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based on

This talk is (partially) based on the following papers ::

◾ Open-string non-associativity in an R-flux background 
w/ D. Lüst, E. Malek, M. Syväri 
arXiv:1903.05581

◾ Open-string T-duality and applications to non-geometric backgrounds 
w/ F. Cordonier-Tello, D. Lüst 
arXiv:1806.01308, JHEP 1808 198

◾ Non-geometric backgrounds in string theory  
arXiv:1811.11203, Phys.Rept. 798
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motivation I

String theory describes the dynamics of strings in a background space.

String-theory backgrounds are specified by a choice of ::

◾ space — broadly defined, 
◾ vacuum expectation values for the fields of the theory (metric, 

field strengths, dilaton), 
◾ D-branes and orientifold planes.



motivation II

Properties ::

This talk ::

◾ A background is constrained by various consistency conditions (solution to 
eom, absence of anomalies, …), which relate its data in an intricate way. 

◾ String-backgrounds can have properties very different from point-particle 
configurations, such as non-commutative or non-associative behaviour. 

◾ Discuss the interplay between D-branes and (non-)geometric fluxes. 

◾ Investigate non-associativity of open strings on D-branes.
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non-geometry :: generalities

The equation of motion for a closed string (in the simplest setting) is the wave equation in two dimensions

0 = @↵@
↵Xµ(�) .
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◾ The general solution splits into a left-moving and right-  
moving part

Xµ(�0,�1) = Xµ
L(�

0 + �1) +Xµ
R(�

0 � �1) .
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◾ If both parts see the same geometry, the space is 
geometric.

◾ If the two parts see different geometries, the space is 
non-geometric (but well-defined for a string).
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◾ The duality group for the circle is              . Z2 ⇥ Z2
<latexit sha1_base64="p3qPBPNMbb/L+7y29J8UpGqfl5s="></latexit>

non-geometry :: t-duality I

T-duality :: ◾ Two string-theory compactifications on dual circles cannot be distinguished.

↵0

R
R

◾ T-duality is a string-theory duality — not existing for point particles.



non-geometry :: t-duality II

A string-theory background (in the NS-NS sector) is characterized by a choice of

◾ metric        ,  
◾ anti-symmetric two-form       , 
◾ dilaton    .

Gµ⌫
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T-duality transformations act on               in a non-trivial way (Buscher rules).(G,B,�)
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For    -dimensional toroidal compactifications the duality group is                   ,D
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◾ which for                           is specified byO 2 O(D,D;Z)
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non-geometry :: duality group

The duality group                    contains the elements ::O(D,D;Z)
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◾   -transformations (                       )A
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diffeomorphisms
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◾   -transformations (       an anti-symmetric matrix)
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◾   -transformations (      an anti-symmetric matrix)
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◾ factorized duality (     with only non-zero            )Ei
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T-duality transformations Gii ! ↵02

Gii
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non-geometry :: fibrations I

The standard example for a non-geometric background is a     -fibration over a circle.T2
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non-geometry :: fibrations II

The non-geometric background is part of a family of     -fibrations ::T2
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with H-fluxT3
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non-geometry :: three-torus with h-flux

A three-torus with H-flux is characterized as follows ::

2. The background is well-defined under                         using a gauge transformation.X3 ! X3 + 2⇡
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3. The H-flux               can be expressed in a vielbein basis as
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3. A geometric f-flux is defined via a vielbein basis as
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non-geometry :: twisted three-torus

2. The background is well-defined under                         using a diffeomorphism.X3 ! X3 + 2⇡
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non-geometry :: t-fold

A second T-duality along       gives the T-fold background ::X2
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non-geometry :: fluxes

The above family of backgrounds is characterized by (non-)geometric fluxes ::

with H-fluxT3
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non-geometry :: fluxes

The above family of backgrounds is characterized by (non-)geometric fluxes ::
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non-geometry :: summary

Summary :: ◾ T-duality is a string-theory duality — not present for point-particle theories. 

◾ Non-geometric backgrounds are well-defined using T-duality. 

◾ Non-triviality of the background is encoded in (non-)geometric fluxes. 
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freed-witten :: d-branes I
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N
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Classically, D-branes are hyper-surfaces where open strings  
can end. 

A Dp-brane has (p+1) directions with Neumann boundary 
conditions and (D-p-1) directions with Dirichlet conditions.

A T-duality transformation interchanges Neumann and Dirichlet boundary conditions ::

◾ T-duality along

◾ T-duality perpendicular to the D-brane ::

the D-brane ::

Dp-brane

Dp-brane

D(p+1)-brane

D(p-1) -brane



freed-witten :: d-branes II
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D-branes couple to the R-R gauge potentials       and therefore carry the R-R chargeCp
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In the quantized theory, D-branes are dynamical non-perturbative objects. Their action takes the form 
(bosonic part)

with
⇠a , a = 0, . . . p ,
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◾ submanifold wrapped by Dp-brane
◾ coordinates on the Dp-brane
◾ pulled-back metric
◾ open-string field strength
◾ R-R q-form potentials
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freed-witten :: orientifold planes
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Orientifold p-planes are fixed loci of the orientifold projection in type I string theories. Their action reads  
(with                     )Qp = �2p�4
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Orientifold planes are charged under the R-R gauge symmetries and the charge is expressed as
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freed-witten :: fluxes as operators

The components of the NS-NS fluxes (in a local basis) suggest that fluxes should be interpreted as  
operators acting on p-forms ::

Hijk H = 1
6 Hijk dx
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R
ijk

R = 1
6 R

ijk
◆i ^ ◆j ^ ◆k p-form ! (p� 3)-form
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components operator action on p-forms

Aldazabal, Camara, Font, Ibanez - 2006

Villadoro, Zwirner - 2006


Shelton, Taylor, Wecht - 2006

D = d�H ^ �f � �Q • �R x .
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It is natural to combine these fluxes into a so-called twisted differential acting on multiforms



freed-witten :: bianchi identities I

In a background with D-branes and O-planes as sources, the Bianchi identities for the R-R potentials 
take the form ::

Cp
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R-R field strength
R-R potentials

The integrated expressions are known as the tadpole cancellation conditions ::

◾ These are important consistency conditions in string theory (cancellation  
of anomalies, absence of divergencies). 

◾ They connect the open- and closed-string sectors, and are essential in  
string-theory model building.



freed-witten :: bianchi identities II

Shelton, Taylor, Wecht - 2006 

Robins, Wrase - 2007

In the absence of NS-NS sources, the Bianchi identities in the NS-NS sector can be expressed as 

D2 = 0 .
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◾ It would be desirable to develop a cohomology theory for     . 
◾ In the presence of NS-NS sources (NS5-branes, KK-monopoles,    -branes), 

the Bianchi identities are modified.
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[bc

Qd
a]m +R

m[ab
f
c]
md ,

0 = R
m[ab

Qm
cd]

,

. . .
<latexit sha1_base64="X+ArwIl7NrJjmerPD1N8m/Z/GjE="></latexit>

In a local basis, the above conditions can be evaluated to be of the following form
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freed-witten :: anomaly I

The Freed-Witten anomaly arises for D-branes in backgrounds with H-flux. It is cancelled when 

[H]
��
D-brane

= 0 .
<latexit sha1_base64="rJbaMDhNQpVbYu6LIxeNsleSAhM="></latexit> Freed, Witten - 1999

This condition can be re-written and generalized ::

Camara, Font, Ibanez - 2005

Villadoro, Zwirner - 2006

D [�Dp] = 0 .
<latexit sha1_base64="divu+ZJgRkzvOQY3pra1Sesq620="></latexit>

◾ Applying T-duality transformations one obtains                      , which can be generalized asf � [�Dp] = 0
<latexit sha1_base64="A9F0fey9SkCHfrFabF6InzyU1yo="></latexit>

◾ For a D-brane wrapping a submanifold        one finds (always in cohomology)�Dp
<latexit sha1_base64="oriIYwJudcPxHTfn6YuYjDTtU1c="></latexit>

H ^ [�Dp] = 0 .
<latexit sha1_base64="85We/o9YTJc14TsGdrZCo6W0qcQ="></latexit>

◾ Including open-string fluxes      and requiring invariance of the superpotential under  
gauge transformations, one obtains

F
<latexit sha1_base64="G2Dbd5C4RObsLpE+quJPT1zB/kw="></latexit>

D
h
ch(2⇡↵0F) ^ [�Dp]

i
= 0 .

<latexit sha1_base64="E5wwvBNTPageYtQGEoQdUYEmzwQ="></latexit>

Blumenhagen, Font, Fuchs, Herschmann, Plauschinn, Sekiguchi, Wolf - 2015



freed-witten :: anomaly II

Since D-branes and orientifold planes are on similar footing, it is natural to require

0 = DQOp = D
"s

L(RT /4)

L(RN/4)
^ [�Op]

#
.

<latexit sha1_base64="wyySVmYBSkRNrtj4S0i2TI4Kb9Y="></latexit>

The most natural generalization of the Freed-Witten condition is to include curvature terms as

0 = DQDp = D
"
ch (2⇡↵0F) ^

s
Â(RT )

Â(RN )
^ [�Dp]

#
.

<latexit sha1_base64="akSmHgE64m94B7K3aSLotvXq1nI="></latexit>

The tadpole cancellation condition then becomes a statement in     cohomologyD
<latexit sha1_base64="fN7PjfmiV9/JpxnKksq9Qi43hzU="></latexit>

DF =
X

Dp

QDp +
X

Op

QOp .

<latexit sha1_base64="Rl/wZJbz2SBugksjwyCS+JvhFEE="></latexit>

-exactD
<latexit sha1_base64="ylvKyhrMM6ADD3Nng4cXFEG7S4s="></latexit>

-closedD
<latexit sha1_base64="ylvKyhrMM6ADD3Nng4cXFEG7S4s="></latexit>
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freed-witten :: summary

Summary :: ◾ String-theory backgrounds with NS-NS fluxes can be described using a  
twisted differential     . 

◾ D-branes in flux backgrounds are subject to consistency conditions such  
as tadpole cancellation or the Freed-Witten anomaly cancellation. 

◾ Generalizations of the Freed-Witten anomaly using      have been pro- 
posed — a microscopic understanding would be desirable.

D
<latexit sha1_base64="fN7PjfmiV9/JpxnKksq9Qi43hzU="></latexit>

D
<latexit sha1_base64="fN7PjfmiV9/JpxnKksq9Qi43hzU="></latexit>
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open-strings :: closed-string non-commutativity I

Xa
<latexit sha1_base64="2OiC9ojoUFny3gHpP9GyofdwSH4="></latexit>

Consider a torus-fibration over a circle. For small fluxes            , the 
equations of motion for the closed-string fields read

⇥ ⌧ 1
<latexit sha1_base64="AXr36jt00sDPnQKrbTn4UYWiDM8="></latexit>

0 = @+@�X
a(⌧,�) +O(⇥) .

<latexit sha1_base64="2jGl0WtOKLvk8Pf3e1KaxWlo2Co="></latexit>

The solutions split into left- and right-moving parts

Xa(⌧,�) = Xa
L(⌧ + �) +Xa

R(⌧ � �) .
<latexit sha1_base64="bJbSG4SJqxI2hxpVEs2RC5soBsY="></latexit>

⇥
Xa, Xb

⇤
= i

2

�
⇥ab �⇥ab

�
= 0 .

<latexit sha1_base64="sCnvCvBOXRMYHoF57nQdwjY9sZ4="></latexit>

⇥
Xa

L, X
b
L

⇤
= i

2 ⇥
ab
1 ,

⇥
Xa

L, X
b
R

⇤
= 0 ,

⇥
Xa

R, X
b
R

⇤
= i

2 ⇥
ab
2 .

<latexit sha1_base64="rJc8xjqgZfWCO0yNLACZ6YnIle8="></latexit>

In general, the commutation relations between the left- and right-moving sectors take the form

For a commuting background one has                               , which leads to⇥ab
1 = �⇥ab

2 = ⇥ab
<latexit sha1_base64="qGPHWzlp0lRGBoFQBQ98UHY3yUU="></latexit>



open-strings :: closed-string non-commutativity II

T-duality transformations change the overall sign in the right-moving sector
�
X â

L , X â
R

�
�!

�
+X â

L , �X â
R

�
.

<latexit sha1_base64="zfvcS6XOZnx5aLLy45Zwu2nob4w="></latexit>

The commutator then becomes
⇥
X̃ â, Xb

⇤
= i

2

�
⇥âb +⇥âb

�
= i⇥âb .

<latexit sha1_base64="dzFlxpyTpiYm9fj0jl4sLlxpS4w="></latexit>

A more careful analysis for torus fibrations over a circle leads to ::
⇥
Xa, Xb

⇤
= iQk

abXk .
<latexit sha1_base64="5kgD3J1XtaiTD9P5D/Gf7iZjGXw="></latexit> Lüst - 2010


Andriot, Larfors, Lüst, Patalong - 2012

Non-commutative behaviour in Q-flux backgrounds has also been  
found in different ways. Mathai, Rosenberg - 2004



open-strings :: closed-string non-associativity

Consider the equal-time Jacobiator of three closed-string fields
⇥
Xi, Xj , Xk

⇤
:= lim

�i!�

⇥
[Xi(⌧,�1), Xj(⌧,�2)], X

k(⌧,�3)
⇤
+ cyclic .

<latexit sha1_base64="+Q/L5Y3f1RIc1bqUCqR57Zh7a64="></latexit>

Blumenhagen, Plauschinn - 2010

This Jacobiator has been evaluated for different settings ::

◾ For a three-sphere with flux (in a particular limit), one finds
⇥
Xi, Xj , Xk

⇤
= Rijk .

<latexit sha1_base64="u08TKxyxGOYUbBOiCVKsOeMt+9o="></latexit>

◾ Non-associative behaviour in R-flux backgrounds has also been  
found in different ways.

Bouwknegt, Hannabuss, Mathai - 2004

Q-flux background

R-flux background

◾ For torus-fibrations (         over       ) one obtains schematicallyT2
(12)

<latexit sha1_base64="XhT7GX7Mxog7NvjdajF3WcZtEWw="></latexit>

S1
(3)

<latexit sha1_base64="o8XT157uLfjQ3wyxV6lwXtsVtwY="></latexit>

Andriot, Hohm, Larfors, Lüst, Patalong - 2012

⇥
X1, X2, X3

⇤
=

⇥
iQ3

12X3, X3
⇤
= 0 ,

⇥
X1, X2, X3

⇤
=

⇥
iR123X̃3, X

3
⇤
= R123 .

<latexit sha1_base64="AQVRF6wALsG1955j0A/xCbzfYmw="></latexit>
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open-strings :: seiberg-witten I

The mode expansion for an open string with Neumann-Neumann boundary conditions takes the form

Xµ
NN(⌧,�) = xµ

0 +
2⇡↵0

`s

�
pµ ⌧ � Fµ

⌫ p
⌫ �

�

+ i
p
2↵0

X

n 6=0

1

n
e�in⇡ ⌧

`s


↵µ
n cos

✓
n⇡�

`s

◆
� iFµ

⌫ ↵
⌫
n sin

✓
n⇡�

`s

◆�
.

<latexit sha1_base64="YXc24+BdWYElOgdNzkPtr1LC5q0="></latexit>

Consider a D-brane in a background with constant B-field.

The boundary conditions for open-string fields       on the 
two-dimensional world-sheet are (with                    )

Xµ
<latexit sha1_base64="oja1Q4RY4vN4pmoA6yNLK4xRxWM="></latexit>

F = F �B
<latexit sha1_base64="P09dm8yimb7m8j1UYgRMSIMFNZY="></latexit>

0 =
�
dXµ

�
tan

,

0 =
�
dXµ

�
norm

+ Fµ
⌫

�
dX⌫

�
tan

,
<latexit sha1_base64="Z5mOB/JcBRv6RC4FrdmkYLzDihk="></latexit>

Dirichlet

Neumann

(dXµ)tan ⌘ t↵@↵X
µ ds|@⌃ ,

<latexit sha1_base64="+wQ2xf8EU9gZTr2JYtWrjidmUE4="></latexit>

�
dXµ)norm ⌘ n↵@↵X

µ ds|@⌃ .
<latexit sha1_base64="Fj/umjHXWX51UjbvyinmfRWMLyM="></latexit>

Xµ(⌧,�)
<latexit sha1_base64="AGmf6fRRqSrdqj1hmGlj82RdB3Y="></latexit>

F
<latexit sha1_base64="R1eR46yWkpEEtVF3U2WGCEswx0M="></latexit>



open-strings :: seiberg-witten II

The endpoints of open strings realize a non-commutative gauge theory on the D-brane.
Seiberg, Witten - 1998

The commutator of two open-string coordinates is computed explicitly (with                                            ) ::M = (G� F)G�1(G+ F)
<latexit sha1_base64="sKRa/KWDCI5MmXA8ggk+uOs9KLc="></latexit>

Chu, Ho - 1998

⇥
Xi

NN(⌧,�), X
j
NN(⌧,�

0)
⇤
=

8
>><

>>:

+2⇡i↵0�M�1F
�ij

� = �0 = 0 ,

�2⇡i↵0�M�1F
�ij

� = �0 = `s ,

0 else .
<latexit sha1_base64="l+98HEux+hlRA0rxishz99VH22Y="></latexit>



open-strings :: non-commutativity

For backgrounds with non-constant B-field, the Freed-Witten anomaly condition applies ::

◾ D3-brane with H-flux on its world-volume is forbidden. 
◾ D2-brane in a Q-flux background is allowed. 
◾ D3-brane in a R-flux background is allowed.

⇥
X1

NN, X
2
NN

⇤
= ⌥iNX3 .

<latexit sha1_base64="xSXoWKFE05LMUxfeCz5VNmlIScM="></latexit>

Consider now a D2-brane along directions                in the T-fold background specified by(X1, X2)
<latexit sha1_base64="pf93/lPhbtIqKopCFlgMEmiljnc="></latexit>

Gij =

0

B@

R2
2
⇢ 0 0

0 R2
1
⇢ 0

0 0 R2
3

1

CA ,
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Bij =
1

⇢

0

@
0 � ↵0

2⇡NX3 0

+ ↵0

2⇡NX3 0 0
0 0 0

1

A ,

<latexit sha1_base64="eZo8NSLSoYC8R5s7tHxRZTnYswk="></latexit>

⇢ = R2
1R

2
2

↵02 +
⇥
N
2⇡ X3

⇤2
,

<latexit sha1_base64="81FqscUDnJ3i7oLDTvol5WdOucs="></latexit>

N 2 Z .
<latexit sha1_base64="ZtUhOjJYXSdgII7PspQDI+lf7EM="></latexit>

Quantizing the open string fiberwise and using the previous formula, the following commutator  
(on the D2-brane) can be determined



1. motivation 

2. non-geometric backgrounds 
3. d-branes & freed-witten anomaly 

4. open-string non-associativity 
a) review closed string 
b) non-commutativity 
c) non-associativity

d) summary 

5. conclusions

outline



open-strings :: open-string commutator

To compute a three-product for open strings, the following commutators are needed ::
⇥
X3

NN ,X3
NN

⇤
= 0 ,

⇥
X3

NN ,X3DD

⇤
= ⇡ i↵0 ,

⇥
X3DD ,X3DD

⇤
= 0 ,
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⇥
X3

NN ,X̃3

⇤
= ⇡ i↵0 .
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Lüst, Malek, Plauschinn, Syväri - 2019

Performing a T-duality along        for the D2-brane in the T-fold background givesX3
<latexit sha1_base64="o6FUI1oKBzib65kAxxrRCLUF70I="></latexit>

◾ a D3-brane in an R-flux background (satisfies the Freed-Witten condition), 
◾ with commutator

⇥
X1

NN, X
2
NN

⇤
= i R123 X̃3 ,

<latexit sha1_base64="sQXdouVGK7sNLYv/slkApBr0oAc="></latexit>

◾ and Jacobiator
⇥
X1

NN, X
2
NN, X

3
NN

⇤
= ⇡↵0R123 .
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open-strings :: summary

Summary :: ◾ String-theory backgrounds with non-geometric fluxes give rise to non-commutative  
or non-associative behaviour in the closed-string sector. 

◾ For open strings, non-commutativity arises from a constant B-field. 

◾ Open strings show signs of non-associativity related to non-geometric R-flux.
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conclusions

Summary :: ◾ String-theory can be well-defined on non-geometric backgrounds. 

◾ Strong consistency conditions have to be satisfied, such as the Freed-Witten  
anomaly cancellation condition in the presence of D-branes. 

◾ Open strings in a non-geometric R-flux backgrounds show signs of  
non-associative behaviour.


