 6= 0, t = 1

Commutators [ξµ, x̂ν ] are closed:

[ξ0, x̂0] = −sia0ξ0, [ξi , x̂0] = −ia0ξi , s 6= 0,

[ξ0, x̂j ] = 0, [ξi , x̂j ] = 0.
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Action of the Lorentz algebra

Define action of Lorentz generators by

Mµν B f̂ (x̂ , ξ) = [Mµν , f̂ (x̂ , ξ)] · 1̂

1̂ ∈ U(M) , x̂µ · 1̂ = x̂µ , ∂µ · 1̂ = 0

Restriction to Ω̂0 agrees with the action found by A. Sitarz (1995):

Mi0 B x̂0 = −x̂i , Mij B x̂0 = 0,

Mi0 B x̂k = −δik x̂0, Mij B x̂k = δjk x̂i − δik x̂j .

Advantages

the action is consistent with Jacobi identities for x̂µ and ξµ,
there are exactly n one-forms ξν .

Drawbacks

Mµν B ξλ = 0 ⇒ one-forms do not transform vector-like,
[Mµν B d̂ ] 6= 0 ⇒ d̂ is not Lorentz-invariant.
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Alternative approach

Expand the algebra generated by xµ, ∂µ and dxµ by Grassman variables qµ:

{qµ, qν} = 0, {dxµ, qν} = ηµν ,

[xµ, qν ] = 0, [∂µ, qν ] = 0.

Consider new realizations of Lorentz generators

M̃µν = (x̂µ∂̃ν − x̂ν ∂̃µ)Z + dxµ qν − dxν qµ,

∂̃0 = ∂0
1− Z−1

A
, ∂̃i = ∂i

Z−1

ϕ(A)
.

M̃µν and ∂̃µ generate Poincaré algebra

[∂̃µ, ∂̃ν ] = 0, [M̃µν , ∂̃λ] = ηµλ∂̃ν − ηνλ∂̃µ,

[M̃µν , M̃λρ] = ηνλM̃µρ − ηµλM̃νρ − ηνρM̃µλ + ηµρM̃νλ.
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Alternative approach (cont.)

Drawback
[M̃µν , x̂λ] is not linear in M̃µν , x̂µ!

Exterior derivative in this realization is Lorentz-invariant

d̂ =
n−1∑
α=0

dxα∂̃α, [M̃µν , d̂ ] = 0.

x̂µ and ξµ transform vector-like

M̃µν B x̂λ = x̂µ ηνλ − x̂ν ηµλ,

M̃µν B ξλ = ξµ ηνλ − ξν ηµλ.
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Alternative approach (cont.)

Special case ϕ = ψ = 1− A:

M̃µν = xµ∂ν − xν∂µ + dxµqν − dxνqµ, d̂ =
n−1∑
α=0

dxα ∂
α.

[M̃µν , x̂λ] = x̂µηνλ − x̂νηµλ + i x̂λ(aµ∂ν − aν∂µ)Z ,

[M̃µν , ξλ] = ξµηνλ − ξνηµλ + iξλ(aµ∂ν − aν∂µ)Z .
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