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AKSZ sigma-models in generalized geometry (GG)

Courant algebroid ⇔ AKSZ Courant sigma-model

Identities ⇔ Master equation

Twists (�uxes) ⇔ Bulk �ux termsy y
'Classical' geometric BV-quantized action
structure of GG formulation for GG
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quantized quantities
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How the AKSZ formulations of topological strings �t into the framework of GG?
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Topological strings & their AKSZ formulations

Results

DFT approach to AKSZ models of topological strings

Reduction to GG ; description w/ generalized complex structure

Interesting feature: topological S-duality arises from the generalized
complex structure
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AKSZ construction

AKSZ construction: a geometric method for constructing BV-BRST
quantized topological sigma-models.

[Alexandrov,Kontsevich,Schwartz,Zaboronsky '97]

Fields are maps between source and target manifolds:

Source manifold: (W,QW , µ)

1. W = T [1]Σd dg-manifold, 'superworldsheet'

coordinates are ẑ ı̂ = (σµ, θµ) ,

where σµ ∈ Σd even ; θµ ∈ TΣd odd

2. QW cohomological vector �eld

a) QW have degree 1

b) L2QW = 0

the choice: QW = θµ
∂

∂σµ
=: D ; de Rham di�.

3. µ is invariant under QW

the choice: µ = d
d ẑ = d

dσddθ
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coordinates are ẑ ı̂ = (σµ, θµ) ,

where σµ ∈ Σd even ; θµ ∈ TΣd odd

2. QW cohomological vector �eld

a) QW have degree 1

b) L2QW = 0

the choice: QW = θµ
∂

∂σµ
=: D ; de Rham di�.

3. µ is invariant under QW

the choice: µ = d
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AKSZ construction

Target manifold: (M,Qγ , ω) QP-manifold

1. M symplectic dg-manifold w/ degree d − 1

2. ω symplectic form w/ degree d + 1 ⇒ { . , . } Poisson bracket

3. Qγ cohomological vector �eld (degree 1, L2Qγ
= 0)

and also Hamiltonian: ιQγω = dγ ⇒ Qγ = {γ, . }

L2Qγ
= 0 ⇔ {γ, γ} = 0

The space of �elds is the mapping space

M = Map
(
T [1]Σd ,M

)
⇒ also a QP-manifold

a coordinate φ ∈M corresponds to a �eld

|φ|

φ (σ, θ) =

|φ|

φ(0)(σ) +

|φ|−1

φ(1)
µ(σ)θµ + . . .+

1

d!

|φ|−d

φ(d)
µ1...µd θ

µ1 . . . θµd
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AKSZ construction

Target QP-manifold ←→ QP-manifold of super�elds

ω = dqa ∧ dpa ←→ ω =
∫
T [1]Σd

d
d ẑ δqa(ẑ)δpa(ẑ)

{ . , . } Poisson bracket ←→ ( . , . )BV BV bracket

ϑ = qa ∧ dpa s.t. dϑ = ω ←→ Skin =
∫
T [1]Σd

d
d ẑ qa(ẑ)Dpa(ẑ)

symplectic potential kinetic term of the action

γ = γ (qa(ẑ), pa(ẑ)) ←→ Sint =
∫
T [1]Σd

d
d ẑ γ (qa, pa)

Hamiltonian interaction term

full Hamiltonian: S = Skin + Sint

{γ, γ} = 0 ←→ (S,S)BV = 0 master eq.

Qγ = {γ, . } ←→ Q = (S, . )BV BV-BRST trans.
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{ . , . } Poisson bracket ←→ ( . , . )BV BV bracket

ϑ = qa ∧ dpa s.t. dϑ = ω ←→ Skin =
∫
T [1]Σd

d
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∫
T [1]Σd

d
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symplectic potential kinetic term of the action
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d ẑ γ (qa, pa)

Hamiltonian interaction term

full Hamiltonian: S = Skin + Sint

{γ, γ} = 0 ←→ (S,S)BV = 0 master eq.

Qγ = {γ, . } ←→ Q = (S, . )BV BV-BRST trans.



AKSZ Topological strings DFT approach GG formulation Conclusion

Gauge �xing of AKSZ models

Theory is not specifeid yet: we need to choose �elds φa and anti�elds φ+
a

ω =

∫
T [1]Σd

d
d ẑ δ

d−1−|a|

φ+
a (ẑ) δ

|a|

φa(ẑ)

A gauge �xing fermion Ψ[φ] �x the anti�elds

φ+
a (ẑ) = (−1)|a| (d+1)

�
δΨ

δφa(ẑ)
⇒ ω|Ψ = 0

In general: choice of a Lagrangian submanifold L with ω|L = 0
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Dimensional reduction to boundary

Split the �elds to normal φt and transverse φ̂ modes wrt. the boundary
∂Σd as

φ(σ, θ) = φ̂(σ, θ̂) + φt(σ, θ̂) θt

Then φt or φ̂ is gauge �xed

; di�erent choice gives di�erent boundary theories
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Example 1. - Poisson sigma-model

Source: superworldsheet (2D): T [1]Σ2

Target:M = T ∗[1]M with coordinates
0

X i even;
1

χi odd

Symplectic structure and general Hamiltonian

ω = dχi ∧ dX i and γ =
1

2
πij(X )χi χj

Master equation

{γ, γ} = 0 ←→ Poisson condition for π (π[i|l∂lπ
|jk] = 0)

Derived bracket for degree zero functions f (X ) and g(X )

{{γ, f }, g} = {f , g}π Poisson bracket of π

Action constructed by AKSZ

S(2)
π =

∫
T [1]Σ2

(
χi DX

i +
1

2
πij(X )χi χj

)
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Example 2. - Courant sigma-model

Source: superworldvolume (3D): T [1]Σ3

Target:M = T ∗[2]E [1]M with coordinates
0

X i ;
2

Fi ;

1

ζ I ;

Symplectic structure and general Hamiltonian

ω = dFi ∧ dX i +
1

2
ηIJ dζ

I ∧ dζ I ηIJ pairing

γ =
1

2
ρiI (X )︸ ︷︷ ︸
anchor

Fiζ
I +

1

3!
TIJK (X )︸ ︷︷ ︸

twist

ζ I ζJζK

Master equation

{γ, γ} = 0 ←→ Axioms of Courant algebroid on E for (ρ, η,T )

Dorfman bracket, pairing and anchor for degree 1 functions e1 and e2

[e1, e2]D = {{e1, γ}, e2} , 〈e1, e2〉 = {e1, e2} ρ(e) = {e, {γ, · }}

Action constructed by AKSZ

S(3)
C =

∫
T [1]Σ3

(
F iDX

i − ηIJζ IDζJ + ρiI (X )F iζ
i +

1

3!
TIJK (X ) ζ IζJζK

)
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Topological string theory

Appear in type II Calabi-Yau compacti�cations (superpotentials, BPS
black holes)

Natural question:

What is the corresponding topological theory in GG compacti�cations?

How to de�ne topological strings?

N = 2 sigma-model

& coupled to gravity

}
−→ type II string theory

topological sigma-model

& coupled to gravity

}
−→ topological string theory

Procedure to get the topological sigma-model: ; topological twisting

N = 2 sigma-model
twist−−−→ topological sigma-model

Two non-equivalent twists:

; A- and B-models
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Topological S-duality

Originates from S-duality of type IIB strings

Weak/strong coupling duality (on the same CY)

A-model
S←→ B-model

gA
S←→ 1

gB
couplings

kA
S←→ 1

kB
Kähler forms

[Nekrasov,Ooguri,Vafa '04]
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A- and B-models

A-model: Poisson sigma-model (M = T ∗[1]M)

ω = dχi
1
∧ dX i

0
and γ =

1

2
πij(X )χi χj

{γ, γ} = 0 ←→ Poisson condition for π (π[i|l∂lπ
|jk] = 0)

S(2)
π =

∫
T [1]Σ2

(
χi DX

i +
1

2
πij(X )χi χj

)
π → Kähler str.

B-model: Complex structure sigma-model (M = T ∗[1]T ∗M doubled)

ω = dχi
1
∧ dX i

0
+ dχ̃i

1
∧ dX̃i

0

and γ = J i
j χi χ̃

j − ∂jJ
i
k X̃i χ̃

j χ̃k

{γ, γ} = 0 ←→ Integrability condition for the complex structure J

S(2)
J =

∫
T [1]Σ2

(
χi DX

i − X̃ i Dχ̃
i + J i

j(X )χi χ̃
j + ∂jJ

i
k(X ) X̃ i χ̃

j χ̃k)
[Ikeda,Tokunaga '07]
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Doubled Poisson sigma-model for A/B-models

Poisson sigma-model on doubled target space:M = T ∗[1]T ∗M

coordinates:
0

X I =

(
X i

X̃i

)
1

χI =

(
χi

χ̃ i

)
; O(d , d) str. de�ned

Symplectic structure

ω = dχI ∧ dX I = dX i ∧ dχi + dX̃ i ∧ dχ̃ i

Hamiltonian

γ =
1

2
ΩIJ(X )χI χJ ⇒ Ω[I |L∂LΩJK ] = 0

The AKSZ action is

S(2)
Ω =

∫
T [1]Σ2

(
χI DX

I +
1

2
ΩIJ(X )χI χJ

)
.
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Doubled Poisson sigma-model for A/B-models

Observation: it gives both the A- or B-models

A-model

ΩIJ =

(
πij 0
0 0

)

Ω[I |L∂LΩJK ] = 0 ⇒
π[i|l∂lπ

jk] = 0

Poisson condition for π on M

B-model

ΩIJ =

(
0 J i

j

−J j
i −2∂[iJ

k
j]X̃k

)

Ω[I |L∂LΩJK ] = 0 ⇒
J l

[i| ∂lJ
k
|j] − Jk

l ∂[iJ
l
j] = 0

Integrability condition for J on M

DFT-like description, but how to introduce GG and �uxes?
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Membrane level

We introduce a worldvolume Σ3 theory which gives back the double
Poisson sigma-model on the boundary Σ2 = ∂Σ3

Contravariant Courant sigma-model

[Bessho,Heller,Ikeda,Watamura '16]

ω = d

2

FI ∧ d
0

X I + d

1

χI ∧ d
1

ψI

γ = ΩIJ FI χJ −
1

2
∂IΩ

JK ψI χJ χK +
1

3!
RIJK χI χJ χK

{γ, γ} = 0 ←→ [Ω,Ω]S = 0 and [Ω,R]S = 0

⇒ de�nes the Poisson Courant algebroid on E = TM ⊕ T ∗M with

〈A + α,B + β〉 = ιAβ + ιBα pairing

ρ(A + α) = ιαΩ anchor

[A + α,B + β]D = [α, β]Ω + LΩ
αY − ιβ dΩX − ιαιβR Dorfman br.

Higher formulation of a Poisson structure Ω with possible twists R !
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Membrane level

The action constructed by AKSZ

S(3)
Ω,R =

∫
T [1]Σ3

(
F I DX

I − χI Dψ
I + ΩIJ(X )F I χJ

− 1

2
∂IΩ

JK (X )ψI χJ χK +
1

3!
RIJK (X )χI χJ χK

)

How does it give the doubled Poisson sigma-model?

In the partial gauge

F I = DχI and ψI = −DX I

−→ ωgf =

∮
T [1]∂Σ3

δX IδχI

we reduce the normal modes

It allows the de�nition of �uxes (DFT-like)

RIJK −→ Hijk , F
i
jk , Q

ij
k , R

ijk [Ω,R]S = 0 ; Bianchi id.
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Projection to GG

We have a DFT description. Next: reduce the doubling to arrive at GG

The natural method in the theory of DFT algebroids is the DFT

projection:

Project χI and ψ
I to e I+ = ψI + ηIJχJ =: (qi , pi )

[Chatzistavrakidis,Jonke,Khoo,Szabo '18]

The resulting AKSZ theory is not well de�ned (no master eq.)

We choose

ΩIJ =

(
πij J i

j

−J j
i 0

)

We impose the master eq. on Ω (; SC?)

⇒ JI J = ηJK ΩIK =

(
J i

j πij

0 −J j
i

)
generalized complex structure
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Generalized complex structure and A-/B-models

The integrability conditions for JI J =

(
J i

j πij

0 −J j
i

)
are

π[i|l ∂lπ
jk] = 0

J l
i ∂lπ

jk + 2πjl ∂[iJ
k
l ] + πkl ∂lJ

j
i − J j

l ∂iπ
lk = 0

J l
[i| ∂lJ

k
|j] − Jk

l ∂[iJ
l
j] = 0

⇒
Algebroid for J
{γ, γ} = 0

The AKSZ action is

S(3)
π,J =

∫
T [1]Σ3

(
F i DX

i − pi Dq
i + πij

F i pj + J
i
j F i q

j

− 1

2
∂ iπ

jk
q
i
pj pk + ∂ iJ

k
j q

i
q
j
qk

)
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i + πij

F i pj + J
i
j F i q

j

− 1

2
∂ iπ

jk
q
i
pj pk + ∂ iJ

k
j q

i
q
j
qk

)
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Reduction to A-/B-models

Di�erent �eld/anti�eld choice and di�erent gauges yield A- and B-models
separately (no need for doubling!)

A-model (J = 0):

F I = DpI and q
I = −DX I

we need just transverse modes: X̂ i , χ̂i

B-model (π = 0):

we need both normal and transverse

modes: X̂ i , q̂ i , (pt)i , (F t)i
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Topological S-duality from generalized complex structure

The symplectic structure dqi ∧ dpi has a di�eomorphism invariance
(i.e. canonical transformation)

pi 7−→ λ pi and qi 7−→ 1

λ
qi

The Hamiltonian scales as

γλπ,J = λπij Fipj −
λ

2
∂iπ

jk qipjpk +
1

λ
J i

j Fiq
j +

1

λ
∂iJ

k
j q

iqjpk

λ�1 ↙ ↘ λ�1

γπ = πij Fipj −
1

2
∂iπ

jk qipjpk γJ = J i
j Fiq

j + ∂iJ
k
j q

iqjpk

This scaling duality can be lifted up to the level of the AKSZ actions:

S(2)
π

λ�1←−−− S(3)
π,J

λ�1−−−→ S(2)
J

A-model B-model

with gA =
1

gB
; Topological S-duality
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Summary

Doubled contravariant
Courant sigma-model

Doubled Poisson
sigma-model

Courant sigma-model
for gen. complex str.

A-model B-model A-model B-model

Contravariant
Courant sigma-model 

Courant sigma-model
for complex str. 

S 

Boundary
reduction 

Poisson str. Complex str.

Poisson str. Complex str.

Boundary
reduction 

Boundary
reduction 

DFT projection &
zero dual coord.

String

Membrane
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Outlook

Calculate explicit quantities in the 3D model (need �elds/anti�elds
choice),

; Relation to GG/�ux compacti�cation?

; Relation to topological string amplitudes?

Relation to generalized Calabi-Yau?

Study further the new Courant algebroid for generalized complex str.
(twist?).

Generalized complex str. (S-duality) ! Mirror symmetry (T-duality) ?



AKSZ Topological strings DFT approach GG formulation Conclusion

Outlook

Calculate explicit quantities in the 3D model (need �elds/anti�elds
choice),

; Relation to GG/�ux compacti�cation?

; Relation to topological string amplitudes?

Relation to generalized Calabi-Yau?

Study further the new Courant algebroid for generalized complex str.
(twist?).

Generalized complex str. (S-duality) ! Mirror symmetry (T-duality) ?



AKSZ Topological strings DFT approach GG formulation Conclusion

Outlook

Calculate explicit quantities in the 3D model (need �elds/anti�elds
choice),

; Relation to GG/�ux compacti�cation?

; Relation to topological string amplitudes?

Relation to generalized Calabi-Yau?

Study further the new Courant algebroid for generalized complex str.
(twist?).

Generalized complex str. (S-duality) ! Mirror symmetry (T-duality) ?



AKSZ Topological strings DFT approach GG formulation Conclusion

Outlook

Calculate explicit quantities in the 3D model (need �elds/anti�elds
choice),

; Relation to GG/�ux compacti�cation?

; Relation to topological string amplitudes?

Relation to generalized Calabi-Yau?

Study further the new Courant algebroid for generalized complex str.
(twist?).

Generalized complex str. (S-duality) ! Mirror symmetry (T-duality) ?



AKSZ Topological strings DFT approach GG formulation Conclusion

Outlook

Calculate explicit quantities in the 3D model (need �elds/anti�elds
choice),

; Relation to GG/�ux compacti�cation?

; Relation to topological string amplitudes?

Relation to generalized Calabi-Yau?

Study further the new Courant algebroid for generalized complex str.
(twist?).

Generalized complex str. (S-duality) ! Mirror symmetry (T-duality) ?



AKSZ Topological strings DFT approach GG formulation Conclusion

Outlook

Calculate explicit quantities in the 3D model (need �elds/anti�elds
choice),

; Relation to GG/�ux compacti�cation?

; Relation to topological string amplitudes?

Relation to generalized Calabi-Yau?

Study further the new Courant algebroid for generalized complex str.
(twist?).

Generalized complex str. (S-duality) ! Mirror symmetry (T-duality) ?



AKSZ Topological strings DFT approach GG formulation Conclusion

Thank you for your attention!
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