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Introduction

Spacetime geometry is expected to exhibit discrete features at
the Plank scale. A schematic approach to these phenomena is
provided by noncommutative models in which spacetime
coordinates are replaced by noncommuting operators.

In this talk we will consider space noncommutativity in
non-relativistic systems

[xi, X;] = (something)

This “something” is obtained as a result of a Drinfel’d twist
deformation of a universal enveloping algebra ¢/(G) with a Hopf
algebra structure, where G is a Lie algebra containing the
Heisenberg algebra # = {A, x;, p;} as a subalgebra.

Notice that here the Planck constant 7 should be considered as
an element of the algebra and not as a multiple of identity.



Hopf algebras

Let A be an associative algebra over a field (= C) with an
identity mapi: F — Aand aproduct i : AR A — A.

Ais called a Hopf algebra if
a) there exists a homomorphism A: A — A® A, called
coproduct, satisfying the coassociativity condition

(id ® A)(A) = (A ® id)(A), and

b) there exists a homomorphism ¢ : A — F called counit and an
antihomorphism S : A — A called antipode.

Diagrams relating coproduct, counit and antipode can be found,
for example, in



The noncommutativity is obtained by deformation of the
universal enveloping algebra 2/(G) with its Hopf algebraic
structure.

The generators g; of G are called the primitive elements.

For the primitive elements g; € G the undeformed costructures
and the antipode are

A(9) gol+1g
e(g) = 0
S(9) = —a
For the identity 1 € /(G) the costructures and the antipode are

A1) = 11
e(1) = 1
S1) = 1



The other elements of U/(G) are called composite. The
coproduct for, for example, g1g- (91, g» € G) is computed as

A(9192) = A(g1)A(R)=(12g1+9101)(1® g+ 1)
=1®0102+9192®1+ 91 @92+ G2 ® 94

From the formula above it is clear that in physical models, when
one applies the Hopf algebraic structure, all additive observable
operators should be primitive elements of G and not composite.

Example: the energy of a 2-particle state E?) = E; + E.
If the Hamiltonian is a primitive element, this can be expressed
asAH)=1oH+H®1.

Then, using the Drinfel’'d twist, one is forced to twist not only
U(H) (the enveloping Heisenberg algebra), but ¢(G) with G
containing all elements which correspond to additive operators
in commutative (non-deformed) case. We call this G the
unfolded Lie algebra.



EXAMPLES:
» For the harmonic oscillator Hamiltonian we have

G = {x, pi, h, Pjj, Xis, Mjj},
with )(,',' = %Xiz, P,',' = %p? and M,‘,’ = %X,'p,'.

» For a particle moving in constant electric E and magnetic
B fields one should add M = 1x;p; + pjx; to the set of
primitive elements:

g = {Xivphh? Pii7)(ii7 Mlj}

» If at least one of the potential terms in the Hamiltonian
contains a k-linear term (for k > 3), the enlarged algebra is
necessarily infinite-dimensional. Examples: the
anharmonic oscillator (x,-4) or the Coulomb 17 potential.



Hopf algebra structure 1/(G).

Let V be a Hilbert space.

Mapping
p : U(G)— End(V).
Then
QeU(G) — Q=pQ)e EndV).
We have:
Q) = Q, 1-particle operator,

Q@) = A/(\Q) 2-particle operator,

—_— o —

QG = (A@1)(Q) = (1® A)(Q), 3-particle operator,



Drinfel'd twist

Just to remember:

The Drinfel’d twist 7 € U/(G) ® U(G) should satisfy cocycle
and counitarity conditions

1) (1@ F)(ide A)F =(Fe1)(Aid)F

2) (e®id)F=1=(id®¢e)F

The deformed co-structures, for a € U(G), are:
AF(a) = FA(a)F !

S7(a) = xS(a)x

with y = p(id @ S)F

In order for find linear subspace of U(g) one should calculate
the deformed generators g; — g7 = fo‘(g,)f

Here the Sweedler notation F~! = f* @ £, has been used.
Multiplication law for functions on NC space:

m(iwg)=igmm (fog)=m(F'>(fog) =g



Abelian Drinfel'd twist

F = e'iibi®pj = P fs




In d = 2 the twisted generators of 47 have the form

xi = xg—ahps
xI = Xo+ahp
the other twisted generators are unchanged: p/ = p; and

" = h.
The coordinate commutators are

X7, x5] = 2ika.
The second order in £ in the r.h.s. shows that, in this model,

the NC appears in higher order in 7 (O(4?)), while the
ordinary quantum effects are of first order in i (O(h)).



Unfolded Lie algebra

gA = {Xivpj7h7)(ii7X87 ,Djja PS7MU}

where
Xi = %X,Z
Xs = %()ﬁ Xo + XoX1)
Pj = %p,?
Ps = 1ﬁ(sz + Pp2p1)

1
Mj = +(xipj + pixi)



[xi, pj]
[x;, Pi]
[Xi, Mj]
[pi, Xiil
[pi, Mj]
[Xii, Pil

[ Xir, M]
[Xs, P11]
[Xs, P22]
[Xs, Mj]
[Pii, Mj]
[Ps, Mi]
[Ps, Mj]
[Mi, My]

ihéjj
2ip;
2ix;
—2iX;
—2ip;
2iM;;
2iXs
2iMo+
2iM;»
2iM;;
—2iPg
—2iPs
—4iPj
2iejiMi;

(i #J)



A class of primitive elements Q € G:
Q = a(Py1 + Pa2) + b(X11 + Xo2) + ¢(My2 — Maq) + dxy + foo,

for ab,c,d, f arbitrary real parameters.
The Q operators are Hermitian.

Three special cases:

Nforb=1anda=c=d=f=0,Q coincides with the
“squared radius” R% = Xj1 + Xoo;

ii) for a= } and b = Jw?, Q is associated to the Hamiltonian of
the harmonic oscillator H = J(Py1 + Pa) + 3w?(X11 + Xo2);

jii) for a= ;1 b= M ¢ — e o — eF, f = 0, we obtain the
Quantum Hall Effect Hamiltonian in the presence of constant
eIectric (E) and magnetic (B) fields (e is the electron’s charge,
we = 22 |s the cyclotron frequence).



The Untwisted General Operator

Q = a (P11 + Pa2) + b(Xi1 + Xa2) + ¢(My2 — M21) + dxi + foz

For different choices of the constants a, b, ¢, d, f corresponds to
(1, (1), ().

Twisted General Operator

Q]-' — a(P11 +P22)+b(X11 +X22)+C(M12—M21)+dX1
+ a[2b0apr - x1p2) — 20(p} + p3) — dhpe
+ abh(pf + p3)




Single-particle Quantization

Q7 cU(G) — QF € End(V)

QT =s(N+1)+tZ (s=>|t)).
in terms of the commuting operators N, Z ([N, Z] = 0)
N=2ala +2a2, Z=iaa -3
Eigenvalues: n=10,1,2,.. .,
z=—-n+2j(j=0,1,...,n).

For s = |t|, the vacuum is infinitely degenerate.
A unique vacuum solution exists for s > |t|.

Creation and annihilation operators

g™ = \/é(Ax,+/’i’) , aW = o — iR,

with \ suitably chosen.



The three cases: -
/) the deformed squared radius operator R2”

(one should note the singular limit for o — 0);

i) the deformed hamiltonian HZ of the harmonic oscillator

2

w
A= —
1 + a2w?

, S=wV1+aPw? t = aw?;

o —

iii) the deformed hamiltonian Hgne”, in the presence of a
constant magnetic field B

m 1
)\:4ﬁ B S:—t:*(x)c(‘l—awc
- c




Different NC-quantizations for single-particle case in the
literature:

/) the deformed squared radius operator
Scholtz, Gouba, Hafver, Rohwer, J. Phys. A (2009)
(quantization of the configuration space).

i) the deformed hamiltonian of the harmonic oscillator
Kijanka, Kosinski, Phys. Rev. D (2004)

iy the NC-quantum Hall Effect Hamiltonian

Dayi, Jellal, J. Math. Phys. (2002).

For the single-particle spectrum the “Unfolded Quantization”
recovers the results in the literature.



Eigenvalues

The eigenvalues of N are {0,1,2,3,...,n,...}.
For each engenvalue n of N there are (n+ 1) eigenvalues of Z:

{-n,—n+2,....n—4,n—2 n}.

V) «— Nv)=nv)
Zlv) =jlv)
W) = (aar + Bab)lv) «— Nlw)=(n+1)|w)
Zlw) = (j—1)|w), for B=ia
Ziw)y=({+1)|w), for [=—ix

At n fixed the minimal eigenvalue of the operator Q is for
j=—n.
Q =5s(N+ 1)+ tZ < min eigenvalue: (s — t)n+ s.



» For s > t (Hpsc and Hem) there is a unique minimal
eigenvalue for n = 0.

» For s = t (R? operator) there is co number of eigenstates
which correspond to minimal eigenvalue (infinitely
degenerate).



Square distance operator
Twisted square distance operator

(R = Xi1 + Xa2 + 2a(Xep1 — X1p2) + o h(P% + p3)

Other set of oscillators ([b, b'] = h?)
b= 2f<x1 +ix3)

bT = 2\/&()(1 - I'Xg:)’

and
(R?)* = 2a(bb' + b'b)

with eigenvalues 4an, + 2o for Np = b'b.

This results are in accordance with another description of
noncommutativity given by F. G. Scholtz, L. Gouba, A. Hafver
and C. M. Rohwer, J. Phys. A 42, 175303 (2009).



Twisted Hamiltonians. One-particle state

Let us define Q2 = Q7 acting on the Hilbert space of
one-particle states.
Here h = 1.

Q = (a—2ac+a?b)(P? + p3) + b(x? + x3)
+ (2¢ —2ab)(x1p2 — X2p1) + dxq1 + (f — ad)p2

For the case (lll), for example, a=1/2m, b = M?/2m,
c=M/2m,d=eE,f=0. (M= £)

The set of eigenvalues coincides with the one obtained in
"fundamental” approach (many papers), see for example



2-particle state

The 2-particle state operator ((2)7)(®) is obtained from A(Q7).
Q7 = a(P"" + P?2) 4 b(X" + X?2) + c(M'? — M?") + dxy
+ « [Zb(X2P1 — x1p2) — 2¢(pf + p5) — dhps
+ a®bh(pf + p3)
Defining Qp, Q1 and 2, as
QF = Qo+ aQ + o’

we have
A(Q7) = A(Q) + 2abA(Xeps — X1p2) — 2aCA(pF + P5)
—adA(hp) + a®bA[R(PS + P3)]



The resulting 2-particle operator splits into:

2 _
(Q7) = A(Q)
= P 14+1007 +Q,01+129 + Qmixed

where

Q, = —adpz + o®b(pf + p5) and

Qmixed = —2ab6,-j(X,'®pj+pj®X,-)+4(—aC+azb)(p1 ®P1+P2RP2)
The last term includes contributions from both particles.



Denoting Q® = ¢ + Qmixed, ONe could check whether ' and
Q mixed COMmute.

[Qmixea> ] = —8iab(ab — €)(X; © p; + p; ® X))
+ 4diad(—2ab+c)(pt@1+1®@p1) — 2iabd(x1 @1+ 1@ X2)

The second line is equal to zero in the absence of electric field
(d=eE =0).

The first term is equal to zero if the noncommutative parameter
is related to the magnetic field B as

_c_ 1 (20)\?
““b7 B \e)"



"Fundamental” and twisted NC, 2-particle state
Let us consider the case (ll) (Harmonic oscillator) and let
m=1.
Defining center of mass coordinates: x™ = 1/2(x,-(1) + x,.(z)),
momenta p;™ = p,(” + pl(z) (r=1,2),

relative coordinates: x/® = 1/2(x N —xMy,

and relative momenta p’e’ p,( ) pf ),

> Undeformed Hamiltonian (harmonic oscillator):
H = %(plp.m.)Z + 2w2(xic.m.)2 4 %(p’(el)Z + 2w2(xirel)2

> ”Fundamental” NC Hamiltonian:
H=3(1 + a®u?)(pf™ )% 4202 (xP™ )2 — 20PwPej(XF i)
+%(1 + a2w2)(p’_rel) + 2w ( rel) — 20w 6erelpjre/

> Twist deformed NC Hamiltonian:
H = (1 + 2a2w2)(plc.m.)2 +2w2(xlp.m.)2 _ 4aw2€l,l,(xlp.m.pjg',m.)

(plrel) + 2w ( rel)2

In the 2-particle Hamiltonian obtained via twist, contrary to
the "fundamental” NC, the deformation appears only in the
center of mass dynamics.



In one-particle state sector the "fundamental” and
"twist-induced” noncommutative models coincide.

The difference appears in the multi-particle sector.

This is because the energy of multiparticle state is no longer
additive but satisfies an associativity condition, induced by the
coassociativity of the coproduct

AHF)=ld @ HF + H" @ Id + (...),

where (... ) denotes the nonadditive extra terms.



Energy eigenvalues in 2-particle case

> Undeformed Hamiltonian:
Eiz = 2w(n+ no) =4w
> "Fundamental” NC Hamiltonian:
Eix, = 2w\/m(n1 + N + 2) + 2aw?(ji + o)
> Twist deformed NC Hamiltonian:
Eip = 2wV1+402w2(n +1) + 2w(no + 1) + daw?jy

Here ny is associated with the center of mass coordinates while
n- is asoociated with the relative coordinates
andj=-n-n+2,....n—2,n.



Energy levels

"fundamental” NC

4w/ + a2uw?

6wV 1 + a2w2 — 2aw?
6wV 1 + a? —l— 20w?
8wV 1 + a2w? — daw?
8wv1 + a2

8wV1 + a2w? + 4aw?

“twist” NC

4w + 2wV 1 + 4022
4wV + 40202 F daw?

6w + 2wV 1 + 4alw?

4w + 4wV + 40Pw? F daw?
2w + 6wV 1 + 402w? — 8aw?
2w + 6wV 1 + 4alw?

2w + 6wV 1 + 402w? + 8aw?




Jordanian Twist

There are only two inequivalent deformations of s/(2).

The first one (P. P. Kulish and N. Yu. Reshetikhin, J. Sov. Math.
23 (1983) 2435; M. Jimbo, Lett. Math. Phys. 10 (1985) 63),
depends on a non-dimensional parameter q; it leads to the
quantum group Uq(s/(2)) and cannot be obtained from Drinfel'd
twist technique.

The second one is called the Jordanian deformation of s/(2). It
can be obtained from the twist

F =exp(—IiD x o)

where o = In(1 + ¢{H), and H, D, K are s/(2) generators.

Dubois-Violette and Launer (1990), Ohn (1992), Ogievetsky
(1993), Kulish and Celeghini (1998), Boroviec, Lukierski and
Tolstoy (2003).



In sl(2) = {D, H, K} algebra

D is a dilatation operator, H is a positive and K is a negative
root

[D,H] = IH,

[D,K] = —iK,
[H,K] = —2iD.



Differential realizations of s/(2)

» 1st order differential realization:
H = io,
D = —ito:+p,
K = it?0; — 2pt;

from the hermiticity condition we have g = —i/2+ X, A € R.
» 2nd order differential realization:

2
H = -%+5,.
D = —§X8x+c,
1 2
K = Zx,

for arbitrary p and ¢ = i /4.
The second one can act on d-dimensional space

(X1,...,Xd).



Two different cases for 2nd order differential realizations of
sl(2):
1. p = 0 - free particle or harmonic oscillator Hamiltonian in
non-deformed case.
Unfolded algebra G = {A, x;, p;, H, D, K}.
2. p # 0 - “Calogero type” Hamiltonian.

Unfolded algebra G is infinite-dimensional
1 x 1
g = {h7xi7pj7 Ha Da K7 r747 7417 Fpl +
1 XX + XX XiXj + X;X; XiXj + XiX;
I'r74) re ) rs p/+p/ r6 ,}

All combinations written above should be multiplied by
certain powers of 4 and considered as primitive elements
of the algebra.



Connection with conformal mechanics
Different systems can be considered depending on the choice
of Hamiltonian H (p is inside the twist)

1. free particle
H=Hy, p=0,

H=Hy, p#0.

2. harmonic oscillator
H=Hy+K,p=0,

H=Hy+ K, p#0.

3. Calogero type of potential
p/x? — Calogero (Bellucci, Galajinsky and Krivonos, 2003)
H = Hﬁ’ p= ﬁa
H=H;, p #p.

4. Calogero potential in harmonic external force
connection with free particle system: Brzezinski, C.
Gonera, Maslanka, 1998.

H=H;+ K, p=p,
H= H,j + K, P 75 ﬁ



d = 1.2, 3 realizations.

d = 1. There is no noncommutativity in nonrelativistic models.
But Jordanian transformation can be defined and investigated
for better understanding of unfolded algebras.

The unfolded algebra is a subalgebra of the algebra of integer
potentials of two types of generators (plus central element)
which are either [x, p] = ih or [a,a'] = h .

Denoting as a, b the operators and ¢ the central element we
have {a, b} = c for Poisson brackets and [a, b] = c for
commutators.

d =2,3,... we have Snyder noncommutative space.



we have ind = 1
{b"a" b"a% = (mp — nq)b™ M 1gPta-1¢
b"aP
chtp—1
it can be written as
{Whp, Wmg}t = (mp —nq)Wpim—1p4q-1-

or with Wy p =

If the second index is = 1, defining U, = W), 1 we see
that it reproduces the centerless Virasoro algebra
{Un7 Um} == (m - n) Um+n.

[b"a, b"a% = b"[aP,bMa? + b"[b", a%a’
n | o

J=1

If ¢ = h we have other potentials of # as it should be
expected in quantization.



The Jordanian twist of 2/(G)

The twist induces a deformation g — g”.
For any p the deformed generators are given by

g F _g F
X\ = xe:, pl =pez, 1" =n

HF = He°, K7 =Ke°, D’ =D.

The commutator of the deformed position variables has the
form:

i
[, x7] = —55 (Xfpf - Xfp,-f) +pO(&2).

For p = 0 (or up to third order in &) we have the
noncommutativity introduced by Snyder in H. S. Snyder, Phys.
Rev. 71 (1947) 38.



Twisted commutators

The nonvanishing commutators of the deformed generators at
p=0:

X7, pf'1 = ins; — (i€/2)p]
b7 x71 = (ig/2) (x7pT = X7 P )

(X7, HT] =il (1 —¢HT)

(X7, KT = i¢ (K" pf — x/ D7) + (3/4)¢*x7 H"
[x7,D7] = (i/2)x] (1 - ¢HT)

o7, KT = —i (x" +¢pf D7) + (2/4)p] H”
[0/, D7) = —ip/ (1 - (¢/2)H7)



Pseudo-Hermiticity of the Hamiltonian

H = H,+(p—p)K ' +)K,
H” = H +(p—p)(K )" + K
= H,T24+(g—g)K 'T 24+ )\KT?

where T = e?.

Two types of n-hermiticity:

1. p—p#0,A=0
[H7 4= o)K7 =0 (HE + = o)K7
with n = T-2,

2. 5—p=0,A#0
[HF + AKT]" = 0 (HF + AKF) " with n = T2



Multi-particle operators

here A\=1,p=0
2-particle state:

AH) = Ke"®e” +e @Ke” — 2 (KH® H+ H® KH)
" n K —k
+ Z (=M Z(k)H ® H"
n=1 k=0
3-particle state:
(id® A)A (HF) = (A id)A (H) =
= (Ko1o1+perm)[e° @ e° @ e” — 2 (H® H® 1+ perm)
(Ho He H))

i(_f),M zn: ( Z > Zk: < /7 ) H' & H! & Hr—k

n=1 k=0 1=0

_|_



Conclusions and open questions

>

Drinfel'd twist prescribes a consistent way to obtain
noncommutative deformations on space(time)

for to make deformation physical one should include all
additive operators as primitive elements into unfolded Lie
algebra

nontrivial consequences from coproduct on deformed
multiparticle states

Jordanian twist and its multiplication law for functions

Snyder:”... while expressions for self-energy, polarization
of the vacuum, and possibly nuclear forces will be
considerably altered...”

twist deformations on curved spaces (Ballesteros, Herranz,
Meusburger, Naranjo, arXiv:1403.4773 generalized
r-Poincare)

relastivistic case, different ways of investigations



Thank you for the attention
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