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Nambu and membrane sigma models & effective actions

Motivation

I Non-commutative → “Nambuian” geometry

I Nambu-Poisson deformation quantization

I DBI-like effective action for open brane systems

Outline

I Nambu-Poisson structures

I Poisson σ-model

I Nambu σ-model

I Membrane actions

I Nambu-DBI action

I brief remarks on quantization



Nambu-Poisson structures

Nambu mechanics

multi-Hamiltonian dynamics with generalized Poisson brackets

e.g. Euler’s equations for spinning top

I1ω̇1 + ω2ω3(I3 − I2) = 0 etc.

⇒ L̇i = εijkLjLk/Ij = {Li ,T ,
1

2
~L2}

with ~L = I · ~ω, T = 1
2
~L · ~ω and Nambu-Poisson bracket

{f , g , h} = det

[
∂(f , g , h)

∂(L1, L2, L3)

]
= εijk ∂i f ∂jg ∂kh



Nambu-Poisson structures

Nambu-Poisson (NP) bracket
more generally: skew-symmetric, multi-linear, derivation

{f , h1, . . . , hp} = Πi j1...jp (x) ∂i f ∂j1h1 · · · ∂jphp

+ Fundamental Identity (FI)

{{f0, · · · , fp}, h1, · · · , hp} = {{f0, h1, · · · , hp}, f1, · · · , fp}+ . . .

. . .+ {f0, . . . , fp−1, {fp, h1, · · · , hp}}



Nambu-Poisson structures

Alternative viewpoint

I Nambu tensor Π ∈ TM ⊗ ΛpTM maps a time-evolution p-form η
“Nambuian” (η = dH for p = 1) to a time-evolution vector field

Π(η) =
1

p!
Πi j1...jp ηj1...jp∂i ≡ ΠiJηJ∂i ∈ TM

with J = (j1, . . . , jp): ordered multi-index

I Canonical transformation property

dη = 0 ⇒ LΠ(η) Π = 0

I Conservation law property

η = dh1 ∧ . . . ∧ dhp ⇒ LΠ(η) η = 0



Nambu-Poisson structures

For p = 1:
ordinary Poisson structure, differential constraint (Jacobi identity)

For p > 1:
Nambu-Poisson structure, differential & algebraic constraint

⇔ Π factorizes into wedge product of vector fields

Π = V0 ∧ V1 ∧ . . . ∧ Vp = |Π(x)|
1

p+1 e0 ∧ . . . ∧ ep

I foliation into (p + 1)-dimensional submanifolds

I |Π(x)|
1

p+1 is a scalar density of weight −1

I |Π(x)| is the generalized determinant of the rectangular matrix ΠiJ

and a scalar density of weight −(p + 1)



Poisson σ-model

Nonlinear gauge theory/Poisson σ-model (Ikeda; Schaller, Strobel)

S [A,X ] =

∫
Σ

(
Ai ∧ dX i − 1

2
ΠijAi ∧ Aj

)
Π =

1

2
Πij(X )∂i ∧ ∂j

X : Σ→ M (Σ: 2D world sheet, M: target space)

A(σ) = 1-form on Σ with values in T ∗X (σ)M

equations of motion

dX i − ΠijAj = 0 dAi +
1

2
∂iΠ

klAk ∧ Al = 0

consistency of eom requires

[Π,Π]ijkS =
1

3

(
Πil∂lΠ

jk + cycl
)

= 0 ⇒ (M,Π) must be Poisson



Poisson σ-model

Generalized (non-topological) Poisson σ-model

S =

∫
Σ

(
Ai ∧ dX i − 1

2
ΠijAi ∧ Aj −

1

2
(G−1)ijAi ∧ ∗Aj

)
Ai = Aiα(σ)dσα are auxiliary fields → integrate out

S ′ = −
∫

Σ

1

2

(
gijdX

i ∧ ∗dX j + BijdX
i ∧ dX j

)
⇒ closed-open string relations

1

g + B
= G−1 + Π ⇒ G = g − Bg−1B , θ = −G−1Bg−1

quick & ‘dirty’ derivation. . .∑
α,β

(G−1 + Π)ijAiαAjβ

∑
α,β

(g + B)ij∂αX
i∂βX

j



Nambu σ-model

Let ηi = ηi (σ)dσ1 := −Ai1(σ)dσ1 and η̃j = η̃j(σ)dσ0 := Aj0(σ)dσ0

Generalized Poisson σ-model

S =

∫
Σ1+1

(
dX i ∧ ηi + η̃j ∧ dX j − Πij η̃j ∧ ηi −

1

2
G ijηi ∧ ∗ηj −

1

2
G ij η̃i ∧ ∗η̃j

)

p-brane version → Nambu σ model

S =

∫
Σ1+p

(
dX i ∧ ηi + η̃J ∧ dpX J − ΠiJ η̃J ∧ ηi −

1

2
G ijηi ∧ ∗ηj −

1

2
G̃ IJ η̃I ∧ ∗η̃J

)



Nambu sigma model

Notation

X i (σ) embedding fn’s (scalar fields)

I , J ordered p-tuple multi-indices

I = (i1, . . . , ip) 0 ≤ i1 < . . . < ip ≤ D − 1

∂̃X I ≡
p∑

a1,...,ap=1

εa1...ap∂a1X
i1 · · · ∂apX ip

α, β = 0, 1, . . . , p world volume indices

a, b = 1, . . . , p spatial components

A tilde distinguishes fields that carry multi indices.

Nambu sigma model (in components)

S [η, η̃,X ] =

∫
dp+1σ

[
− 1

2
(G−1)ijηiηj +

1

2
(G̃−1)IJ η̃I η̃J

+ ηi∂0X
i + η̃I ∂̃X

I − ΠiJηi η̃J
]



Nambu gauge theory

Nambu-Poisson map
add fluctuations: p-form gauge potential A with field strength F = dA

gauge action of F on Π:

Π 7→ ΠF = (I − ΠFT )−1Π = (1− 〈Π,F 〉)−1Π

with inner product 〈Π,F 〉 ≡ tr ΠFT

Nambu-Poisson map ρ[A] (change of coordinates) relates Π and ΠF

gauge tr. δA = dλ ⇒ δρ[A] generated by X[λ,A] = ΠiJ(d λ̂[λ,A])J∂i

λ̂[λ,A] =
∑
k

(−LΠtF (A) + ∂t)
k(λ)

(k + 1)!

∣∣∣
t=0

.



Nambu gauge theory

Covariant functions and coordinates:

f̂ = ρ[A](f )  δf̂ = LΠ(dλ̂) f̂ =
∑
{f̂ , λ̂(1), . . . , λ̂(p)}

x̂ i = ρ[A](x
i ) = x i + Âi  δÂi =

∑
{x̂ i + Âi , λ̂(1), . . . , λ̂(p)}

(d λ̂ ≡
∑

d λ̂(1) ∧ . . . ∧ d λ̂(p))

Jacobian of ρ[A] : x i 7→ x̂ i

Using the decomposability of Π for p > 1 and fact that the degenerate
matrix FΠT acts non-trivially only on a (p + 1)-dimensional subspace
(via multiplication by 〈Π,F 〉):

det(1− FΠT ) = (1− 〈Π,F 〉)p+1 =
|Π(x̂)|
|Π(x)|

·
∣∣∣∣∂x∂x̂

∣∣∣∣p+1

.



Nambu sigma model

Nambu sigma model in block matrix form

S [η, η̃,X ] =

∫
dp+1σ

[
1

2

(
ηi
η̃I

)T (
(G−1)ij −iΠiJ

−i(ΠT )Ij (G̃−1)IJ

)(
ηj
η̃J

)

−i
(
ηi
η̃I

)T (
∂0X

i

∂̃X I

)]

equations of motion → eliminate auxiliary fields η, η̃(
(G−1)ij −iΠiJ

−i(ΠT )Ij (G̃−1)IJ

)(
ηj
η̃J

)
= −i

(
∂0X

i

∂̃X I

)
solve for η, η̃ and plug back into action

S [X ] =

∫
dp+1σ

[
1

2

(
∂0X

i

∂̃X I

)T (
(G−1)ij −iΠiJ

−i(ΠT )Ij (G̃−1)IJ

)−1(
∂0X

j

∂̃X J

)]



Nambu sigma model

→ membrane σ model with C -field background

S [X ] =

∫
dp+1σ

[
gij∂0X

i∂0X
j + g̃IJ ∂̃X

I ∂̃X J

− i

∫
dp+1σ

∑
i,J

CiJ∂0X
i ∂̃X J

]
where we identify(

g −iC
−iCT g̃

)
=

(
G−1 −iΠ
−iΠT G̃−1

)−1

more generally:(
g −iC
−iCT g̃

)−1

=

(
G −iΦ
−iΦT G̃

)−1

+

(
0 −iΠ
−iΠT 0

)



Membrane actions

M-Brane with a closed membrane C -field background:

Nambu-Goto p-brane action

S [X ] = Tp

∫
Σ

dp+1σ
√

det(gij∂αX i∂βX j)

classically equivalent: p-brane sigma model action

S [X , h] =
T ′p
2

∫
Σ

dp+1σ
√

det h
[
gijh

αβ∂αX
i∂βX

j − (p − 1)λ
]

where T ′p = λ
p−1

2 Tp and λ > 0



Membrane actions

gauge fix

ha,0 = h0,b = 0 and h00 = λp−1 det(hab)

(valid globally for Σ of form Σp × R, Σp × I or Σp × S1)

eliminate hab ⇒

Sgf[X ] =
Tp

2

∫
dp+1σ

[
gij∂0X

i∂0X
j + det(gij∂aX

i∂bX
j)
]

introduce multi-index notation

g̃IJ ≡
∑
π∈Sp

sgn(π)giπ(1)j1 · · · giπ(p)jp



Membrane actions

gauge-fixed p-brane action in multi-index notation

Sgf[X ] =
Tp

2

∫
dp+1σ

[
gij∂0X

i∂0X
j + g̃IJ ∂̃X

I ∂̃X J
]

add background Cp+1-field

1

(p + 1)!
Cij1...jpdx

idx j1 . . . dx jp

with field strength H = dC → membrane σ model

S [X ] =

∫
dp+1σ

[
gij∂0X

i∂0X
j + g̃IJ ∂̃X

I ∂̃X J

− i

∫
dp+1σ

∑
i,J

CiJ∂0X
i ∂̃X J

]



Membrane versus Nambu sigma model

Closed-open membrane relations

g + Cg̃−1CT = G + ΦG̃−1ΦT

g̃ + CTg−1C = G̃ + ΦTG−1Φ

g−1C = G−1Φ− Π(G̃ + ΦTG−1Φ)

Cg̃−1 = ΦG̃−1 − (G + ΦG̃−1ΦT )Π

1

g + C
=

1

G + Φ
+ Π (for p = 1)



Born Infeld action

p = 1 open strings, effective action

Born-Infeld action (ignoring dilaton)

SDBI =
1

gs

∫
dnx det

1
2 [g + B] =

1

gs

∫
dnx det

1
4 [g ] det

1
4

[
g − Bg−1B︸ ︷︷ ︸

G

]
add fluctuations B 7→ F = B + F :
θ 7→ θ′ = (1− θF )−1θ and x i 7→ ρ∗(x i ) = x̂ i = x i + θij âj ,
where âj is a “semi-noncommutative” gauge field.

The flow ρ∗ (SW map) is generated by the vector field θijaj∂i with
fij = ∂iaj − ∂jai .



Born Infeld action

p = 1 noncommutative description

SDBI =

∫
dnx

1

gs
det

1
2 [g + B + F ] =

∫
dnx

1

Ĝs

|̂θ|
1
2

|θ| 12
det

1
2

[
Ĝ + Φ̂ + F̂ ′

]
The proof of this exact identity is based on matrix manipulations starting
from

1

g + B
= θ +

1

G + Φ
,

using the flow ρ∗, and appropriate relations for the string couplings.

exact identity only with semi-classical noncommutative description



Born Infeld action

p > 1 effective action (?)

det[g + B] makes no sense, but det[g + Bg̃−1BT ] does.

SDBI =
1

gm

∫
dp′+1x det x [g ] det y

[
g + Bg̃−1BT︸ ︷︷ ︸

G

]
=

1

gm

∫
dp′+1x det

1
2 [g ] det y

[
1 + g−1Bg̃−1BT

]
y =?



Effective open p-brane action

Miraculous identity

det[g+(B+F )g̃−1(B+F )T ] = det 2[1−FΠT ]·det[G+(Φ+F ′)G̃−1(Φ+F ′)T ]

where F ′ = (I − FΠT )−1F , holds for all p.

The Jacobian of the Nambu-Poisson map fixes the appropriate power:

⇒ Effective action (conjecture)

Sp-DBI =

∫
dp′+1x

1

gm
det x(g) · det y

[
g + (C + F )g̃−1(C + F )T

]
with x = p

2(p+1) , y = 1
2(p+1)



Effective open p-brane action

NC Dual

Sp-NCDBI =

∫
dp′+1x

1

Ĝm

|̂Π|
1

p+1

|Π|
1

p+1

det x(Ĝ )

· det y
[
Ĝ + (Φ̂ + F̂ ′) ̂̃G−1(Φ̂ + F̂ ′)T

]
̂ denotes objects evaluated at covariant coordinates

F̂ ′ is the Nambu (NC) field strength

open-closed membrane coupling constants

Gm = gm

(
detG

det g

) p
2(p+1)



Effective open p-brane action

Expansion of action
ignore a cosmological constant term and let F = C + F

Sp-DBI =
1

2(p + 1)gm
det

1
2 (g) tr

[
g−1F g̃−1FT

]
+ . . .

the coupling constant gm is dimensionless for:

I strings on D3 with 2-form field strength (Maxwell/Yang-Mills)

I 2-brane on 5-brane with 3-form field strength ( M2-M5 system)

I p-brane on 2(p + 1)-brane with p + 1 form field strength

consider p = 2, p′ = 5 and expand further (k = Fkl
i Fjkl):

det
1
6 (1 + k) =

√
1 +

1

3
trk − 1

6
trk2 +

1

36
(tr k)2 + . . . .

⇒ exact match with κ-symmetry computation of
Cederwall, Nilsson, Sundell, “An Action for the superfive-brane” (1998)



Effective open p-brane action

Background independent gauge
Focus on (p + 1)-dimensional maximal NC subspace:

⇒ ΠiJ , CiJ are square matrices

The open-closed membrane relations imply

Π = −(CT )−1 G = Cg̃−1CT G̃ = CTg−1C

The relevant part of the action becomes

SM =

∫
dp+1x

1

|Π|
1

p+1

1

ĝm
det y

[
1 + Π̂′T ĝ Π̂′̂̃g ]



Effective open p-brane action

From higher gauge theory to matrix model. . .
Expanding to lowest order (ignoring a non-cosmological constant) ⇒
semi-classical/infinite-dimensional version of a matrix model∫

dp+1x
1

|Π|
1

p+1

1

2(p + 1)ĝm

· ĝi0j0 · · · ĝip jp{X̂ j0 , . . . , X̂ jp}{X̂ i0 , . . . , X̂ ip}

quantize:

 
1

2(p + 1)ĝm
Tr
(
ĝi0j0 · · · ĝip jp

[
X̂ j0 , . . . , X̂ jp

] [
X̂ i0 , . . . , X̂ ip

])



Quantization

Quantization I: auxiliary fields
path integral based on AKSZ-style action (Jurco/Bouwknegt)

Sc,π =

∫
X

(FiDXi +ψiDχi + GIDHI + ηIDAI )

+

∫
X

(−ψiFi +
1

(p − 1)!
Gi1...ip−1 (ηi1...ip−1 −ψi1 . . .ψip−1 ))

+
1

(p + 1)!

∫
X

ci1...ip+1ψ
i1 . . .ψip+1 +

∫
∂X

1

(p − 1)!
πi1i2...ipAi1...ip−1χip



Quantization

Quantization II: extended target space
deformation quantization of twisted Poisson structure on phase space

Θ(x , p) =

(
[Π(x)]ijkpk δij
−δji 0

)
 non-trivial Jacobiators, non-associative ? product

relevant for closed strings in R-flux background, “non-associative gravity”

joint work in Edinburgh with Richard Szabo and Dionysis Mylonas



Conclusion

Summary

I Nambu-Sigma model related to p-branes in C -field background

I open-closed relations for p-branes

I Nambu versions of: NC gauge theory and Seiberg-Witten map

I commutative ↔ non-commutative “duality”

I DBI-type effective action for branes ending on branes (conjecture)

I 2 limits: higher form gauge theory and covariant matrix model

To do’s

I add fermions

I checks: κ-symmetry, dualities, dimensional reduction

I direct path integral derivation (unclear how to do this)

I quantization

I . . .

Thank you for listening


