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Motivation

» Famous quantum group ug(sh) at root of unity, n odd:
q"=1, E"=F"=0, K'=1

KEK ' =g 2E, KFK'=¢*F, [E,F]=K—-K!
AK=K®K, AE=1E4+E®K, AF=K®F+F®1
1 n=1 —1)" —2ab
» Quasitriangular : R = — ()7‘7'
Nt ab=0 [r]q—2'
» PBW Basis : {F'K'E}o<ijk<n

FrKa® Eer



Motivation

» Dual to ug(sh), cg[SLo] at odd root of unity :
qg"=1, a"=d"=1, b"=c"=0

ba= qgab, ca=qac, db=qgbd, dc=qcd, cb=bc
da—ad=(q—q Ybc, ad—q lbc=1

a(2a)=(2a)=(4)

» Has basis {b'c/d*}o<ijk<n



» Duality (up to normalisation)

(@ a)w= ) (29)e=00
PER

- (B = (AR F 6 F) =
<a27F><b27F2>+(1+q2)<ab7 F><bd7 F>+<b27F><d27F> =
> (bicldk, F" KI'EK) =777

Problem
Find basis of c4[SL2] dual to PBW basis of ug(sh).

Approach
(Co)-double Bosonisation



(Braided) Hopf algebra

» Braided tensor category C,®,V: V® W — W ® V, obeys
some axioms

» Braided Hopf algebra(SM'90s) B € C is algebra,
A:B—-BgB,e:B—1,5:B—B




Double Bosonisation

» (SM'95) H quasitri.Hopf alg. = C = My BEX

Mg PR DLos(H) = B P >aH< B.

» Cross relation between B and B*<P :
be =(RY > c)RY RV (bey < RyVNRY > ey, by < RYY)
<R1 2)[>5C3), 3)<]R @ >

» Quasitriangularity :
Rnew = RH.GXP,

m:Zfa@)gea
a



» Example (RA/SM) H = C,Z, = C[K]/(K" — 1).
B = C[E]/(E").E> K = qE. B* = C[F]/(F"), K < F = gF.

» Double bosonisation Dbos(H) = ug(sh)
E"=F"=0, K'=1
[E,Fl=K—-K', KEK'=q'E, KFK™'=gF

AK = KoK, AE=1RE+K®K, AF=K l'@F+F®1

n—1
1 (_1)rqfab r r
Rug(sh) == D ~——F'K*®E Kb
n r,a,b=0 [r]q v



» If n=2m+ 1, we have ug(sh) = uy-m(sh).
» If n=2m, we have new quasitriangular Hopf algebra.

» Example : for n=2ie. g = —1, u_1(sh) is 8-dimensional
self-dual strictly quasitriangular

Ru_i(sh) = (11 -FQRE)Rk#1®1

E2:F2:0, K2:17 [E’F]:Oa KE:_EK’FK:_KF



Co-double Bosonisation

» A coquasitri. Hopf Alg. = AM BEAM gMp =
coDbos(A) = B >aAs< B*

» B% and B* commute.

» Example : Let A= Cg[t,t71]/(t" — 1).
B =C[X]/(X") € AM. B* =C[Y]/(Y") € MA

At =tet, R(t",t°)=4q¢"° A X=tX, ArY =Yt

AX =1 X+ X1,V (X" ®X°)=q¢"X*® X".
AY=1Y+YRLVg(Y ®Y°)=q¢"Y° @ Y".



Then its co-double bosonisation is coDbos(A) = ¢4[SL>] such that
X"=Y"=0,t"=1
XY = YX, Xt=qtX, Yt=qtY.

) 1
At=q 't ((ql —1-gHYeX)(1-(1- ql)Y®X> t

1
AX=X®1+t X
g (1—(q—1)Y®X)

1
1—(1—q—1)Y®X> L

AY:1®Y—|—Y<



> If n=2m+1, ¢g[SL2] = c,-m[SL2] with

d—l
X bdl ted? v ¢
qm _ q—m

» If n even, we have new coquasitriangular Hopf algebra, e.g.
c_1[SLa] =2 u_1(sh).

» Theorem
A = H* = (Dbos(H))* = coDbos(A)
(i.e. B®>A<B* = (B*Pp< H>aB)*).
» Corollary
cq[SLo] = ug(sh) and {X't/ Y*}o<ijk<n is the "dual PBW-basis"

XTOYR FIKIERY = 6, 610 g [i] g1 1[K] !



Inductive construction

May construct tree of quan-
tum groups via double bosonisation (including Dynkin classification)

<
ug(sh) <
CZ, ——uqg(sh) <

new quantum group ——---
(use other braided Hopf algebra)

Similarly for co-double bosonisation.



v

v

v

Let H = U,-m(sh) = ug-m(sh

B = cg a reduced quantum pl

n n
el =6 =0, ee =

Ne=1Re+6®1,

V(e ® ei) = qe @ e,

V(ie®e)=—qg "a®e—

2 € My iff a® = m(m — 1)
Then Dbos(H) = uq(sh) and

o (sh) — Ug-m(sh)
q(sh) {(qu(5/3)/<K]_

)@ Cqelgl/(g" — 1)

ane

qg "eier, ei>g=4q%

ce; =0, Sei=—¢
V(e®e)=—q "exe
(g—1e®er.
mod n.
m>1,
Kz2)) ® (Clgl/(g" 1)) m=1.



v

v

v

v

Let A= cy=m(sh) = cg-m(sh) ® Cga[c]/(<" — 1)

B = c% a reduced quantum plane.

X{’ = X2n = 07 X2Xl == q_mX1X2, ALX/' = tijg X )<J
AX; =1 X+ Xi®1, eX;=0, SXi=-X
2 € AM iff a? = m(m — 1) mod n.

Then coDbos(A) = ¢q[SL3] and

Cq-m[SL3] m>1,
C;,1[5L3] = <tij(t33)2> — Cq71[5L3] m=1

¢q[SLs] = {

where (i,j) # (3,3).



Fermionic quantum matrix group

» Let A= Cq4[GLy] = <;> and let B be fermionic
quantum-plane € AM such that

2 -1 i
ef =0, eer=-q eae,Ae=5;Re¢

éelzel®1+1®el,§e,:0’ §ei:—ei

V(eme)=—e®e, VieRe)=—-q lea®e

V(ieoe)=—q a®e—(1-¢)awe
» Then coDbos(A) = (Cff’[SL3] is generated by

tl 1 tlg t! 3 X t b
t=|[1¢? 1 t22 t23 =1|ss a b
t31 t32 t33 s, ¢ d

where

s1=(q—q )b — qih), s=(q—q ') (dh — qéh)
th=eé—q lted = erd — q_leQB

X =D+ (t1D7(ds; — gbsy) — g 1toD(cs; — gasy))



> C’;e’[SL3] has standard matrix comultiplication, and some
relations are 'fermionic’.

» It has non-standar R-matrix with some entries are 'fermionic’.



Hopf algebra Fourier transform (Not presented)

v

Right integral [ H — k, [f:A=H* =k, u= [([7).

Hopf algebra Fourier transform

v

f(h) = Z(/ eah)fa, f*(qs) — Z ea(/* q§f3)7 F*oF = uS

a

e, basis of H, f? dual basis of B*
F 1 ¢g[SLy] — ug(sh) is given by

v

Fixe bye n—1 q—(l+a)(1—b)+b(n—1—c) pr1-aplpni-c
t = T B
( ) lz:;n[n—l—a]q_l![n—l—c]q!

q!

" [ =11 l[n — 14!

I

v

1 # 0 = F is invertible with
Fl = pu1S71F* = ¢y[SLa] = ug(sh) by F.



3D Calculus (Not presented)

» 15t order diff. calculus (Q%,d) over H is an H bimodule, s.t.
d(ab) = (da)b + a(db).

» Ql is free-modules over AL, the basis of left-invariant
one-form.

» Ql(cq[SLo]) with n odd, has left-invariant basic 1-forms e, €
(3D-calculus) s.t. exth = pl" hey and egh = p?hlhey where
p=q ™

dX =g Mte_, dt=(1+q)(q(q”™ — q")tYe_ + tep)

dY =(g ' —1)te, + (1+q)Yao +q(g" " — g™)Y?e_

» These are well-behaves with Hopf algebra Fourier transform by
F(97h) = F(h)xa

where x,(h) = (f?,wn.S71h) for all h € H defines y, € H**.



3D-calculus (Not presented)

The elements x, are

- - ;

eSS @ty B

X+_ZO(SJ(K)E_Z_O . KE— (q—l—l)
j= W=

n—1 1.5 S g i1-g¥) i 1-K?

XO_Z(Hq)[/]qzj( )—Z n(l—q) 1-q



Thank you for your kind attention



	3D-Calculus

