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Introduction

10 years of the Enveloping-algebra formalism

@ ltis already 10 years since the publishing of
{ "Gauge theory on noncommutative spaces",
Madore, Schraml, Schupp & Wess, EPJC16(2000)16,
{ "Noncommutative gauge theory for Poisson manifolds,
Jurco,Schupp & Wess, NPB584(2000)784,
{"Enveloping algebra-valued gauge transformations for non-abelian
gauge goups on non-commutative spaces",
Jurco, Schraml, Schupp & Wess, EPJC17(2000)521,
@ where it was put forward a formalism —THE ENVELOPING-ALGEBRA
FORMALISM-, which led to

$"Non-commutative standard model”,

Calmet, Jurco, Schupp, Wess & Wohlgenannt, EPJC23(2002)363,
$"Noncommutative GUTSs, standard model and C,P,T.",

Aschieri, Jurco, Schupp & Wess, NPB 651(2003)45.

There is an excellent recent review by Blaschke, Kronberger, Sedmik &
Wohlgenannt Arxiv:1004.2127
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Introduction

NC fields as ordinary-field SW map images

In the ENVELOPING-ALGEBRA FORMALISM:

@ The noncommutative fields are functions of the ordinary fields —no
change in the no. of d.o.f.— such that ordinary gauge orbits are mapped
into noncommutative gauge orbits:

A#[auvwv 6] + Sne A#[auv 1/}7 H]A = A#[a# + sa#v P+ 57&'7 6]*
\U[aluwv 9] + Sne \U[aua 1/)7 9] - \U[ap, + Sau,’l& + S’L;““}, 9]7
SneNA, A, 0, 0] = SA[A, A, 1), ],

Aulau,v,0 =0] = au, V]au,v,0 = 0] =, A[\, N\, 9,0 =0] = A

SNCAM = (?M/\ — I'[A“,/\]*,SNC\U = i/\*W,SNc/\ = I‘/\*/\.,
sa, = O\ —i[au, A, S =AY, SA =i\,

@ a, and ) take values on the Lie algebra, g, of a compact Lie group, G
—> A, and A take values on the universal enveloping algebra of g.
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Introduction

NC gauge theories for any compact Lie group

@ The action, S, for a (nonsusy) NC GUT (-inspired) theory for a compact
Lie group, G, reads

S= Sgauge + Sfermionic + SHiggs + SYukawaa

Sgauge [ A% — 5 3 CRTrR Fu[R(A)] x F*[R(A)],
Sfermionic = jd X\UL/D[pﬂ’( )]\UL

Shiggs and  Syuawa NOt to be considered below,
Fuv[R(A)] = 0, R(A)y — OuR(A)u — I[R(A) s, R(A)u ],
Dalow(Ae = 0,01 — ipy(Au) Wi,

@ V[p,(a), ] is the NC left-handed spinor multiplet which is the NC
counterpart of the ordinary left-handed spinor multiplet ;. ¢, carries
an arbitrary unitary representation, p.;, of g.

@ R labels the unitary IRREPS —typically the adjoint and matter irreps— of
gand 3 orTreR(TAR(TY) = 7, G=@®), G
|

@ Hybrid SW maps (right and left NC gauge trans.) needed for Syixawa
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Introduction

Quantising

@ The QUANTUM version of the classical field theory defined above is
obtained by integrating in the path-integral over the ordinary fields with

Boltzmann factor
oS

S is the action above, which we shall understand as a formal power
expansion in 6*".

@ Caveat: This expansion in 6 will not yield the right Physics at

Energies > 1/V/0.
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Introduction

Pause and look back

@ After those 10 years, it is advisable that we pause to look back and

assess what has been achieved as regards the quantum properties of
those theories.

@ | will not cover all that has been done so far, but focus on
e gauge anomalies,

e renormalisability (when there are no Higgs and no Yukawa
sectors),

e existence Supersymmetric versions.
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Gauge anomalies

Gauge anomalies

@ When quantizing a chiral gauge theory the first problem one has to face
is that of gauge anomalies.

@ The chiral vertices acquire §-dependent terms, which can give rise to
new 6-dependent anomalous contributions to the famous, already
anomalous, triangle diagrams:

Semioic = [ ' Gigo-+T{A— 50" |20 (8)+1” 01D ()]} P+ o(6%)

@ So, | started the computation of the following three types of one-loop
3point diagrams giving would-be 6-dependent anomalies: ———
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Gauge anomalies

Would-be anomalous 3pt diagrams

ke ko ks
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Gauge anomalies

Wrong guess!

@ Actually, I was completely sure that they would give rise to new
0-dependent anomalous terms, which would lead to extra anomaly
cancelation conditions, which in turn would make most -NC SM, NC
GUTS..— of these theories meaningless at the quantum level.

@ Couldn’t be more wrong! | was very surprised to find that the
#-dependent anomalous contributions to the effective action, I', were
BRS-exact, i.e., they were not truly anomalous terms:

ST[A[a,0],60] = — 5. [d 172930 Tr (0, A\ @, 0,y 8y )
+s{ 5 [d' et1#2at4 98 Tr (90,04, 8y, Oy 8y @s) } + 0(&%) + o(6?).

@ The computations were carried out by using DIM. REG. with a
nonanticommuting ~s. More details in CPM, NPB 652(2003)72.
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Gauge anomalies

Would-be anomaly at any order in

@ The next challenge was to show -at one-loop— that there were no
#-dependent gauge anomalies at any O(6) and for any number of a,,’s.

@ One can do so [F.Brandt, CPM & F. Ruiz, JHEP 07(2003)068] by using
a mixture of explicit DIM. REG. computations, brute force solution of
BRS equations and BRS techniques:

@ By taking advantage of the fact that in DIM REG. the Jacobian of T+ M
—an operator which enters the SW map for fermions
Vo = (6 bap + Mla,d,7,75; 0las ) Yas——
is TRIVIAL, we were able to obtain the complete gauge anomaly
candidate:

A[A N, 0] = 724';_‘2 [ dx e1#213HaTr Ax D), (Auz * Ous Aug + 3 A Aus *Aw)

Av=Alablu, A=A0]

@ Then,

—_———— ———
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Gauge anomalies

Would-be anomaly at any order in 8, cont’

@ by carrying out brute force computations and by using cohomological
techniques, we obtained B[A®”), t0] such that

r%Am@wymxwLm:smBM@Ww]

@ and, hence,

e

A[A(a,0), A(\, 6), 0] = ABadeer — + BlA(a, t0), t0]

0

@ THE 0-DEPENDENT TERMS ARE COHOMOLOGICALLY TRIVIAL =
THEY ARE NOT ANOMALOUS CONTRIBUTIONS!
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Gauge anomalies

FUJIKAWA’S METHOD

FUJIKAWA’S METHOD

@ Another way to obtain the gauge anomaly is Fujikawa’s method: the
gauge anomaly shows that the fermionic measure is not invariant under
chiral gauge transformations. Fujikawa’s method helps establish a
connection with index theorems.

@ As yet, we lack a derivation of the absence of 0-dependent anomalous
terms by using Fujikawa’s method.

@ Within Fujikawa'’s formalism, the gauge anomaly comes in two guises,
related by local redefinitions of the corresponding currents: the
consistent form, Acon, and the covariant form, Acov

@ Acon verifies the WZ consistency conditions and involves lengthy
and tedious algebra. It is not gauge covariant.

@ Ao does not verify the WZ conditions, it is gauge covariant and,
as a result, the algebraic computations that lead to it are simpler
than in the "consistent" case.
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Gauge anomalies

The covariant form of the gauge anomaly. |

@ When a was preparing this talk, | decided to work out the covariant form
of the gauge anomaly in the U(1) case —non-trivial from the
Cohomological viewpoint: Barnich, Brandt & Henneaux, Phys. Rept.
338 (2000) 439—, up to first order in 6:

Z[a 0] = [didy e J D

D=D+R D=9- 'ﬁPL
B = —1360°° f.57" Dy + 3 0°° 1 f,0 Ds] PL

Then, following Fujikawa, one introduces two bases of orthonormal
eigenfunctions {¢m} & {ém},

(in(@) D(@)en = Noom.  D(@)(ID(@) on = Xoybm,
and expands

= Z ampm, = Z Bmdl, = dipd p = H dbmdam.
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Gauge anomalies

The covariant form of the gauge anomaly. I

@ The gauge anomaly equation in covariant disguise reads
/ d* Trw(x)(D"[a]T%") (x) = —6J = Alw, &, H]cor,

where

0J =di'dy’ —didy b =y +iwP, Y =3~ iPaw
§J = liMA—oc jd S ol dhwe /™ Pagm — phwe n/N PLom}
j:, (COV)(X Z[a ] f dwdw 5sfermlomc efsfermionic’ Sfermion/c = fd4X ’(Z)ID'L/}

@ By changing to a plane wave basis, one gets

0 )@)?
Alw, a,0]cov = liMp—0e — fd X Tr w(x) f(%)4 {(75 e P e A2 e’p"> },
P(a) =D+ R, R = —[310° fapy" Dy + 3 0% 4°fa Dg]
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Gauge anomalies

The covariant form of the gauge anomaly. I

@ By expanding in powers of § and removing the terms that vanish as
A — oo, one gets

. @3
Alw, a,0)cov = liMr—0o — jd4XTr wf(z ik {(’ys e PXem TR e’px>} —
Alerdnam ., gl + A [w, a, 6] + o(6?)
Alw, 8] ma) = — L [ Trwe * fu, foo,
m[w a, b = deTrw )NA1(x) + A2(x) + As(x)]
— Yo lima o 2’] dq4 e strsP? (Aq) {D(Aq), R(Ag)} P2~ (Ag)I,
= =3 lima oo 2i f(;’,f)h e 7 szt P? (Aq) {P(Ag), R(AQ)} PPEN(Ag)I,
. . 4

As = = 20 limaoe 20 [22 &7 etrsP? (AG) {P(AG), R(AG)} PO (Ag)I.
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Gauge anomalies

The covariant form of the gauge anomaly. IV

@ Some lengthy algebra and the fact that the a,’'s commute —U(1) case—
lead to
Ay = —50°P 4P (— L faphinfoo — foafusfos)

87r
+ 1520 e P |1, V(a,,fmogu 30,10 Do) + Optyatoe Dol
+ 30ufapfoo D],

Ap = 2(4 )2 0P P f 5 oo+
— 1oz 07?7 110 Oploa Dl + Oufya foo Dl + 5 (fun0plap Dol
+ Opfaplfos D),
Az =0.
() Then,

[w a, o] = deTrw A1 (x) + Az(x) + As(x)] =
E#VPU fd Tr(.d( aﬁfpufpo‘ + 4 fuafuﬁfpo-) = 0
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Gauge anomalies

The covariant form of the gauge anomaly. IV

@ In summary,

A[w7 a7 e]cov = A(Ofdfnaf}’) [U.), a] + 0(62)

@ NO FIRST-ORDER-IN-0-CORRECTIONS TO THE ORDINARY GAUGE
ANOMALY IN THE U(1) CASE: AGREEMENT WITH DIM. REG.

@ NONABELIAN CASE SHOULD BE WORKED OUT!
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Renormalisability

Renormalisability and the enveloping-algebra
formalism. |

@ The issue of the renormalisability of NC theories formulated within the
enveloping-algebra formalism started off splendidly, for it was shown by
Bichl, Grimstrup, Grosse, Popp. Schweda and Wulkenhaar —JHEP
0106(2001)013- that the photon 2pt function is renormalisable at any
order in 6.

@ Unfortunately, Wulkenhaar —JHEP 0203(2002)024— showed that this
0-expanded QED was not renormalisable mainly due to the infamous
4pt fermionic divergence:

EQQBGW,W /d4X sy Yy
€ .
@ 4 years after Wulkenhaar’s paper, there came along the encouraging
results by Buric, Latas and Radovanovic —JHEP 02(2006)040— & Buric,
Radovanovic and Trampetic —~JHEP 03(2007) 030- that the gauge

sector of SU(N)and the NC SM were one-loop renormalizable at first
orderin 6.
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Renormalisability

Renormalisability and the enveloping-algebra
formalism: Matter sector

@ However, due to the infamous 4pt fermionic divergence above, the
construction of theories with a one-loop and first-order-in-0 matter
sector remained an open issue.

@ Then, it came along the paper by Buric, Latas, Radovanovic and
Trampetic —PRD 77 (2008) 045031—, where they showed that the
divergence of the 4pt fermionic function vanishes for a NC SU(2) chiral
theory with a matter sector being an SU(2)-doublet of LH fermions.

@ This result was later generalized -CPM & C. Tamarit, PRD 80 (2009)
065023—-to any NC GUT inspired theory with only fermions as matter
fields.<> NC GUT inspired theories: gauge theories whose
noncommutative fermions are left-handed multiplets.

@ Thus, one of the obstacles —what about the renormalisability of the
other 1PI functions?— to achieve one-loop and first-order-in-6
renormalisability had been removed by selecting Grand Unification as a
guiding principle.
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Renormalisability

One-loop & o(#) ren. GUT inspired models

@ The absence of the infamous 4pt fermionic divergence opened up the
possibility of building NC theories with massless fermionic chiral matter
(and Nature seems to be fundamentally chiral) that are one-loop
renormalisable at first in 6.

@ Actually, Wulkenhaar had already pointed out in his
non-renormalizability-of-6-expanded-noncommutative-QED paper that,
in the massless case, the theory is (off-shell) one-loop renormmalisable,
at first order in 6, if one forgets about the fermionic 4pt function.

@ Atlong last, it was shown —CPM & C. Tamarit, JHEP 12(2009)042— that
NC GUT inspired theories, with a matter sector made out of fermions
and no scalars, were, on-shell, one-loop and first-order-in-0
renormalisable for any anomaly safe compact simple gauge group, if,
and only if, all the flavour fermionic multiplets carry the same irrep of the
gauge group. (SO(10), Eg, not SU(5) —See C.TAMARIT, PRD81 (2010)
025006.
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Renormalisability

The on-shell renormalisability

@ NC GUT inspired models:

1 — .
S— /d4 ~ 5ga WFuw P 4 WiipVL, (1)
F;uz = a,uAV - al/Ay, - I[A‘u Au]*, D#’L“/}L = 8#,\1][_ — Ipw(A#) * \UL7

py denotes an arbitrary unitary representation, which is a direct sum of
irreducible representations, p, = EB',; Prp-
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Renormalisability

The effective action divergent part

@ Lengthy computations led to the following result:

Once v, g and 6 have been renormalised as follows
@’r — (Zr)1/2 I g=pu EZggFi oY — 299,‘5”-,
Zy =1+ 916022” Zg =1+ ;22| 5 C(G) - 23, calr),
Zy = —2), — (13Cx(r) — 4C5(G)),

Y 48—2

the UV divergences —one-loop and first order in 6— which remain in the
background-field effective action are

St — '/.d4X éa(;?X) ala, ] + <Z 3 /(Srf )Gr[a Y] +c. c)

—VANISHING ON-SHELL!-, where
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Renormalisability

F and G functions

I:/l, =¥ GOHQDH f(x’“} + }/29,1 *D"f, va + Zr y;gg;l:} (/1;!"//(1 PL Tawr)Ta
03, Va0 (e PL T ) T + ys50,° D 5,
Gri = K0P s PLp” + K2O“Pry,, PLis" "
+ K;0°P o PLD DP4p" + K5 o5 PLD?"
+ k0P s PLl.sy" yi € R, ki € C,
with
= Ikays = 29 Y2,
Vi= Y50 — sz (12602( ) —13C2(G)),
Rek{ = —JImkj — a2 (13C2(r) — 8C2(G)),
2
Imkg = 384 g5z (11C(r) — SCg(G))
tmkj — 0 Rekf — — 3, (2Ca(r) — Ca(G)),
Imkj = Rek} = 2Reki = 72Rek4.
Notice that y1, y», s and Zy must be flavour independent, and so must be
Y3, Ya.
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Supersymmetry

WHAT ABOUT SUSY?
Details in CPM & C. Tamarit JHEP 0811 (2008) 087, JHEP 0911 (2009) 092.

@ For U(N) in the fundamental rep., N' = 1 SYM exists —at leats in the
WZ gauge— as a classical theory in the enveloping-algebra:
1 1 " PAQ L el
Snesym = 2—92Tr'/d4x [_§ F* % Fuy — 2i N* x o . D,N* + D D]
where
AL =Aula Mo, d, 0], A\a[a, \a,d,0land D = D[a, \a, d, 0]

are SW maps.
Snesym is invariant under AV = 1 SUSY:

@ linearly realized in terms of the NC fields,
(there is a local superfield formulation)
and

@ nonlinearly realized in terms of the ordinary fields,
( no local superfield formulation, but nonlocal at least for U(1))
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Supersymmetry

Susy trans.

Aulp, 0] — A1, 0] = Aulip, 0] + 0. A0, 6]
Nalp, 6] = AL, 6] = Aalip, 6] + Schalip, 6]
D[@? 0] - D(E)[(pv ‘9] = D[(p, 0] + 56D[‘P7 0]
¢ stands for the ordinary fields
A0, 0] = Aul + 0eip, 0]
N[, 0] = Aol + 6.0, 0]
D, 0] = D[ip + beip, 0]
where . ,
S A" = je“at (N + iev5H N,
6o = (0") o €5 F o + lea D,
6D = —e*o" DA + &G DN

and, up to first order in ,— ——
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Supersymmetry

nonlinear susy trans.

Seay = Leo, A — 1e@ A+ 077 {{aszﬂ(eaﬂX*z&u )—i[ay, ec A —e5, A}
— {eonA =&\, Dpay, + fp#}f{a,,,({‘)p(eaﬂjxf&m )+ Dp(eopu X —eFmA)
—Du(ea/,f\—a}//\)}} + 62,

Seda = —€ad + 2iey (") fu + 1077 {f H{eou A=, ), 2D, Aa —i[8p, Aa]}
—{av,4iD,(e4 (") ,fur) +2[ay, fﬂ'((f“)\)w,, ]+ ﬁ [copA—ET)A, /\a]}}
+ 6

6cd = ie5" DX + iec" DX + 1607 [21'{1’W €' Dy\ + e Dy}

+ i{av, (0, + D,)(e6" DX + e Dy A)} — H{eow A\—&5, A, 2D, d —i[a,, d]}
—{a,,2D,(ieg" D\ + i D \)—i[a,, ieg" D\ + iea* D]
+ 2leap X —eap/\,d]}] + 6
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Supersymmetry

Comments

COMMENTS ON THE NONLINEAR SUSY TRANSFORMATIONS
@ They are truly SUSY transformations,
{0c,, 0c, }(fields) = i(e20" &1 —e10" &) 0, (fields) + gauge transformations,

due to the fact that the NC fields carry a linear realisation of ' = 1
SUSY. This holds at any order in # —see CPM and C.Tamarit, JHEP
2008.

@ J.a,, 0.\« and d.d belong to the Lie algebra of the ordinary gauge
group, only for U(N) in the fundamental rep. and its siblings, i.e.,

@ for an arbitrary Lie algebra they take values on the enveloping-algebra:
they are not ordinary field variations which are also ordinary fields.

NCGUTS, where do we stand?



Supersymmetry

Susy for NC GUTS? |

@ For simple gauge groups it still makes sense to consider
S= zingr/d“x [7% F* % F, — 2iN* x 0" . D,A* + D x D]
where
A, = Aula Aa, d, 0], Aaa, Ao, d,0]land D = DJa, \., d, 0]

are SW maps.
@ It looks like as if it were a SUSY invariant NC action, but, the CATCH is
that the invariance is under
Aulio, 0] = A0, 0] = Aulip, 0] + 0. Aulip, 0]
Nalio, 0] = AL [, 6] = Aalp, 6] + SN[, 6]
Dl. 0] — D[, 6] = Dlp, 0] + 6. Dlp, 0]
¢ stands for the ordinary fields

and A, 0], Au[p, 6], D[p, 6] ARE NOT SW MAPS!., ———

—_— ——
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Supersymmetry

Susy for NCGUTS? Il

@ Those transformations are therefore defined from the space of NC
"physical" fields —those defined by the SW map— into the space of
general fields taking values on the enveloping algebra.

@ The so remaining question is whether this invariance has any physical
consequences.

@ In this regard, it is worth noticing that —unlike in U(N) case—the "SUSY"
NC SU(N) theory thus obtained is one-loop and first-order-in-0
(off-shell) renormalisable. This would be a like chance unless, at first
order in 6, there is a symmetry at work that relates the gluon and gluino
dynamics —see CPM and C. Tamarit JHEP 0911 (2009) 092
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Open problems

PRESSING PROBLEMS

@ For SO(10), Eg, inclusion of a phenomenologically relevant Higgs and
study of the one-loop renormalisability at first order in 6.

@ Construction and analysis of the properties of NC SO(10), Eg "SUSY".
@ Gauge anomalies, Fujikawa’s method and index theorems.
Recall that the index theorem in 2n+2 dimensions gives the gauge anomaly in 2n dimensions, that the index

of the Dirac operator does not change under small deformations of it and that in our formalism we are

considering small deformations of the ordinary Dirac operator = No 6-dependent anomalous terms.

@ Will this NC GUTS eventually find accommodation within F-theory?
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