
On moduli spaces and stringy corrections

with Jim Liu (work in progress)



⇐⇒

From quantum gravity point of view, probing string theory at fundamental level
⇒ study of stringy corrections:

? α′ expansion ⇒ higher derivative corrections to the supergravity

? the genus expansion ⇒ string quantum corrections in spacetime

⇐⇒

Why more? again? now?!

• things to be learned for 4D N = 1 physics

• test (develop) Generalised complex geometry?

B natural appearance of generalised connections, some kinematic structures

B the truly non-linear tests ahead



N = 2 D=4 physics .... Type II strings on CY threefolds at the happy intersection of:

? 2D SCFT

? special geometry

? algebraic geometry

Kähler potential:

� K = −2 log
(
V3 − ζ(3)

32π3·g3/2s

χ(X3)
)

B V3 and χ(X3) - classical volume of CY and Euler number of X3 ⇒ 10D origin

B ζ(3) - stringy!

... traces back to higher derivative (∼ α′3) R4 corrections in 10D

• 10D 4pt (linearized) computations are largely sufficient ....

• .... NOT enough for N = 1 results (higher-point functions, other fields)



N = 2 : mostly under control

N = 1 : hard, but ... optimistic

Γ̂ =
√

td exp(iΛ)

The additive log Gamma class:

Λ = Im log Γ(1 +
x

2πi
) = Λ2 + Λ6 + ...

with

Λ2 =
γ

2π
c1(X), Λ6 = − ζ(3)

(2π)3
2ch3(X), · · ·

The perturbative Kähler potential

e−K ∼
∫
X

e
∑
tlHl Γ̂/Γ̂ + ...

tl - (imaginary part of) Kähler moduli space coordinates; Hl ∈ H1,1(B3)

... (!?) non-trivial string-theoretic cancellations must hold in N = 4 (minimal 6D susy)



R4 corrections in string theory (and GCG)
? Type II theories

• tree-level: e−2φ(t8t8 + 1
4ε8ε8)R4

• one loop: (t8t8 ∓ 1
4ε8ε8)R4 (IIA/IIB)

X8(R) ∼ (t8ε8 + ε8t8)R4 ∼ [ 1
4p

2
1(TX)− p2(TX)] (coupling B ∧X8(R))

? t8 tensor ( .... which we can see in GCG!)

• t8t8R4 = tµ1···µ8tν1···ν8R
µ1µ2

ν1ν2 · · ·Rµ7µ8
ν7ν8 (t8M4 = 24

(
trM4 − 1

4 (trM2)2
)
)

• γµ1µ2
· · · γµ7µ8

−→ tµ1···µ8
+ γµ1···µ8

• All 6d (0,2) multiplet anomalies ∼ X8(R) ... (too easy?)

? At linearised level : ΩLC −→ Ω±

∗ R(Ω±)µν
αβ = Rµν

αβ ±∇[µHν]
αβ+ 1

2H[µ
αγHν]γ

β ( R(Ω+)µναβ = R(Ω−)αβµν )

? At non-linear level : R(ΩLC) −→ R(Ω±) (X GCG!) ... but not enough

∗ Non-linear objects... e.g. tree-level
T
〈2〉
µναβ ∼ Hµν

γHγαβ (+∂[µ∂
[αφ∂ν]∂

β]φ) + · · ·

∗ Can GCG explain T ... or t8t8T 〈2〉R3 + t8t8T
〈4〉R2 + ... ?

∗ Dilaton!?!?!



Summary of type IIA (α′)3 one-loop couplings (10D):

No B (linearised) With B (non-linear)

e-o 1
8 (t8ε10 + ε10t8)BR4 B ∧X8(ΩLC) + exact terms

+ = B ∧X8(ΩLC)

o-e = 1
192(2π)4B ∧

(
trR4 − 1

4 (trR2)2
)

?

e-e t8t8R
4 ?

o-o 1
8ε10ε10R

4 ??

� t8t8R4 = tµ1···µ8
tν1···ν8R

µ1µ2
ν1ν2R

µ3µ4
ν3ν4R

µ5µ6
ν5ν6R

µ7µ8
ν7ν8

� ε10ε10R
4 = εαβµ1···µ8

εαβν1···ν8Rµ1µ2
ν1ν2R

µ3µ4
ν3ν4R

µ5µ6
ν5ν6R

µ7µ8
ν7ν8

� At linearised level ( 4pt & some 5pt functions at one-loop) : ΩLC −→ Ω±

� Curvature: R(Ω±)µν
αβ = Rµν

αβ ±∇[µHν]
αβ+ 1

2H[µ
αγHν]γ

β

� N = 1 superinvariants: J0(Ω) =
(
t8t8 + 1

8ε10ε10

)
R4

J1(Ω) = t8t8R
4 − 1

4ε10t8BR
4



N = 2: M-theory/IIA on Calabi-Yau threefolds

• 4D quantum corrected effective action:

S =
1

2κ2
4

∫
d4x
√
gσ
[(

(1+χT

v6
) e−2φ4−χ1

)
R(4) +

(
(1−χT

v6
) e−2φ4−χ1

)
Gvv(∂v)2

+
(

(1+χT

v6
) e−2φ4+χ1

)
Ghh(∂h)2

]
B v6 = V3(2πls)

−6

B Gvv - the metric of the h(1,1) − 1 vector-multiplets

B Ghh - the metric of the h(1,2) non-universal hypermultiplets

B χT = 2ζ(3)χ/(2π)3

B χ1 = 4ζ(2)χ/(2π)3

• Weyl rescaling:

B Quantum corrections to vector and hyper moduli space metrics

B Corrections to the Kähler potential (V3 → V3 − ζ(3)

32π3 g
3/2
s

χ(X3)))



Quantum corrections to N = 2 moduli spaces:

• vector moduli (IIA): Gvv → (1− χ 4
(2π)3

ζ(3)
v6

)Gvv ( e−2φ4 = v6 e
−2φ10 )

• (non-“universal”) hyper moduli (IIA): Ghh̄ → (1 + e2φ4 1
6πχ)Ghh̄

2 “loop counting” parameters:

• for the corrections to the metric of vector multiplets(σ-model) :
e−2φ̃4 ' e−2φ4

(
1 + µT

χT

v6
+ · · ·

)
(χT = 2ζ(3)χ/(2π)3)

• for the corrections to the metric of hypermultiplets :
ṽ6 ' v6

(
1− 3µ1

2 χ1 e
2φ4 +O(e4φ4)

)
(µ2

1 = 4 and χ1 = 4ζ(2)χ/(2π)3)

classical “universal” hypermultiplet (φ4, B2, C0 : C3 → C0Ω3 + C̄0 ∧ Ω̄3 + · · · )

• classically - SU(2, 1)/U(2) coset (3 isometries)

• Loop corrections - self dual Enstein metric defined by a single function:
e−2φ̃4 − 4ζ(2)χ/(2π)3



? In fact, at the origin of the corrections ... 10d one-loop term α′
3
R3H2 :∫

d10x
√
Gδr1···r9s1···s9 R

r1r2
s1s2R

r3r4
s3s4R

r5r6
s5s6

(
Hr7r8s9Hs7s8r9 −

1

9
Hr7r8r9Hs7s8s9

)

→ χ
∫
d4x
√
gσHr1r2r3H

r1r2r3

B-field couplings

? Appearance of (at linearized level)

R̂µν
λσ(ω + 1

2H) = Rµν
λσ + 1

2∇[µHν]
λσ

? Inclusion of higher orders in B2 required by

• supersymmetry

• T-duality (similarly for RR couplings to D-branes C ∧
√
Â(X)ch(x))

• generalized geometry ??? hope for systematic geometric calculation?

• Heterotic/Type II duality ((refined) map between tree-level and one-loop terms)



Summary of type II (α′)3 one-loop couplings (10D):

No B (linearised) With B (non-linear)

e-o 1
8 (t8ε10 + ε10t8)BR4 1

8 (t8ε10 + ε10t8)BR4(Ω+)

+ = B ∧X8(ΩLC) = 1
8 t8ε10B(R4(Ω+) +R4(Ω−))

o-e = 1
192(2π)4B ∧

(
trR4 − 1

4 (trR2)2
)

= 1
2B ∧ [X8(Ω+) +X8(Ω−)]

= 1
192·(2π)4B ∧

(
trR4 − 1

4 (trR2)2 + exact terms
)

e-e t8t8R
4 t8t8R

4(Ω+) = t8t8R
4(Ω−)

o-o 1
8ε10ε10R

4 1
8ε10ε10

(
R(Ω+)4 + 8

3H
2R(Ω+)3 + · · ·

)
= 1

8ε10ε10

(
R(Ω−)4 + 8

3H
2R(Ω−)3 + · · ·

)
� new kinematic structures in o-o sector

� lifting to 11d: H 7→ G4 (ambiguities), then... reducing to get RR-field couplings

� dilaton!



Lift from D=10 to D=11

... is heavy and the ambiguities are not fully resolved.

Lift from D=6 to D=7 has the main features and can be done explicitly.

CP-odd part:

1

4
B2 ∧X4 −→ − 1

32π2
C3 ∧

(
trR2 − 1

12
d
(
Gabc ∧ (∇G)abc

))
.

� Gabc1 = 4Gµρλdx̂
µêaν êbρêcλ

CP-even part:

e−1δLlift = R2
µνλσ − 2R2

µν + 1
2R

2 − 1
6RµνG

2µν + 1
48RG

2 + 1
6∇µGναβγ∇

νGµαβγ

+ 1
48GµνλρG

µρα
βG

νσβ
γG

λγ
ασ + 1

288·12 (G2)2 − 1
216 (Gµν)2 + (eom)2

Reducing back to 10D/6D

� Gabc1 −→ (eφ/2Fabc;Hab)

allows to recover RR completion (1-loop only!)



Puzzles (at tree-level)

• One-loop results would suggest

J0(Ω) =
(
t8t8 + 1

8ε10ε10

)
R4 −→

(
t8t8 + 1

8ε10ε10

)
R4(Ω+) + 1

3ε10ε10H
2R3(Ω+) + ...

= J0(Ω+) + ∆J0(Ω+, H)

J1(Ω) = t8t8R
4 − 1

4ε10t8BR
4 −→ t8t8R

4(Ω+)− 1
8ε10t8B

(
R4(Ω+) +R(Ω−)

)
= J1(Ω+)

∆J0(Ω+, H) needs susy completion. N = 2 tests:

⇒ problems at tree-level - 4D N = 2

⇒ c2
I(tI trR2 + uIR ∧R) with c2

I =
∫
X
ωI ∧ trR2, ωI ∈ H(1,1)(X)

� F1W
2|F-term with W - N = 2 chiral Weyl superfield and F1 - function of

chiral vector superfields

⇒ important cancellations

B Extra corrections (??): J0(Ω) −→ J0(Ω+) + ∆J0 +��ZZ2δ J1(Ω) −→ J1(Ω+) + �Aδ

� not supported by string calculations

B Different invariants at tree-level and 1-loop (!?): J(Ω) −→ J0(Ω+) + α(l)∆
(l)J0

⇒ N = 4 tests to follow



⇐⇒

LBT - Lichnerowicz-Bismut theorem

• Lichnerowicz theorem:(
∇a∇a −∇2

)
ε = 1

4R tensorial action!

� ∇a - Levi-Civita connection (no torsion)

� ∇ = γa∇a - Dirac operator

• Torsion H (dH = 0) Daε = ∇aε − αHabcγ
bcε

Dε =
(
γa∇a − βHabcγ

abc
)
ε ← torsionful Dirac operator

� Note D 6= γaDa = γa∇a − αHabcγ
abc

• LBT:
(
DaDa −D2

)
ε tensorial(

DaDa −D2
)
ε = 1

4

[
R−#H2

]
ε+ γabcd∇aHbcdε +

(α− 3β)γab∇cHabcε+ (α− 3β)γabHabc (∇cε)

• α = 3β (α = 1
8 for normalisation: 1

12H
2)



gen. Lichnerowicz theorem (gLBT) ⇒ effective actions (Local data )

• (gen.) Lichnerowicz theorem:
(
DADA −D2

)
ε =

[
1
4S + γabcdIabcd

]
ε (S tensorial!)

� Heterotic effective action: S = R+ 4∇2φ− 4(∂φ)2 − 1
12H

2−α
′

4 tr F̂2

� Iabcd = 1
6∇[aHbcd]−α

′

8 tr F̂[abF̂cd] = 0

�
δψa = Daε = ∇aε− 1

8Habcγ
bcε

δζα = Dαε = − 1
8

√
2α′F̂abαγabε

 ← covariant derivative (A = {a, α})

� δλ = Dε =
(
γa∇a− 1

24Habcγ
abc − γa∂aφ

)
ε ← Dirac operator

Gravitational terms (obstruction to E) ?

� picking a substructure of the GFB (O(d)×G×O(d) PB) splits E = C̃+ ⊕ C̃g ⊕ C̃−

� take G→ Ggauge ×O(d)....

� reduce the structure group of E to O(d)×G×O(d) ⊂ O(d+ dim(g))×O(d)

� Identify O(d) ∈ G with O(d) in C̃+

B Works only for Â = Ω+ = ωLC+ 1
2H!!! (cf susy for Ω−!!!)

B For type II G→ O(d)×O(d) does NOT work



B Flip of the sign in O(α′) effective action wrt Da : Ω− −→ Ω+ !!!

� Rmnpq(Ω
−)−Rpqmn(Ω+) = −12dHmnpq

• leading to corrections all orders in α′:

B “gaugino” ψab ∈ Γ(Λ2C+ ⊗ S(C−)) for “gauge group” O(d)+

� δψO(d)ab = 1
8

√
α′R(Ω+)āb̄abγ

āb̄ε .... = Dabε (?)

B ψab - composite “gravitino curvature”
� δψab = Dabε+ 1

8

√
α′
(

1
8α
′[trF ∧ F − trR(Ω+) ∧R(Ω+)]abāb̄

)
γāb̄ε → D̂abε

B Dab → D̂ab in LBT ⇒ O(α′2) modifications of susy for
γāD̂āγ

b̄D̂b̄ε− D̂aD̂aε+ D̂αD̂αε+ D̂abD̂abε = − 1
4S
−ε+ γabcdIabcdε

B hierarchy of higher α′ corrections (consistent with GCG)

B O(α′3) agreement with literature

B new O(α′4) corrections

B iterative all order formulae ?



B “Tensoriality” without generalised geometry:

/D /Dε−DMD
M ε− α′

64

(
tr /F /Fε− tr /R+

/R
+
ε
)

+ 2∇MφDM ε = −1

4
Lbε+O(α′2)

(mod. heterotic BI: dH = α′

4 (tr F ∧ F − tr R+ ∧R+))

B Lb - bosonic Lagrangian

B Multiply by e−2φε† and integrate by parts (ε†ε = 1):

1

4
Lb = ( /Dε)† /Dε− (DM ε)

†DM ε+
α′

64

(
tr ε† /F /Fε− tr ε† /R+

/R
+
ε
)

+O(α′2)

B The (bosonic) action

Sb =

∫
M10

e−2φLb = BPS2

B Susy + BI ⇒ solutions .... alternative to Gen. Ricci computation:

ΓMD−[ND
−
M ]ε−

1

2
D−N (Oε) +

1

2
OD−N ε = −1

4
ENMΓM ε+

1

8
BNMΓM ε+

1

48
dHNMPQΓMPQε

O = /∂φ− 1
12
/H and E0

NM ,B0
NM - EOMs for metric and B-field



M-theory & GCG

• Fields: {gmn,Amnp, ψm}

� SB = 1
2κ2

∫ (√
−g R− 1

2F ∧ ∗F −
1
6A ∧ F ∧ F

)
� SF = 1

κ2

∫ √
−g
(
ψ̄mγ

mnp∇nψp + Fp1...p4
(

1
96 ψ̄mγ

mp1...p4nψn + 1
8 ψ̄

p1γp2p3ψp4
) )

B susy δψm = ∇mε+ 1
288 (γm

n1...n4 − 8δm
n1γn2n3n4)Fn1...n4

ε = Dmε

B eom γmnp∇nψp + 1
96 (γmnp1...p4Fp1...p4 + 12Fmnp1p2γp1p2)ψn = 0 = Lmnψn

• exact sequence: S
D−→ V ⊗ S L−→ V ⊗ S D†

−−→ S

B L ◦D = 0 follows from supersymmetry

B reality of
∫
ψ̄aL

abψb ⇒ L = −L† ⇒ D† ◦ L = 0.

• Lichnerowicz-type relation D̃aDaε = γabDaDbε ∝ (trace of Einstein + 8-form)

B Labψb = γabcDbψc and D̃c = 1
9γaL

ac = γbcDb

B coefs in Da and D̃a are uniquely fixed by tensoriality of rhs!

• LT ⇒ SB =
∫ √
−g(R− 1

3
1
48Fb1...b4F

b1...b4)− 1
3A ∧ (d ∗ F + 1

2F ∧ F)



Higher order (type IIA 1-loop) terms
D :S → T ∗ ⊗ S

(Dε)a = ∇aε+ α
(
∇bXabcd

)
γcdε+ βXabcdγ

cd∇bε

D̃ :T ∗ ⊗ S → S

(D̃ψ) = γab
(
∇aψb + α̃ (∇cXacef ) γefψb + β̃Xacefγ

ef∇cψb
)

where Xabcd ∈ [0, 2, 0, 0, 0] and α, β etc. parametrise higher-order corrections

(D̃Dε) = γab∇a∇bε+ (α− α̃− β) (∇aXabcd) γ
cd∇bε

− α
(
∇a∇bXabcd

)
γcdε−

(
β̃ + β

)
Xabcdγ

cd∇a∇bε+ ...

(if α− α̃− β = 0) = − 1
4Rε+ 1

2

(
2α− β̃ − β

)
RabecXabedγ

cdε

+ 1
4

(
β̃ + β

)
RabcdXabcdε− 1

8

(
β̃ + β

)
RabcdXabefγ

cdefε+ ...

(1)

Ambiguities:
B α = α̃ = β = 0 consistent: keeping susy classical and only correcting SF

B α̃ = 0, α = β = β̃: D̃a∇aε and γab∇aDbε are separately tensorial ( the fermionic
action is in terms of ”supercovariant” objects)



Everything that can modify susy:

Projection of Rep Multiplicity multiplicity of of which result projected into

R3 of so(10, 1) embeddings in δψ in [∇,∇]R3 form of rank

Xi [0,2,0,0,0] 8 1 1 2

W i [2,0,0,0,0] 3 3 1 2

Si [0,0,0,0,0] 2 1 1 2

Y i [0,1,0,0,2] 2 1 1 6

V i [1,0,0,0,2] 2 4 2 4, 6

T i [0,0,0,1,0] 3 5 3 2, 4, 6

Zi [0,1,0,1,0] 3 1 1 4

U i [1,0,1,0,0] 3 4 2 2, 4

Li [2,1,0,0,0] 3 1 0 -

M i [2,0,0,1,0] 6 1 0 -

The last two lead to symmetrised ∇ and so are immediately ruled out. The other terms
all admit at least one combination which corresponds to R3[∇,∇]ε in the Lichnerowicz,
which thus give rise to R4 terms.



These R4 will appear as p-forms contracted with gamma-matrices acting on the spinor.
The different terms contribute to different forms as follows:

p-form : 0 1 2 3 4 5

R4 multiplicity: 7 0 1 2 17 0

Xi ⊗R • - • - • -

W i ⊗R - - - - - -

Si ⊗R - - - - - -

Y i ⊗R - - - • • -

V i ⊗R - - - - • -

T i ⊗R - - - - • -

Zi ⊗R - - • - • -

U i ⊗R - - • - • -

!!! Nothing is possible at R2 and R3 order !!!



B Tensoriality of D̃D + cancellation of 2,4,6-forms yields 2 independent invariants

� x
( (
t8t8 − 1

8εε
)
R4 + 1

2εt8CR
4
)

� y
(
t8t8 + 1

8εε
)
R4

B what fixes y = 0?

� fermion terms and “actual” supersymmetry

� inclusion of F

� next order ∼ R7 (lift from 2-loop string terms)

⇐⇒



Geometry of string theory (GCG?) ⇐⇒ non-linear completions of gravity

As things stand:

4pt 5pt 6pt · · ·

tree 1-loop tree 1-loop tree 1-loop -

strings X X � X � (∼) X -

GCG ∼ (∼) X ?! ? ?! ? ???

� (∼) X - work with André Coimbra

� X, (∼) X, � - work with Jim Liu

� ?, ?! - need to be explained

� ??? - .... GCG making predictions



N = 4 tests : 6D (1, 1) and (2, 0) theories

Supersymmetry (classification of supervertices):

• (1, 1) theory (IIA/K3):

� tree-level: �0

� 1-loop: B2 ∧X4 + · · · X

• (2, 0) theory (IIB/K3)

� tree-level: �0

� 1-loop �0 (gravity multiplet)

� 4-derivative interaction quartic in tensor multiplets

Cancellations:

• On K3 : J0 −→
(
t4t4 + 1

8ε6ε6
)
R2 −→ Ricci −→ 0 ... Linear

• Complete cancellations are very non-trivial

� verify ∆J for one-loop J0(Ω+) + ∆J0(Ω+, H) (+more!)

� three-level 5pt-functions



6D (2, 0) theory at one loop (testing ∆(1)J0)

Linearised CP-odd: I −→ H ∧ tr (H ∧R) −→ Rµν(ε ·H ·H)µν −→ 0

The non-linear result (Note SO(5) R-symmetry: 5 −→ 1 + �A4)

• LCP−even = (t4t4 − ε4ε4)R(Ω+)2 −∆J

• For gravity multiplet only - H is self-dual:

LCP−even + 4I = 4(Rµν − 1
4H

2
µν)2 − (R+ 1

12H
2)2

• gravity + 1 TM (for the scalars again 5 −→ 1 + �A4)

LCP−even + 4I = 4
3H

(−) 4 +H(−) 2
µν ∂µφ∂νφ+ 16(∂φ2)2

only 4pt+ couplings in TM (X)

� One-loop under control!

� New superinvariants J+
1 (Ω+) = t8t8R

4 − 1
8ε10t8BR

4(Ω+) & J−1 (Ω−) =
1
8ε10ε10R

4 + ∆J0 + 1
8ε10t8BR

4(−)

� J IIA/IIB
1 = J+

1 (Ω+)∓ J−1 (Ω−)



Nonlinear tree-level cancellations....

...are much harder!

R(ΩLC) −→ R(Ω±) needed but not enough

• New couplings t8t8T
〈2〉R3

• with non-linear objects... T
〈2〉
µναβ ∼ Hµν

γHγαβ(+∂[µ∂
[αφ∂ν]∂

β]φ) + · · ·

∗ ... tree-level 5pt calculations ...

• T 〈4〉 ( and t8t8T 〈4〉R2 )

∗ ... keep dreaming ...

⇐⇒

Any geometry in all this????


