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Interaction via deformation

Interaction via deformation

example: relativistic particle in einbein formalism
1 S P ” 1 »
S=[dr Zgw,(x)x X" — sem + Au(x)xH )~ py, = S8 +A,

1
SH = /pudx“—ie ((pu — Au)*> +m?)dr  p,: canonical momentum

1
Sy = /(pp + A,) dxt — 5€ (pi + m?) dt p,.: physical momentum

W' =d(py+ Au) Adxt ~
| {p#apV}l = Flﬂ/a {Xuapv}l = 557 {Xu’XV}I = O|

| {p)n {p;w ptl}l}l + Cyd- = (dF))\m/ = (*jm))\;uz

< magnetic 4-current

magnetic sources < non-associativity



Interaction via deformation

gauge field A ~» deformation w’ ... vice versa w’ ~ A:

Moser's lemma
Let ws = w + sF, with w, symplectic for s € [0, 1].
note: dws =0 = dF =0 = locally F = dA

w' = wy and w are related by a change of phase space coordinates
generated by the flow of a vector field V; defined up to gauge
transformations by the gauge field iy, ws = A, i.e. Vs = 05(A, —).

Proof: Ly,ws = iv,dws + d iv,ws = 0+ dA = L. Moser 1965
Example: For w = dp; A dx’ and A = A;(x)dx": V, = A,-(x)a%

Quantum version of the lemma: Jurco, PS, Wess 2000-2002



Interaction via deformation

Quantization
» canonical? depends...(v')
» deformation quantization v
» path integral v/

Deformed CCR:
(P> Pu] = ihFy,  [x*, p] = iRdl,  [x*, x"]=0
Let p=~*p, and H = %pz ~~ correct coupling of fields to spin
H= 510" 7" Hpus o} + "7 1w p]) = 397 = 25" F
Lorentz-Heisenberg equations of motion (ignoring spin)
pu=7[H.pu) = 3(FuX” + X" Fu) with X" = £[H x"] = p"

this formalism allows dF # 0: magnetic sources, non-associativity



Interaction via deformation

local non-associativity: 1[p, [Py, pu]] dx*dxtdx” = h2dF = h? %jp

Jm # 0 < no operator representation of the p,,!

spacetime translations are still generated by p,,, but magnetic flux ®,
leads to path-dependence with phase e'®; where ¢ = ig.®,,/h

globally:

¢m:/F:/ A <> non-commutativity
s as

¢m:/ F:/ dF:/ *jm = Gm < non-associativity
av v v

dedm
21h

global associativity requires ¢ € 277 = € Z | Dirac quantization

non-relativistic version: Jackiw 1985, 2002



Graded spacetime mechanics

Now try to do the same for gravity! Deformation maybe fine for
curvature Ry, however, the metric g, is symmetric but {, } is not.

» consider derived brackets

gwj ~ {{XN) H}’XV} s

» use graded geometry, i.e. odd variables and/or odd brackets

{H,H}=0

» -~ algebraic approach to the geodesic equation, connections,
curvature, etc. Properties like metricity follow from associativity.
Local inertial coordinates are reinterpreted as Darboux charts

» the classical formulation requires graded variables (~ differentials),
quantization leads to y-matrices and Clifford algebras

classical

oM

oHe" = —0v o+
Hom 07} = g

>

T T2

quantum
At
3y 1-
0" =g



Graded spacetime mechanics

Graded Poisson algebra
{0507 =270 Apwxt =0 (P fO)} = 0,7 ()

Since g"¥(x) has degree 0, the Poisson bracket must have degree
b = —2a for 6" of degree a, i.e. it is an even bracket.

Since g"¥(x) is symmetric, we must have —(—1)b+%" < +1, ie ais odd.

wlog: {,} is of degree b= —2, 6" are Grassmann variables of degree 1,
69" = —0v0", and the momenta p,, have degree c = —b =2

< a metric structur on TM and natural symplectic structure on T*M,
shifted in degree and combined into a graded Poisson structure on

T*[2]® T[] M

Pu or  xH



Graded spacetime mechanics

Graded Poisson algebra on T*[2] @ T[1]M
(6,67 =28""(x)  Apuwx"} =80 {pu, f(X)} = 0uf(x)
0 2 0 0

associativity/Jacobi identity < metric connection
{Pus {6°,0°}} = 20,8°" = {{py,0°},6"} + {6, {p. 0°}}
(Binf}h = V0% = Tt

and curvature
{{pu,p,,},ﬂo‘} = [vavwa = eﬁRBa;w

_ 1pBpa
= {fz’wgv} = 4? ? Rsauw



Graded spacetime mechanics

symmetries = canonical transformations

» generator of degree 2 (degree-preserving):
v (X)Pa + 1Qas(x)0%0°  ~~  local Poincare algebra
» generators of degree 1:
V=V, (x)0 ~ {V,W}=2g(V,W)
» generators of degree 3:
©=0%py (+1Cap,070°07)
» generators of degree 4:
H = 18" ()pupy + 372, ()0°6" b + & R (x)976°916"

~  SUSY algebra 1{0,0}=H



Graded spacetime mechanics

Graded Poisson algebra on T*[2IM © T[1]M:  {p,,x"} = d},

09,60y =2g""(x)  {pw0°} =T7s0"  {pu.po} = 300 Rsap

Equations of motion with Hamiltonian (Dirac op.) © = 6/p,,

A~ 1{0.10,A1) = 1{{0,0),A} - }{6,{0, A}} =: {H, A}

and derived Hamiltonian
H=1{0,0} = Lg"p,p, + 30"6"T5 ps + £0°0°0"0" Rugyu

For a torsion-less connection, only the first term is non-zero.

Derived anchor map applied to V = V,,(x)0%:

h(V)f = {{V,0},f} = Va(x)g* 0f



Graded spacetime mechanics

Equations of motion (cont'd)

dx*
—— =3{0.{0.x"}} = {36 paps. X'} =& pu

dpy
dr

with any metric-compatible connection &T.

={1g*paps, pv} = 2(0,.8°")Paps = &T .’ Paps

Geodesic equation:

d’r dx® dx?
— [lyaB pv - _ Ler  m
T = 1387 paps.g"p} =~ Taph

Nice warmup example and useful in its own right. For the grander scheme
with B-field, dilaton, stringy symmetries, we need to double up ...



Graded geometry

Courant sigma model

standard Courant algebroid C = TM & T*M
TFT with 3-dimensional membrane world volume X3

SSI){SZ :/z (¢i AdX' 4 : Gya' Ada? — hi(X)pi Aol

3

+ % C[_]K(X) Oél A\ on AN CEK)

embedding maps X : X3 — M, 1-form «, aux. 2-form ¢, fiber metric G,
anchor h, 3-form C (e.g. H-flux, f-flux, Q-flux, R-flux).



Graded geometry

Graded Poisson manifold T*[2] T[1]M

» degree 0: x' “coordinates”

> degree 1: £ = (0", ;)

» degree 2: p; “momenta”
symplectic 2-form

w=dp; Adx + %Gagdfo‘ AdEP = dp; A dx' + dy; A db
even (degree -2) Poisson bracket on functions f(x, &, p)
(X} =0, {p ¥} =4, {¢"¢"}=6"
metric G*%: natural pairing of TM, T*M:

{Xnoj}:é{ ) {Xi)Xj}=07 {61’91}20



Graded geometry

degree-preserving canonical transformations

» infinitesimal, generators of degree 2:
v (x)pa + SM*P(x)¢a€s  ~  diffeos and o(d, d)

> finite, idempotent ( “coordinate flip”): (%,6) = 7(x, 0) with 72 = id
~~ generating function F of type 1 with F(0,6) = —F(6,6):

Fzg.g.é_%9.5.9+%§.3.9"

Eal— 0-B A

1
= ) =0 (, fplip G

~> generalized metric



Graded geometry

Generalized geometry as a derived structure

Cartan’s magic identy:
Lx = [ix,d] = ixd + dix
Lie bracket [X, Y] of vector fields as a derived bracket:

[[ix, d], iy] = [Ex, iy] = i[X,Y]Lie with [d, d] = d2 =0



Graded geometry

Generalized geometry as a derived structure

degree 3 “Hamiltonian”: Dirac operator
O = fahfx(x)Pi + écaﬁ'ygagﬂgy
| ——
twisting/flux terms
For e = eo(x)§* € [(TM @ T*M) (degree 1, odd):

» pairing: (e, e’) = {e, €'}
» anchor: h(e)f = {{e,0},f}
» bracket: [e, e']p = {{e, O}, €'}



Graded geometry

Generalized geometry as a derived structure

h(&1) (§2,&2) = {{©, &1}, {62 &1}
=2{{{©,&},&}, 6} = 2([¢1,&2],62)
= 2{517 {{ea 52}5 52}} =2 <€1’ [52’52]>

[517 [627 53]] = {{e?gl}a {{6’52}?63}}
= lf6n, &1, 61 + [62, 61,6 + 5 {{{{0,0},61), &), ).

{©,0} =0 <« axioms of a Courant algebroid



Generalized Geometry

Courant algebroid

vector bundle E -~ M, anchor h: E — TM,
bracket [, —] , pairing (—, =), s.t. for e, &', e” € TE:

le.[¢/, €] = [le. €], €"] + [/ [e. €] (1)

2e.e].¢) Z h(e)(e'. ) B 2le €] ¢) 2
Consequences:

e, fe'] = h(e).f & + fle, €] (3)

h(le. &'1) = [A(e). h(e)]Lie (4)

(2a+b) can be polarized, (1) and (3) define a Leibniz algebroid



Generalized Geometry

Standard Courant algebroid

Idea: Extension of the tangent bundle; unify symplectic, complex and
Riemannian structures; string symmetries.

Treat vector fields and forms on equal footing:

E=TM® T*M “generalized tangent bundle”
V=X+¢&=X(x)0; +&(x)dx' € TE
With the Dorfman bracket

X+EY+nlp=[X,Y]+ Lxn—ydf (+twisting/flux terms),

the natural pairing (—, —) of TM and T*M and the projection
h: E — TM (anchor) we obtain a Courant algebroid.

Symmetries: diffeomorphisms, B-transform, #-transform



Generalized Geometry and Gravity

Generalized Metric

The pairing (—, —) has signature (n, n). An idempotent self-adjoint
homomorphism 7 can turn it into a positive definite generalized metric

g—Bg'B Bg‘1>

Sv.w) =W Gon = (52557 %,

Generalized Geometry and (super)gravity

established approach: choose Courant algebroid and follow the scheme

Generalized metric — Bismut connection — set torsion zero (add further
conditions as needed) — curvature — equations of motion +> action

DFT approach: double spacetime — universal action — strong constraint

new alternative approach: graded geometry, deformation (this talk)




Graded Geometry and Gravity

setup: T*[2] T[1]M (“step 2") even bracket with odd variables
deformation by a non-symmetric metric G = jo(g+ B)oh

it =0 = {xix} =2gx)

= for X = X/(x)x; and v = v/(x)p;, the Poisson structure implies
v, XY =V9X, {v,v'} =[v,V]uet+R(v,V)

{©,0} =0 < R(v,v') =0 (no curvature!) Weitzenbock connection
Vixj = —(9:Gn) 0"

the derived bracket involves the Levi-Civita connection V¢ (no torsion!)
X, Y] =X, Y]p +2g(V-X, Y) + H(—. X, Y)

plus skew symmetric torsion H = dB.
Khoo, Boffo; PS



Graded Geometry and Gravity

generalized Koszul formula for nonsymmetric G = g + B

2¢(VzX,Y) =

(Z, X Y1)

XG(Y,Z) — YG(X,Z) + ZG(X,Y)
_g(Y7 [X7 Z]Lie) - g([Xv Y]LiEJ Z) + g(X? [Yv Z]Lie)

2g(VXY,2)+ H(X,Y,2)

= non-symmetric Ricci tensor

1 i1 . L
Rj/ = leic _ EVII-'CI‘IJ-/’ _ Z H/mlHijm R — gijg’ngIRkI

= gravity action (closed string effective action) after partial integration:

1
Sg o 167TGN

1 .
/ dix/—g (RLC - EH,-,-kH'Jk>

Khoo, Vysoky, Jurco, Boffo; PS



Graded Geometry and Gravity

This formulation consistently combines all approaches of Einstein:
Non-symmetric metric, Weitzenbock and Levi-Civita connections,
without any of the usual drawbacks.

The dilaton ¢(x) rescales the generalized tangent bundle. The
deformation can be formulated in terms of vielbeins

e/ 1 0 aape [ —30i0 0

Going through the same steps as before we find in d = 10

1
. / 30 e /=g (R~ LH + 4(V6)?)

Boffo, PS



Graded Geometry and Gravity

Fully deformed Poisson structure on T*[2] T[1]M
{v,f} =v.f
(V. W} = G(V, W) = (V, W)
{v,V}=V,V < connection metric wrt. G
{v,w} = [v.w]ue + R(v,w) < curvature of V

with

» degree 0: f(x)

» degree 1: V = V¥(x)¢, ‘“generalized vectors” € [(TM & T*M)
> degree 2: v = vi(x)p;  ‘“vector fields” € ['(TM)

general Hamiltonian

0 =£%h(E,) + éCa57£a£ﬁ£7 < general flux (H,f,Q,R)



Graded Geometry and Gravity

derived bracket

{{{faa @},fﬁ},f'y} = raﬁ'y - rﬁa'y ‘H_'yaﬁ + Caﬁ“Y = %VZ
————

torsion

“mother of all brackets”

[V.W]=VyW—VwV+(VV, W)+ C(V,W,-)
= [V, W]iie + T(V, W)+ (VV, W) + C(V, W, -)

In order to obtain a regular Courant algebroid, impose

1
{8,0}=0 & VC+3{C C}=0, G lp=0,...



Graded Geometry and Gravity

generalized connection (involves anchor h: E — TM)

VU (W) = (WV)OW + YW, VW = FVy W

generalized Lie-bracket
[V, W]iie = h(V)W — h(W)V = (V0 Wa(x) — WO Vi, (x))E™
generalized torsion tensor

T(V,W)=VyW —=VyV — [V, WL

generalized curvature tensor

R(V,W)=VvVw —-VwVv =V w..



Summary + Discussion

>
>

deformation: combines best aspects of Lagrange and Hamilton

generalized geometry provides a perfect setting for the formulation
of theories of gravity

our approach is based on deformed graded geometry and is algebraic
in nature: almost everything follows from associativity as unifying
principle (which can be generalized)

more traditional approaches are based on the generalized metric
(with occasional covariance and uniqueness problems)

string effective action without string theory; target space approach.

Thanks for listening!

8



