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Weights on Lie groups

Definition G : connected real Lie group G with Lie algebra g.
µ ∈ C∞(G ,R+

0 ) is a weight if

(i) ∀X ∈ U(g),∃CL,CR > 0: |X̃ .µ| ≤ CL µ and |X ?.µ| ≤ CR µ .
(ii) ∃L,R ∈ N and C > 0: ∀g , h ∈ G , µ(gh) ≤ C µL(g)µR(h) .

Fréchet space (E , {‖.‖j}j∈N)  {µj}j∈N: weights.
B{µj}(G , E) :={
F ∈ C∞(G , E) : ∀X ∈ U(g), ∀j ∈ N, ∃C > 0 : ‖X̃F‖j ≤ C µj

}
.

Lemma (i) B{µj}(G , E) is Fréchet.

(ii) µj � µ′j ∀j ∈ N ⇒ closureB{µj}(G ,E)(D(G , E)) ⊃ B{µ
′
j}(G , E)
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Tempered Lie groups

Definition G is tempered if ∃ G → Rm where the multiplication
and inverse operations are tempered functions.

Definition Let S ∈ C∞(G ,R). (G ,S) is tempered if

dS : G → g? : x 7→
[
g→ R : X 7→ dSx(X̃ ) =

(
X̃ . S

)
(x)
]

endows G with the structure of a tempered Lie group.
Vector space decomposition: g =

⊕N
n=0 Vn

∀n: basis {enj }j=1,...,dim(Vn) of Vn  x jn :=
(
ẽnj .S

)
(x)

Definition Tempered pair is admissible, if ∃Xn ∈ S(Vn) ⊂ U(g)
with X̃ne

iS =: αne
iS such that

(i) ∃ Cn, ρn > 0: |αn| ≥ Cn

(
1 + |xn|ρnn

)
(xn := (x jn)).

(ii) ∃ µn ∈ C∞(G ,R+
0 ) tempered:

(ii.1) ∀ A ∈ algU(g) (⊕n
k=0Vk):

∣∣Ãαn

∣∣ ≤ CA |αn| µn .
(ii.2) ∀ r ≤ n: ∂µn

∂x jr
= 0 .
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∣∣Ãαn

∣∣ ≤ CA |αn| µn .
(ii.2) ∀ r ≤ n: ∂µn

∂x jr
= 0 .

Pierre Bieliavsky joint work with Philippe Bonneau, Francesco D’Andrea and Victor Gayral Bayrischzell conference, May 2012“Oscillating” quantum groups, pentagon equations and multiplicative unitaries



Oscillatory integrals
Schwartz Hopf-algebras and pentagon equation

Oscillating twists for Kahlerian Lie groups
Applications

Tempered Lie groups

Definition G is tempered if ∃ G → Rm where the multiplication
and inverse operations are tempered functions.
Definition Let S ∈ C∞(G ,R). (G ,S) is tempered if

dS : G → g? : x 7→
[
g→ R : X 7→ dSx(X̃ ) =

(
X̃ . S

)
(x)
]

endows G with the structure of a tempered Lie group.
Vector space decomposition: g =

⊕N
n=0 Vn

∀n: basis {enj }j=1,...,dim(Vn) of Vn  x jn :=
(
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Oscillating twists

Theorem (G , S): admissible tempered pair, µ: tempered weight,
m ∈ Bµ(G ) and {µ′j}j∈N � {µj}j∈N: tempered weights. Then

D(G , E)→ E : F 7→
∫
G me iS F uniquely continuously extends to

˜∫
G m e iS : B{µj}(G , E)→ E .

(A, {‖.‖j}j∈N): Fréchet algebra.
R⊗R : C∞(G ,A)× C∞(G ,A)→ C∞

(
G × G ,C∞(G ,A)

)
:

(F ,F ′) 7−→
[
(x , y) 7→ (R?xF )(R?yF

′) :=
[
g 7→ F (gx)F ′(gy)

]]
.

Theorem (G × G ,S): admissible. m ∈ Bµ(G × G ,C). Set

?S :=
[
(F ,F ′) 7→ ˜∫

G×G me iS ◦ R ⊗R (F ,F ′)
]
. Then:

?S : B{µj}(G ,A)× B{µ
′
j}(G ,A)→ B{µ

Lj
j µ
′
j
L′j }j∈N(G ,A)

is a jointly continuous bilinear map.
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Schwartz spaces

Definition (G ,S): tempered. αX := e−iS X̃ e iS .
SS(G ) :=

{
f ∈ C∞(G ) :

∣∣αn
X (x)

(
Ỹ f
)
(x)
∣∣ < C

}
.

Definition (G × G ,S): admissible. A: Fréchet algebra.

SS(G ,A) :=
{[

g ∈ G 7→ f (g , e)
]
, f ∈ SS(G × G ,A)

}
.

Proposition (G × G ,S): admissible. Then:

?S : B{µj}(G ,A)× SS(G ,A)→ SS(G ,A) is jointly continuous
Definition ?S is weakly associative if
associative on D(G ,A) ⊂ B1(G ,A).
Proposition Weak associativity ⇒ Associativity on B{µj}(G ,A).
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Oscillating twists

Proposition (G ,S): admissible. A ∈ Bµ(G ) (µ tempered). Set:

LA :=
∫
G e iS(x) A(x)R?x dx , RA :=

∫
G e iS(x) A(x) L?x−1 dx .

Then: LA , RA : SS(G ,A)→ SS(G ,A) are continuous linear.
Definition µ: tempered weight on G × G .

BµLR(G × G ) := {F ∈ C∞(G × G ) :
∣∣∣(A? ⊗ 1)(1⊗ B̃).F

∣∣∣ < Cµ} .
Consider Aj ∈ B

µj
LR(G × G ) (j = 1, 2) (µj tempered).

 Kj := Aj e
iS and LAj

, RAj
: S(G × G )→ S(G × G ) .

Set ? := m0 ◦ LA1 ◦ RA2 : S(G )⊗̂ S(G ) −→ S(G ).
Proposition (G × G , S): admissible. µ′ � µ. Then
BµLR(G × G )× S(G × G )→ S(G × G ) : (F ,Φ) 7→ F ?⊗? Φ
( BµLR(G × G ) ⊂ closureBµ

′
LR(G×G)

(D(G × G )) )

Lemma ∀z ∈ G × G : evz ◦ ?⊗? : D(G × G )×D(G × G )→ C
uniquely extends as a separately continuous bilinear map:
BµLR(G × G )× BµLR(G × G )→ C .
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Schwartz co-algebras

Lemma Co-product: ∆ : S(G )→M(S(G )⊗̂S(G )) : S(G ) is a
(commutative) multiplier Fréchet-Hopf algebra.
Remark ∆ : SS(G )→ BµLR(G × G ) ⊂ M?(S(G )⊗̂S(G )) .
Proposition The condition:∫
G×G ∆R(ξη)K1(xξ, yη)K2(ξ, η)dξ dη = δ(e,e)(x , y) (INV)

(d(xξ) =: ∆R(ξ) dx)
implies ∆(ϕ ? ψ) = ∆(ϕ) ?⊗?∆(ψ) on S(G × G ).

Pierre Bieliavsky joint work with Philippe Bonneau, Francesco D’Andrea and Victor Gayral Bayrischzell conference, May 2012“Oscillating” quantum groups, pentagon equations and multiplicative unitaries



Oscillatory integrals
Schwartz Hopf-algebras and pentagon equation

Oscillating twists for Kahlerian Lie groups
Applications

Deformed Kac-Takesaki operators and pentagon equation

Kac-Takesaki operator:
W := (1⊗m0)(∆⊗ 1) on S(G × G ) .
Property: [pentagon equation] W12W13W23 = W23W12 .

Definition (G ,S): admissible. Deformed Kac-Takesaki operator:
W?(ϕ1 ⊗ ϕ2)(x , y) := limψn→1 (∆(ϕ1) ? (ψn ⊗ ϕ2)(x , y))
(limit in BµLR(G × G )).
Theorem Assume:
• ?j := µ0 ◦ LAj

: weakly associative (j = 1, 2)
• Condition (INV).
Then: on S(G )⊗ S(G )⊗ S(G ), the operatorW? satisfies the
pentagon equation.
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Oscillating twists for Kahlerian Lie groups I: old result

Definition Let N ∈ N0.
ΘN := {τ ∈ C∞(RN ,C) | exp(±τ) ∈ OC (RN ,C)}
Theorem B: negatively curved rank N Kahlerian Lie group. ∃
• Ŝ ∈ C∞(B× B× B,R)B

• ΘN → Bµ(B× B× B)B : τ 7→ Âτ

• a left-invariant function sub-space D(B) ⊂ Aτ ⊂ C∞0 (B)
such that:
(i) the formula (θ ∈ R0):

ϕ1 ?θ,τ ϕ2(x) := 1
θdim B

∫
B×B Âτ (x , y , z)e

2i
θ
Ŝ(x ,y ,z)ϕ1(y)ϕ2(z)dydz

extends from D(B)×D(B) to a left-invariant associative algebra
structure on Aτ .
(ii) ϕ1 ?θ,τ ϕ2 ∼ ϕ1ϕ2 + θ

2i {ϕ1 , ϕ2} + .... (formal star-product).
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Oscillating twists for Kahlerian Lie groups II:
admissibility and pentagon equation

Theorem Define:

S(x , y) := Ŝ(x , y , e) , Aτ (x , y) := Âτ (x , y , e) , Kτ :=
1

θdimBAτe
2i
θ
S .

Then
(i) (B× B,S) is an admissible tempered pair.
(ii) τ ∈ Bµ0(RN) ⇒ Aτ ∈ BµLR(B× B).
(iii) the pair (Kτ ,K−τ ) satisfies condition (INV).

Corollary ?τθ := µ0 ◦ LAτ ◦ RA−τ
⇒ Wθ,τ := W?τθ

satisfies
pentagon equation on S(B)⊗ S(B)⊗ S(B).
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Oscillating twists for Kahlerian Lie groups III:
Multiplicative unitaries

Kac-Takesaki W : L2r (G )⊗ L2r (G )→ L2r (G )⊗ L2r (G ) unitary.

Proposition Assume: τ odd. Then ∀θ ∈ R+ , ∃ strictly positive
pseudo-differential operator Pθ such that:

< ϕ1, ϕ2 >θ,τ :=

∫
B
ϕ1 ?

τ
θ ϕ2(x)drx =

∫
B
Pθϕ1 Pθϕ2(x)drx

Definition Hθ,τ= Hilbert completion of (S(B), < , >θ,τ ).
Theorem The operator Wθ,τ uniquely extends from S(B)⊗ S(B)
to Hθ,τ ⊗Hθ,τ as a unitary operator:

Wθ,τ : Hθ,τ ⊗Hθ,τ → Hθ,τ ⊗Hθ,τ .

Pierre Bieliavsky joint work with Philippe Bonneau, Francesco D’Andrea and Victor Gayral Bayrischzell conference, May 2012“Oscillating” quantum groups, pentagon equations and multiplicative unitaries



Oscillatory integrals
Schwartz Hopf-algebras and pentagon equation

Oscillating twists for Kahlerian Lie groups
Applications

Oscillating twists for Kahlerian Lie groups III:
Multiplicative unitaries

Kac-Takesaki W : L2r (G )⊗ L2r (G )→ L2r (G )⊗ L2r (G ) unitary.
Proposition Assume: τ odd. Then ∀θ ∈ R+ , ∃ strictly positive
pseudo-differential operator Pθ such that:

< ϕ1, ϕ2 >θ,τ :=

∫
B
ϕ1 ?

τ
θ ϕ2(x) drx =

∫
B
Pθϕ1 Pθϕ2(x)drx

Definition Hθ,τ= Hilbert completion of (S(B), < , >θ,τ ).
Theorem The operator Wθ,τ uniquely extends from S(B)⊗ S(B)
to Hθ,τ ⊗Hθ,τ as a unitary operator:

Wθ,τ : Hθ,τ ⊗Hθ,τ → Hθ,τ ⊗Hθ,τ .

Pierre Bieliavsky joint work with Philippe Bonneau, Francesco D’Andrea and Victor Gayral Bayrischzell conference, May 2012“Oscillating” quantum groups, pentagon equations and multiplicative unitaries



Oscillatory integrals
Schwartz Hopf-algebras and pentagon equation

Oscillating twists for Kahlerian Lie groups
Applications

Oscillating twists for Kahlerian Lie groups III:
Multiplicative unitaries

Kac-Takesaki W : L2r (G )⊗ L2r (G )→ L2r (G )⊗ L2r (G ) unitary.
Proposition Assume: τ odd. Then ∀θ ∈ R+ , ∃ strictly positive
pseudo-differential operator Pθ such that:

< ϕ1, ϕ2 >θ,τ :=

∫
B
ϕ1 ?

τ
θ ϕ2(x) drx =

∫
B
Pθϕ1 Pθϕ2(x)drx

Definition Hθ,τ= Hilbert completion of (S(B), < , >θ,τ ).

Theorem The operator Wθ,τ uniquely extends from S(B)⊗ S(B)
to Hθ,τ ⊗Hθ,τ as a unitary operator:

Wθ,τ : Hθ,τ ⊗Hθ,τ → Hθ,τ ⊗Hθ,τ .

Pierre Bieliavsky joint work with Philippe Bonneau, Francesco D’Andrea and Victor Gayral Bayrischzell conference, May 2012“Oscillating” quantum groups, pentagon equations and multiplicative unitaries



Oscillatory integrals
Schwartz Hopf-algebras and pentagon equation

Oscillating twists for Kahlerian Lie groups
Applications

Oscillating twists for Kahlerian Lie groups III:
Multiplicative unitaries

Kac-Takesaki W : L2r (G )⊗ L2r (G )→ L2r (G )⊗ L2r (G ) unitary.
Proposition Assume: τ odd. Then ∀θ ∈ R+ , ∃ strictly positive
pseudo-differential operator Pθ such that:

< ϕ1, ϕ2 >θ,τ :=

∫
B
ϕ1 ?

τ
θ ϕ2(x) drx =

∫
B
Pθϕ1 Pθϕ2(x)drx

Definition Hθ,τ= Hilbert completion of (S(B), < , >θ,τ ).
Theorem The operator Wθ,τ uniquely extends from S(B)⊗ S(B)
to Hθ,τ ⊗Hθ,τ as a unitary operator:

Wθ,τ : Hθ,τ ⊗Hθ,τ → Hθ,τ ⊗Hθ,τ .

Pierre Bieliavsky joint work with Philippe Bonneau, Francesco D’Andrea and Victor Gayral Bayrischzell conference, May 2012“Oscillating” quantum groups, pentagon equations and multiplicative unitaries



Oscillatory integrals
Schwartz Hopf-algebras and pentagon equation

Oscillating twists for Kahlerian Lie groups
Applications

Application I: Multiplicative unitaries for quantum
semi-simple Lie groups

G : Hermitean type non-compact simple Lie group.

Iwaswa decomposition G = ANK .
B := AN  dressing: B× K → K : (x , k) 7→ kx (kx =: xkkx)
Embedding: S(B,C∞(K ))→ C∞(G ) : ϕ 7→ [xk 7→ ϕ(x)(k)]
Co-product: ∆ϕ(xk , x ′k ′) := ϕ(x x ′k)(kx

′
k ′)

Lemma C (K )∞: C∞−vectors of dressing action of B on C (K ).
Then: ∆ : S(B,C (K )∞)→ B1LR(B× B,C (K × K )∞).
Fréchet-valued oscillatory twists:

LAτ ,RA−τ
: S(B× B,C (K )∞)→ S(B× B,C (K )∞)  ?τθ .

Proposition Set H?(G ) := Hθ,τ ⊗ L2(K ).
Then, the C (K )∞-valued deformed Kac-Takesaki operator Wθ,τ

extends as a multiplicative unitary operator on H?(G )⊗H?(G ).
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Fréchet-valued oscillatory twists:

LAτ ,RA−τ
: S(B× B,C (K )∞)→ S(B× B,C (K )∞)  ?τθ .

Proposition Set H?(G ) := Hθ,τ ⊗ L2(K ).
Then, the C (K )∞-valued deformed Kac-Takesaki operator Wθ,τ

extends as a multiplicative unitary operator on H?(G )⊗H?(G ).
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Application II: quantum Poincaré groups Minkowski
modules

Poincaré: SO0(1, n) nR1+n.

Iwasawa: SO0(1, n) = SO(n).AN
⇒ G := AN nR1,n tempered Lie group.
Proposition (i) Every time-like direction e0 in R1,n ⊂ G is
supplementary to a Frobenius sub-group Fe0 ⊂ G .
(ii) Fe0 simply transitively acts on the rank-one negatively curved
Kahlerian group B of dimension 2n.
(iii) Fe0 ⊂ Aut(?θ,τ ).
⇒ Fe0 carries an oscillating twist (transported from the one on B
through symplectomorphism: Fe0 → B : x 7→ x .e).
 Deformed Minkowski space:
Semi-classical Poisson structure (e0 = (1, 0, ..., 0)):
x̃1 := x1 − x0 , x̃k := xk (k 6= 1)  { x̃0 , x̃k } = x̃k .
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