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Motivation

Classical point of view

DQ

Quantized point of view

(M, w)
e Observable algebra €*°(M)

e Pointwise product -

e Poisson bracket {-,-}

Andreas Kraft

(M, %)
e Associative x on € (M)[[A]]
oefxg="rF-g+hn(..)

o [f, gl =ih{f, g} +R%(...)
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Motivation

Classical point of view

Quantized point of view

GO (M,w) bQ (M, %, J)
C = J1({o0}) BRST
\ .

( Mred ’ *red)
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The Classical BRST Approach

e Setting: G O (M,w), equivariant momentum map J: M — g* with
regular value 0 € g* and regular constraint surface C = J~1({0})

@ Proper action on M and free action on C, reduced manifold
M,eq = C/G, prolongation map prol: €°°(C) — (M)
@ Cohomological description of the phase space reduction:

@ M — C: Koszul complex (A*g® €°°(M),d) with d = J;i(e') and

Hg (¢(M)) = > (C)

@ C — Myeq: Chevalley-Eilenberg complex (A*g* ® €°°(C), dcx) with

He,(6%(C)) = €>(C)® = € (Mrea)
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The Classical BRST Approach Il

Classical BRST algebra

BRST algebra A = A°g* ® A®g ® €°°(M) with
o Ghost number grading: A" =@ _, ,Ng* @ Ng c>(M)
@ BRST operator D = ¢ +20: A®) 5 A+ with D2 =0
@ super Poisson bracket { -, - } induced by natural pairing of g and g*

@ Ghost number grading induced by Gh = {~, - } with ghost charge
o D={0O, -} with BRST charge © ¢ AM)

_kerDNAO®

(0) 00
= HBRST(‘A) = im D NAO =¢ (Mred)
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BRST Reduction in Deformation Quantization

e Equivariant star product (x,J) on M, i.e. a quantum momentum map
J=J+n(...): M — g*[[h]] with

J(&)xd(n)—=I(n)*J(§) = inI([&,n]),  J(E)*F—F*J(§) = ir{J(¢), f}

e Construct star product on A[[A]] = A®g* @ A*g ® €°(M)][A]] and
quantum BRST operator D = & ad(®) deforming D, ©.

Theorem (Bordemann, Herbig, Waldmann; 2000)

Let G act properly on M and freely on C, then one has in the above setting
o HG (A[IR]]) = €°°(C)CIIA]] = 76 (Meea)[[H],

inducing a star product xreq 0n Myeq.
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Compatibility with *-Involution

@ We are interested in *-algebras, so assume
frg=gx*f vV f,g € €°(M)[[Ar]]

e AIM: Involution on A[[h]] = A®g* ® A®g @ €°°(M)[[R]] inducing
involution on €°*°(Mi,eq)[[7]]

Involution * such that @ = ©*
= Canonical involution on ker D and on Hg}gST(A[[h]])

BUT: 7 representation of A[[%]] on pre-Hilbert space J, then for all ¢p € H

(m(@), m(@)) = (1h, 7(@*O)) = (1h, (@%)¢h) =0
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Compatibility with *-Involution

@ Involution on (A®g* ® A®g) [[%]] induced by positive definite inner
product g on g via

b
g?g*a gb:g(€7)

Imaginary ghost, i.e. (.A(k)[[h]])* = ACR[A]]
PROBLEM: No induced involution on ker D and H{3 (A[[])
Adjoint BRST operator D* = & ad(©*): A®)[[R]] — AL~D[[A]] with

D*a = (~1)K(Da*)* for ae AW[[H]]

@ Consider BRST quotient

( ) ker D N ker D*
Hypor (A[[R]]) = mDAimD"
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Theorem (AK, S. Waldmann)

If G is compact in the above setting, then

G0 (AL = B (AR 2 € (Muea) [[7],

inducing the complex conjugation as involution for xyeq.

Main idea of proof:
o= B (ATADE s (AL = 6(OC I = 76 (Myea) [A]
o ©°°(C)C[[H]]-valued inner product on €>(C)[[A]]

@)e) = [ (o (proll@) = prol()) ) (g7 > c) dg
o Representation f e ¢ = .*( % prol()) for f € €>(M
(0.Fo0) = (Foo.0) — [ rleve)ate = [

G

[[]] with

e (g_ll>C) dleftg
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