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Coisotropic Reduction

Geometry Algebra

Poisson manifold: Poisson algebra:

(M, 7wm) o =(6=(M),{-,-})
Coisotropic submanifold: Coisotropic ideal:

CHM J={fe6>M)|f|.=0
Characteristic distribution: Normalizer:

{Xr(p) € TM | p e M, f| =0} N(d) = {f e ‘€>=(M) | {f,d} € 3}
Reduced manifold: Reduced algebra:
Mred = C/ ~ wred - ( )/3 6> ( red)
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Quantized Reduction

t: C — M coisotropic submanifold

= (€>(M),") A= (€ (M)A, *)
U EF(M) — €X(C) e F (M)A — 6(C)[A]

Define:

g = ker(t*) C € (M)[\] left ideal
N@) = {f e €>(M)[\] | [3.]. <3}

~» Reduced algebra: #,0q = N(J)/d >~ 6°°(Mea)[A]
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Coisotropic Algebras

Definition (Coisotropic triple of algebras)
Triple o = (Ayor, D, Ao) With

e o, unital algebra

o oy C o, unital subalgebra

o o, C o, two-sided ideal

~~ Category: C3Alg.

Proposition (Reduction)

Functor red: C3Alg — Alg:

o = ('ﬂtotv wN; do) — dred = mN/mo
b — B — ¢red: Sdred — %red
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Coisotropic Bimodules

What are representations of coisotropic algebras?

Definition (Bimodule over coisotropic triple of algebras)
Let o, € C3Alg. A (%, d)-bimodule is a triple & = (&,,.,8x,8,) with
o 8.0 is (Biow, iy )-bimodule
o &y is (By, Ay)-bimodule together with vg: Ex — &,
o & C &y is (By, Ay)-submodule
> Bo-En C 8 and Ex - oy C &

~» Category: C3Bimod(%, )
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Reduction of Coisotropic Bimodules

Functor red: C3Bimod(%, «¢) — Bimod(®Bred, Hred):

&= (gtomgNago) — 8red = (L;N/go
b: 8 —F — q)rcd: 8rcd — g"\rcd
Example

4 commutative coisotropic triple
Der(s),o. = Der(,..)

Der(d)y = {® € Der(d,,,) | P(Ax) C Ay, d(A,) C Ao}
Der(#), = {® € Der(o,,.) | P(dx) C oo}

= Der(d)rea — Der(#Ayed)

Nice geometry: (TM)yeq =~ T(Mreq)
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Reminder: Bicategory of Rings and Morita Theory

For two rings R and S the following statements are equivalent
e R-Mod ~ S-Mod (Morita equivalence)
e R and S are equivalent in the bicategory Bimod
e Je € M,(R) s.t. €2 =¢, ReR=R and S ~ Endgr(eR")

Bicategory Bimod:
e Objects: rings R, S
1-Morphisms: bimodules (&,

2-Morphisms: bimodules homomorphisms

Tensor product: ¥ ®s (6

Left unit, right unit, associativity, ...

Reduction and Morita Theory 10/15 Marvin Dippell



Juuus-Maximillans» ,'
UNIVERSITAT Institute of m
I WURZBURG MATHEMATICS .'.-f;

Bicategory for Coisotropic Algebras

e

Objects: coisotropic algebras o4 = (A, dy, %)
1-Morphisms: coisotropic bimodules ;,& ; = (&,..,6x, &)

2-Morphisms: morphisms of coisotropic bimodules

Tensor product: , ¥y, 5,6,

> (9: (25 8)tot = Frot QB g0t Etot
> (F ®2 E)x = Fx Qay Ex
> (T Qa €)o = Fn Qay G0 + Fo Qe Ex

o Left unit, right unit, associativity, ...

~> Bicategory: C3Bimod

Definition (Morita equivalence)

A, 9% € C3Alg are Morita equivalent iff they are isomorphic in C3Bimod.
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Characterization of Morita Equivalence

Theorem (Characterization of Equivalence Bimodules)

A, B € C3Alg are Morita equivalent iff there exists idempotent
e € M,(dy) s.t. dyedy = oy and

Bior ~ Endy,, (e,
By ~ Endy, (ed))
B, ~ Homy, (e, ed)) C Endy, (esdy)
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[ Reduction preserves Morita equivalence

2-Functor of reduction red: C3Bimod — Bimod

Objects: o = (Ayor, Dn, o) +—  Hrea = An/A,
1-morphisms: & = (6,..,8x,8&,) — Ered = Ex /&,
2-morphisms: ¢:6 — F — Dred: Ered — Fred

red is a functor of bicategories!
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Classical Limit for Coisotropic Bimodules

"y,

e

[ Classical limit commutes with reduction

Classical limit 2-functor cl: C3Bimodgpy) — C3Bimodg:

Cl(m)tot - ﬂtot/)\dtot Cl(g)tot - 8tot/>\8tot
cl(d)y = Ax/(AA o N Ay) cl(8)y = Ex/AEy
A(sd)o = o) (At 1 o) () = &/ (AEx N &)

C3BimodR[[)\ﬂ ;1> C3BimodR

red‘/ N\ red

Bimodg(yj e E— Bimodgr
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