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Introduction

» r-Minkowski spacetime and the classification of differential
calculi

» NC differential calculus over xk-Minkowski space
» NC field theory
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Introduction

r-Minkowski space

r-Minkowski space is a Lie-algebraic deformation of the usual
Minkowski space, where k aio is the deformation parameter,
usually interpreted as the Planck mass or the new scale of
quantum gravity

[5\(,',)?1'] = 07 [5\(0,5\(,'] = I'ao)’\(,'.

Or more generally, we can introduce a deformation vector a, such
that

(%, %] = iCu %y = i(au% — au&y).
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Classification of differential calculi on <-Minkowski

Differential calculus of classical dimension

» We want to construct the most general algebra of differential
one-forms §, = dX, € Q' compatible with x-Minkowski
spacetime.

> We will impose that the differential algebra is closed in
differential forms, i.e. the differential calculus is of classical

dimension
[Euaﬁu] - iK;wagou K,ul/a S R7 (]-)
» We claim that for all the solutions for K|,,“, we can find
suitable Hopf algebras, so that the bicovariance condition is
fulfilled.
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Classification of differential calculi on <-Minkowski

Exterior derivative

We also introduce the exterior derivative d = [#, ] in a natural way
A% = [0.8%,] =&u, 77 =0, NESH. (2)
When we apply d = [#}, ] on (4) we get

[é\/,t?)?ll] - [é\m&u] = iC;u/)\é\)\ — K,uua - Kl/ua - C;Lua- (3)

We call eq. (3) the consistency condition.

Tajron Juri¢ Toward the classification of differential calculi on ~-Minkowski



Classification of differential calculi on <-Minkowski

super-Jacobi identities

The only super-Jacobi identity that gives a constraint on K,,,“ is
[)“(u, [Qy,ép]} + [)“(,,, [{Ap,ﬁu]} + [ép, [QH,&V]} =0 and it leads to

K ® Ko — Ko Ko’ = Cu Kog?. (4)

Eq. (4) is valid for general Lie algebraic deformations of spacetime.

Tajron Juri¢ Toward the classification of differential calculi on ~-Minkowski



Classification of differential calculi on <-Minkowski

Ansatz for K,,°

Classify differential algebras < solve (4) and (3) for K, ,*
For K,,,* € R we demand

> that in the limit a, — O the problem reduces to commutative case
ie. limg, 0 KuW®=0

> K,.,“ has the dimension of length.
Therefore, it follows that the most general ansatz (for n > 2) is given

only in terms of 7,, and a, via

Kuva = Avauavaa + Aiuwaa + Aoluady + Astyaay, (5)

where A, Ay, Az € R are dimensionless parameters and Ag is of dimension (Ienght)fZ, hence Ay = 5, c€R
B

for a2 # 0 and Ag = 0 for a°> = 0.
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Classification of differential calculi on <-Minkowski

System of equations for parameters Ag, A1, Ay, Az

After we impose (3) we get

Az =1+ A, (6)
Equation (4) gives
A3(a’Ag + A3 — 1) =0, (7)
A1(a*Ag+ Ap +1) =0, (8)
A1Aza® = 0. (9)
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Classification of differential calculi on <-Minkowski

Four families of solution for Ag, A1, Ao, A3

1.
2. A
3.

Al=0, Ar=-1, A3=0, a*Aj=c

=0, A=-c, A3=1—-c, aAy=c
Al=—-1—c, Ar=-1, A3=0, a*Ay=c
4. Ay =—-1, Ay=0, A3=1 a=A=0

where ¢ € R is a free parameter.
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Classification of differential calculi on <-Minkowski

Differential algebras Cy, C,, C3 and C4

i< aua,,(af) ial,fu, if a2 £0
Cl : [guaxlj] . 5
:al,gu, ifa2=0
i< aﬂay(aﬁ) ica €, +i(1—c)au,, ifa®#0
C2 : [guva] P
/augy, if a =0
A i—aa,,aé—il—kcn,,ag—ia,,é, if a2 £0
C3' [gu’xy]: 3.211 (A ) (A )M( ) K -
—inuw(ag) — ia,&,, if ac =0

Ca: [Eu %] = —inu(a) +ia.é,, a*>=0
(10)

where we used a = a,£* and C stands for covariant.
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Classification of differential calculi on <-Minkowski

> It is important to note that the first three solutions C; 5 3 are valid
for all a® € R.

> There are two cases: when a? = 0 then Ay = ¢ = 0, and when
a%> # 0 then Ag = c/a%.

» The fourth solution Cy is only valid in the light-like case a®> = 0.

Explicitly for the tensor K., we have

c
—apayaa — a ifa> #£0
C1: Kupa = § 203 Npadv, 275
—Nupodv, if a© = 0.
c
—apavaa — Muadv + (L — )nvaap, ifaZ#O
Cr: Kuva =3 a2 .
Mvadps if a¢ = 0. (11)
c s
—apavaa — (L+)nuvaa — Nuaav, ifa” #0
C3: Kuva = a2 o,
—Mprda — Mpadv, if a= =0,
2
Cs: Kuva = —Mpvaa + Muvaau, only for a® =0.
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Classification of differential calculi on <-Minkowski

Some special cases

If c=0and Ay =0 in (11) = three special cases! S;, S; and S3
Si: %)= —iat, a*eR
Sy %) =iaud, aeER (12)
S3: [ém)?u] = _inuu(aé) - "auém a® cR

v

S1 = right covariant realization

v

S> = left covariant realization

v

S3 = Magueijo-Smolin realization

v

C4 = natural realization

"Where S stands for special.
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Classification of differential calculi on <-Minkowski

If we take a® # 0 we get three families of algebras which we denote
by? D1, D> and Ds:

Di: [En%]= aual,(af) — ia€, (13)
Dy: [ %] = aua,,(aé) —ica,€, +i(1—c)ab,  (14)

Ds : [§M,xy] = / aua,,(aé) i(1+ C)UW(aé) — ia,,éu (15)

For a,, = (ao, 0) algebras D; and D, can be found in
S. Meljanac, S. Kresic-Juric ,R. Strajn, Int. J. Mod. Phys. A27 (2012) 1250057.

2Where D stands for differential algebra and was already used in
S. Meljanac, S. Kresic-Juric ,R. Strajn, Int. J. Mod. Phys. A27 (2012) 1250057-
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Classification of differential calculi on <-Minkowski

Some remarks

» Solutions Cy1, Cy, C3 are new and all of them are valid for time-like,
light-like and space-like deformation parameter a,,.

» For time-like deformation a,, = (ao,0,0,...), differential algebras Dy,
D> were constructed in
S. Meljanac, S. Kresic-Juric ,R. Strajn, Int. J. Mod. Phys. A27 (2012) 1250057,
D3 obtained from C3 is a new solution.

For c =1 = D$! = D§=L. This case was in detail investigated in
T J S. Meljanac, R. Strajn, Eur. Phys. J. C (2013) 73: 2472, arXiv:1211.6612 [hep-th]

> In R Oeckl, J. Math. Phys. 40, 3588-3604, 1009 (see Corollary 5.1.) the cases D§=0
and D50 were obtained from a different construction.

» For light-like deformation a2 = 0, we have also found three new
solutions.
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NC differential calculi over x-Minkowski space

Usual differential calculus in the algebraic language

> Algebra of functions = unital Abelian algebra A generated by x,,

> Algebra of forms = QP C SA, p € {0,1, ..., n}, generated by
p-forms w = wa...0,&...£%, where wq,..q, € A and Q0= A

» Exterior derivative d : QP — QP! satisfies the Leibniz rule

d(fg) = (df)g + f(dg), (16)
where f,g e A

> Simply realized by d = [, ] and n = £%0,,. Of course, since
[x.,&.,] = 0 we have that one forms are given by

df = E¥(Da> ) = (0o > F)EY, (17)
of

where aa >f= Oxa -

» Usually one forgets about > and simply writes df = %dxa.
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NC differential calculi over x-Minkowski space

NC case

v

A= Ais an unital algebra generated by X,
QP cSA= QP cSAisan algebra generated by NC p-forms
O = Way...a,§...£%, where Qg .0, € A and Q0= A

d=disa map d: QP — QPT1 that satisfies the Leibniz rule

v

v

~

d(fg) = (df)g + f(dg), (18)

where f, g e A
Eq. (18) is fulfilled by choosing d= [7,-] and 1) = éog,.

v
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NC differential calculi over x-Minkowski space

The commutation relations between differential forms éu and an
arbitrary element of A can be written as

Euf = (Mua » F)E, FE = E2(N 2 » F), (19)

where A, is expressed in terms of derivatives d,, and
At = (A1), denotes the inverse matrix, i.e. A A%, = 7,
Since df = [f), f] € Q! € SA it follows

AF =0, flw1=nfel=0m F=£E0.» 7). (20
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NC differential calculi over x-Minkowski space

That is we have
AF = £ » ) = (9sN\° o » F)E. (21)

Furthermore, eq. (21) and Leibniz rule (18) imply

i(re) 2 (@he + F(dg) B oo » (72)
@ 20, » g +f£°*(6 >8) (22)
(19) »

and by comparing the first and last line in (22) we get the Leibniz rule for
O
0o (F8) = (9a » )8 + (Ao » F)(0” > &) (23)
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NC differential calculi over x-Minkowski space

The Leibniz rule and coproduct are related via
Oa ® (f8) = m[AD, » (f ® g)], where m(a® b) = ab, so that the
coproduct for 9, is given by

Ndy =0, @1+, ®0% (24)

and since 0,, generates a Hopf algebra of translations it follows
that its antipode and counit are

S(0,) = —0ah,,  €(8,) = 0. (25)
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NC differential calculi over x-Minkowski space

The associativity of the product between forms and elements of A gives
A\ 2oy n (19)
Fléeg £ (26)

We can read out the Leibniz rule for A, as
N » (F8) = (Nup » F)(N, > 8), (27)
and extract the following coproduct
ANy = Na @A, (28)
Additionally we have

S(/\HV) = /\;Vla 6(/\/“,) = 77;1,1/- (29)
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NC differential calculi over x-Minkowski space

Construction of higher forms = all products of higher forms are
again differential forms regardless of the way they are mu|t|p||ed
Example: consider two different forms: & € Q9 and 6 € QP.
Written in basis we have

&=y 5 é‘ﬂq—é‘ﬂl gu@ retigs

R s (30)
= 9m_.,”p§“1...guf» = ém £l

A~

where @y gy @y o Opy.pp and Oy, € A. There is a relation
19)

between &y, ., and &y, via (19) (same for 8, ., and 0, .,

).
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NC differential calculi over x-Minkowski space

Of course if we multiply @ with 8 it is easy to see that &6 #* 0o,
but we have
Wl = é\é#ln#q%—pgul'“gu‘”p = 5“1"'§Hq+pd#1...uq+p S Qq-HJ 31)

00 = Bm.‘.uqﬂf"l...é"‘”” - é”l...é“"“’ﬁm.upqﬂ c Qatp

where &y g Cupigips ﬁm---qup and S pg., € A and they
are interrelated with &y, and 0., by using (19). We can
define all the higher forms in a consistent way (as illustrated

above).
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NC differential calculi over x-Minkowski space

In order to use this differential calculus and do practical
calculations it is important to know all the commutation rules for
(and between) the elements of A and QF.
» The commutation rule between éu and an arbitrary element of
A is determined by N
» The commutation rule between X, and an arbitrary element of
A is determined by O,

Tajron Juri¢ Toward the classification of differential calculi on ~-Minkowski



NC differential calculi over x-Minkowski space

and similarly A, is given by
A = (ex)w, Ky = Ko (OV)°, (34)

where 0% is the derivative corresponding to the Weyl ordering:

Woo a0V ia, 0y, ia0
[aM ’Xl’] - m“’eiaaW -1 T jadW 1- giadV _ 1 )"’ (35)

where we used ad" = a%9V.
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NC differential calculi over x-Minkowski space

Symmetries of differential algebras and bicovarinace

> Covariance of differential calculus under a certain symmetry algebra
G C SH generated by gj € G is defined in the following way

g > (Rub) = m (Bgi(> @ »)(3, @) .

. . (36)
g > (Ex)=m (a2 »)(E 2R)).
» Combined with . .
[guv)?ul = iKuua§a7 (37)
we can show that all the requirements for bicovariance are satisfied
< The differential calculi that we developed so far are bicovariant.

> (12,34 are covariant under certain x-deformation of the igl(n)-Hopf
algebra, but in the special case of §; we have Poincaré -Weyl, and
in the case of C4 k- Poincaré covariance.
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NC field theory

» The study of field theory over k-Minkowski space may provide
some physical manifestations of quantum aspects of gravity.

» There is fairly large literature on k-deformed field theory [a
lot of ref.!], but all of these theories are special in a sense
that they can be related to a specific realization or they are
using the differential calculus with one extra form.

» Qur goal is to give a framework for constructing field theory
with differential calculus of classical dimension.
> In order to do this we need to introduce higher-degree forms,

the Hodge-* operation and an integral to define an action for
the fields.
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NC field theory

» The higher degree forms in NC case are defined via

& = Bay.a, L7 € Q. (38)

» The Hodge-% operation is defined as a mapping % : Qp — Qe by

A ~

& (B) = (&) B =y B ol (30)

where d,B e QF and vol = €0...6""1 is the volume form.
» For n = 4 we have
(1)F = vol = &1 = ewwseﬁf
% 1 a1 fan Fa v 1 v Fay fa 4
( H) = aeﬂalazag;f 15 2€ 37 (€H£ ) = 76# (110(25 15 27 ( 0)
(Ergrfr) = o o, (Eegrfrg) = v

>
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NC field theory

» The integral is defined as a linear map
/ Q" C. (41)
> Integral is closed in the sense that
/aa =0, vVoeln (42)

At this level, the integral defined here is just a formal notation. However,
in the C4-case the integral is invariant under the action of x-Poincaré
algebra, so that the integral introduced here is the standard Lebesque
integral applied to the functions which give a realization of the
k-Poincaré algebra through the x-product.
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NC field theory

Now, we are ready to write an action S for a real NC scalar field
¢ € A. We have

§— [ @) + s (3. (#3)
Since d¢ = (85/\5,1 > $)E® and using (39) we have

§— / (0%, > D)@N » )+ mP0) vl (a4)
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NC field theory

To find the equation of motion we impose 68 = 0, that is
58 = / 46 (A)° +Ad (A0d)F + m26d () +m?d (60)°
66 |=A(A3)° + mP(@)°] + | =A@ + m(d)°| 00
(45)
which leads to
4@0)°| = m?3 (46)

where we used
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NC field theory

Eq. (46) represents the NC generalization of the Klein-Gordon
equation. Let us investigate the I.h.s. of eq.(46). We have

o3

4@y = i (@ di)’|

= {a <(86Aﬁa > ‘g)%fa plpzpaéplépzém)] (48)

= 3, N5 » .
So, for the equation of motion we have

00NN > — m?p = 0. (49)
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NC field theory

Dispersion relations

>
S (07)2Z272m g—mPp=0, (50)
Sy: (04222 w 6 —mPhp=0. (51)
» = the main new NC feature is the modification of dispersion
relations
S E2—pP=(m2)? Z=1-ap
2 1 (52)
E2-p=(2), z=
52 P (Z) ’ 1+ap
>
Ca: D?>pdp—mPhp=0. (53)

» For C; we get D?> = [ (a®> = 0), that is the Casimir operator of the
Poincaré algebra. This was expected, since C4 is compatible with
the Poincaré algebra, and only the coalgebraic sector is deformed.
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NC field theory

Future prospects

» Formulate x-deformed electrodynamics via
S= —4/? (F)*, (54)

where F = dA. The equations of motion are given by 6§ =0,

that is R X

d(dA)* =0, < d(F)*=0. (55)
The NC version of Bianchi identity also holds
dF = d(dA) = /#?> » A = 0.
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NC field theory

Future prospects

> So far we have analyzed the NC version of the free classical field
theory = modification of dispersion relations.

» Interacting classical field theory = adding " <§” "

» NC quantum field theory = R-matrix will modify the quantization
procedure = modification of the algebra of creation and
annihilation operators

P(x) @ ¢(y) — Ro(y) © ¢(x) =0 (56)

» R-matrix is defined by the twist operator R = FF 1.
-R-matrix = particle statistics
-twist operator = star-product = action in terms of commutative
fields
= Feynman rules = NC correction to the propagator and vertex.

» What to expect? = modification of the usual spin-statistics
relations of free bosons at Planck scale.
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NC field theory

Thank you for your attention!

Tajron Juri¢ Toward the classification of differential calculi on ~-Minkowski



	Introduction
	Classification of differential calculi on -Minkowski
	NC differential calculi over -Minkowski space
	NC field theory

