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Introduction

axiomatic settings for rigorous quantum field theories by
© Wightman [1956]
@ Haag-Kastler [1964]
© Osterwalder-Schrader [1974]

today: numerous examples in dimension 1,2,3;
not a single non-trivial example in 4 dimensions

this talk:
@ We construct a toy model for 4D QFT.
It involves noncommutative geometry at an intermediate
step, but later lives on standard R4,

@ There are good chances that the model satisfies
Osterwalder-Schrader.
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Regularisation & renormalisation

© We follow the Euclidean track, starting from a partition function.
@ To make this rigorous we need two regulators:
finite volume and finite energy density.

@ Pass to quantities (densities and with certain normalised
functions) which have infinite volume & energy limits.

@ The regulated theory usually has less symmetry. Proving
that symmetry is restored in the end is part of the game.
@ We propose another strategy:
Search for a regulator which has more (or very different)

symmetry, so constraining that it completely solves the
model.

With some luck, a limit procedure gives a constructive QFT on
standard R*. With even more luck, it satisfies OS.

Raimar Wulkenhaar Construction of a quantum field theory in four dimensions 2



Introduction
[efe] ]

A toy model for 4D non-linear QFT

@ Regularise gbj{ on noncommutative Moyal space My with
critical oscillator potential.

@ This is essentially a matrix model, with infinite number of
Ward identities from action of U (o) group.

@ These Ward id's, and the theory of singular integral equations,
turn the Schwinger-Dyson eq’s into a fixed point problem.

@ For 0 — oo we prove existence of a solution.

@ Find numerical evidence for phase structure, phase
transitions and critical phenomena.

© Surprisingly, # — oo describes Schwinger functions on R*!

© They satisfy (OS0) boundedness, (0S1) invariance and
(OS3) symmetry.

@ Provide numerical evidence for (0S2) reflection positivity
of the 2-point function in one of the phases.
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¢4 on Moyal space with harmonic propagation

2
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More generally: field-theoretical matrix models

Euclidean quantum field theory

@ action S[®] = V tr(E®d? + P[®])
for unbounded positive selfadjoint operator E with compact
resolvent, and P[®] a polynomial

@ partition function Z[J] = /D[CD] exp(—S[®] + V tr(®J))

Observe: Z is covariant, but not invariant under ¢ — UoU*;
0= /ch [E®O — 0OE — I + 03] exp(~S[®] + V tr(03))

...choose E (but not J) diagonal, use ¢, = %‘Jba:

Ward identity [Disertori-Gurau-Magnen-Rivasseau, 2007]
((Ea -Ep) 922 0Z 0Z )

— Jna_

JJe —
V. 0303y P 03an ™03
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Topological expansion

@ Feynman graphs in matrix a @
models are ribbon graphs. ~° \\& = =
o @ IS e "
@ Viewed as simplicial complexes, they encode the topology
(B, g) of a genus-g Riemann surface with B boundary

components (or punctures, marked points, holes, faces).

@ The k" boundary component carries a cycle

Ni — TNk —
JIpspy, = [1jZ1 Jpypya OF Nic external sources, Ny +1 = 1.

NS
B B
Py "'p’\'a

_ N\ 1y2-B B
° Expanq log Z[J] = Z §V G\pi...pﬁll\...\p?...pﬁB\ H/j:l J
according to the cycle structure.

@ The G‘p%. | become (smeared) Schwinger functions.

D |- p8...p8,

@ QFT of matrix models determines the weights of Riemann
surfaces with decorated boundary components compatible
with (1) gluing and (2) symmetry.
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For E of compact resolvent, the kernel of E, — E; can be
determined from the J-cycle structure in log Z:

Theorem (2012): Ward identity for E of compact resolvent

0? 92z Jp, -+ Jp Glanipl...;p«|  GlajalPyl...|Pk|
-5 YPy " IP¢ 1 K 1 K
Z 932n0dnp ap{ Z Sk (Z -

(K) nel

+Z Z G|q1aqlmqr\P1|M\PK\J&1_”q,>
r>1q;....qg- €l
Jp, - IpJai - Jo Glapy...pe] ClalQul...|qy/|
Z[J
+ z s }21]

+

> (J nBZ[J]_Jnaaz[J])
Ep —Ea <= \"™"" 0Jan Gl

|
.

o J-derivatives of Z[J] = e VSulvzlez e where

(3,9)E == L mner 2222, lead to Schwinger-Dyson equations.

@ The Theorem lets the usually infinite tower collape:
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Schwinger-Dyson equations (for Sin¢[¢] = %tr(¢4))

In a scaling limit V. — oo and & v 2_pe finite, we have

1. A closed non-linear equation for Gfag|

© O
co _ 1 Z(G(O Slobl — G|ab|)
= E 1 6y (Ea+Eb)V o0 Clapl ~ — £, E,

. .
2. For N > 4 a universal algebraic recursion formula

(0)
Glbobl bN 1\

(0) (0) (0)
_ & G\bob1 a4 |b2|b2|+1---bN—1|_G|b2|b1---b2|—1\G|bobz|+1~~~bN—1\
=N

(Ebo - Ebz|)(Eb1 - EbN—l)

1=1

A\

@ 2. usesreality Z = Z
@ scaling limit corresponds to restriction to genus g = 0
@ similar formulae for B > 2
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Renormalisation theorem

Theorem (2013)

Given a real quartic matrix model S = V tr(E®? + 20%4) with E
of compact resolvent.

Assume that the selfconsistency equation for Gfgt))| has a finite
solution after affine renormalisation E — Z(E + C1) and

A Z2)\. Then

@ All higher functions G|(t?0)..,bN,l| with N > 4 are automatically

finite without further need of a renormalisation of \.

@ All quartic matrix models (with renormalisable Gg’g') have
vanishing S-function (i.e. are almost scale-invariant).

@ The perturbative observation 5 = 0 for Moyal
[Disertori-Gurau-Magnen-Rivasseau, 2007] is generic!

(Similar statements hold for B > 2)
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Back to \¢7 on Moyal space

@ Infinite volume limit (i.e. § — oo) turns discrete matrix indices
into continuous variables a, b, --- € . and sums into integrals

@ Need energy cutoff a, b, - - - € [0, A?] and normalisation of
lowest Taylor terms of two-point function G|,y — Gap

@ Carleman-type singular integral equation for G, —Gag

Theorem (2012/13) (for A < 0, using Gpg = Ggp)

/"

e
Let #A(f) = 17’/ fp)dp be the finite Hilbert transform. Then
0

G M()) ign(n) (44 ()]l (o))
|A|ra

[0.7] LiAra#ty[Goa]

G A dt
Ob=— 1 beXp< / /)mp 1+Aprp[Go.])>

where m,(a) := arctan <bw—ﬁa> and Ggp solution of
_|_
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Discussion

Together with explicit (but complicated for Gap|cd, Gabcdlef - - -)
formulae for higher correlation functions, we have exact solution
of )\qﬁj on extreme Moyal space in terms of

N2 dp
Gop= exp / dt / >
1+b ( Aﬂ'p l+>\7TpHA [GO.] )

Gop

© For )\ > 0 solution exists by Schauder fixed point theorem
(but ambiguity due to winding number)

@ For \ < 0 and A2 — oo one exact solution is Ggp, = 1
© Formula can be put on a computer and solved by iteration.

© Shows that Ggp, = 1 is unstable, but attractive solution Ggy,
exists for all A € R.

Raimar Wulkenhaar Construction of a quantum field theory in four dimensions



Integral representation

[e]e] J

Computer simulation: evidence for phase transitions

101 : -
S
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= [ (winding number
c t neglected)
‘»
g 05 =
fé --.. oo ® °
rg* .l.'...
o .|:°.
AO Ac 7.'
-10 -05 - 05 A\ 10
ll'
e
ue
-05
=
‘.
' — _dGOb
. ® V=-1-"5"lp-0
° . ° .J -10 " )\eff = 7GOOOO

Raimar Wulkenhaar

@ G, for A2=107 with

2000 sample points

Ggp(A) discontinuous
at \c = —0.39

Xeff Singular at
Ao= — 0.455 where

o(A) =0
Nothing particular at
pole \p = —5 = 0.014
of Borel resummation

A key property for

is
realised in subinterval
of , hot outside!
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Osterwalder-Schrader reconstruction theorem (1974)

Assume for Schwinger functions S(x1, ..., Xn):

@ growth rate: ‘/dxf X1, s XN)S (X1, oo, xN)‘<cl N2 |f e,
@ Euclidean invariance: S(xg, ...,Xn) = S(RX1+4, ..., Rxy +a)
@ reflection positivity: for each (fo, ..., fx ) with fy € S(RNY),

Z /dxdy S(XNs e X1, Y15 - Ym )N (X oo XN ) (Y1, oY) > 0
M,N=0 where (XO Xl Xd 1) ( XO Xl Xd 1)
© permutation symmetry: S(Xg,...,Xn) = S(X #(1)> -+ Xo(N))

Then the S(&1, ..., En— 1)]§O>0, with & = X;—X;_1, are inverse
Laplace-Fourier transforms of FT W(ql,. .,On_1) of Wightman
distributions in a relativistic QFT.

If in addition the S(x4, ..., XN ) satisfy
@ clustering
then the Wightman QFT has a unigue vacuum state
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From matrix model to Schwinger functions on R*

folding G_.. with eigenbasis of 4D harmonic oscillator:

Theorem (2013): connected Schwinger functions

Sc(uxl, <o HXN)

d* pﬁ (B8 38 (1) Xy gy
6471-2 Z Z<H Ng /Ra 42t el ' H )>

N1+ -+Ng=N oSy
Ng even

x G

[ 2

llps . _lpa lpell®> .. _lpell?
2u2(1+Y)° P 2u2(A+Y) |1 2u2(1+Y) ) 2u2(14Y)

Ny Ng

@ Schwinger functions are symmetric @ and invariant under full
Euclidean group @ (completely unexpected for NCQFT)

@ growth conditions @ established

@ clustering @ is violated: The (N1+ ... +Ng)-point functions
are insensitive to the distance of different boundaries.

@ remains: reflection positivity @
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Connected (4+2+2)-point function

For each ¢ and every
boundary component:

© individual Euclidean symmetry

@ identical momentum
(cyclically opposite direction)

@ translation of Xq, ..., Xy
kills some, but not all &
(no clustering)

. @ particle scattering without
momentum exchange
(close to triviality)

Gaaaalbbjcc Merely has external indices put on-shell. Internally all
non-diagonal degrees of freedom contribute! Non-triviality?
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Osterwalder-Schrader reflection positivity

@ Reflection positivity @ gives spectrum condition which
guarantees representation as Laplace transform in £°,

hence analyticity in Re(¢°) > 0.

Proposition (2013)
S(x1,X2) is reflection positive iff a — Ga, is a Stieltjes function,
_ [T de(®)
Gaa= [ 27
with p positive and non-decreasing. Proof: Kallén-Lehmann

@ Excluded for any A > 0 (due to renormalisation)!
@ The Stieltjes property is a particularly strong positivity in
mathematics.

Is positivity in quantum field theory
(Hilbert space scalar product and spectrum condition)
exactly the same as strong positivity in mathematics?
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Classes of strongly positive smooth functions

© C = completely monotonic functions: (— )”f (M >0

e implies rep’n as Laplace transform f(z fo du(t) e ®
o related to Bernstein and Plck/Nevanllnna functions
and Hausdorff moment problem

@ L c C = logarithmically completely monotonic functions:
(—1)"(logf)™ >0
© S C £ c C Stieltjes functions: Ly ([f(e)] > 0 wherel[Widder1938]
—t k—1 d2k
Lialf(o)] = %dt% C(F(D) . o1 =1, o = kI(k—2)!

e imply analyticity in cut plane C \ ]—o0, 0]
with Im(f(z)) < 0 for Im(z) > 0 (anti-Herglotz function)
e measure recoved from p/(t) = limy_, o Ly [f ()]
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Positivity of the boundary two-point function Gy,
A L nt [ n€ [ n® “r
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An order parameter

|
=)
T

L L L
5 10 15

log(1+a) »

log(1+a)

log Gao
log Gao

A=-0.398 = A\

10 Goy & [A=—0477

log(1+a) |

s = o @ Solution Gg, = 1 becomes
stable for A < A¢
log Gao .
® A:=sup{b : Ggp, =1} is order
parameter; A = 0 for A > A¢
log Gaa

and A > 0for \ < Ac.
A=—0.795 @ Higher correlation function

ill-defined for matrix indices < A
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Positivity of G,p: Widder’s Ly {[G..]

8n+IZGab
dnadtb

key step: integral formula for
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Summary

(% ) /\¢>j{ on nc Moyal space is, at infinite noncommutativity,
exactly solvable in terms of a fixed point solution
@ stable non-perturbative solution for A < 0
— planar wrong-sign A¢3-model [tHooft; Rivasseau, 1983]

@ phase transitions and critical phenomena, hence
interesting statistical physics model

@ non-trivial as a matrix model
@ Projection to Schwinger functions for scalar field on R*:
o @ automatic, full Euclidean symmetry €, control about @
@ no clustering @
@ no momentum exchange (close to triviality),
but scattering remnants from NCG substructure

© Reflection positivity @ does not fail immediately. Why?
Needs verification and extension to higher correlation functions
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(Non)-triviality?

Projection to diagonal matrices brings the non-trivial
intermediate matrix model close to triviality. This is more subtle:

@ suppose we can prove @, then reconstruct Hilbert space H,
field operators ¢(f), unitaries U(a, L) and some vacuum
@ uniqueness of  cannot be proved without clustering @

@ main problem: characterise set of Poincaré-invariant unit
vectors of H, and find its extremal points Q¢

@ each restricted Hilbert space He, generated by its cyclic
vector e, admits collision states (Haag-Ruelle theory) and
(if asymptotically complete) an S-matrix

@ involves new Wightman distributions

We(xla ceey XN) - <Qe7 SO(Xl) e SO(XN )Qe>
expected to differ from W (X1, ...,Xn) = (€, p(X1) - - - (XN )2)

Consequently, a non-trivial S # 1 is not impossible.
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