On moduli spaces and stringy corrections

with Jim Liu (work in progress)
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From quantum gravity point of view, probing string theory at fundamental level
= study of stringy corrections:

*x o expansion = higher derivative corrections to the supergravity
* the genus expansion = string quantum corrections in spacetime
S

Why more? again? now?!
e things to be learned for 4D N/ = 1 physics

e test (develop) Generalised complex geometry?
> natural appearance of generalised connections, some kinematic structures

> the truly non-linear tests ahead



N = 2 D=4 physics .... Type Il strings on CY threefolds at the happy intersection of:
* 2D SCFT
* Special geometry
* algebraic geometry

Kahler potential:

o K = —2log (Vg — 32:3(?’;3/2 x(X3) )

> V3 and x(X3) - classical volume of CY and Euler number of X3 = 10D origin
> ((3) - stringy!

... traces back to higher derivative (~ o'?) R* corrections in 10D
e 10D 4pt (linearized) computations are largely sufficient ....

e .... NOT enough for N' = 1 results (higher-point functions, other fields)



N =2: mostly under control
N =1: hard, but ... optimistic
I' = Vtd exp(iA)
The additive log Gamma class:
A =ImlogT(1 + %) = Ay + Ag + ...

1

with

_ 7 )
Aoy = %cl(X), Ag = —(QW)Sgchg(X),

The perturbative Kahler potential
e N/ eztlHlf/FJr
X
t; - (imaginary part of) Kahler moduli space coordinates; H; € H!(Bs)

... (1?) non-trivial string-theoretic cancellations must hold in /' = 4 (minimal 6D susy)



R* corrections in string theory (and GCG)
= Type Il theories

e iree-level: e 2% (tgts + seses) R
e one loop: (tsts F seses)R* (IIA/1IB)
Xs(R) ~ (tses + ests)R* ~ [3p3(TX) — po(TX)] (coupling B A Xg(R))
x tg tensor ( .... which we can see in GCG!)
o tgtsR* =ty pstin g B2, 0, - RETHS 0 (tgM* =24 (tr M* — £ (tr M?)?))

® Vurps Vprps T tppeeps T Vureeps

e All 6d (0,2) multiplet anomalies ~ Xg(R) ... (too easy?)

x Atlinearised level 1 QY — QL
% R(Q) ™’ = Ry ®” £V, Hy P+ 5 H, T Hyp” (R(Q4)uvap = R(Q-)agu )

% At non-linear level :  R(QYC) — R(Qy) (v GCG!) ... but not enough

« Non-linear objects... e.g. tree-level

Tpi?aﬂ ~ Hy Hyop (+6’[H8[0‘¢8y] 071¢) + -

«+ Can GCG explain 7' ... or tgtsT 2 R3 + tgtsTM R? + ... ?



Summary of type IIA (o’)? one-loop couplings (10D):

No B (linearised) With B (non-linear)
e-0 | i(tse1o + €e1ots) BR B A Xg(QYC) + exact terms
+ | = B A Xg(QF©)
0-e | = ;e B A (r R — 4 (ir R%)?) ?
e-e | tgtgR* ?
0-0 %610610R4 77

o tgtgR* = by ooopgbog g IPHH2 L RISHA o RESHS  RPTHE
o €1p0€10R* = eagm...MSEO‘B”T“WRWWVl,,QR“3“4,/3,,4R“5“6,,5,,6R“7“8,,7,,8
o At linearised level ( 4pt & some 5pt functions at one-loop) : Q¢  — Oy
o Curvature: R(Q4),,*? = R,,*" £V, H,*P+5H,*"H,,"
o N = 1superinvariants:  Jy(Q) = (tsts + =€10€10) R
J1(Q) = tstsR* — Teots BR?



N = 2: M-theory/IIA on Calabi-Yau threefolds

e 4D quantum corrected effective action:

S=sm [y [((142) e —x ) Roy + (1-22) 720 —x1 ) G (90)?

i ((1+%) e~ 204 +X1) th(ah)z}

v = V3(2mly) O

G - the metric of the h(; ;) — 1 vector-multiplets

Grn - the metric of the vy 5) non-universal hypermultiplets
xr = 2¢(3)x/(2m)°

> x1 = 4¢(2)x/(2m)?

e Weyl rescaling:

v V. VvV V

> Quantum corrections to vector and hyper moduli space metrics

> Corrections to the Kahler potential (Vs — V3 — 32C?f—?’)?,ﬂX(Xg)))
T (Js



Quantum corrections to N/ = 2 moduli spaces:

e vector moduli (IIA): Gy — (1 — x iz )Gy (€720t = vge20)

e (non-“universal”) hyper moduli (I1A): G,;; — (14 €**+ = \)G,;,
2 “loop counting” parameters:

e for the corrections to the metric of vector multiplets(c-model) :
e a2 (Lhpr X ) (xr = 20(3)x/(2m)%)

e for the corrections to the metric of hypermultiplets :
U6 ~ vg (1 — 2y, €21 4 O(e*4)) (42 =4 and y1 = 4¢(2)x/(27)?)

classical “universal” hypermultiplet (¢4, B2, Co: O3 — CoQ3 +Co A Q3+ --+)
e classically - SU(2,1)/U(2) coset (3 isometries)

e Loop corrections - self dual Enstein metric defined by a single function:
e~ — 4¢(2)x/ (2m)?



« In fact, at the origin of the corrections ... 10d one-loop term o/® R3H? :

1
10 / T1:'T9 PT1T2 PT3T4 PT576 _
/d XL G551...39 R3132R R (HT7?°889H87887“9 9H7"77°87“9H878889

53847 5586

% X fd4x\/gio-H’l”1T2T3Hrl’r2T3
B-field couplings

*~ Appearance of (at linearized level)

R, (w+ 3H) = R, + 1V, H N

* Inclusion of higher orders in By required by

e supersymmetry

e T-duality (similarly for RR couplings to D-branes  C A 1/ A(X)ch(z))
e generalized geometry ??? hope for systematic geometric calculation?

e Heterotic/Type Il duality ((refined) map between tree-level and one-loop terms)



Summary of type Il (o’)? one-loop couplings (10D):

No B (linearised) With B (non-linear)
e-0 | z(tse10 + €10ts) BR < (tse1o + €10ts) BRY(Q4)
+ | = B A Xg(QMY) = glse10B(R* () + RY(Q-))
0-e | = srmmr BA (R — 1 (Ir R?)?) | = 3B A [Xs(Q4) + Xs(92-))]
= ox @ B A (Ir R — (tr R?)? + exact terms)
e-e | tgtgR* tsts R () = tsts RY(Q-)
0-0 | zeio€1o R seroero (R(Q4)* + SH2R(Qy)? + -+

= s€10€10 (R(Q)* + SH?R(Q_ ) +--)

¢ new Kinematic structures in 0-o sector
o lifting to 11d: # — (G4 (ambiguities), then... reducing to get RR-field couplings

o dilaton!



Lift from D=10 to D=11
... IS heavy and the ambiguities are not fully resolved.
Lift from D=6 to D=7 has the main features and can be done explicitly.

CP-odd part:

1 _
—Bo AN X — -
g2 39772

Cs A (trR2 —~ 1—12d (G*% A (Vg)abc)> .

o abe = 4G, pndit e ebr e

CP-even part:

—1 lif 2 2 2 2 uv 2 1% o
e 'oL™ = R\, 2R, +iR*— 1R, G*" + LRG*+ iV ,Gyap, V' GH
& GG 5GP GN o + 5513 (GP)? — 55(Gu)? + (e0m)?

Reducing back to 10D/6D
o iLbc SN (6¢/2Fabc; fHa,b)

allows to recover RR completion (1-loop only!)



Puzzles (at tree-level)

e One-loop results would suggest

J()(Q) = (tgtg + %610610) R* — (tgtg + %610610) R4(Q_|_) + %610610H2R3(Q+) + ...
= Jo(Q24) + AJo(Q4, H)
Jl (Q) = t8t8R4 — ielothRll — t8t8R4<Q+) — %ElotSB (R4(Q_|_) + R(Q_)) = Jl (Q+)

AJy (2, H) needs susy completion. N = 2 tests:
— problems at tree-level - 4D N = 2
= cl(titrR*+uwRAR) with o!=[ v AtrR?, ol e HLD(X)
o f1W2|F-term with W - N/ = 2 chiral Weyl superfield and F; - function of
chiral vector superfields

=- important cancellations

> Extra corrections (??): Jo(Q2) — Jo(Qy) + AJy +2&  J1(Q) — J1(Q4) + &
¢ not supported by string calculations

> Different invariants at tree-level and 1-loop (1?): J(Q2) — Jo(Q4) + apy AV Jy

= N = 4 tests to follow



<

LBT - Lichnerowicz-Bismut theorem

e Lichnerowicz theorem:
(VeV, —V?)e=2R  tensorial action!

¢ V, - Levi-Civita connection (no torsion)
o V =~*V, - Dirac operator
e Torsion H (dH = 0)
Dye = Vg€ — aHgpey"e
De = (v*V, — BHauey*) e  «+  torsionful Dirac operator
o Note D # ~°D, = v*V, — aH g .y*°
e LBT: (D*D, — D?) e tensorial
(D“Da — D2) € = i [R — #HQ} € + vl Hy g€ +
(a = 36)y**VHapee + (o — 36)7* Hape (V)

e =38 (a= 3 for normalisation: -5 H?)



gen. Lichnerowicz theorem (gLBT) = effective actions (Local data)

e (gen.) Lichnerowicz theorem: (D“D4 — D?) e = |35 + v**“I4cale (S tensoriall)

o Heterotic effective action: S = R +4V?¢p — 4(d¢)? — 1_12[{2_%’”]32
O Igped = %V[aHbcd]—%/tr]:"[abﬁcd] =0

0, = Dye = Ve —%Habcfybce
0o = D€ = —%\/ 2a’f’aba’ya’be

o 0N=De= (V'Vq—37Hapcy™ —70s) e < Dirac operator

o } — covariant derivative (A = {a, a})

Gravitational terms (obstruction to F) ?

o picking a substructure of the GFB (O(d) x G x O(d) PB) splits E = C. & (:*g &C_
o take G — G, X O(d)....

o reduce the structure group of £ to O(d) x G x O(d) C O(d + dim(g)) x O(d)
o ldentify O(d) € G with O(d) in C_.

> Works only for A = Q. = w"C+ 11! (cf susy for Q_111)

> Fortypell G — O(d) x O(d) does NOT work



> Flip of the sign in O(a’) effective actionwrt D, : 2. — QI
© Rinnpq(27) = Rpgmn (27) = —12d Hinnpg

e leading to corrections all orders in «o:
> “gaugino” v, € I'(A2C,. ® S(C_)) for “gauge group” O(d)
o Sboaas = VA R(Q) 3505 7?€ oo. = Dape (?)
> ). - COMPOSite “gravitino curvature”
o 8tap = Dape + 2Va! (2a/tr EAF —tr R(QY) A R(Q)]apap) 7% — Dape
> Dg, — Dg inLBT = O(a’?) modifications of susy for
yaﬁavbﬁge — DD, e+ DD, e+ D®D ;e = —iS‘e 4 yabed] o g€
hierarchy of higher o’ corrections (consistent with GCG)
O(a'?) agreement with literature

new O(a’*) corrections

v V. VvV V

iterative all order formulae ?



>  “Tensoriality” without generalised geometry:
M o + 7t M 1 /2
DIPe — Dy D 6—6—4(trFFe—trR R 6)—|-2V QSDMe:—Zﬁbe—I—C/)(Oz )

(mod. heterotic Bl: dH = & (ir F A F —tr Rt A RT))
> L - bosonic Lagrangian

> Multiply by e=2?¢" and integrate by parts (e = 1):
1 /
Zﬁb — (lDe)TlDe — (DME)TDME -+ 5—4 (tr P Fe—tr ETR+R+€) + O(a'?)

>  The (bosonic) action
Sy = / e 2?L, = BPS?
Mo

> Susy + Bl = solutions .... alternative to Gen. Ricci computation:

o | 1 _ 1 1 1
FMD[NDM]E — §DN(O€) + §ODN€ = —ZSNMFME—F gBNMFME—F @dHNMpQFMPQE

O=dp—5H and EY,,.B%, - EOMs for metric and B-field



M-theory & GCG

Fields:  {gmn, Amnp, ¥Um }
o Sg = 2&2 (\/7}2 f/\*f—%A/\f/\f)

o S = % f\/_i(&m,ymnpvnwp _|_-Fp1...p4 (%&m,}/mm...mnwn + %@thypzpswm))
> SUSY 0V, = Ve + 288 (Y"1 — 80, M2 Foy € = Dipe
> eom ,ymnpvnwp 96 (,ymnpl p4*'rp1 P4 + 12‘anp1p27plp2) wn =0= Lmnwn

exact sequence: S PvesLves D—T> S

> Lo D = 0 follows from supersymmetry

> reality of [,L%y, = L=—L1 = Do L =0.

Lichnerowicz-type relation D*D,c = v D, Dye  (trace of Einstein + 8-form)
> L%y = 4% Dy and D = §7, L% =D,

> coefs in D, and D* are uniquely fixed by tensoriality of rhs!

LT = Sg=[+v—9gR—-:LFp 5, Frr0)—2AN(AxF+IFAF)



Higher order (type |IA 1-loop) terms
D:S—T"®8

(Dg)a — va5 + o (vaabcd) 70d5 + 5Xabcd70dvb€
D:T*®8 — S

~

(D¢) — ,}/ab (va¢b + (VCXacef) 7€f¢b + BXacef’Yefvcwb)

where X,,.q € |0,2,0,0,0] and «, 8 etc. parametrise higher-order corrections

(DDe) = vV Vie + (o — & — B) (VX gpeq) 70V
— @ VOV Xapea) 1% = (B + B8) Xanear™ VP + .
(ifa—a—3=0)=-iRe+} (20— B B) R Xopear"e
+ 1 (B + 5) R X gpeqe — & (B + 5) R® cqXapesy e+ ...

Ambiguities:
> o = a = [ = 0 consistent: keeping susy classical and only correcting Sr

> a=0,a=8=/: D*V,e and v**V,D,e are separately tensorial ( the fermionic
action is in terms of "supercovariant” objects)



Everything that can modify susy:

Projection of Rep Multiplicity multiplicity of of which result projected into
R? of s0(10, 1) embeddings in 6y in [V, V]R3 form of rank
X 0,2,0,0,0] 8 1 1 2
W 2,0,0,0,0] 3 3 1 2
S 0,0,0,0,0] 2 1 1 2
Y 0,1,0,0,2] 2 1 1 6
& 1,0,0,0,2] 2 4 2 4,6
T" 0,0,0,1,0] 3 5 3 2,4,6
Z" 0,1,0,1,0] 3 1 1 4
U’ 1,0,1,0,0] 3 4 2 2,4
L 2,1,0,0,0] 3 1 0 -

M* 2,0,0,1,0] 6 1 0 -

The last two lead to symmetrised V and so are immediately ruled out. The other terms
all admit at least one combination which corresponds to R*[V, Ve in the Lichnerowicz,
which thus give rise to R* terms.



These R* will appear as p-forms contracted with gamma-matrices acting on the spinor.
The different terms contribute to different forms as follows:

p-form : O 1 2 3 4 5
R* multiplicity: | 7 0 1 2 17 0
X'®R e - o - e -
W'® R - - - - - -
S"®R - - - - - -
Y'®QR - - - e e -
V'@ R - - - - e -
T"® R - - = - e -
Z'Q R - - e - e -
U'® R - - e - e -

I Nothing is possible at 2% and R? order !!!



>  Tensoriality of DD + cancellation of 2,4,6-forms yields 2 independent invariants
o :C( (tgtg — %ee) R* + %etg;CR‘l)
oy (tgtg + %ee) R*
>  what fixes y = 07
¢ fermion terms and “actual” supersymmetry
¢ Inclusion of F
o next order ~ R7 (lift from 2-loop string terms)

<~



Geometry of string theory (GCG?) <= non-linear completions of gravity

As things stand:

4pt opt 6pt

tree | 1-loop | tree | 1-loop | tree | 1-loop -

strings | Vv v © v © (~) vV -

GCG | ~ | (v | 2 ? ?] 2 | 277

o (~) v - work with André Coimbra
o v, (~) v, ®-work with Jim Liu
o ?, 7?1 - need to be explained

o 7?77 - .... GCG making predictions



N =4tests : 6D (1,1) and (2,0) theories
Supersymmetry (classification of supervertices):
e (1,1) theory (IIA/K3):
o tree-level: 1
o 1-loop: BoANXy+ - v
e (2,0) theory (lIB/K3)
o tree-level: 0

o 1-loop @ (gravity multiplet)

o 4-derivative interaction quartic in tensor multiplets

Cancellations:

e ONK3: J; — (t4t4—|-%€666) R? — Ricci — 0 ... Linear

e Complete cancellations are very non-trivial

o verify AJ for one-loop Jo (1) + Ao (24, H) (+more!)
¢ three-level 5pt-functions



6D (2,0) theory at one loop (testing AW .J,)

Linearised CP-odd: 7 — HAW(HAR) — Ry(e-H-H),, — 0
The non-linear result (Note SO(5) R-symmetry: 5 — 1 +X)
o Lop_even = (tats — €4€4) R(Q1)* — AJ

e For gravity multiplet only - H is self-dual:

LCP—even + 47 = 4(RIU/ — iHELV)2 — (R -+ %HQ)Q

e gravity + 1 TM (for the scalars again 5 — 1 + X)
Lop-even + 4T = AHO Y 4 H20160% ¢ + 16(96°)?

only 4pt+ couplings in TM (v')
¢ One-loop under control!

o New superinvariants JI(Qp) =tstsR* — te10ts BRY(Q4) & J7(Q2) =

%610610R4 —+ AJO —+ %ElothRél(—)

o JIAIB _ pr(e.)  Jr (o)



Nonlinear tree-level cancellations....

...are much harder!

R(OY)  — R(Q4) needed but not enough

e New couplings tsts7? R?

e with non-linear objects... T.° ; ~ H,,"H. ,5(+0},01%$3,,0°¢) + - -
x ... free-level 5pt calculations ...

o T (and tgtsT ¥ R?)

* ... kKeep dreaming ...

Any geometry in all this??7??



