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based on

This talk is (partially) based on the following papers ::

. Open-string non-associativity in an R-flux background
w/ D. LUst, E. Malek, M. Syvari
arXiv:1903.05581

s Open-string T-duality and applications to non-geometric backgrounds
w/ F. Cordonier-Tello, D. Lust
arXiv:1806.01308, JHEP 1808 198

= Non-geometric backgrounds in string theory
arXiv:1811.11203, Phys.Rept. 798
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motivation |

String theory describes the dynamics of strings in a background space.

String-theory backgrounds are specified by a choice of ::

= space — broadly defined,

® vacuum expectation values for the fields of the theory (metric,
field strengths, dilaton),

= D-pbranes and orientifold planes.



motivation |l

Properties :: = A background is constrained by various consistency conditions (solution to
eom, absence of anomalies, ...), which relate its data in an intricate way.

m String-backgrounds can have properties very different from point-partic

configurations, such as non-commutative or non-associative behaviou

This talk :: m Discuss the interplay between D-branes and (non-)geometric fluxes.

= |nvestigate non-associativity of open strings on D-branes.

e
[
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non-geometry :: generalities

The equation of motion for a closed string (in the simplest setting) is the wave equation in two dimensions

= [he general solution splits into a left-moving and right-

moving part

0 = 0,0“X"(0).

X*(o% o) = Xt (0" +o') + Xi(o” — o).

= |f both parts see the same geometry, the space is

geometric.

= |f the two parts see different geometries,
non-geometric (out well-defined for a stri

he space Is

NQ).

Wi
/N
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non-geometry :: t-duality |

T-duality :: = [wo string-theory compactifications on dual circles cannot be distinguished.

= [he duality group for the circle Is Zy x Z> .

= [-duality is a string-theory duality — not existing for point particles.



non-geometry :: t-duality Il

A string-theory background (in the NS-NS sector) is characterized by a choice of

= metric G,
= anti-symmetric two-form B,,,,
= dilaton @.

T-duality transformations act on (G, B, ®)in a non-trivial way (Buscher rules).

For D -dimensional toroidal compactifications the duality group is O(D, D;7Z),

» which for O € O(D, D;Z) is specified by O ( ]? ]é )(9: ( ](i ]Ol >



non-geometry :: duality group

The duality group O(D, D;7Z) contains the elements ::

= A-transformations ( A € GL(D, 7))

A1 0
Oa = ( 0 AT> - difffomorphisms

= B-transformations ( B;; an anti-symmetric matrix)

1 0
O = ( N > g gauge transformations B — B + o'B

= 3-transformations ( 5%/ an anti-symmetric matrix)
(15
%= (0 1)

» factorized duality ( £, with only non-zero E; = 1)

2

]]. — Ei Z:Ei . . o'
O4; = ( B 1-E > g T-duality transformations Gj — %
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non-geometry :: fibrations |

he standard example for a non-geometric background is a T“-fibration over a circle.

(Gab, Bab) (X + 27)




non-geometry :: fibrations Il

The non-geometric background is part of a family of T“-fibrations ::

Ok On 05

() () ()

T with H-flux > - twisted T° - S T-fold




non-geometry :: three-torus with h-flux

A three-torus with H-flux is characterized as follows ::

1. Metric and B-field

R? 0 0 0 +2RX3 0
Gij: 0 R% 0 : Bij: —O‘—,hX?’ 0 0 : h e Z.
0

0 0 R2
2. The background is well-defined under X° — X* + 271 using a gauge transformation.

3. The H-flux H = dB can be expressed In a vielbein basis as

o h o’ h
et Ne? Ae?, His3 =

H = .
2T R1 RQ Rg 27T Rl RQ Rg




non-geometry :: twisted three-torus

After a T-duality along X' one obtains a twisted three-torus ::

1. Metric and B-field

[ % o e X3 0 0 0 0
\ 0 0 R} ) 000

2. The background is well-defined under X*® — X* + 27 using a diffeomorphism.

3. A geometric f-flux is defined via a vielbein basis as

o h
2T R1 RQ Rg .

1
de® = ifbcaeb/\ec, fZS1 —

Kachru, Schulz, Tripathy, Trivedi - 2002



non-geometry :: t-fold

A second T-duality along X? gives the T-fold background ::

1. Metric and B-field

(0 0 1 0 —ghX? 0 p="1E 4 [L X",
Gij = o £1 : Bi; = — +§‘—7ThX3 0 0 ],
\ 0 0 R? g 0 0 0 hel

2. The background is well-defined under X°® — X* + 27 using a g-transformation.

3. A non-geometric Q-flux is defined via a vielbein basis and (G — B)™' =g — 8 as

Q;7F = 9, pI* Q1% = o i .
‘ -t ’ 27T R1 RQ Rg

Hull - 2004



non-geometry :: fluxes

The above family of backgrounds is characterized by (non-)geometric fluxes ::

T with H-flux : - twisted T - S T-fold

1 12
Hyo3 f23 ()3



non-geometry :: fluxes

The above family of backgrounds is characterized by (non-)geometric fluxes ::

T with H-flux

twisted T

fas'

T-fold

Qs

R-space

Shelton, Taylor, Wecht - 2005
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non-geometry :: summary

Summary :: = [-duality Is a string-theory duality — not present for point-particle theories.
= Non-geometric backgrounds are well-defined using T-duality.

= Non-triviality of the background is encoded in (non-)geometric fluxes.
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freed-witten :: d-branes |

Classically, D-branes are hyper-surfaces where open strings Ant
can end.
/\/
A Dp-brane has (p+7) directions with Neumann boundary
conditions and (D-p-1) directions with Dirichlet conditions. /XNv
Xn

A T-duality transformation interchanges Neumann and Dirichlet boundary conditions ::

= [-duality perpendicular to the D-brane :: Do-brane —— D(p+17)-brane

= [-duality along the D-brane :: Dp-brane —— D(p-7) -brane



freed-witten :: d-branes Il

In the quantized theory, D-branes are dynamical non-perturbative objects. Their action takes the form
(lbosonic part)

o A(RT)
S :—T/dp+1 P/ —det(Gup + 27! Fup) — /h2 ’.FA\/A AR C ]
Dp p n 56 \/ e( b T b) 'I'Lp FC (T(Oé ) (RN) @ 9

A
p+1

with = submanifold wrapped by Dp-brane I,

= coordinates on the Dp-brane £, a=0,...p,

= pulled-back metric Gab

= open-string field strength 27’ F = B+ 2wd' F,
» R-R g-form potentials Cyq .

D-branes couple to the R-R gauge potentials C),, and therefore carry the R-R charge

A

= ch (27a’ AR7)
Op, = ch (2ma’ F) A \/A(RN) A [Tpy)] -

Minasian, Moore - 1997



freed-witten :: orientifold planes

Orientifold p-planes are fixed loci of the orientifold projection in type | string theories. Their action reads
Qp — _2p—4

_ L(Rr/4)
S()p — _Qplup/F \/»C(RN/ZL) A @Cq

p+1

Orientifold planes are charged under the R-R gauge symmetries and the charge is expressed as
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freed-witten :: fluxes as operators

The components of the NS-NS fluxes (in a local basis) suggest that fluxes should be interpreted as
operators acting on p-forms ::

components

operator

action on p-forms

Hji,
fis"
Qi7"
Rijk

T O T I

D~ N~ N~ O

H; dz' A dx? A dx®
fijk dr* N dx? AN 1
Q7% dxt A Li N\ L
Rijk

Li N Ly N Lk

p-form — (p + 3)-form
p-form — (p + 3)-form
p-form — (p — 1)-form
p-form — (p — 3)-form

't is natural to combine these fluxes into a so-called twisted differential acting on multiforms

D=d—HAN —fo —-Qe —RL.

Aldazabal, Camara, Font, Ibanez - 2006

Villadoro, Zwirner - 2006
Shelton, Taylor, Wecht - 2006



freed-witten :: bianchi identities |

n a background with D-branes and O-planes as sources, the Bianchi identities for the R-R potentials C),
take the form ::

DEF = Z Op, + Z Qo R-R field strength F =DC,
Dp Op R-Rpotentials ~ C' =) C,.
p

The integrated expressions are known as the tadpole cancellation conditions ::

= [hese are important consistency conditions in string theory (cancellation
of anomalies, absence of divergencies).

= [hey connect the open- and closed-string sectors, and are essential In
string-theory model building.




freed-witten :: bianchi identities |

In the absence of NS-NS sources, the Bianchi identities in the NS-NS sector can be expressed as
D =0.

= |t would be desirable to develop a cohomology theory for D

= |n the presence of NS-NS sources (NS5-branes, KK-monopoles, 55-branes),
the Bianchi identities are modified.

In a local basis, the above conditions can be evaluated to be of the following form

0= HpabS " cd) 5

0= F"be fdg]m + Hop[ab Qg]md )

0= f™qp) QY — 4 fCpn1a Q™ + Hiap R™,
0 — Qm[@ Qd@]m 4+ Rmlab fg]md,

) — R™Mlab ch_d] ]

Shelton, Taylor, Wecht - 2006
Robins, Wrase - 2007
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freed-witten :; anomaly |

The Freed-Witten anomaly arises for D-branes in backgrounds with H-tflux. It is cancelled when

[H] |D—brane = 0.

Freed, Witten - 1999

This condition can be re-written and generalized ::

= For a D-brane wrapping a submanifold I'p,, one finds (always in conomology)
HA[I'p,| =0.

= Applying T-duality transformations one obtains f o [I'p,] = 0, which can be generalized as

D [FDp] — O . Camara, Font, Ibanez - 2005
Villadoro, Zwirner - 2006

= |ncluding open-string fluxes F and requiring invariance of the superpotential under
gauge transformations, one obtains

D[ch(Qwo/]:) A [PDP]} ~0.

Blumenhagen, Font, Fuchs, Herschmann, Plauschinn, Sekiguchi, Wolf - 2015



freed-witten :: anomaly Il

The most natural generalization of the Freed-Witten condition is to include curvature terms as

A

— e C 7TCY/ A(RT)
0 =DOpp =D |ch (21a/F) A \/A(RN) A [Tpy) | -

Since D-branes and orientifold planes are on similar footing, it is natural to require

0=7DD QOp =D \/f((gj\;éz)) /\ [F()p] :

The tadpole cancellation condition then becomes a statement in D cohomology

DF =% Qpp,+ Y Qop.
T N/

‘D -exact ‘D-closed



outline

1. motivation

2. non-geometric backgrounds

3. d-branes & freed-witten anomaly
a) d-branes
b) twisted differential
c) freed-witten

d) summary
4, open-string non-associativity

5. conclusions



freed-witten :: summary

Summary :: m String-theory backgrounds with NS-NS fluxes can be described using a
twisted differential D .

= D-pbranes In flux backgrounds are subject to consistency conditions such
as tadpole cancellation or the Freed-Witten anomaly cancellation.

s Generalizations of the Freed-Witten anomaly using D have been pro-
posed — a microscopic understanding would lbe desirable.
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open-strings :: closed-string non-commutativity |

Consider a torus-fibration over a circle. For small fluxes © < 1, the <<> ¥ a
equations of motion for the closed-string fields read

0=0,0_X°(7r,0)+ O(O).

The solutions split into left- and right-moving parts

X1,0) =X} (t14+0)+ Xi(T—0).

In general, the commutation relations between the left- and right-moving sectors take the form
X7, X7 ] =567, X7, XR] =0, Xi, Xh] =503
For a commuting background one has ©2° = —03° = 02 which leads to

[Xanb} _ %(@ab . @ab) — 0.



open-strings :. closed-string non-commutativity ||

T-duality transformations change the overall sign in the right-moving sector

(X?MX?%) — (_I_X?/?_X%)'

he commutator then becomes

[Xé,Xb} _ %(@éb _I_@éb) _ i@éb.

A more careful analysis for torus fibrations over a circle leads to ::

X2, X° =iQp* X",
[ ’ Qr List - 2010
Andriot, Larfors, List, Patalong - 2012

Non-commutative behaviour in Q-flux backgrounds has also been
found In different ways. Mathai, Rosenberg - 2004



open-strings :: closed-string non-associativity

Consider the equal-time Jacobiator of three closed-string fields

X' X7 X = lim [[XY(7,01), Xj(T,09)], X"(7,03)] + cyclic.

O;—>0

This Jacobiator has been evaluated for different settings ::
m [For a three-sphere with flux (in a particular limit), one finds

X', X7, XF] = RY*.

Blumenhagen, Plauschinn - 2010

= [or torus-fibrations | T%m) over S<13>) one obtains schematically
Q-flux background  [X', X? X°| = [iQ3'°X?, X°] =0,

R-flux background X1 X% X3 = [iR"™ X5, X?] = R'23.

Andriot, Hohm, Larfors, Lust, Patalong - 2012

= Non-associative behaviour in R-flux backgrounds has also lbeen

found In different ways.
Bouwknegt, Hannabuss, Mathai - 2004
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open-strings :: seiberg-witten |

Consider a D-brane in a background with constant B-field. X" (r, o)

The boundary conditions for open-string fields X* on the /

two-dimensional world-sheet are (with F = F' — B) .
Dirichlet 0= (dX"),,. (dXH)tan = t% 0o X" ds|os |

Neumann 0= (dX'u) (dX'u)norm =n" aozX'u d3|82 :

The mode expansion for an open string with Neumann-Neumann boundary conditions takes the form

2o/ 5
XII\LIN(Tva_) :Qig | / (p'uT—f'qu U)

~ 1 N T T ) T T |

+ iV 20/ Z —e TG aﬁcos( 20> —z']-"“,,ozflsin< ETU) .
n S S

n7#0 - -




open-strings :: seiberg-witten |l

The commutator of two open-string coordinates is computed explicitly (with M = (G — F)G (G + F) ) ::

+27T750/(M_1.7:)ij oc=0' =0,
[Xf:\IN(T, ), X&N(T, 0’)} =< —2mia’ (M_l]:)w o=o0 =V,

0 else .
Chu, Ho - 1998

The endpoints of open strings realize a non-commutative gauge theory on the D-brane.
Seiberg, Witten - 1998



open-strings :: non-commutativity

For backgrounds with non-constant B-field, the Freed-Witten anomaly condition applies ::

s D3-brane with H-flux on its world-volume Is forbidden.
= D2-brane in a Q-flux background is allowed.

m D3-brane in a R-flux background is allowed.

Consider now a D2-brane along directions (X*, X*) in the T-fold background specified by

2 0 0 0 2 NX? 0 p = "I
Gij — 0 R?% 0 , Bij — ; —|—§—7TNX3 0 0 9
0 0 R2 0 0 0 NeZ.

Quantizing the open string fiberwise and using the previous formula, the following commutator
(on the D2-brane) can be determined

Xan, X3N] = FiIN X7
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open-strings :: open-string commutator

To compute a three-product for open strings, the following commutators are needed ::
:Xl?\)IN le?\)IN = 0,

v 3 1 3 % o

' Xspp,Xspp| = 0,

Performing a T-duality along X° for the D2-brane in the T-fold background gives

= a D3-brane in an R-flux background (satisfies the Freed-\Witten condition),

= With commutator
[Xlile Xl%N} — iRlZS XS ;
= and Jacobiator

[XliINv X].%Nv X].%IN} — ﬂ-O/R123 '

Last, Malek, Plauschinn, Syvéri - 2019
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open-strings :: summary

Summary :: m String-theory backgrounds with non-geometric fluxes give rise to non-commutative
Or non-associative behaviour in the closed-string sector.

= [For open strings, non-commutativity arises from a constant B-field.

= Open strings show signs of non-associativity related to non-geometric R-flux.
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conclusions

Summary :: m String-theory can be well-defined on non-geometric backgrounds.

= Strong consistency conditions have to be satisfied, such as the Freed-Witten
anomaly cancellation condition in the presence of D-branes.

= Open strings in a non-geometric R-flux backgrounds show signs of
non-associative behaviour.



