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Gauge symmetry of Courant sigma-model

Courant sigma-model [hep-th/0608150] Roytenberg

Action functional:

SC[X,A,F ] =

∫
Σ3

(
FI ∧ dXI + 1

2 η̂Î Ĵ A
Î ∧ dAĴ − ρI Ĵ(X)AĴ ∧ FI + 1

6TÎ ĴK̂ (X)AÎ ∧ AĴ ∧ AK̂
)

where indices run: I = 1, . . . , 2d and Î = 1, . . . , 4d and E = TM⊕ T∗M over a
doubled spaceM, with objects:

X = (XI ) : Σ3 →M, A ∈ Ω1(Σ3,X∗E), F ∈ Ω2(Σ3,X∗T∗M)

η̂ =

(
0 12d
12d 0

)
, ρ : E→ TM
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Gauge symmetry of Courant sigma-model

Courant sigma-model [hep-th/0203043] Ikeda

Gauge transformations:

δ(ε,t)XI = ρIĴ ε
Ĵ

δ(ε,t)AÎ = dεÎ + η̂ Î N̂TN̂ĴK̂A
ĴεK̂ − η̂ Î ĴρI Ĵ tI

δ(ε,t)FI = − dtI − ∂IρJ Ĵ A
Ĵ ∧ tJ − εĴ∂IρJ Ĵ FJ + 1

2 ε
Ĵ∂ITÎ L̂Ĵ A

Î ∧ AL̂

Equations of motion:

DXI := dXI − ρI Ĵ A
Ĵ = 0

DAÎ := dAÎ − η̂ Î K̂ρI K̂FI + 1
2 η̂

Î K̂TK̂ ĴL̂A
Ĵ ∧ AL̂ = 0

DFI := dFI + ∂Iρ
J
K̂ AK̂ ∧ FJ − 1

6∂ITĴK̂ L̂ A
Ĵ ∧ AK̂ ∧ AL̂ = 0
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Gauge symmetry of Courant sigma-model

Gauge covariance

Gauge transformations of equations of motion

δ(ε,t)DXI = εĴ∂Mρ
I
Ĵ DX

M − η̂ĴK̂ρI Ĵρ
L
K̂ tL + εĴAK̂ (2ρM [K̂∂Mρ

I
Ĵ] − ρ

I
N̂ η̂

N̂M̂TM̂K̂ Ĵ)

δ(ε,t)DAÎ = −η̂ Î N̂(∂MTN̂ĴK̂ ε
K̂AĴ − ∂MρI N̂ tI ) ∧ DXM + η̂ Î N̂TN̂ĴK̂ ε

K̂DAĴ +

+ 1
2 η̂

Î K̂
(
3ρI [N̂∂ITĴL̂]K̂ − ρ

I
K̂∂ITN̂ĴL̂ − 3TK̂ R̂[N̂ η̂

R̂P̂TĴL̂]P̂

)
εN̂AĴ ∧ AL̂

The requirement that the equations of motion be gauge covariant leads to the
following conditions:

η̂ĴK̂ρI Ĵρ
L
K̂ = 0

2ρM [K̂∂Mρ
I
Ĵ] − ρ

I
N̂ η̂

N̂M̂TM̂K̂ Ĵ = 0

3ρI [N̂∂ITĴL̂]K̂ − ρ
I
K̂∂ITN̂ĴL̂ − 3TK̂ R̂[N̂ η̂

R̂P̂TĴL̂]P̂ = 0
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Gauge symmetry of Courant sigma-model

Closure of the gauge algebra

Closure of the gauge algebra on fields X and A:

[δ(ε1,t1), δ(ε2,t2)]XI = ρI Ĵ ε
Ĵ
12

εÎ12 := η̂ Î ĴTĴK̂ L̂ε
K̂
1 ε

L̂
2

[δ(ε1,t1), δ(ε2,t2)]AÎ = δ(ε12,t12)AÎ − η̂ Î Ĵ∂MTĴK̂ L̂ε
K̂
1 ε

L̂
2DXM

t12I := ∂ITK̂ L̂Ĵ ε
K̂
1 ε

L̂
2AĴ + 2∂IρJ K̂ ε

K̂
[1 t2]J

Gauge algebra is closed only up to equations of motion.
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BV action and BRST transformations

Superfields

Introducing superfields:

XI = XI + F †I + t†I + v†I

AÎ = εÎ + AÎ + η̂ Î ĴA†
Ĵ

+ η̂ Î Ĵε†
Ĵ

FI = vI + tI + FI + X†I

XI :
ghXI = 0, ghF †I = −1, gh t†I = −2, gh v†I = −3

degXI = 0; deg F †I = 1; deg t†I = 2; deg v†I = 3;

AÎ :
gh εÎ = 1, ghAÎ = 0, ghA†

Î
= −1, gh ε†

Î
= −2

deg εÎ = 0; degAÎ = 1; degA†
Î

= 2; deg ε†
Î

= 3

FI :
gh vI = 2, gh tI = 1, ghFI = 0, ghX†I = −1

deg vI = 0; deg tI = 1; deg FI = 2; degX†I = 3
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BV action and BRST transformations

Master action [hep-th/9502010] Alexandrov, Kontshevich, Schwarz, Zaboronsky

Define the graded symplectic structure:

ω = dXI dFI + 1
2 η̂Î Ĵ dAÎ dAĴ

By the AKSZ procedure we can construct the BV master action:

SC[X,A,F] =

∫
T [1]Σ3

µ
(
FI dXI + 1

2 η̂Î Ĵ AÎ dAĴ − ρI Ĵ(X)AÎ FJ + 1
6TÎ ĴK̂ (X)AÎAĴAK̂

)
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BV action and BRST transformations

BRST transformations

The symplectic structure induces a graded Poisson bracket (the BV antibracket)
that can be used to define the BRST transformations of the component fields:

δXI = ρIÎ ε
Î

δAÎ = dεÎ − η̂ Î ĴρIĴtI + η̂ Î ĴTĴK̂ L̂A
K̂ εL̂ − η̂ Î Ĵ∂JρIĴF

†JvI + 1
2 η̂

Î Ĵ∂JTĴK̂ L̂F
†JεK̂ εL̂

δFI = − dtI − ∂IρJÎ ε
ÎFJ − ∂IρJÎ A

Î tJ + 1
2∂ITÎ ĴK̂ ε

ÎAĴAK̂ +

+ 1
2∂ITÎ ĴK̂ η̂

K̂ L̂εÎ εĴA†
L̂
− ∂IρJÎ η̂

Î ĴA†
Ĵ
vJ + 1

2∂I∂J∂Kρ
L
Î F
†JF †K εÎ vL − ∂I∂JρKÎ t

†JεÎ vK−

− ∂I∂JρKÎ F
†JεÎ tK + ∂I∂Jρ

K
Î F
†JAÎ vK − 1

12∂I∂J∂KTÎ ĴK̂F
†JF †K εÎ εĴεK̂ +

+ 1
6∂I∂JTÎ ĴK̂ t

†JεÎ εĴεK̂ − 1
2∂I∂JTÎ ĴK̂F

†JAÎ εĴεK̂

δεÎ = η̂ Î ĴρI Ĵ vI −
1
2 η̂

Î ĴTĴK̂ L̂ε
K̂ εL̂

δtI = dvI − ∂IρJ Î ε
Î tJ + ∂Iρ

J
Î A

Î vJ − 1
2∂ITÎ ĴK̂ ε

Î εĴ AK̂ + ∂I∂Jρ
K
Î F
†JεÎ vK

− 1
6∂I∂JTÎ ĴK̂ F †JεÎ εĴεK̂

δvI = −∂IρJ Î ε
Î vJ + 1

6∂ITÎ ĴK̂ ε
Î εĴεK̂
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DFT membrane sigma-model

DFT Projection

As has been shown one can obtain the DFT worldvolume theory by means of
projection from a large Courant sigma-model. A splitting of the bundle is defined:
E = TM = L+ ⊕ L−:

A = AI
+e+

I + AI
−e
−
I AI

± = 1
2 (AI ± ηIJ ÃJ)

e±I = ∂I ± ηIJ dXJ (ρ±)I J = ρI J ± ηJK ρ̃IK

A projection is performed onto the L+ subbundle:

p+ : E→ L+ A 7→ A+ = A

The projection obtains the C-bracket of DFT from the Courant bracket

[[A,B]] = p+

(
[p+(A), p+(B)]E

)
and gives the DFT membrane sigma model

SDFT[X,A,F ] =

∫
Σ3

(
FI ∧ dXI + ηIJA

I ∧ dAJ − (ρ+)I JA
J ∧ FI + 1

3 T̂IJKA
I ∧ AJ ∧ AK

)
with the choice of anchor and flux such that

ηJK (ρ+)I J(ρ+)LK = ηIL

2ρK [L∂Kρ
I
M] − ρK [L∂

IρKM] = ρI Jη
JK T̂KLM
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Projecting superfields

Projection of BRST transformations

The goal is to project on the BV-BRST level to obtain a consistent BRST description
of DFT.

Projected master action:

SDFT[X,A, F] =

∫
T [1]Σ3

µ
(
FI dXI + ηIJAI

+ dAJ
+ − (ρ+)J I (X)AI

+FJ + 1
3 T̂IJK (X)AI

+AJ
+AK

+

)

Projected BRST transformations:

δAI
+ = dεI+ − 1

2η
IJρK+J tK + ηILT̂LJKAJ

+ε
K
+ − 1

2η
IJ∂Kρ

L
+JF

†K vL + 1
2η

IJ∂K T̂JLMF †K εL+ε
M
+

δAI
− = 1

2η
IJρK−J tK + 1

2η
ILθJKL AJ

+ε
K
+ + 1

2η
IJ∂Kρ

L
−JF

†K vL + 1
4η

IJ∂K θLMJF
†K εL+ε

M
+

δεI+ = 1
2η

IJρK+JvK −
1
2η

ILT̂LJK ε
J
+ε

K
+

δεI− = − 1
2η

IJρK−JvK −
1
4η

ILθJKLε
J
+ε

K
+

Since our projection equates to setting A− and ε− fields to zero they must remain
vanishing after a BRST transformation.
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Projecting superfields

Symmetry fixing

The requirement that we have a BRST compatible projection necessarily
implies a reduction of our BRST symmetry by the fixing of ghost fields t and v :

δε− = 0 ⇒ vI = − 1
2ηILη

NMρL−MθJKNε
J
+ε

K
+ =: 1

2ΘIJK (X)εJ+ε
K
+

δA− = 0 ⇒ tI = ΘIJK (X)AJ
+ε

K
+ + 1

2∂KΘILMF †K εL+ε
M
+

However one must now make sure this fixing is BRST compatible in the sense
that the BRST transformation coming from the fixing matches with the
projected BRST transformation.

δtI = dvI − εJ+∂IρK+JtK + AJ
+∂Iρ

K
+JvK − ∂I T̂JKLε

J
+ε

K
+AL

+ − ∂I∂JρK+Lε
L
+F
†JvK −

− 1
3∂I∂J T̂KLMF †JεK+ε

L
+ε

M
+

δtI = ∂LΘIJKδXLAJ
+ε

K
+ + ΘIJKδAJ

+ε
K
+ + ΘIJKAJ

+δε
K
+ + 1

2∂A∂KΘILMδXAF †K εL+ε
M
+ +

+ 1
2∂KΘILMδF

†K εL+ε
M
+ − ∂KΘILMF †KδεL+ε

M
+

The same can be done for v .
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Projecting superfields

Consistency condition

Define two objects:

SIJKL := ∂MΘI [JKρ
M
+L] −ΘIM[Jη

MN T̂NKL] + 1
2η

MNρP+NΘIM[JΘPKL] − 2
3∂I T̂JKL + ∂Iρ

M
+[JΘMKL]

R I
JK := ηABρI+BΘJAK + 2∂JρI+K

The matching of the BRST transformations of fixed ghost fields t and v
reduces to two conditions:

3SIJKLAJ
+ε

K
+ε

L
+ + ∂ASIBCDF

†AεB+ε
C
+ε

D
+ − 1

2R
K
IB∂AΘKCDF

†AεB+ε
C
+ε

D
+ = 0

SIJKLε
J
+ε

K
+ε

L
+ = 0

However,
R I

JK = 0 ⇒ SIJKL = 0

in the case of ρ+ and T̂ being the DFT anchor and flux respectively.
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Projected gauge transformations

Gauge transformations by projection

Going back to gauge symmetry one can obtain the gauge variations from the
projected BRST transformations by setting antifields to zero:

δεXI = ρI Jε
J

δεA
I = dεI + ΦI

JKA
JεK ΦI

JK := ηIN(T̂NJK − 1
2ρ

M
NΘMJK )

δεFI = − d(ΘIJKA
JεK )− εJ∂IρK JFK + εJAK ∧ AL(∂I T̂KLJ − ∂IρNKΘNLJ)

The equations of motion coming from the projected worldvolume action:

DXI := dXI − ρI J AJ = 0

DAI := dAI − 1
2η

IKρJKFJ + ηIK T̂KJLA
J ∧ AL = 0

DFI := dFI + ∂Iρ
J
K AK ∧ FJ − 1

3∂I T̂JKL A
J ∧ AK ∧ AL = 0
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Projected gauge transformations

Gauge covariance of equations of motion

And once again, now for the DFT case, gauge covariance of the equations of
motion:

δεDXI = εJ∂Mρ
I
JDXM + εJAK

≡ R I
JK = 0︷ ︸︸ ︷

(2ρM [K∂Mρ
I
J] − ρI NΦN

KJ)

δεDAI = ηIN(∂M T̂NJK − 1
2∂Mρ

L
NΘLJK )εKDXM ∧ AJ + ηIN T̂NJK ε

KDAJ +

+ 1
2η

INεKAM ∧ AM′ (
3ρJ [K∂J T̂MM′]N − ρJN∂J T̂[KMM′] − 3ηPJ T̂P[MM′ T̂K ]NJ

)
︸ ︷︷ ︸

= 0

+

+ 1
4η

INρPJη
JLρSLε

K
(

ΘPKNFS + ΘSMNΘPM′KA
M ∧ AM′)︸ ︷︷ ︸

s.c.

η
PSΘPKNFS = −2ρM[K∂

S
ρ
M

N]FS

ΘSMNη
PSΘPM′K = 4ηSS′ρL[M∂

S′
ρ
L
N]ρJ[M′∂

S
ρ
J
K ]
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Projected gauge transformations

Closure of gauge algebra

Finally, taking a look at gauge closure:

[δε1 , δε2 ]XI = ρI Jε
J
12

εI12 : = ΦI
KLε

K
1 ε

L
2

[δε1 , δε2 ]AI = δε12A
I − ∂LΦI

JK ε
J
1ε

K
2 DXL +

+ 3
(

ΦI
N[MΦN

JK ] − ρN [M∂NΦI
JK ]

)
︸ ︷︷ ︸

= 0

εJ1ε
K
2 A

M

Gauge algebra is closed on-shell (as expected since it is an open algebra).
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Conclusion and Outlook

Conclusion

It has been shown:

projection of a Courant sigma model over doubled space consistent on the
BRST level

algebra of gauge transformations closes on-shell

equations of motion transform covariantly only up to the strong constraint

Open questions:

Does there exist a modification of the DFT worldvolume action such that
gauge invariance can be achieved without the use of the strong constraint?

Is there a consistent way to define BRST transformations on the level of
superfields?
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