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Part |: Two-derivative Double Field Theory

Reformulation (Extension?) of spacetime action for massless string fields:
B 1 .. 1 .
SNS = JdD:B«/—ge 2¢ [R + 4(5(/5)2 — EHZ]kHijk + ZO&’Rz]klRijkl + - ]

generalized metric and doubled coordinates XM — (%4, %),

1] —q'kp, .
HyN = (bg ks ) e O(D, D)

k™ gij — birg"loy;
DFT Action (dilaton density e =29 = ¢=2¢,/—¢):
SDFT = JdQDX 2R, d) T SNS| o
generalized curvature scalar
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Gauge transformations and generalized Lie derivatives

Recall g.c.t. from GR:

;o ok oz

Infinitesimally, 2 = 2 — ¢*(x), governed by Lie derivatives

Segij = Legij = E¥0pgij + 0 gr; + 0,6" g

In DFT gauge invariance governed by generalized Lie derivatives

EgHMN = ePopHarn + (Oarer — 07¢p) Hpn + (Oner — 0Ven) Hurp
25 (e—zd) _ 5M <€M€—2d)

Invariance and closure, [/351’ 252] = E[&@]C, modulo strong constraint
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Generalized coordinate transformations

Generalized g.c.t. that reproduce this infinitesimally:
S'(XN) =8(X)  Ay(X) = FuNAN(X)
and analogously on higher tensors, where  [0.H., Zwiebach, 1207.4198]

Fauy

1/ 0x" 0Xp . 0X, oxN
OX'M oXy  0Xp 0X'P

Setting X'M = XM — ¢M(X) we get ¢ = L¢.

o 2V =zY(z), Z

;= :EZ- leads to usual g.c.t.,

~

= 513 51( ) ; = :Ci leads to bz’j — bz’j + @ZEJ — @QEZ
e composition according to BCH of C-bracket

e consistent patching for genuinely non-geometric backgrounds



Supersymmetric and Heterotic Extensions

(Generalized) vielbein formalism required [Siegel (1993), O.H. & Ki Kwak (2010)]

_ _ Nab O
HMN _ pABp Mp N oo ( a _)

local SO(1,9 +n)y, x SO(1,9)r Lorentz symmetry
Gauge fixing to diagonal subgroup

EAM _ (Eai Eafb:) _ i ( ez'a,+bz'j€aj. eafL:)
Eg EF' V2 \—eig + bijeg! ez’

Fermions: singlets under O(10 + n, 10) and LAS
[O.H., S. Ki Kwak, 1111.7293]

W, vector of SO(1,9 +n)r,, spinorof SO(1,9)p
o spinor of SO(1,9)R,
€ : spinor of SO(1,9)g



N = 1 supersymmetric Lagrangian (including n vector multiplets)

L—e2d (R(E, d) — WPV W, + 57TV ap + zwavap)

N = 1 supersymmetry transformations

EMScE, = %ag W,  bd = —%Ep SeWq =Vae  bep =v*Vae
Proof of supersymmetric invariance: variation of bosonic term
e’ 6Ly = %EpR + EfyB\IJaRag
variation of fermionic terms
215 L = —2U PV Ve + 2577V5 (1P Vie) + 2V Vap + 200V, (1P V3e)
= 2y [WBVB, Va]e +2p (yavmgvl—) — vava) €
— WI9yPR e — %ﬁRe - —%EpR — e WOR -

Thus: 56(55 + SF) =0



Comparison: standard NV = 1 supergravity action

S — Jdl% ee—2¢[(R + 40 0 — %H”kHwk iF]Fij)
— iy IR Dby — 239" DA — %Xalﬁxa
+ 2904 (0;) 7 ; — Pi(dP)Y' N — %ch VIR E (9 + %%A)
o g (B ™+ 65 — 2y Py + 5o

+ quartic fermions]

where
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Comparison: standard N = 1 supersymmetry rules
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Part |I: Higher-derivative deformations

Geometrical structures for generalized vector = = (¢M) in o/ = 0 DFT:

1 o
E1lE2) = @& un . [E1.Z20Y = &ioné] - 555 M o

N

L=vM = ¢PopvM 4 (M¢ep — opeM)VE

All receive non-trivial higher-derivative corrections:
(Z11Z2) = &N — (OnE1) (OMED)
1
(=1, =2]Y = S[NﬁN«SQ] — 551 ki €2K + = (5K€1) (%55()

L=VvM = ¢PopvM 4 (0Mep — opeM VP — (oMogehyo vE

Closure and gauge invariance exact! (L=(V, W) = ¢V oy (V, W), etc.)
Not removable by O(D, D) covariant redefinitions

Non-vanishing for x = 0 = deformation of Courant bracket, etc.
10



DFT relations for H € O(D, D)
(H)mn = HuxM N = nun TrH = Y Hyy = 0
get deformed = dynamical equations!

(M* M) N

1
2(M?) N — EﬁMMPQﬁNMPQ +-0 = 2nyN

trM = pMN My — 3000 MMY 400 = 0

In derivative expansion:

ot order : Muyun = Hun, H? =1

1
15t order 1 Myn = Hun + E{H,V@)}MN
Then
0 =trM =3R(H,¢) |dilaton eq.] vy -1y = o [gravity eq.]

plus higher-derivative corrections!
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CFT Derivation and Action

doubled world-sheet scalars XM (z), M =1,...,2D,
chirality condition: pPM = x'M = ZzM [/ = a%]

postulate the (two) Virasoro generators
1 —~
S = 5(22 -¢") T = MMV Zy 2N - S(MM Zy)

OPE defines (various) ‘quantum products’. OPE yields Virasoro?

D 2S5(22) Sl<z2)

S(21)8(22) = 4+ ——5"—"+ + finite, same for T
Z12 12 <12
2 /
S(z1)T (z2) = 7'§22) + T(2) + finite
212 <12

provided dilaton and gravity equations hold!

Gauge invariant action

S = fe¢(<’fl8> ~ UTIT+T)) = feqb(TrM —%M3+---)
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Part |ll: Exceptional Field Theory

Cremmer-dJulia [1979]: torus reduction of D = 11 SUGRA
Larger mathematical framework that explains/makes it manifest?

Hillmann [2009]: truncation of D = 11 SUGRA in 4 + 7 split,
keeping only ‘internal’ field components and coordinates,

2A
e“ =Ny 0
Guyn = ( ) , etc.
0 gmn(y)

extending coordinates to fundamental 56 = E; 7 covariant action

more recently: other groups, geometry, covariant section constraints, etc.
[Berman & Perry (2010), Coimbra, Strickland-Constable & Waldram (2011), etc.]

Complete D = 11 SUGRA?? duality transformations in D = 11?7
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E7 7y Exceptional Field Theory

Coordinates (z#,Y™), u = 0,...,3, M : fundamental 56 of E7(7)
ta)MN oy @iy =0, Q"Noy®ay = 0

with QM symplectic form of E7 (7 = Sp(56)
Generalized Lie derivative
LAVM = AR vM —12PM (B 0 e AL VY 4 X 0pnAE VM

with projector PM 5 ; onto adjoint;  A\(V') density weight.

— E7(7) bracket
M 1
(A1 A2)g = 2A[T O NS +12 (ta) ™ N (1Y) k1, /\f{aN/\g]—ZQMNQKLaN(A{f/\g)

Jacobiator

TM (A1, A2, A3) = ()M onxa(N) + QYN (A,
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—s covariant curvature involves two 2-forms

1
FuM=F,M - 1209MNoNyBuwa - = QMNB N

where B,,, x is covariantly constrained compensator field

Twisted (electric-magnetic) self-duality relations

1
.Flu,yM — _568,[“/[)0' QMNMNK.FpJK

gauge vectors AHM iInclude 7 Kaluza-Klein vectors from D = 11 metric
— also 7 dual gauge vectors — dual graviton in non-linear duality relation

[no-go theorems: Bekaert, Boulanger, Henneaux (2002)]

‘Resolution’; dual graviton & compensating gauge field
[Boulanger, O.H. (2008)]

solving section constraint — only 7 B,y survive
— 7 ‘dual graviton’ fields pure gauge
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Es) EFT in D = 5+27

with section constraint

D = 11 supergravity

O =0

IIB supergravity

\4

TS

maximal D = 5 supergravity
coset Esgi) / USp(8)
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Summary & Outlook

DFT provides strikingly economic reformulation of supergravity

strong evidence that it gives more than supergravity:

truly non-geometric backgrounds well-defined thanks to

DFT diffeomorphisms — compactification, generalized Scherk-Schwarz
[Aldazabal, Baron, Marques & Nunez, Geissbuhler (2011)]

intriguing new ‘quantum geometry’ beyond lowest order in o/
= underlying gauge principle of string theory?

Exceptional field theory generalization of DFT to M-theory/U-duality
= same generalizations as for DFT: supersymmetry, higher deriva-
tive corrections, non-trivial backgrounds, etc.

many obvious open questions/problems!
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