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Plan of the talk:

Part I: Two-derivative DFT

‚ Efficient reformulation of supergravity (‘generalized geometry’)

‚ Gauge symmetry of DFT: generalized coordinate transformations

‚ non-geometric backgrounds

Part II: Higher-derivative α1 corrections

‚ deformed gauge structure

‚ exact action

Part III: Exceptional Field Theory

‚ Gauge fields for ‘generalized geometry brackets’

‚ Enpnq covariant form of D “ 11 supergravity

‚ Conclusions and Outlook
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Part I: Two-derivative Double Field Theory

Reformulation (Extension?) of spacetime action for massless string fields:

SNS “

ż

dDx
?
´ge´2φ

„

R ` 4pBφq2 ´
1

12
HijkHijk `

1

4
α1RijklRijkl ` ¨ ¨ ¨



generalized metric and doubled coordinates XM “ px̃i, x
iq,

HMN “

˜

gij ´gikbkj

bikg
kj gij ´ bikg

klblj

¸

P OpD,Dq

DFT Action (dilaton density e´2d “ e´2φ?´g ):

SDFT “

ż

d2DX e´2dRpH, dq B̃i“0
ÝÝÝÑ SNS

ˇ

ˇ

α1“0

generalized curvature scalar

R ” 4HMNBMBNd´ BMBNHMN ´ 4HMNBMd BNd` 4BMHMN BNd

`
1

8
HMNBMHKL BNHKL ´

1

2
HMNBMHKL BKHNL
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Gauge transformations and generalized Lie derivatives

Recall g.c.t. from GR:

g1ijpx
1q “

Bxk

Bx1i
Bxl

Bx1j
gklpxq

Infinitesimally, x1i “ xi ´ ξipxq, governed by Lie derivatives

δξgij “ Lξgij ” ξkBkgij ` Biξ
kgkj ` Bjξ

kgik

In DFT gauge invariance governed by generalized Lie derivatives

pLξHMN “ ξPBPHMN `
`

BMξ
P ´ BP ξM

˘

HPN `
`

BNξ
P ´ BP ξN

˘

HMP

pLξ
`

e´2d˘ “ BM
`

ξMe´2d˘

Invariance and closure, r pLξ1
, pLξ2

s “ pLrξ1,ξ2sC
, modulo strong constraint

ηMNBMBN “ 2B̃iBi “ 0 ηMN “

ˆ

0 1

1 0

˙
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Generalized coordinate transformations

Generalized g.c.t. that reproduce this infinitesimally:

S1pX 1q “ SpXq A1MpX
1q “ FMNANpXq

and analogously on higher tensors, where [O.H., Zwiebach, 1207.4198]

FMN ”
1

2

ˆ

BXP

BX 1M
BX 1P
BXN

`
BX 1M
BXP

BXN

BX 1P

˙

Setting X 1M “ XM ´ ξMpXq we get δξ “ pLξ .

‚ xi1 “ xi1pxq , x̃1i “ x̃i leads to usual g.c.t.,

x̃1i “ x̃i ´ ξ̃ipxq , xi1 “ xi leads to bij Ñ bij ` Biξ̃j ´ Bj ξ̃i

‚ composition according to BCH of C-bracket

‚ consistent patching for genuinely non-geometric backgrounds
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Supersymmetric and Heterotic Extensions

(Generalized) vielbein formalism required [Siegel (1993), O.H. & Ki Kwak (2010)]

HMN “ η̂ABEA
MEB

N , η̂AB “

ˆ

ηab 0

0 ηā̄b

˙

local SOp1,9` nqL ˆ SOp1,9qR Lorentz symmetry

Gauge fixing to diagonal subgroup

EA
M “

ˆ

Eai Eai

Eāi Eā
i

˙

“
1
?

2

ˆ

eia ` bijea
j eai

´eiā ` bijeā
j eā

i

˙

Fermions: singlets under Op10` n,10q and pLξ
[O.H., S. Ki Kwak, 1111.7293]

Ψa : vector of SOp1,9` nqL , spinor of SOp1,9qR
ρ : spinor of SOp1,9qR ,

ε : spinor of SOp1,9qR
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N “ 1 supersymmetric Lagrangian (including n vector multiplets)

L “ e´2d
´

RpE, dq ´ Ψ̄aγ b̄∇b̄Ψa ` ρ̄γ
ā∇āρ` 2Ψ̄a∇aρ

¯

N “ 1 supersymmetry transformations

Eb̄
MδεEaM “

1

2
ε̄γ b̄Ψa δεd “ ´

1

4
ε̄ρ δεΨa “ ∇aε δερ “ γā∇āε

Proof of supersymmetric invariance: variation of bosonic term

e2d δεLB “
1

2
ε̄ρR` ε̄γ b̄ΨaRāb

variation of fermionic terms

e2d δεLF “ ´2Ψ̄aγ b̄∇b̄∇aε` 2ρ̄γā∇ā

`

γ b̄∇b̄ε
˘

` 2∇aε̄∇aρ` 2Ψ̄a∇a
`

γ b̄∇b̄ε
˘

“ ´2Ψ̄a
”

γ b̄∇b̄,∇a

ı

ε` 2ρ̄
´

γā∇āγ
b̄∇b̄ ´∇a∇a

¯

ε

“ Ψ̄aγ b̄Rābε´
1

2
ρ̄Rε “ ´

1

2
ε̄ρR´ ε̄γ b̄ΨaRāb

Thus: δε
`

SB ` SF
˘

“ 0
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Comparison: standard N “ 1 supergravity action

S “

ż

d10x e e´2φ
”´

R ` 4Biφ Biφ´
1

12
ĤijkĤijk ´

1

4
FijF

ij
¯

´ ψ̄iγ
ijkDjψk ´ 2λ̄γiDiλ´

1

2
χ̄α {Dχα

` 2ψ̄ipBiφqγ
jψj ´ ψ̄ip{Bφqγ

iλ´
1

4
χ̄αγ

iγjkFjk
α
`

ψi `
1

6
γiλ

˘

`
1

24
Ĥijk

´

ψ̄mγ
mijknψn ` 6ψ̄iγjψk ´ 2ψ̄mγ

ijkγmλ`
1

2
χ̄αγijkχα

¯

` quartic fermions
ı

where

Ĥijk “ 3
´

Bribjks ´Ari
αBjAksα

¯
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Comparison: standard N “ 1 supersymmetry rules

δεei
a “

1

2
ε̄ γaψi ´

1

4
ε̄ λ ei

a ,

δεφ “ ´ ε̄λ , δεAi
α “

1

2
ε̄ γiχ

α ,

δεχ
α “ ´

1

4
γijFij

αε

δεψi “ Diε´
1

8
γip{Bφqε`

1

96
pγi

klm ´ 9δi
kγlmqĤklmε ,

δελ “ ´
1

4
p{Bφqε`

1

48
γijkĤijkε ,

δεbij “
1

2
pε̄ γiψj ´ ε̄ γjψiq ´

1

2
ε̄ γijλ`

1

2
ε̄γriχ

αAjsα .
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Part II: Higher-derivative deformations

Geometrical structures for generalized vector Ξ ” pξMq in α1 “ 0 DFT:

xΞ1|Ξ2y “ ξM1 ξN2 ηMN , rΞ1,Ξ2s
M
C
“ ξN

r1BNξ
M
2s ´

1

2
ξK1
ÐÑ
B
M
ξ2K

pLΞV
M “ ξPBPV

M ` pBMξP ´ BP ξ
MqV P

All receive non-trivial higher-derivative corrections:

xΞ1|Ξ2y “ ξM1 ξN2 ηMN ´ pBNξ
M
1 qpBMξ

N
2 q

rΞ1,Ξ2s
M
C
“ ξN

r1BNξ
M
2s ´

1

2
ξK1
ÐÑ
B
M
ξ2K `

1

2
pBKξ

L
1 q
ÐÑ
B
M
pBLξ

K
2 q

LΞV
M “ ξPBPV

M ` pBMξP ´ BP ξ
MqV P ´ pBMBKξ

LqBLV
K

Closure and gauge invariance exact! (LΞ xV,W y “ ξNBN xV,W y, etc. )

Not removable by OpD,Dq covariant redefinitions

Non-vanishing for x̃ “ 0 ñ deformation of Courant bracket, etc.
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DFT relations for H P OpD,Dq

pH2qMN ” HMKHK
N “ ηMN TrH ” ηMNHMN “ 0

get deformed ñ dynamical equations!

pM ‹MqMN ” 2pM2qMN ´
1

2
BMMPQBNMPQ ` ¨ ¨ ¨ “ 2ηMN

trM ” ηMNMMN ´ 3BMBNMMN ` ¨ ¨ ¨ “ 0

In derivative expansion:

0th order : MMN “ HMN , H2 “ η

1st order : MMN “ HMN `
1

2
tH,Vp2quMN

Then

0 “ trM “ 3RpH, φq rdilaton eq.s Vp2qH´HVp2q “ 0 rgravity eq.s

plus higher-derivative corrections!
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CFT Derivation and Action

doubled world-sheet scalars XMpzq , M “ 1, . . . ,2D,
chirality condition: PM “ X 1M ” ZM

“

1 “ B
Bz

‰

postulate the (two) Virasoro generators

S ”
1

2
pZ2 ´ φ2q T ” 1

2M
MNZMZN ´

1
2p

xMMZMq
1

OPE defines (various) ‘quantum products’. OPE yields Virasoro2

Spz1qSpz2q “
D

z4
12
`

2Spz2q

z2
12

`
S 1pz2q

z12
` finite , same for T

Spz1qT pz2q “
2T pz2q

z2
12

`
T 1pz2q

z12
` finite

provided dilaton and gravity equations hold!

Gauge invariant action

S “

ż

eφ
`

xT |Sy ´ 1
6xT |T ‹ T y

˘

“

ż

eφ
`

TrM´
1

3
M3 ` ¨ ¨ ¨

˘
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Part III: Exceptional Field Theory

Cremmer-Julia [1979]: torus reduction of D “ 11 SUGRA

Ñ E6p6q [D “ 5], E7p7q [D “ 4], E8p8q [D “ 3]

Larger mathematical framework that explains/makes it manifest?

Hillmann [2009]: truncation of D “ 11 SUGRA in 4` 7 split,

keeping only ’internal’ field components and coordinates,

GMN “

ˆ

e2∆ηµν 0

0 gmnpyq

˙

, etc.

extending coordinates to fundamental 56 ñ E7p7q covariant action

more recently: other groups, geometry, covariant section constraints, etc.
[Berman & Perry (2010), Coimbra, Strickland-Constable & Waldram (2011), etc.]

Complete D “ 11 SUGRA?? duality transformations in D “ 11??
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E7p7q Exceptional Field Theory

Coordinates pxµ, YMq, µ “ 0, . . . ,3, M : fundamental 56 of E7p7q

ptαq
MN BM b BN “ 0 , ΩMN BM b BN “ 0

with ΩMN symplectic form of E7p7q Ă Spp56q

Generalized Lie derivative

LΛV
M ” ΛKBKV

M ´ 12PMN
K
L BKΛL V N ` λ BPΛP VM

with projector PMN
K
L onto adjoint; λpV q density weight.

Ñ E7p7q bracket

“

Λ1,Λ2
‰M
E “ 2ΛK

r1BKΛM2s`12 ptαq
MNptαqKLΛK

r1BNΛL2s´
1

4
ΩMNΩKLBN

`

ΛK1 ΛL2
˘

Jacobiator

JMpΛ1,Λ2,Λ3q “ ptαqMNBNχαpΛq `ΩMNχNpΛq ,
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Ñ covariant curvature involves two 2-forms

FµνM ” Fµν
M ´ 12 ptαqMNBNBµν α ´

1

2
ΩMNBµν N

where BµνN is covariantly constrained compensator field

Twisted (electric-magnetic) self-duality relations

FµνM “ ´
1

2
e εµνρσ ΩMNMNKFρσK

gauge vectors AµM include 7 Kaluza-Klein vectors from D “ 11 metric

Ñ also 7 dual gauge vectorsÑ dual graviton in non-linear duality relation
[no-go theorems: Bekaert, Boulanger, Henneaux (2002)]

‘Resolution’: dual graviton & compensating gauge field
[Boulanger, O.H. (2008)]

solving section constraint Ñ only 7 BµνN survive
Ñ 7 ‘dual graviton’ fields pure gauge
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GL(5) x SL(2) solution 

of section constraint

GL(6) so
lution     

 

of se
ctio

n co
nstra

int

D = 11 supergravity

IIB supergravity

E6(6)  EFT in  D = 5+27
with section constraint

maximal D = 5 supergravity
  coset  E6(6) / USp(8)

T6
T5

@
M

=
0
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Summary & Outlook

‚ DFT provides strikingly economic reformulation of supergravity

‚ strong evidence that it gives more than supergravity:
truly non-geometric backgrounds well-defined thanks to
DFT diffeomorphismsÑ compactification, generalized Scherk-Schwarz
[Aldazabal, Baron, Marques & Nunez, Geissbühler (2011)]

‚ intriguing new ‘quantum geometry’ beyond lowest order in α1

ñ underlying gauge principle of string theory?

‚ Exceptional field theory generalization of DFT to M-theory/U-duality
ñ same generalizations as for DFT: supersymmetry, higher deriva-
tive corrections, non-trivial backgrounds, etc.

‚ many obvious open questions/problems!
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