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ey Why?
» QFT on curved spacetimes is important for physics
— cosmology (CMB fluctuations) and black holes (Hawking radiation)

» precise formulation via algebraic approach [Wald, some people here, ...]

» But why should we make all of this noncommutative?

» NC geometry from quantum gravity!?!?
— include some quantum gravity effects in QFTCS

» NC geometry is natural generalization of classical geometry
— generalize standard methods of QFTCS as far as possible

> NC in cosmology and black hole physics is of physical interest
— provide formal background for phenomenology

» 3 NC gravity solutions [Schupp, Solodukhin; TO, AS; Aschieri, Castellani]
— test their physical implications by using QFTCS
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Scalar field theory on a class of
curved NC spacetimes
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EX%‘;S‘J’G“ Scalar field theory a{alEIagFAler

» Simple example of a twist: [Moyal product/twist]

*-product hxk = he20.0"0y |
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[ Scalar field theory
» Simple example of a twist: [Moyal product/twist]
wproduct hak=he?WO 0k « twist F!=ePO" uacy

» Our class of twists: ! = f* @¢ o € UVec[[A]] ®c UVec[[A]]
> normalization: (e ®cid)F = (id ®¢c €)F =1
» cocycle condition: Fiz (A ®¢ id)(F) = Foz (id @c A)(F)
> reality: F*©* = (S®¢ S)(F21) (leads to hermitian x-products)
> technical assumption: S(f*)-f, =1 (simplifies integration)

NB1: includes abelian twists F~' = exp(%@‘l"xf1 ®¢c Xp) with [Xq, Xp] =0
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[ Scalar field theory

» Simple example of a twist: [Moyal product/twist]

AS @uvyl . iA @uv
x-product hxk=hez %@k s twist T =29 0B

v

Our class of twists: 1 = f* @¢ f, € UVec[A]] ®¢ UVec[[A]]
> normalization: (e ®c¢id)F = (id ®c €)F =1
» cocycle condition: Fiz (A ®¢ id)(F) = Foz (id @c A)(F)
> reality: F*©* = (S®¢ S)(F21) (leads to hermitian x-products)
> technical assumption: S(f*)-f, =1 (simplifies integration)
NB1: includes abelian twists F~' = exp(20°X, ®¢ Xp) With [Xa, Xp] =0
NB2: most studied NC gravity solutions are of this type
» twist deformation quantization: [Wess group]
> algebra of functions (C(M)[[A]], *), where h x k := f*(h) - f (k)
~ exterior algebra (Q°[[All, A,, d), where w A, w’ := f*(w) A f(w’)

> pairing (v, w), = (f*(v), f«(w)) among vflds and 1forms
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Eizme Scalar field theory JRNAQERIFERIEEREIETRIE )]

» Action (basis independent):

1
So = JLQ, =— J (((dD, g, )4, dD), + M2 D x @) x vol,
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[ S EIR R la @l Dynamics (real scalar field)

» Action (basis independent):

1
So = JLQ, =— J (((dD, g, )4, dD), + M2 D x @) x vol,

> use local basis: (3., dx ), = &,
— g =0 @ g A0y, D = dx* 0,0 = dx % D,,0

1
Lo = 2 ((a*u@)* * g"Y %0, D + M? @ *CD) * Vol
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» Action (basis independent):

1
So = JLQ, =— J (((dD, g, )4, dD), + M2 D x @) x vol,

> use local basis: (3., dx ), = &,
— g =0 @ g A0y, D = dx* 0,0 = dx % D,,0

1
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» Equation of motion (basis independent):
P,[®@] x vol, :=
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[ SRR @ Dynamics (real scalar field)

» Action (basis independent):

1
So = JLQ, =— J (((dD, g, )4, dD), + M2 D x @) x vol,

> use local basis: (3., dx ), = &,
— g =0 @ g A0y, D = dx* 0,0 = dx % D,,0

1
Lo = =5 ((0,,0)" % g™ % 0., ® + MZ @ x @) x vol,

» Equation of motion (basis independent):

P, [®@] % vol, :=

%(u*[q)] s vol, +vol, x (3, [@*])* — M2 ®  vol, — M2 vol, x @) -0

NB: P, is formally self adjoint w.r.t. SP (@, ), = [ @* xp *xvol, , i.e.
((pa P*N)])* — (P*[(P],ll))*
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» slice of de Sitter space: ds? = —dt? + e?Ht (dx® + dy® + dz?)
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» the following NC spacetimes solve NC Einstein equations [TO, AS]
1.) 3'_1 = exp (%(at Rc a(p—a(p Rc at)) = [ei(p fﬂ :)\ei(p

efi)\Haq, + 6147\Ha(,,

[0) —2Ht O =
5 +e A > 0

(@1 3Ho, 4 Mm2) T

NB: depends only on AH =- no deformation for H — 0 !
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1.) 3'_1 = exp (%(at Rc a(p—a(p Rc at)) = [ei(p fﬂ :)\ei(p

1 4 eiBAHD, e—IAHA, | ol4AHD,

[0) —2Ht O =
5 +e A > 0

NB: depends only on AH =- no deformation for H — 0 !
very rough estimate: AH = tpHioday ~ 1078

— (92 4+ 3Hd, + M?)
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[ Scalar field theory =S ERBIN ORI (e}

» slice of de Sitter space: ds? = —dt? + e?Ht (dx® + dy® + dz?)
» the following NC spacetimes solve NC Einstein equations [TO, AS]
1.) 3'_1 = exp (%(at Rc a(p—a(p Rc at)) = [ei(p fﬂ :)\ei(p

1 4 eiBAHD, e—IAHA, | ol4AHD,

[0) —2Ht O =
5 +e A > 0

NB: depends only on AH =- no deformation for H — 0 !
very rough estimate: AH = tpHioday ~ 1078

— (92 4+ 3Hd, + M?)

2) F ' =exp (L (x'0; ®c 0p — 0y ®¢ x'03)) => €' xr=elrxel?®
- Q o\ 1+ e1370, l e iADp | 14N, 3
<6t—|—3aat—|—M)—2 <D+a2A—2 ®=0
» spherical wave ® = ¢(t) j1 (k1) Yim (6, @) and for simplicity a(t) = 1

2 2 2 M te M 2 2,12
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[ SIEIER R Example 2: Nonstandard NC Euclidean QFT

» Euclidean space R4 with ds? = &, dx*dx"
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EX%‘;S‘J’G“ Scalar field theory =l CRRINCIREeEIJN O =T e [ET KOl

» Euclidean space R¢ with ds? = §,,, dx*dx"
> use twist: F' = exp (2055, Xa ®¢ Xp) With

Xon—1=T:0i, Xon=x"T.0; (parallel vector fields)
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Xon 1 =T 0;, Xon=x"T!0d; (parallel vector fields)

= x-products with h, k € C®(R4):
hxk=hk, dxX®xh=dx"h,
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> use twist: F' = exp (2055, Xa ®¢ Xp) With
Xon 1 =T 0;, Xon=x"T!0d; (parallel vector fields)

= x-products with h, k € C®(R4):
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. . N
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[ SIEIER R Example 2: Nonstandard NC Euclidean QFT

» Euclidean space R4 with ds? = &, dx*dx"
> use twist: F' = exp (2055, Xa ®¢ Xp) With
Xon 1 =T 0;, Xon=x"T!0d; (parallel vector fields)

= x-products with h, k € C®(R4):
hxk=hk, dxX®xh=dx"h,

. . N
dxtxh=dxih— dx"%T;LT;ajh (exact))

= deformed action with T} = 25%:

w 2
So = J (% + %(ND)Q +V[<D]> vol

» Horava type FT from NC geometry! No UV/IR mixing! [AS,Uhlemann]
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[ SIEIETRE CRUEM Example 2: Nonstandard NC Euclidean QFT

» Euclidean space R4 with ds? = &, dx*dx"
> use twist: F' = exp (2055, Xa ®¢ Xp) With
Xon 1 =T 0;, Xon=x"T!0d; (parallel vector fields)

= x-products with h, k € C®(R4):
hxk=hk, dx®xh=dx’h,
) ) in ..
dxtxh=dxih— dx"%T:lT;ajh (exact))
= deformed action with T} = 25%:

w 2
So = J (% o %(A@)Q +V[®]> vol

» Horava type FT from NC geometry! No UV/IR mixing! [AS,Uhlemann]

» UV improvement of ®*-theory in d = 4:

~ /Ayy +finite, >o< — finite
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UNIVERSITAT
WURZBURG

Let’s go back to curved NC spacetimes and
talk about the quantization of scalar fields.
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[ N[ofelarefsl Deformed Green's operators

» let P, = ) A"P(,) be a deformed Klein-Gordon operator (defined above)
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[ \[eXelafofsl Deformed Green’s operators

v

let P, = > A™P(y,) be a deformed Klein-Gordon operator (defined above)

v

(M, gx, *) time-oriented, connected, globally hyperbolic

’?\—»0

v

technical assumption: Py, : C*°(M) — C&(M) foralln >0
~ fulfilled for twists of compact support
» or g, asymptotically (outside compact region) symmetric under &

v

based on strong results for the commutative case we find:
there exist unique Green’s operators A, + := ) A™A 4 satisfying

(I) P oA *t+ = Idcoo M)[[A]] »
(i) At 0 Pu ooy oy = e oman »
(i) supp(A(m)+le]) C J=(supp(e)), foralln e N°and ¢ € C5(M),

where ] is the causal future/past with respect to the metric g.|x—o.
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[ \[eXelafofsl Deformed Green’s operators

v

let P, = > A™P(y,) be a deformed Klein-Gordon operator (defined above)

v

(M, gx, *) time-oriented, connected, globally hyperbolic

’?\—»0

v

technical assumption: Py, : C*°(M) — C&(M) foralln >0
~ fulfilled for twists of compact support
» or g, asymptotically (outside compact region) symmetric under &

v

based on strong results for the commutative case we find:
there exist unique Green’s operators A, + := ) A™A 4 satisfying

() PyoA,x =idcymuymy

(i) Avt 0 Puf ooy oy = ez 0o »

(iii)  supp(Amy+lel) C Jx(supp(@)), forallneN°and ¢ € C3F(M),
where ] is the causal future/past with respect to the metric g.|x—o.

NB: also possible for deformed normally hyperbolic operators P,
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[ \N[oXelafofsll Deformed Green’s operators
Explicit formula for A, in terms of Ay := Ag):

A*j::Aj:
—AAiOP(” OAi
—7\2 (AiOP(g) OAi—AiOP(U OAi OP“) OAi)

+ O(A%) [higher orders follow the same structure]

Graphically:

— - — -0 # (@ - -0
(O OO - @D +-DOD) +on

— perturbative approach to deformed Green’s operators
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EX%‘;S‘J’S’ NeXelNeoSW Deformed symplectic vector space

» fundamental solution:

Ay = Ay — Ay = P,oA,=A, 0P, =0
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[ N[ofelarefsl Deformed symplectic vector space

» fundamental solution:
Ay = Ay — Ay = P,oA,=A, 0P, =0

» space of “physical sources”:

H:={¢ € CP(M)A] : (Acrlo])* = A,rlo]}
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[ \[ofela(ofsW Deformed symplectic vector space

» fundamental solution:
A=A — A, = P,oA,=A,0P, =0
» space of “physical sources”:
H:={@ € CE(MIN]: (Arlo))" = Aslel}

NB: H is sufficiently large, since:

Let 1 be a real solution of the deformed wave equation, then there is a
@ € H, such that { = A, [o].
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» fundamental solution:
A=A — A, = P,oA,=A,0P, =0
» space of “physical sources”:

H:={@ € CF (M)A : (A.rlo))" = A.xlol}

NB: H is sufficiently large, since:

Let 1 be a real solution of the deformed wave equation, then there is a
@ € H, such that { = A, [o].

= H/Ker(A,) is isomorphic to the space of real solutions of P,
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[ N[ofelarefsl Deformed symplectic vector space

» fundamental solution:
A=A — A, = P,oA,=A,0P, =0
» space of “physical sources”:

H:={@ € CF (M)A : (A.rlo))" = A.xlol}

NB: H is sufficiently large, since:

Let 1 be a real solution of the deformed wave equation, then there is a
@ € H, such that { = A, [o].

= H/Ker(A,) is isomorphic to the space of real solutions of P,

Proposition (TO, AS)
(V,, w,) with V, .= H/Ker(A,) and

w, ([, [0]) = (@, A1), :J@* « A B % vol,

is a symplectic vector space.
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[ N[oXelafefsl «-algebras of field observables
» Let A be a unital x-algebra over C[[A]] [math/0408217 (Waldmann), ...]
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[ N[ofelarelsl -algebras of field observables
» Let A be a unital x-algebra over C[[A]] [math/0408217 (Waldmann), ...]
» What are possible definitions of x-algebras of field observables?
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[ N[eXelR (ol «-algebras of field observables
» Let A be a unital x-algebra over C[[A]] [math/0408217 (Waldmann), ...]
» What are possible definitions of x-algebras of field observables?
1.) x-algebra of Weyl-type W : V, — A, such that
w(0) =1,
W(—¢) =W(eo)",
W(p) - W) = e+ (@%)/2 W(p +1) .
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[ N[oXelaelS -algebras of field observables
» Let A be a unital x-algebra over C[[A]] [math/0408217 (Waldmann), ...]
» What are possible definitions of x-algebras of field observables?
1.) x-algebra of Weyl-type W : V, — A, such that
w(0) =1,
W(—¢) =W(eo)",
W(p) - W) = e+ (@%)/2 W(p +1) .
2.) x-algebra of field polynomials @ : V, — A (linear), such that
O(¢)" =0(9),
[@(@), @()] =iw. (e, P) 1.
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[ N[eXelR (ol «-algebras of field observables
» Let A be a unital x-algebra over C[[A]] [math/0408217 (Waldmann), ...]
» What are possible definitions of x-algebras of field observables?
1.) x-algebra of Weyl-type W : V, — A, such that
w(0) =1,
W(—¢) =W(eo)",
W(e) W) = e "+ (@P)2 W(p +1) .
2.) x-algebra of field polynomials @ : V, — A (linear), such that
O(@)* = 0(g),
[@(@), @()] =iw. (e, P) 1.
» What about the twisted x-algebra of field polynomials?

(@) *x @(h) = f*> O (@) - fo > O ()
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[ N[oXelafefsl «-algebras of field observables
» Let A be a unital x-algebra over C[[A]] [math/0408217 (Waldmann), ...]
» What are possible definitions of x-algebras of field observables?
1.) x-algebra of Weyl-type W : V, — A, such that
w(0) =1,
W(—p) =Wl(9)",
W(e) W) = e "+ (@P)2 W(p +1) .
2.) x-algebra of field polynomials @ : V, — A (linear), such that
O(p)* =0(9),
[@(), ()] =iw, (@, P)1.
» What about the twisted x-algebra of field polynomials?
(@) * @ (P) = > (@) - fo > D(W)
v Moyal-Minkowski space [Zahn, Aschieri, .. .], Killing twists [AS, last year BZ]
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[ N[oXelafefsl «-algebras of field observables
» Let A be a unital x-algebra over C[[A]] [math/0408217 (Waldmann), ...]
» What are possible definitions of x-algebras of field observables?
1.) x-algebra of Weyl-type W : V, — A, such that
w(0) =1,
W(—¢) =W(eo)",
W(e) W) = e "+ (@P)2 W(p +1) .
2.) x-algebra of field polynomials @ : V, — A (linear), such that
O(¢)" =0(9),
(@ (@), D()] =iw (@, b)1.
» What about the twisted x-algebra of field polynomials?
(@) * @ (P) = > (@) - fo > D(W)
v Moyal-Minkowski space [Zahn, Aschieri, .. .], Killing twists [AS, last year BZ]
? general case

NB: twisting requires CCR-compatible F [Poisson geometry: Aschieri, Lizzi, Vitale]
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[E652 Summary and outiook |

» scalar field actions on curved NC spacetimes:
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» scalar field actions on curved NC spacetimes:

~ formally self adjoint EOM operators P,
» explicit models for NC cosmology (also BH and RS) [arXiv:1003.3190]
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» NC Green’s operators, solution space and quantization [arXiv:0912.2252]:
> existence, uniqueness and construction of the deformed Green’s operators
» symplectic structure on the space of real solutions of P,

» quantization via x-algebras of field observables (no C*-algebras, yet)
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» NC Green’s operators, solution space and quantization [arXiv:0912.2252]:
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» Outlook and future work:
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» NC Green’s operators, solution space and quantization [arXiv:0912.2252]:
> existence, uniqueness and construction of the deformed Green’s operators
» symplectic structure on the space of real solutions of P,
» quantization via x-algebras of field observables (no C*-algebras, yet)

» Outlook and future work:

> generalization to tensor fields [Aschieri, AS]

~ states on deformed observable algebras — cosmo, Hawking radiation, . ..

A. Schenkel & Th. Ohl (Wirzburg) Field theory on curved NC spacetimes Bayrischzell '10



[E652 Summary and outiook |

» scalar field actions on curved NC spacetimes:
~ formally self adjoint EOM operators P,
» explicit models for NC cosmology (also BH and RS) [arXiv:1003.3190]
» UV improved (Horava type) scalar QFT from NCG [arXiv:1002.4191]
» NC Green’s operators, solution space and quantization [arXiv:0912.2252]:
> existence, uniqueness and construction of the deformed Green’s operators
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> generalization to tensor fields [Aschieri, AS]
~ states on deformed observable algebras — cosmo, Hawking radiation, . ..

» Can we always twist the x-algebra of field polynomials?

A. Schenkel & Th. Ohl (Wirzburg) Field theory on curved NC spacetimes Bayrischzell '10 14/14
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» scalar field actions on curved NC spacetimes:
~ formally self adjoint EOM operators P,
» explicit models for NC cosmology (also BH and RS) [arXiv:1003.3190]
» UV improved (Horava type) scalar QFT from NCG [arXiv:1002.4191]

» NC Green’s operators, solution space and quantization [arXiv:0912.2252]:
> existence, uniqueness and construction of the deformed Green’s operators
» symplectic structure on the space of real solutions of P,
> quantization via x-algebras of field observables (no C*-algebras, yet)

» Outlook and future work:
> generalization to tensor fields [Aschieri, AS]
~ states on deformed observable algebras — cosmo, Hawking radiation, . ..
» Can we always twist the x-algebra of field polynomials?

» Can one include convergent deformations? — hopefully C*-properties
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