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Coisotropic submanifolds play a distinguished role in Poisson geometry:

o Lagrangian submanifolds of symplectic manifolds,
o level sets of moment maps,

o morphisms of Poisson manifolds,

o branes in Poisson c-models.

In Hamiltonian Mechanics

coisotropic submanifolds = first class contraints




Coisotropic Reduction

Characteristic Distribution

Let (P, w) be a symplectic manifold, C C P a coisotropic submanifold.
The distribution

K:= <Xf\c . f vanishes on C>

is an involutive distribution on C.

Reduced Phase Space

Physically, the degrees of freedom along K are gauges and should be
quotiented out:
Pred =C / K

is the true physical phase space. But P..q might be singular.
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stropic Reduction

A way out non-smoothness is thinking of P,.q algebraically, putting

C®(Prg) = {f € C°(C) : X(f) = 0forall X € T(K)}.

Proposition

C®(Pyeq) is a Poisson algebra in a natural way.

C%(Preq) might be too small to be useful!

Remark

The commutative algebra C®(P,.q) is “cohomologically resolved” by
the leaf-wise de Rham complex Q)° (K) := I'(A*K"):

0 = C®(Preq) = C°(C) = O}K) = -+ = QI(K) = - -

Luca Vitagliano



Coisotropic Reduction

)°(K) can be thought of as a desingularization of the commutative al-
gebra C%(P,.q). How about the Poisson algebra structure?

Theorem [Oh & Park 2005], [Cattaneo & Felder 2007]

Q@ O°(K) is an Le.-algebra in a canonical way (up to L..-isomorphisms);

@ the binary bracket induces the Poisson bracket on C®(P..q);
@ the multibrackets are multiderivations (P..-algebra).

Quantization of Coisotropic Submanifolds

[Cattaneo & Felder 2007] use
o the P.-algebra of C, and
o an adaptation of Formality,

to quantize C®(P,.q) up to anomalies.
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Contact Geometry and Mechanics

The Aim of the Talk

is discussing the Contact Geometry analogue of the P..-algebra of a
coisotropic submanifold in a symplectic manifold.

Definition

A contact manifold is a manifold P + a contact distribution, i.e. a codimen-
sion 1 distribution H satisfying a maximal non-integrability condition:

Ry:HxH—TP/H, (X,Y)— [X,Y|modH isnon-degenerate.

Darboux Theorem

Locally, there are coordinates (xi , 11, p;) such that H is spanned by

s o .0 0
DI - — ax,' + p] ou’ ap’
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Contact Geometry and Mechanics

Let (P, H) be a contact manifold. Then L := TP /H is a line bundle.

Reark

Q There is a canonical vector space isomorphism
I'(L) = {infinitesimal symmetriesof H}, A — X;
Q this induces a Lie bracket { —, — } on I'(L), the Jacobi bracket:
X{/\,y} = [X/\/X;J}
Q locally I'(L) = C*(P) and
Xy = aan,Di—D'fﬁ —fa
{f,g} =Dif & — DiggL + f 38 — g3L.
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Contact Geometry and Mechanics

Contact Geometry is a language for equilibrium thermodynamics and
thermodynamic processes are described by the flow of contact vector fields.

Contact Geometry is also a language for dissipative systems.

An Example: Damped Newton Mechanics

On a contact manifold V° with Darboux coordinates (x, 1, ), and

2
f:%—er(q)—i—’yu,

the flow of the contact vector field X is

: 5 2 : aV
i=L, a=f-Vig-m p=-5L -9,
which reproduces the Damped Newton Equation: ¥ = —yx — %a‘g—y)
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Contact Homological Reduction

Let (P, H) be a contact manifold, and let L := TP/ H.

Definition

A submanifold C C P is coisotropic if the contact vector field X, is
tangent to C for every A € I'(L) vanishing on C.

Characteristic Distribution

Let C C P be a coisotropic submanifold.
Q The distribution

K := (X)|c : A vanishes on C)

is an involutive distribution on C.

Q The restricted line bundle L|- is equipped with a canonical flat
partial connection V along K:

VXA\CV‘C = {A p}e
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Contact Homological Reduction

We would like to quotient out the degrees of freedom along K, keeping
the information on the line bundle!

L+—— L|C ~~p Lred = L\C/V

| ]

P——C~~~vPeq:=C/K

Sometimes, P,.4 is a smooth manifold and there is a well-defined line
bundle L,.q4 — P,.q such that L|¢ is the pull-back, and flat sections are
pull-back sections. But, in general, this is not the case!
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Contact Homological Reduction

A way out non-smoothness is thinking of L..q — P,q algebraically:
C®(Preq) :={f € C*(C) : X(f) =0forall X € T(K)},
I'(Lieq) :={A €T(L|c) : VxA =0forall X e T(K)}.

Proposition

.U|

(C®(Preq ), T'(Lyeq)) is a Jacobi algebra in a natural way:
@ I'(L,oq) isa C®(Pq)-module;
@ ['(L,oq) is a Lie algebra with (induced) brackets { —, — } o4,
® {—, —}.eq is a(n algebraic) bi-derivation, i.e.

{/\/f}l}red = f{)\/ V}red +X/\(f)}l/ A';“ < r< lf‘d) f € CN( red)
for some derivation X, of C*°(P.uq)-

As in the symplectic case, (C*(P,.q), ['(L;oq)) might be too small!
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Contact Homological Reduction

Remark

The C*(P,.q)-module I'(L,.q) is “resolved” by the leaf-wise de Rham
complex with coefficients in L|c: Q° (K, L|c) := T(A*K* ® L|c¢):

0 = T(Leq) < T(L|c) = QK L|c) = --- = QI(K,L|c) = ---.

(K, L) can be thought of as a desingularization of the module I'(L,.4 ).
How about the Jacobi algebra structure?
Theorem [Lé, Oh, Tortorella & V 2014]

Q@ O°(K,L|c) is an Le-algebra in a canonical way;

@ the binary bracket induces the bracket { —, —},.q on I'(L,.q);

@ the multibrackets are multiderivations (|-algebra).

The Lo-algebra Q)° (K, L|-) controls deformations of C.
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Proof of the Main Theorem

An L.-algebra is a Lie algebra up to homotopy. Let V be a graded space.

Definition

An Le-algebra structure in V is a sequence of operations:
l: A"V — V[2 —n]

satisfying the following coherence conditions
Q Z(u)=0
Q lLilh(u,0) =L(lhu,v) £ hL(u o)
Q L(uLv,w)+ O =
h(u,v,w) — 3(Lu,v,w) F(w, o, w) F (w0, Lw)

H(V, 1) is a honest (graded) Lie algebra!
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Proof of the Main Theorem

V-data
o A graded Lie algebra (£, [—, —]),
o a Maurer-Cartan element A € L,

o an abelian subalgebra a C L,
o a linear projector 13 : £ — a, such that ker j3 is a subalgebra.

Theorem [T. Voronov 2005]
Let (L, A, a,8) be V-data. The higher derived brackets:

bo(ug, o, ... ty) i= B[ - [[A, ur], uz], - -], un]

give a the structure of an L..-algebra.

Remark [Cattaneo & Felder 2007]

One can construct V-data from a coisotropic submanifold.
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Proof of the Main Theorem

Let (P, H) be a contact manifold and {—, —} the Jacobi bracket.

The Schouten-Jacobi Algebra

Let L = TP/H. Skew-symmetric multiderivations
(L) x---xTI(L) —T(L)
form a graded Lie algebra D* (L) with the Gerstenhaber bracket [—, —|.

D* (L) is a line bundle version of the Schouten algebra of multivectors.

Remark

{—, —} can be seen as a Maurer-Cartan element A in D°(L).

We are half-way from a set of V-data!
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Proof of the Main Theorem

Let (P, H) be a contact manifold, C C P a coisotropic submanifold.

Proposition

There is a canonical projection 3 : D° (L) — Q° (K, L

)
We need additional data to complete our set of VV-data:
o a tubular neighborhood P © U — C,

o an identification L O L|; = L

C-

Proposition

@ The additional data determine an inclusion
J: Q.(K,L‘C) — D.(L‘u);

o the tuple (D*(L|y;), A, im J,°B) is a set of V-data.
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Proof of the Main Theorem

@ The multibrackets
IVI ((Ul,(l)z, .. /wn) 0= im“ ce HA/ j("]1}/ j("JZ}/ o }/ j(*‘JI'I]

give QO°(C, L|¢) the structure of an Lo,.-algebra;
@ [, is the leaf-wise differential;
@ b induces {—, —}eqinT(Lyeq) = H°(C,L|c);
Q the |, are multiderivations (]..-algebra).

The Leo-algebra (Q°(C,L|c), {1, }) is independent of the additional data up
to Leo-isomorphisms.
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Proof of the Main Theorem

The L..-algebra of a coisotropic submanifold C does only depend on
the intrinsic geometry of C.

Assume: C is not Legendrian, and H¢ := H M T'C has constant rank.

Theorem

H¢ knows everything about an appropriate neighborhood of C.

Corollary
The Leo-algebra (Q°(C, L|c), {1, }) does only depend on H.

Choose a distribution WV on C complementary to K. Then
[, =0 <R%}V72> forn > 1,
where Ryy : W x W — TC/W = K is the curvature of W.
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o Fedosov quantization of contact manifolds has been achieved by
[Boutet de Monvel 1995] via the symplectization trick: contact man-
ifolds are equivalent to homogeneous symplectic manifolds.

o It would be natural to look at the quantization of a coisotropic
submanifold in a contact manifold as in [Cattaneo & Felder 2007]
(Quantization of dissipative systems with constraints?!).

o More generally, quantizing Jacobi manifolds and their coisotropic
submanifolds might have an interest.
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