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1 Commutative Quantum Field Theory

We will present a brief introduction to (commutative) Quantum Field Theory
using the path integral formalism. We will discuss the quantisation of scalar
fields in Section 1.1, of gauge fields in Section 1.2 and renormalisation in
Section 1.3. We will basically follow the presentation provided in the book
by Lewis Ryder [1].

Conventions. We will use the conventions of [1]. Hence, the Minkowski
metric is given by
1

—1
G = 1 . (1.1)

—1

1.1 Scalar fields

For a start, we will consider four dimensional Minkowski space-time. The
action for a free scalar field is given by

S() = /d4$ £0(¢,a“¢)

2
- / dix (laﬂ(pauqs g ) (1.2)
2 2
The Euler-Lagrange equation
0Ly 0Ly
-9 —
0p "00,¢ 0

is given by the Klein-Gordon equation:
O+m*)e=0. (1.3)
The path integral is equal to the vacuum to vacuum amplitude

ZolJ] = / [D¢] exp <i / d*x (£0+J¢+i€¢2)> , (1.4)

where we have coupled the scalar field to an external source J. It is not
quantised, and somehow represents the link between the quantum world and
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macroscopic experiments. The source plays an analogous role to the electro-
magnetic current. A charged scalar field couples to gauge potential A, via
this current:

Lom = —eJ, A", (1.5)

where

Sy =10 — $0,07) . (1.6)

Let us return to Eqn. (1.4). The integral measure [D¢)] is not well defined,

[Dg] = [ do(x). (1.7)

zeR4

There are various techniques to give a well defined meaning to the inte-
gration measure. One of them is a lattice regularisation, where space-time
is approximated by a four dimensional grid with constant lattice spacing
0, for simplicity. Strictly speaking, one has to perform a Wick rotation
from Minkowski space-time to the four dimensional Euclidean space first.
Then, the calculations have to be performed there, and the results have to
be transformed back to Minkowski space. The formulations in both spaces,
Minkowski and Euclidean are equivalent. This transition will be discussed
briefly in Section 1.1.1. In the noncommutative realm, this transformation
is not at all well understood and still an open question. In the first step of
the lattice regularisation, space-time is approximated by a finite lattice with
N points, say in each direction and lattice spacing §. Hence, we have the
following identifications

N N

[D¢] — H H H H d¢<xi1vxi2vxisvxi4)7 (18)

i1=1149=1143=114=1

/d% — %54, (1.9)

n=1

1
— _(QS(:EZ—{_&) ijzk‘atl) _¢(xi7yj7zk7tl)) 9 (110)

0
10 i,k )

The results will depend on the volume of the lattice and the lattice spacing. In
order to obtain continuum results, one first has to perform the infinite volume
limit, N — oo and then the continuum limit, 6 — 0. This corresponds to the



so-called naive continuum-limit, which might not be the correct limit. For
the correct limit, one might have to keep some physical quantities fixed.

The field ¢ in (1.4) is not i.g. a solution of the equation of motion (EOM)
(1.3), since all fields are considered in the path integral. We can decompose
the scalar field in the following way:

¢— ¢+, (1.11)

where ¢ is a solution of the Euler-Lagrange equation. Therefore, we obtain
for the action

S = _/d4m %@(D +m? —ie)g + ¢o(+ m® — i)y
+¢(0+ m* — i€)go + ¢o(O + m* — i€)p — 2¢J — 2¢J)
— —/d4;ﬁ %(qﬁ(D +m® —i€)p — ¢oJ) . (1.12)

In general, a solution to the EOM is given by
) == [ iy el =) 0). (1.13)
where A is the Green’s function of L, = [0+ m?, i.e.,
L.A(z —y) = —6W(z —y). (1.14)
Acting with L, on (1.13), we get
LHS = L,¢o(z) = J(x), (1.15)
RHS = —/d4y L Ap(z—y)J(y) = J(x). (1.16)

Therefore, the path integral becomes

2l = e (=5 [ doaya@see - 0)

X /[D¢] exp (—% /d% o(O+ m? — ie)¢)
~ Nexp <—%/d4xd4y J(x)AF(x—y)J(y)) RNRte

where A is a normalization factor.



Propagator. The propagator Ap(x — y) is defined as Green’s function of
the free field equation:

(O+m® —ie) Ap(z —y) = —6W(x —y). (1.18)

Therefore, we obtain after Fourier transformation
1 e—ikx

A = d'h——————

r() (2m)4 / k? —m? + ie

R
2m)3 ) 2m k3 —k2—m2+ie

where ie dictates the path of integration in the complex kg-plane. The poles
of the propagator are

ko = £Ey F10, (1.20)
where Ey = vk2 + m2.

e If ¢t > 0: Propagation forward in time; we need to close the contour in
the upper complex half-plane,
d3k dky e~ kot :
A > — -V ikx
r() / (2m)3 / 21 k2 — k2 —m? + i€
_ / d’k ;eikx—i(Ek—ié)

(27)3 2Ex

6—0 dgk i ikx—iEy
— — e 1.21
/(27T>3 2Eke ’ (1.21)

where we have used the residue theorem
j{f(z)dz =271 ) Res(f, ay), (1.22)
v k=1

where v is a closed curve in the complex z-plane and the function f
is holomorphic everywhere except at finitely many points a; in the
interior of 7. In our case, we have
1
fk) = . —
(k‘o — Ek + 15)(1(0 + Ek - 15)

(1.23)

and therefore

1 ﬂ)} 1
2B, — 216 2E,

R€8(f, ko = Ek — 1(5) = (124)



e If t < 0: Propagation backwards in time; we need to close the contour
in the lower complex half-plane and we obtain

Ap(z)s = / ﬁLe”"‘ﬂEk. (1.25)
(27)3 —2E),

We will use a graphical representation of the free propagator just calculated.
The free path integral
ZO[J] _ Ne—%fJ(x Ap(z—y)J(y)d*zdy
L N RO AR (1.26)
can be expanded in terms of the following basic graphical building blocks:
P i 1

— @2m)* p2—m2Z+ie’

L i2m) I (p);
J

and the partition function (1.26) reads

2N = 1= Sem)* [ at ( Ll

— m?2 + ie)
p) i (@) (=9)
/ m2+1e)/dq(q2—m2+ie)+”' (1.27)

( ) ;! (%)3 : ¥ (1.28)

Each line also implies an integration over the corresponding momentum.
The functional Zy[J] is the generating functional of free correlation functions
To(Z1, ..., %y,), in the sense that

1
—14=
+2

1 " Zo|J]
= — 1.2
(@1, n) 6 J(z1) ... 0J(x,)l7=0 (1.29)
= <0|T®(xq1)...P(z,)|0 > .
E.g., we have
7-2(:67 y) = IAF(X - Y) ) (13())

7—3(3:7?/’2) = Oa



in fact, all 7, with an odd number of arguments - m - vanish identically.
Hence, we can write

Z /d4x1 wJ (@) . J(x) (2, T) (1.31)

Generating functional for interacting fields. A scalar field with a
quartic selfinteraction can be described by the Lagrangian

1 1 A
R py L9292 ANy
L= 30u00%0 = gmie" =50
= Lo+ Lint (1.32)
leading to the following generating functional:

[[Dg¢lexp (iS+1 [ d*xJ9)
[[Dele’s '

The factor in the denominator is independent of the source J and can be
written as a normalization factor,

:,/\/’/[Dqﬁ] exp (1S+i/d4xJ¢) : (1.34)

Furthermore, we can write

ZlJ) = (1.33)

2] = Nexp( /d xzmt(lé‘;)> Zol] (1.35)

exp (1 [ d'x Line(23)) exp(—1 [ dizdy J(z)Ap(z —y)J (y))
exp (i [ dix Lini($ ) exp(—3 [ dtadly J(z)Ap(z — y)J (y))

J=0

The exponential above can be expanded into a Taylor series and examined
to each order. In the denominator, the external sources are put to zero.
Therefore, these contributions correspond to vacuum bubbles with no exter-
nal legs, which would be characterized by the sources. The full correlation
functions 7,,(x1, . . ., z,,) which include the interaction are given by functional
differentiating Z[J]:

1 " Z[J]
6 (21) ... 00 (zn) lu=0"

(1.36)

To(T1, .oy Tp) =

7



As an example, let us consider the 2-point function:

To(T1,29) = 1Ap(x; — Xg2) — %AF(O) /d4z Ap(z — x1)Ap(z — X9)
+0(\?)

= i .- % Q. + O(\?) (1.37)

The normalization factor N removes the vacuum diagrams from the gener-
ating functional,

N = (eXp (i/d“xﬁint(%%)) ZO[J]‘JO> B

_ (1 n ?’i_ﬁ / d'z Ap(0)? + O()\Q)) (1.38)

i\
_ 1_% dx Ap(0) + O(N?)

Explicit calculation leads to

i e—ip(x1—x2) i)\AF(O)
_ & 14+ -2
el #2) (27r)4/ pp2—m2+ie( +p2—m2+i€)

B i ” e~ ip(x1—x2) - %)\AF(O)
- (2n)d pp2—m2—|—ie p? —m? 4+ ie

: / d' e 1.39
 (2n)t pp2 —m? +ie — 2Ap(0) (1.39)
assuming that AAr(0) is small. However, we will see that the term Ag(0)

introduces divergences into the theory, since

1 efik(xfx)

Ap(0) = W/Ad‘*k— ~ A% (1.40)

-1

k? —m? + ie
where A is a UV cut-off. The expression for Ap(0) shows a quadratic diver-
gence behaviour. Therefore, the one-loop correction effectively modifies the
mass, and we can redefine it in the following way:
i\
mgﬁ:mQ—i—%AF(O) =m?+ om?. (1.41)
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This gives rise to the one-loop renormalisation of the mass, which we will
discuss in some detail in Section 1.3.
Similarly, we obtain for the 4-point function

AR
0J(x1)0J (x2)dJ (x3)d ] (x4) ‘J:O

. QO
_14—A'<72 g ) +O(N?) (1.42)

74(351, X2,T3, 934)

where
> = / A=A (21 — 2)Ap(s — 2)Ap(zs — 2)Ap(za — 2) . (1.43)

1.1.1 Transition to Euclidean spaces

1.2 Gauge fields

1.3 Renormalisation
1.3.1 Scalar ¢* theory
1.3.2 Pure Yang-Mills theory

1.4 Compendium

2 Noncommutative Geometry

We will start the discussion of noncommutative geometry with some physical
motivations and will then provide the mathematical foundations.

2.1 Motivation
2.1.1 Rotation group

Let us consider the rotation group SO(3) in a three dimensional Euclidean
space. The group action is noncommutative. This can be seen be applying
two consecutive rotations — (a) 90° around the z-axis, and (b) 90° around the
x-axis — on a book, say. Let the book be centered in the coordinate origin.

9



First applying rotation (a) and then (b) will yield a different result than first
applying (b) and then (a). These operations do not commute.
The generators of infinitesimal rotations form a Lie algebra:

[T, T7] = i T | (2.1)
where 7,7,k = 1,2,3. A finite rotation g(z) is given by
g(iL‘) _ ei/\i(x)Ti .

Replacing the generators 1% by coordinate operators X ¢ and we obtain a
first example of a noncommutative space:

(X7, X7) = 1eleXk . (2.2)
Further assuming the condition that
d XX =R, (2.3)
where R € R is a central element, the radius; this noncommutative space is
called the fuzzy sphere [2].

2.1.2 Landau problem

Consider a particle with charge e moving in a homogeneous and constant
magnetic field. The quantum mechanical Hamiltonian H is given by

A 2
H:i(—%) . (2.4)
2m c

Let us confine the particle to 2D, to the (z,y)-plane with the magnetic field
perpendicular to it,

0
B=1[ 0 , B = const. (2.5)
B
Therefore, we get for the Hamiltonian
A2 232
A D eB° /. c . \?2
0= f e )
2m * ome \* " eB?
~9 2
P 1 2 - hky
i — 2.6
2m * 91 mw./) (2:6)



with the cyclotron frequency w, = fn—]i, and we have replaced p, by its eigen-

values hk,, since p, commutes with H. The Hamiltonian (2.6) is a shifted
harmonic oscillator and has the eigenvalues

1
E, = hw.(n+ 5) : n>0. (2.7)
The separation of the eigenvalues is given by
heB
AE = hw, = ——.
me

In the limit of strong magnetic fields B — oo, the energy spacing becomes
large, AE — oo and only the lowest Landau level is occupied.
Let us turn our attention to the action. It is given by

1 . o
S = / dt (ém:i:i:'v’ - EBM’:‘U’) , (2.8)
C

where B, is an antisymmetric tensor defining the vector potential A, B, =
—B,, and A, = B,,2". The Poisson bracket between coordinates and mo-
menta is given by

{7Tia xj} = 51] ) (29)
where r
mm 2 it ZBU;L«J‘. (2.10)
Writing it out explicitly, we get
oot Bk L 2.11
{xl,x}—i—cm{x,x} 0 (2.11)

Let us assume strong magnetic field B and small mass m - i.e., we restrict
the particle to the lowest Landau level [3]. In this approximation, eqn. (2.11)
simplifies, and we get [4]
) ) c B—l i
(a8, 27} = S8 (2.12)
e
The coordinates perpendicular to the magnetic field do not commute, on

a classical level. Under quantisation, we replace the Poisson bracket by a

commutator, )
{f(J:?W) ,g(I,ﬂ')} — %[f(jz,ﬁ-) 79(‘%77%)] )

11



and we obtain a noncommutative algebra.

More rigorously, we have to consider the Hamiltonian and analyse the
constraints of the system, for details see e.g. [5, 6]. In the limit of strong
magnetic field, the canonical momentum given in Eq. (2.10) becomes

T, = EBij.Z’j s (213)
C

which resembles a so-called primary constraint. In order to quantise the
Hamiltonian, the Poisson bracket has to be replaced by the Dirac bracket
{, }pB. And the quantisation procedure becomes

1
!
1
Second class constraints? modify the Poisson bracket,

{f.9}ps ={f. 9} = Y _{f.6:3M;;{¢;,9},

1,

{f(xaﬂ—)vg<x>7r)}DB_> f(i'ﬂ%)’g(j’ﬁ)]

where the second class constraints are denoted by ¢;, and M;; = {¢:, ¢;}.
Using the definition of a Dirac bracket, one immediately sees that

c(B‘l)‘”’.

- (2.14)

{27, 2"} pp =

2.1.3 Quantizing gravity

When the quantization of gravity was considered thoroughly, it became clear
that the usual concepts of space-time are inadequate and that space-time has
to be quantized or noncommutative, in some way. This situation has been
analyzed in detail by S. Doplicher, K. Fredenhagen and J.E. Roberts in [7].
Measuring the distance | between two particles, energy has to be deposited
in that space-time region, proportional to the inverse distance, F = h¢ ~ k¢,

) I
As the distance [ decreases the Energy F increases. At the Planck length,

[ ~lp = h(‘:—f, the bailed energy is given by

C3
E=hey| = .
e

2These are constraints which have a non-vanishing Poisson bracket with at least one
other constraint. If the Poisson bracket of a constraint with any other constraint vanishes,
then this constraint is called first class.

12



This corresponds to an inertia

E h |3 he
M —_ —= — —_— N —_— M
2 ¢V hG G P

where Mp; denotes the Planck mass. The associated Schwarzschild radius is

given by
2GM [hG
rs = 02 =2 F = 2lpl .

Therefore, the deposited energy curves space-time to such an extent that a
black hole is generated. The limitations arising from the need to avoid the
appearance of black holes during a measurement process lead to uncertainty
relations between space-time coordinates. This already allows to catch a
glimpse of the deep connection between gravity and noncommutative geom-
etry, especially noncommutative gauge theory.

2.1.4 String theory

Another motivation for noncommutative geometry comes from String The-
ory. In the context of open strings with D-branes in a background magnetic
field B, (induced by the closed string sector) the endpoints of open strings
are confined to the D-branes. Furthermore, their space-time dynamics is de-
scribed by an effective noncommutative field theory living on the D-branes,
in the low energy limit. For details see e.g. [8, 9, 10].

2.2 Basic ideas

Before considering Fig. 1 and the role of algebras in the context of geometry,
let us define the notion of a C* algebra.

Definition 2.1 (Involution). An involution # is a map from a set A to
itself,

x: A— A
ar—a”,

satisfying
i) (@) =a,

13



ii) (ab)* = b*a*,
iii) (za 4+ wb)* = za* + wb*,

Va,be A, Vz,w € C.

Definition 2.2 (Banach algebra). An algebra A with norm ||-|| is called
a Banach algebra if and only if (iff) the following requirements are satisfied:

i) (A,+,]| -||) is a Banach space, i.e. complete with respect to || - ||>.
ii) (A,+,-) is an associative algebra.

iii) [la- bl < lalllfbl], ~ Va,b€ A.

Definition 2.3 (C* algebra). A C* algebra C is an involutive Banach
algebra with ||a*al| = ||a||?, Va € C.

The connection between commutative algebras and geometry is depicted
in Fig 1. We start with a smooth and compact manifold M. The topology of
M is uniquely determined by the algebra of continuous complex valued func-
tions on M, C' (M) with the usual involution (Urysohn’s Lemma [11]). The
Gel’'fand-Naimark theorem [12] relates the function algebra to an Abelian
C*-algebra. The algebra of continuous functions over a compact manifold
M is isomorphic to an Abelian unital C*-algebra®. The algebra of contin-
uous functions vanishing at infinity over a locally compact Hausdorff space,
CY(M), is isomorphic to an Abelian C*-algebra (not necessarily unital).

compact Urysohn's Gel'fand Abelian, semisimple
— M)
manifold M C* algebra
Lemma Naimark

Figure 1: Classical algebraic geometry

14



points — maximal ideals

reM — ideal J = {f|f(x) =0} C C(M)

coordinates — coordinate functions
vector field — derivations of the
algebra
geometry — — algebraic geometry

Figure 2: Algebraic geometry

Coordinates on the manifold are replaced by coordinate functions in C'(M),
vector fields by derivations of the algebra. Points are replaced by maximal
ideals, cf. Fig. 2.

The trick in noncommutative geometry is to replace the Abelian C* algebra
by a non-Abelian one and to reformulate as much of the concepts of algebraic
geometry as possible in terms of non-Abelian C* algebras [13, 14].

In the following, this noncommutative algebra A will be given by the algebra
of formal power series generated by the noncommutative coordinate functions

2%, divided by an ideal Z,
C{(z1,...2™))

A = 2.15
A = , (2.15)
where the ideal Z is generated by the commutation relations
(27,27 = i67(2) . (2.16)
An element f € A has the form
n=0

where :: indicates an ordering prescription in the noncommutative algebra
defining a basis of monomials. This will be discussed in detail in Section 2.3.
The validity of the commutation relations (2.16) is incorporated via the

ideal 7.

3A space is complete iff every Cauchy series converges with respect to the norm || - || .
4A unital algebra contains a multiplicative identity element.
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Definition 2.4 (Ideal). Let (R,+,-) be an arbitrary ring. A subset [ is
called a (two-sided) ideal of R, iff

i) (I,4+) is a subgroup of (R, +).
i) z-relandr-ze€l VYxel VreR.

In our case, the ideal is generated by the commutation relations, and we can
define
Z:={ca,-a,a- Ve e CVP e A}, (2.18)

where a@ = ' - 27 — 27 - ' —i6Y(%). An element of the quotient algebra A is
then an equivalence class [f] € A. Let us assume that ¢ is in the equivalence

A

class [f]. Then also § +b € [f], for all b € I. Let us illustrate this with a
simple example.

Example 2.1 (Meaning of ideals). Let us assume 6%(%) = #” € R, and
let us consider the two functions

~

f=2'? and g =22 +i6".
We can use relations (2.16) in order to rewrite g:

g=a*" +i0" = 3'2* — (213" - %2t —i0?) =2

Therefore, we see that we need not distinguish between f and g, and that
they are in the same equivalence class,

A,

g€ lfl.

In this way, the ideal Z takes into account the commutation relations in the
language of algebras.

Let us return to the commutation relations for the coordinates (2.16).
Since the LHS is a commutator, the RHS has to be antisymmetric in its
indices,

0 (2) = —0"'(2)
and has to satisfy the Jacobi identity,

(0% (%), 2] + [0%(2), 27] + [07%(2), 2] = 0.

16



Most commonly, §%(%) is chosen to be either constant or linear or quadratic
in the generators. In the canonical case, the relations are constant,

(2%, 37] = 6", (2.19)
where #% € R is an antisymmetric matrix, 6% = —@7*. The linear or Lie
algebra case o -

(2%, 39] = i\ 2%, (2.20)

where /\Zj € C are the structure constants, basically has been discussed in two
different approaches, namely fuzzy spheres [2] and x-deformation [15, 16, 17].
Last but not least, we have quadratic commutation relations

o 1 ~.. p
3] = (R — 8i8))its!, (2.21)

where EZJI € C is the so-called R-matrix corresponding to quantum groups
and also related to Statistical Physics. Those structures will be discussed in
more detail in the next section. Concerning quantum field theory, we will
concentrate on the simplest case in Section 3.

2.2.1 Hopf algebras and quantum groups

Classically, symmetries are described by Lie algebras or Lie groups. A phys-
ical space is a representation space of its symmetry algebra. In the deformed
case, this is no longer true. Let us consider the canonical commutation rela-
tions
[2°, 27] = i6" .

These relations destroy the invariance of Minkowski space-time under the
Poincaré Lie algebra. Nevertheless, there is a generalized notion of symmetry
in terms of Hopf algebras and quantum groups, such that deformed spaces
are "invariant” under those structures. Therefore, also the commutation
relations of the coordinates are left invariant under those transformations.

The interpretation is the following. Space-time is a continuum in the low
energy domain, at high energies - Planck energy or maybe below - space-
time becomes a "fuzzy”, noncommutative space. But the symmetries are
not broken, they are deformed to Hopf algebras and quantum groups. There
is a well defined commutative limit, e.g. # — 0 for canonical deformation, in
which the commutative symmetries are recovered.

17



Definition 2.5 (Hopf algebra). A Hopf algebra A (over C) —see e.g., [18]
— consists of an algebra and a co-algebra structure which are compatible with
each other. Additionally, there is a map called antipode, which corresponds
to the inverse of a group. A is an algebra, i.e., there is a multiplication m
and a unit element 7,

m : ARA— A,
a® b ab,

n : C— A,
cr—cly,

such that the multiplication satisfies the associativity axiom (Fig. 3), where
td denotes the identity map, and 7 the axiom depicted in Fig. 4. Reversing

m ® id
ARAR®RA AR A
id ®m m = (ab)c = a(be)
m
AR A A
Figure 3: Associativity
n®id id®mn

CeA A®A A®C

A = ]_A-(Z:CL']_AZQ

Figure 4: Unity axiom

all the arrows in Figs. 3 and 4 and replacing m by the so-called co-product
A and n by the co-unit € gives us the axioms for the structure maps of the
co-algebra. The co-product and the co-unit,

A:A - ARA,
e:A — C

18



are dual to m and 7, respectively. Compatibility between algebra and co-
algebra structure means that the co-product A and the co-unit € are algebra
homomorphisms, i.e.,

A(ab) = A(a)A(D), (2.22)
e(ab) = e€(a)e(b), (2.23)

where a,b € A. The antipode S : A — A satisfies the axiom shown in Fig. 5
below. It is an anti-algebra homomorphism (S(ab) = S(b)S(a)).

AR A AR A
mo (S®id)oA
S®id noe ide S = =noe
=mo(id® S)o A
m m
A A A AR A

Figure 5: Antipode axiom

Associativity on the algebra side is related to co-associativity on the dual
co-algebra side, i.e.

(ab)c = a(bc) = id @ A(A(a)) = A ®@id(A(a)) . (2.24)

Let us consider some examples for Hopf algebras.

Example 2.2 (Universal enveloping algebra). Probably the most sim-
ple Hopf algebra is the universal enveloping algebra of some Lie algebra. Let
us consider a Lie algebra g with generators 7" satisfying

[T", T9] = if)T*

where f,ij are the structure constants. The universal enveloping algebra of g,
denoted by U(g) is defined as a quotient algebra:

T(g)

S 2.25
(T"@Ti —Ti @ T — [T, TI]}’ (2.25)

Ul(g)
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where T'(g) is the so-called tensor algebra, and the ideal in the denominator is
generated by the commutation relations of the generators. A generic element
of T'(g) has the form

T(g)ot=Y i, T"® - @T". (2.26)

n=0

As we have already seen before, the structure in the algebra is generated by
introducing equivalence classes with respect to an appropriate ideal. Then,
U(g) is a Hopf algebra with the following structure maps:

Alz)=z1+1®«z, e(z) =0, S(z) = —=x, (2.27)

for any x € g. The universal enveloping algebra is co-commutative, which

means that
ToA(x) = Az), (2.28)
with the permutation 7(z ® y) = y ® x. But it is not commutative, unless g

is.

Example 2.3 (Function algebra over some (finite) group G). Let G
be an arbitrary, (for simplicity) finite group, then the function algebra F(G),

FG)>f:G—-C,

is a Hopf algebra due to the following structure maps: The algebra structure
of F(G) is given by

m : F(G)® F(G) = F(9) (2.29)
m(f1 @ f2)(9) = fi(9)f2(9),
n : C— F(G) (2.30)

n(k) = k1lrg)

where f1, fo € F(G) and g € G. For the co-algebra structure we have

A F(G) = F(G)®F(9) (2.31)
A(f) (o ® 92) = f(9192) ,
e : F(G)— (2.32)

(f) = f()
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where f € F(G), g1,92 € G, and e is the unit element of G. Eventually, the
antipode is given by

S(F)g) = flg™). (2.33)

Note that F(G) is a commutative Hopf algebra, since the algebra of functions
is commutative. Wl

Example 2.4 (Group Hopf algebra CG). Let G be a matrix group of
n x n complex matrices. Then, an element of CG is given by

(CQB.CI::Zagg, ag € C. (2.34)
geg
The generators ¢';, i,j = 1,...,n form a basis of CG,
ti=1 ... 1 ... ... |, (2.35)
where we have 1 in the it row and jth column, and 0 everywhere else.

Because t; generate CG, it is enough to specify the structure maps for those
generators. We have

Alt'y) = Y thatt, (2.36)
et’y) = 1, (2.37)
Sy = (). (2.38)

This Hopf algebra is also commutative, since we clearly have
ttm, =t (2.39)

Definition 2.6 (Quantum group). A quantum group is a Hopf algebra
with one additional structure. Let us concentrate on the group Hopf algebra
CG of some matrix group G. The additional structure is the so-called R-
matrix,

R:CGeCG — C.
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As we have seen, the Hopf algebra CG is commutative. The R-matrix is
introduced in order to deform the commutative product in a consistent way.
The resulting noncommutative Hopf algebra is called a quantum group. Let
us denote this quantum group by CG,, since the noncommutativity and R
itself are characterised by the parameter q. Let t;'. be the coordinate functions
generating CG,. Then, the consistent way to implement a noncommutative
multiplication is via the so-called RTT-relations:

Ryt =t RE (2.40)
where R(t, ® t]) = R}}. In the commutative limit, ¢ — 1 (which means
R — 1, the identity matrix), we recover the commutative multiplication

thodl =4t gk (2.41)

The R-matrix is not an arbitrary matrix, but it needs to satisfy a consistency
condition. The R-matrix has to be a solution of the Quantum-Yang-Bazter-
Equation (QYBE)

RiaR13R23 = RasRi3Raa, (2.42)

which has to be understood as a matrix equation. Furthermore, we have used
the abbreviation (Rys)”* = ) Ri*: Ry, and Ry are defined accordingly.

Imn

Definition 2.7 (Quantum Spaces, M,). A quantum space M, is again
defined as a algebra generated by the coordinates &,

M, =C{z", ..., 2")/T, (2.43)

where Z is an appropriate ideal. Since M, is the symmetry space of a
quantum group, the ideal Z, which defines the algebraic structure of the
quantum space, needs to be invariant under or compatible with the quantum
group structure. In order to pursue that goal, let us first introduce

R=Ror.

In the classical limit, Ris just the permutation 7, with 7(a®b) = b®a. The
matrix R can be decomposed into projectors,

R = \Ps+ \Py, (2.44)
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where ﬁA is the g-deformed generalisation of the antisymmetric and ﬁg of
the symmetric projector. Then, the relations

- mn

Py &' =0 (2.45)

on M, do the job. In the commutative limit, (2.45) means that the commuta-
tor of two coordinates vanishes. They are also compatible with the structure
of the corresponding quantum group CG,. This can be seen by applying the
so-called co-action p

p: M, — CG, oM,
p(&') = thed, (2.46)

on the relations (2.45), since

Pay, (th @) (] ©2!) = 747 @ Py itil = 0. (2.47)
The projector ]3A is a polynomial in E, and the RTT relations (2.40) can be
applied (R}, = R}}), replacing R by Pj.

Differentials, d4. The partial derivatives Da satisfy the same commutation
relations as the coordinates [19] (they commute in the limit ¢ — 1),

This follows from the assumptions on the exterior derivative d. The exterior
derivative d = £40,4 shall have the same properties as in the classical case,
namely

2 = 0,
dit = 44344, (2.49)

where the coordinate differentials €4 are supposed to anticommute, i.e.,

~ AB
Psop el =0. (2.50)
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Remark: The defining relations for derivatives and coordinate differentials,
the modified Leibniz rule, and even the structure of the deformed symmetry
group can be reconstructed starting from the commutation relations of the
coordinates (e.g. (2.45)). This is done by proposing ansétze and imposing
consistency. This means that e.g. if one acts with a partial derivative on the
RHS of (2.45), one obtains

Oa(Pa; @'37) = (Pa,; @'37)0a, (2.51)

where we have to use the (ansatz for the) Leibniz-rule in order to permute the
partial derivative through the term. Since Py Zm:i'zi"] = 0, it has to be zero
afterwards as well. This restricts the freedom in the ansatz for the Lebniz
rule. In order to find an expression or to restrict the freedom in the ansatz
for the commutation relations of partial derivatives, we have to act with two
derivatives on (2.45):

(Opda — 040p)(Pa,; #'37).

In general, the solution will not be unique, and we can find more than one
differential calculus for a quantum space.

Example 2.5 (Manin plane). CG, = SL,(2)

Rii Ry Ry Ry g 000

. R 0 A 10

R=| =1 = , (2.52)
R 0100
B2 000 g

where A = ¢ — %. The symmetry algebra is generated by a, b, ¢, d, with
a b
T = ( o b ) |
The RTT-relations (2.40) imply

ab = gba ac = qgca,
ad = da+ Nbc,  bc=ch, (2.53)
bd = qdb, cd=qdc.
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The R-matrix can be decomposed in the following way:
~ o 1~
R = qPS - _PA )
q

with
q ~ ~ —_ ~
R+-), Pi= R-q).

From Definition 2.7 above, we obtain the following relations for the coordi-
nates:

By —

o 1~
P = —Rpiti
q
1,7 = 1,2, or explicitly
3% = qa?at; (2.54)

for the partial derivatives the following choice is consistent:

06, = éﬁaa (2.55)
And last but not least, the Leibniz rule is given by
il = 6]+ R, (2:56)
|
Remarks:

e The Leibniz rule for the partial derivatives, e.g. (2.56), and for any
other operator follows from their co-product. In general, it has the

form R R R
A(04)=04®1+0,°205. (2.57)
This leads to the Leibniz-rule
04(f3) = (0af) g+ (04" f) O3, (2.58)

where O4% is some (differential) operator satisfying
04%(f4) = (04°F) (0c"9) ,
i.e., it is a homomorphism of the noncommutative function space.
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e The co-product describes how an operator acts on a (tensor-) product
of states. A nice illustration of the meaning of the co-product can be
given in terms of the angular momentum J in quantum mechanics. The
co-product describes the addition of angular momentum

Al=J1+1J=J+J;. (2.59)
Or you can consider a wavefunction ¥ with spin, it has the form
V=(x) s >,

where |s >= a| 1> +b| |> for a spin-1/2 particle. Then, the total
angular momentum operator acts in the following way on W:

Jo U = (A(J)¥) = (Ly(z)) @ |s > +(z) @ (S|s >) (2.60)
or in other words

AJ=L+S.

Example 2.6 (Vertex models). Vertex model are of importance in Sta-
tistical Physics. They live on a lattice, consisting of lattice points or vertices
and links between them. The links may have different occupations. To
the vertex i one attributes a weight w; depending on the occupation of the
attached links. Not all configurations are allowed and have non-vanishing
weight. Let us consider the so-called siz verter model as an example. The
allowed vertices are depicted in Fig. 6. Not all the weights are independent,

TTTTTT

Figure 6: Six vertex model

but we have

Wi =wy=a w3 =wg=2>b,
Wy = wg = C, (2.61)
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where a, b, ¢ are some numbers. All physics is encoded in the partition func-
tion Z (the equivalent to the Feynman integral):

Z = Z H weight(vertex) . (2.62)

all configns Vertices

We can parametrize the vertex as a matrix in the following way:

= w(p, a|p,),

(2.63)

where p1, ¥ = 1 means arrow to the left and u,y = 2 arrow to the right, resp.
a, 3 =1 arrow down and «, 8 = 2 arrow up. The remarkable feature of the
vertex weights is that they satisfy the Yang-Baxter Equation (2.42), with the
identification

w(palBy) = R (2.64)

The converse is also true: Every solution of the Yang-Baxter Equation yields
an exactly solvable vertex model (integrable model). H

Example 2.7 (Twisted symmetry in the canonical case). As dis-
cussed before, Minkowski space with canonical commutation relations does
not allow for the usual Poincaré symmetry. Compared to the quantum group
case or other more sophisticated examples, calculations can be done more
easily and more interesting models can be studied. The commutator of two
coordinates is a constant

[z, 7] = 10", (2.65)
where 0 = —0"* ¢ C. The derivatives act on coordinates as in the classical
case, R

[0y, 2H] = 0. (2.66)

However, there are two consistent ways to define commutation relations of
derivatives. Simplest choice is

[04,0,] = 0. (2.67)



Another possibility compatible with the coordinate algebra is obtained by
observing that R
Tt —i0"" 0, (2.68)

commutes with all coordinates 2 and all derivatives 9, one may assume that
this expression equals some constant, 0 say. Thus, we can define a derivative
in terms of the coordinates (for invertible 6),

Dy = —i071 %" (2.69)
The commutator of derivatives is given by
0,,0,] =07, (2.70)

We have mentioned that the usual Poincaré symmetry is broken by the exis-
tence of the nonnoncommutative structure 6, which is similar to an Ether.
Nevertheless, the so-called twisted Poincaré symmetry respects the coordi-
nate relations (2.65). It is a Hopf algebra, but not a quantum group. The
starting point is the undeformed universal enveloping algebra of the Poincaré
algebra, U(P). This Hopf algebra has the coproduct

for any element x. We introduce a twist F € U(P) @ U(P), which satisfies
the cocycle condition:

(FRDNARLF=1F) (1 A)F. (2.71)

The twist F is used to define the twisted Poincaré symmetry Uz(P): All
Hopf algebra structures are unchanged except the co-product:

Ar(z) = FA(x)Ft. (2.72)
In the case of canonical deformation, the twist is rather simple:

F — e3Pl

: (2.73)

where P, are the translation generators (partial derivatives). In order to
compute the twisted co-product (2.72) for the generators of the Poincaré
algebra — translations P, and Lorentz generators M,, — we need to expand
the twist and use the algebra relations

[P, P, =0, [Po, M| = NapPy — N Py - (2.74)
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This corresponds to the choice (2.67) for the partial derivatives. Therefore,
we obtain

ArP, = P,®1+1®P,, (2.75)
ArM,, = M, ®1+1& M,, (2.76)
1 (63
_56 B((naupv _naupu) QP+ FPa® (nBuPV _nﬁl’PM)) .

Using the deformed co-product of the generators above and their action on
coordinates:

(P2%) = 62,
(Mz®) = (%0, — %,0,)%% = i(%,08 — £,62), (2.77)

we can show explicitly that the commutation relations of the coordinates are
preserved. Let us start with the translation generators P, acting on the LHS
of (2.65):

(P [2%,2°]) = P,»[2*2"] (2.78)
= (P, > 3%)3% + #%(P, > ) — (P, )3 + 2°(P,>2%) = 0,

where we have used formula (2.75) for the co-product of P,. Acting on the
RHS yields the same result:

P,>i0" =0, (2.79)
since 6" is constant. Next, consider a Lorentz generator M,,:
M, > [2%,3°] =
=167 [%,, %°] — 107 [%,, % Pl — 160 [%,, %% + 15 %,,XY]  (2.80)
_5907 (NouPy — NowPy) ® P> [j:oc7 ;f;ﬁ} (2.81)

—%QUTPU ® (Nru Py — nru Py) & [2%,27]
= 600%,+026,° + 0,6, +5.6%,
—800°%, — 600, — 656, — 670%,
= 0.
As before, acting on the RHS of (2.65) yields
M, >i0*? = 0. (2.82)

Therefore, we see that the commutation relations are consistent with the
twisted Poincaré Hopf algebra. B
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2.3 Star products

Let us consider the noncommutative algebra of functions A on a noncommu-
tative space

A= (2.83)

where Z is the ideal generated by the commutation relations of the coordinate
functions, and the commutative algebra of functions

C{{xt, ... 2"
Az S ) e g (2.84)
[, 27]
ie., [z',27] = 0. Our aim in this Section is to relate these algebras by an

isomorphism. Let us first consider the vector space structure of the algebras,
only. In order to construct a vector space isomorphism, we have to choose a
basis (ordering) in A- satisfying the Poincaré-Birkhoff-Witt property® - e.g.,
the basis of symmetrically ordered polynomials,

) 1 . . o
L@, @ @), (2.85)

Now we map the basis monomials in A onto the according symmetrically
ordered basis elements of A

W:A — X,
ot 3 (2.86)
'zl 5(93’:%J+:%3:%’)E:§:%3:.

The ordering is indicated by :: and may denote any choice of ordering. W
is an isomorphism® of vector spaces. In order to extend W to an algebra
isomorphism, we have to introduce a new noncommutative multiplication %
in A. This x-product is defined by

W(fxg)=W(f) -Wig) =13, (2.87)
where f,g € A, f,§ € A. R
(Av*) = (A7 ')7 (288)
L.e., W is an algebra isomorphism. The information on the noncommutativity
of A is encoded in the x-product.

5The dimension of the subspace spanned by monomials of a fixed degree is the same
as the dimension of the subspace spanned by monomials in the commutative variables of
the same degree.

6A function f is an isomorphism, iff it is bijective, and f and f~! are homomorphisms.
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2.3.1 Construction of a x-product of functions

Let us choose symmetrically ordered monomials as basis in A. The commu-
tation relations of the coordinates are

(2", 27] = i09(x), (2.89)

where 6% () is an arbitrary expression in the coordinates #, for now. In just a
moment we will discuss the special cases (2.19 - 2.21). The Weyl quantisation
procedure [20, 21] is given by the Fourier transformation,

f= W(f) = (QWgn/Z/d"keikj@jf(k;), (2.90)
flk) = W / d"w = f (), (2.91)

where we have replaced the commutative coordinates by noncommutative
ones (2') in the inverse Fourier transformation (2.90). The exponential takes
care of the symmetrical ordering, i.e., we use the plane waves as basis:

ikx W ikk

(& — e .

Using eqn. (2.87), we get

W(fxg)= / Ak d"p €% e F(k)g(p). (2.92)

1
(2m)"
Because of the noncommutativity of the coordinates #*, we need the Campbell-
Baker-Hausdorff (CBH) formula

eAeB — 6A+B+%[A,B]+$ [A,B],B]—Tg[[A,B},AH...' (2'93)
Clearly, we need to specify 6% (Z) in order to evaluate the CBH formula.

Example 2.8 (Weyl-Moyal x-product). Due to the constant commuta-
tion relations,
[z * 2¥] = i0" |

the CBH formula will terminate: Terms with more than one commutator will
vanish,

exp(ik;2") exp(ip;3’) = exp <Z(/€Z +pi)d’ — %kﬂ”jg) . (2.94)

31



Eqn. (2.92) now reads

frg(z)=

1 (it )t — e T Fr1 N ~
o [ dnape e fyg ), (299

and we get for the x-product the Moyal-Weyl product [22]

(@) = expl 55000 50) @) (2.96)

The deformed derivatives reduce to the usual partial derivatives:

[‘%fau] = 0,

Ouxx, = 0 +x,%0,.

In order to write down an action we need an integration. In this case, we
can just use the ordinary 4-dimensional integral:

/d“x(fl*fg*m*fn)(x) _ /d‘*x(fn*fl*...fn_l)(x) (2.97)
— [ @) ar funew £ @),

which means that in the special case n = 2 the star and the noncommutative
effect drops out:

[ @) = [ de @ n), (298)
This is called the trace-property and is essential for variational calculus. H.

Example 2.9 (k-deformation). The coordinates build a Lie algebra
[, 29] = i\l a", (2.99)

with structure constants )\Zj In this case the CBH sum will not terminate
and we get

exp(ik;2') exp(ip;3’) = exp (z(k:l +p;)2" + %gi(lﬂ,p)i‘i) ) (2.100)
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where all the terms containing more than one commutator are collected in
gi(k,p). (2.92) becomes

Frg(@) = oo [ dbdpethmm dator fg). (201

1
(2m)"
The symmetrically ordered x-product takes the form

i

frg(x) = ex™ 55T f(y)g(2) (2.102)

Yy—z
z—T

In general, it will not be possible to write down a closed expression for the
*-product, since the CBH formula can be summed up only for very few
examples.
Let us concentrate on the so-called k-deformed case. We start at the
following commutation relations:
i
[2", 2F] = iaxP = —XP, [x9,%P] = 0, (2.103)
K
where p,g = 1,...,n — 1. The most general linear quantum space structure
compatible with a deformed version of Poincaré symmetry is given by [23]

[##,37] = 1 (a"8” — a¥6") %7, (2.104)

where a* is a constant 4—vector ” pointing into the direction of noncommuta-
tivity”. Its components also play the role of Lie algebra structure constants.
Choosing

a' = ad"" (2.105)

we get back to relation (2.103). The symmetrically ordered star product is
given by [24]

frg(a) = / d'kd*p J(k)g(p) ' Hr" (IFE T Al 1A 40) (2,106)

where k = (wy, k), and 7 = (22,23, 2%). We have used the definition

a(wg +wp) e™r —1
erlwrtwp) — 1 awp

Awy, wp) (2.107)
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ox' = 'O,

oz = 1+2"9", (2.108)
ora’ 6 + 2907,

ora™ = (2" +ia) 0.

[0u 0, =0 (2.109)

action on commutative functions
O f(z) = Ouf(x), (2.110)
M]ﬂ(m) (2.111)

v flz) = 9
The derivatives on the RHS are ordinary derivatives. We can also evaluate
the action of the derivatives on a product of two function, i.e., we calculate
the modified Leibniz rule. It is given by

Opp frg(z) = (Opp f(2))*g(z) + f(2) x (T > 9(2)), (2.112)
;> fxg(z) = (07v f(x))*g(z) + (€% b f(2)) * (9] > g(2)) .

The boosts and the rotation generators act on functions in the following way,

1a0,

Np f(z) = (xlan — 9, (2.113)
e@n — 1  _ad, +i(e% —1)
+IL’Z8M8MT +x 8Val aa% ) f,
M5 f(z) = (%0, — 70,) f(a), (2.114)

where A, = Z?:_ll 0;0;. The action of the rotations M*"* is easily obtained,
since their algebra and co-algebra structure is undeformed.

The definition of a suitable integration is more tricky. We have to intro-
duce a measure function pu(z) in order to guarantee the trace property,

[deut@) Girenfi) = [douto) fax foeeox fi) (2:115)
= [deno) g (e f)

The measure function p(x) is given by

p(z) = gy s (2.116)
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Example 2.10 (g-deformed case). The CBH formula cannot be used
explicitly, we have to use eqns. (2.86), instead. Let us first write functions
as a power series in ¢,

fle)=> ey (@) (a")r, (2.117)

J

where J = (j1,...,J,) is a multi-index. In the same way, noncommutative
functions are given by power series in ordered monomials

F@) = ey (@)@ (2.118)

In a next step, we have to express the product of two ordered monomials in
the noncommutative coordinates again in terms of ordered monomials, i.e.,
we have to find coefficients ax such that

SENDT @) @@ =) ages (B (@)L (2.119)

Knowing the ax, we know the x-product for monimials. It is simply given
by

@) @) @) @ = Y (@) @) (2.120)

K

using the same coefficients ax as in (2.119). The whole procedure makes use
of the isomorphism W defined in eqns. (2.86) and (2.87). In a last step, we
have to generalise the above expression to functions f and g, and express
the *-product in terms of ordinary derivatives on the functions f and g,
respectively. This merely amounts to replacing ¢ - where 4 refers to the
power ot the kth coordinate in (2.120) - by the differential operator quak,
where no summation over k is implied.

For a better illustration, let us consider the Manin plane. The commuta-
tion relations are

rTYy=qyz.
First, we consider normal ordering, i.e., a normal ordered monomial has the
form
ZJS :%2 Noe— JAZ'Z g4.



Following the above prescription, we end up with the following *-product
[25]
2 onld
frng(z,y) =moq Vo f(z,y) @ g(z,y), (2.121)
where m is again the multiplication map, m(a®b) = ab. Let us now consider
a symmetric ordering, where the factor k! in the denominator is replaced by
[l{?]ql/Q!, e.g.,

(2.122)

—ab

where [a]p = q:z:g,b . The only difference to symmetrically ordered polyno-
mials is the normalisation.

Frsg(z,y) =moq e e =mo5) f(p 1) @ g(z,y).  (2.123)

In the next Section, we will examine the connection between *-products
corresponding to different oderings in more detail. B

Example 2.11 (Quantum mechanics). In Quantum mechanics, cf. [26],
we have Heisenberg commutation relations between momenta and position
operators,

@', P}] = ihd;, (2.124)

1,7 = 1,...,n. In normal ordering, where all the momenta are on the right
and all coordinates on the left, Q'P*, we get for the x-product

Fx 9@, P) = moexp(—ihd, ©0,)f(Q, P) @ g(Q,P).  (2.125)

For symmetrical ordering the x-product reads

Frs(PQ)=moesp (3 (0@ 0~ 9 90 ) £(@. P) 2 9(@. P

(2.126)
|

2.3.2 Mathematical approach to x-products

Definition 2.8 (Poisson bracket). Let M be a smooth manifold, a Pois-
son bracket is a bi-linear map {, } : C**(M) x C®(M) — C*(M) satistying

fig,h € C®(M)
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(i) {f,g} = —{g, f}, antisymmetry
(i) {{f, 9}, h}+{{g,h}, f} +{{h, f}, g} =0, Jacobi identity
(iii) {f.gh} ={f,g9}h+ g{f,h}, Leibniz rule

Locally, we can always write the Poisson bracket with the help of an
antisymmetric tensor

{f.9} = a”(2) 0:f0;9, (2.127)
where o/ = —a’'. Because of the Jacobi identity #% has to satisfy
a0, + a*9;0" + a9, = 0. (2.128)

Definition 2.9 (x-Product). Let f,g € C®(M) and C; : C®(M) x
C®(M) = C>®(M),i=1,...,00, be local bi-differential operators. Then we
define the product x : C*(M) x C®(M) — C>*(M)][h]], by

frg=Y _h"Cu(f.9), (2.129)
n=0

such that the following axioms are satisfied:
(i) * is an associative product.
(ii) Co(f,g) = f g, classical limit.
(iii) +[f % g] = —i{f, g}, in the limit » — 0, semiclassical limit.

The RHS of definition (2.129) is an element of C*°(M)[[h]], the algebra
of formal power series in the formal parameter h with coefficients in C*°(M),
ie.,

¢ e (M)A,
((z) = Zhﬂ‘@-(m% (2.130)

where (;(z) € C*(M). Formal power series means that the convergence of
the series 2.130 is no issue.
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The definition of the x-product can be generalised to a C[[h]]-linear prod-
uct in B = C*(M)[[h]] by

O £ab") x (D gmh™) = ) frgh®H
n m k,l

+ ) Calfr g (2.131)

k,1>0,m>1

Theorem 1 (Theorem by M. Kontsevich [27])
For any Poisson bi-vector field o in some domain of R™ there exists a *-
product. It is given by the following formula:

frk g = Zhn Z wrBro(f, 9)- (2.132)
n=0

= FEGn

Let us explain the symbols occuring in (2.132) briefly. To each admissable

graph I" € GG, there is an associated bi-differential operator Br , and a weight
wr. The symbol T',,, where n > 0 is the order in the formal deformation
parameter, denotes the set of admissable graphs, which is a proper subset of
the set of all graphs. It is characterised in the follwing way:
Each graph T" consists of n + 2 vertices labelled by {1,2,...,n, L, R} and
2n edges {ig, jr}, with £ = 1,..., n starting at the vertex k and pointing to
some other vertex. An admissable graph has no loops, i.e., an edge starting
and ending at the same vertex. Also, no parallel multiple edges are allowed,
edges sharing the same starting and ending vertex.

The vertices £ = 1,...,n are distributed over the upper half complex
plane, the vertices L and R at the origin and the point (1,0), respectively. A
multi-vectorfield Br is associated to each such graph. The formality theorem
assigns a bi-differential operator Br , to the multi-vectorfields Br. The edges
correspond to derivatives, the vertices to the Poisson structure «. If an edge
ends at another vertex in the upper plane, the derivative acts on the Poisson
structure associated to that vertex. If it ends on L or R, respectively the
derivative acts on the function f or g, respectively. The weight wr of a graph
[" is given by a complicated complex integration. For details see [27], for the
explicit calculations of some weights, see e.g., [28, 29].

In order to illustrate these definitions let us consider some graphs as
examples:

e Graph to n'® order for the Weyl-Moyal product:
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This graph corresponds to the expression

oI g2z ai"jnail . &nf ajl . 8]-"9, (2.133)

e Example for a not admissable loop graph, n = 1:

P

L R

e Parallel edges are not allowed as well:

B
L R

L R

e Another graph in third order for non-constant Poisson structure:

I 412 433
L R
The above graph yields in terms of the Poisson structure:
Oéiljl (8j1 8,»3 Oéi2j2) Oli?’jg (811 @Qf) (8j28j3 g) . (2134)
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Changing the ordering in the noncommutative algebra leads to gauge
equivalent x-products. The x-products are related by a transformation D,

Df*Dg:D(f*’g), (2.135)
where

Df=f+ Y (ih)" Du(f) (2.136)

n>1

and D,, are differential operators of order n.

Let us reconsider the x-products given in Example 2.11 in Section 2.3.1.
There, xy and xg are gauge equivalent x-products. For simplicity, let us con-
sider 1-dimensional Quantum Mechanics. The generalisation to n dimensions
is straight forward. In this case, the x-products (2.125) and (2.126) read

fxn g (q,p) =moexp(—ihd, ® 9,) f(q,p) ® g(q,p),
fxs9(q,p) =moexp(5(9,®08,—08,0,) flg,p) ®g(q,p)-

Using matrices in the exponent, these formulae can be written very succinctly
as

ih ..
f*ng(q,p) = moexp <5a 10; ® @-) fla,p) ®g(q,p),
ih
f*sg(q,p) = moexp <5a”8i ® @') f(a,p) ®g(q,p),
where

0 0 0 1
(@), . = ( 50 ) : (@), = ( 10 ) . (2.137)

The matrix « is the antisymmetric part of &. These x-products are connected
by the transformation D,

D = exp (%egjaﬁj) = exp (—?aqap) : (2.138)

where fg is the symmetric part of &, i.e., @ = o + 0%. We have

fxsg=D"(Df xyx Dg). (2.139)
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The same is true in case of the Manin plane. There we have

» B 0 0 . B 0 TRy
(aj)i,j:q,p = ( —2y®l’ 0 ) ) (aj)i,j:q7p o ( —yRx 0 ) ’

i 0 —TR®Y
ij —
(es)i,j:qvp - ( —YyRx 0 > ' (2.140)
The transformation D = exp (%ngﬁiaj) connects the normal ordered -

product (2.121) and the symmetrically ordered x-product (2.123) (with g-
numbers as normalisation factors). Again, we have fxgg = D~ (Df xx Dg).

In Example 2.11, we have considered the covariance of a quantum space
under the twisted Poincaré symmetry. Therefore, let us briefly discuss this
property in more general terms, see e.g. [30] and references therein. Covari-
ance of a space M under the symmetry algebra U;(g) means that M is a
U, (g)—module algebra:

gom(r®@y) =m(An(g) > (2 ®y)) =m (9> T @ g by), (2.141)

where g € Uy(g), z,y € M, and m, denotes the x-multiplication on M. Drin-
fel’d’s theorem [31] establishes an isomorphism Uy, (g) = (U(g)[[A]], An, €r, Sh),
where

An(g) = FA(g)F .

A is the classical co-product of U(g), F the so-called Drinfel’d twist. Co-
variant x-products are defined in [30] using some appropriate Drinfel’d twist
by

rxy=m(ry)=m(F >y, (2.142)

where m denotes the commutative, pointwise multiplication. The twist is de-
fined uniquely by the requirement of covariance up to a central 2-coboundary.
3 Noncommutative Quantum Field Theory

In this section, we will consider Euclidean 4 dimensional space endowed with
a Weyl-Moyal star-product.

3.1 Scalar models

For describing real scalar fields on a space with Weyl-Moyal star-product,
we will here employ a straight forward approach. We simply replace the
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pointwise product in the commutative action by the non-local star-product.
In a second step, we use the identities (2.97) and (2.98) in order to simply
the expressions. The action then reads

1 2 A
S = /d4x(§aﬂ¢*aﬂ¢—m7¢*¢—Z¢*¢*¢*¢>
2 /\4
_ /d%(%8u¢8u¢—m7¢2—ﬂ¢*¢*¢*¢) (3.1)

The first one to consider this action was T. Filk [32] who derived the corre-
sponding Feynman rules, noticing that the propagator is exactly the same as
in commutative space, i.e.

1 1
(2m)* k2 +m?2’

G(k) = (3.2)

while the vertex gains phase factors in the momenta. In order to see this, let
us examine the interaction part of (3.1):

Dt = /d4x%¢*qﬁ*¢*gb(a:)
-/ d4$(2717)8 [ dthot) oo ko)
> eik1x* (eikzx* (eik3x*eik4X)))

4 1 4 gi7.
- /d o /(Hizld ki) (k1) (ka)(k3)(ka)

k1+k2+k3+k4)xe—% > i<y kiOk;

x el

- (271r)4 /(H?_ldﬁtki)¢<kl)¢(k’2)¢(k3)¢(/€4) (3.3)

x 6O (ky + ky + ks + ky)e 2 2i<s Fibhs

with k;0k; = k?@agkf . The vertex-function is defined by

)
d(P1)0d(p2)dd(p3)dd(pa)

F(4)(p17p27p37p4) = 5
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which yields
(4) A 45(4)
'Y (p1, p2, v, pa) = g(%) O (p1 + p2 + p3 + pa)

1. - 1. - 1 - 1.
X (COS(Ekle) COS(§k3k4) + cos(§k‘1k3) cos(§k2k4) (3.4)

1 - 1 -
+ cos(§k1k4) cos(§k2k3))

As a consequence, new types of Feynman graphs appear: In addition to
the ones known from commutative space, where no phases depending on
internal loop momenta appear (planar graphs) and which exhibit the usual
UV divergences, so-called non-planar graphs come into the game which are
regularized by phases depending on internal momenta. Explicit one-loop
calculations have been performed in [33, 34, 35, 36, 37] and the infamous
UV/IR mixing problem has been discovered: Due to the phases in the non-
planar graphs, their UV sector is regularized on the one hand, but on the
other hand this regularization implies divergences for small external momenta
instead. We will consider the example of the 2-point tadpole and discuss the
UV/IR mixing property in detail in the next subsection.

3.1.1 UV/IR mixing

For example the two point tadpole graph is approximately given by the in-
tegral

A 2 + cos(kp .

The planar contribution is as usual quadratically divergent in the UV cutoff
A, ie.
I~ A2

The difference to the commutative case is the factor 2/3 and the non-planar
contribution. This contribution is regularized by the cosine, and we get

1
n-pl
H ~ ~—2 5

- (3.6)
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which shows that the original UV divergence is not present any more, but
reappears when p — 0 (where the phase is 1) representing a new kind of
infrared divergence. Since both divergences are related to one another, one
speaks of UV/IR mizing. At one-loop level, this is no problem though. Tt
corresponds to a counter term

/ dw(p)]; (=), (3.7)

which is well behaved even in the limit p — 0. But higher loop insertions
then lead to a term of the form

[ déto) d-n), (33)
(7?)

where n is the number of insertions. Clearly, this term exhibits a seri-
ous IR singularity. It is this mixing which renders the action (3.1) non-
renormalizable. Two different strategies to cure UV/IR mixing are known.
Both modify the propagator by adding an additional term quadratic in the
fields: An oscillator term and a 1/p*-term, respectively. In what follows, we
will briefly review those approaches.

3.1.2 Ways out

Grosse-Wulkenhaar model. Adding an oscillator potential and after
some awkward rewritting, the action (3.1) becomes [38, 39|

s = [au(Gormi ol Gortn @) 69

2 A
+%¢*¢+5¢*¢*¢*¢),

where &, = 0, 12, and we have used i9,f = [X, * f]. This action is covariant,
le.

Al
Slos i\, Q) = 2S[gy &, 2~
[(b?M? ) :IH I:(bJQ?QQ?Q]?
under the so-called Langmann-Szabo duality transformation [40] between
position and momenta:

o(p) «— 72\/|detO®| p(x),  pu > 27,, (3.11)
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where ngS(pa) = [d*r,e"V"Pawxan g(x.). The index a is labelling the legs
of vertex and propagator, resp. and defines the direction of the according
momentum. This becomes a symmetry at {2 = 1.Due to oscillator term, the
propagator is modified and an IR damping is implemented. The propagator
is given by the Mehler kernel:

w3 oo do _@(p_g)2coth @ —_« 2tanh &
Kulp) = 5oz | g e 10Tt g

where w = ©/€Q. The IR damping is also responsible for a proper handling
of the UV/IR mixing problem. The model is renormalisable to all orders in
perturbation theory. The propagator depends on two momenta, an incoming
and outgoing momentum, since the explicit z-dependence of the action breaks
translation invariance. Therefore, also momentum conservation is broken.
Remarkably, the oscillator term can be interpreted as coupling of the scalar
field to the curvature of some specific noncommutative background [41].

1/p*-model. In the second approach, a non-local term is added to the
action (3.1). In momentum space, it reads [42]

Su= [ dp53) 5 d(-p). (3.13)

This is exactly the counter term (3.7) we have discussed before. The resulting
action is translation invariant, and thus momentum conservation holds. The
term (3.13) implements IR damping for the propagator, i.e. G(p) — 0, for
p — 0. The modified propagator has the form

1

Gp) = .
) p2+m2+;§—§

(3.14)

The damping effect of the propagator becomes obvious when one considers
higher loop orders. An n-fold insertion of the divergent one-loop result (3.6)

into a single large loop can be written as
oikp

@2)7@ (k2 +m?2 + %22}

Hnnp—ins.<p) ~ )\2/d4]€ (315>

n+1"’

neglecting any effects due to recursive renormalization and approximating
the insertions of irregular single loops by the most divergent (quadratic) IR
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divergence. For the model (3.1), i.e. a = 0, the integrand is proportional to
(k*)~", for k* — 0, as we have already mentioned. But a # 0 implies that
the integrand behaves like
1 k2
n == ) 3-16
(@) @ o

k

which is independent of the loop order n. Using multiscale analysis, the
perturbative renormalisability of this model to all orders could be shown
42].

3.1.3 Minkowski space-time

In this section, we want to briefly discuss or rather mention the difficulties
that arise when we consider noncommutative Minkowski space-time. They
occur when we consider 8% # 0 and is due to the fact that the interaction part
of the Lagrangian now depends on infinitely many time derivatives acting on
the fields. This corresponds to a non-locality in time. In the commutative
case, field theories on Minkowski space-time and Euclidean space are related
by Wick rotation. However, the generalisation of the Wick rotation to the
noncommutative realm is not understood up to now.

A way to deal with fields on noncommutative Minkowski space has been
proposed by S. Doplicher et al. [7] and further developed for noncommutative
scalar ¢* theory by several authors [43, 44, 45]. Tt is termed “interaction point
time ordered perturbation theory” (IPTOPT) and is based on the following
idea: Consider the Gell-Mann—Low formula applied to the field operators gg
of a scalar ng54 theory

o0 o0 [e.9]

<oyT{<£H(x1)...q3H(xn)}|o> :i (;)'m /dtl/dtg.../dtm (3.17)

m=0 N

% (OT{dr(@1) .- br(wa)V (1) .. V(ta)}O)

The subscripts H and I denote the Heisenberg picture and the interaction
picture, respectively; V' is the interaction part of the Hamiltonian

~

V(0 = / d%% b(2) * (2) * (2) * B(2) - (3.18)
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The idea is that the time-ordering operator 71" acts on the time components of
the x; and on the so-called time stamps tq,...,t,. For example, considering
the interaction (3.18) with an alternative representation for the star products

3 4. 4
o0\ K d Sid lz isi;
V(z)_EH/ ¢
i=1

1- 1- 1-
X ¢z — §ll)¢(z + 5] — §lg)¢(2 + 81+ 89 — §l3)q§(2 + 51+ So + 83),

the time ordering only affects 2% and no other time components (like e.g. 9
etc.). This leads to modified Feynman rules. For example, the propagator of
the commutative ¢* theory,

4 ik(x—x")
Gla, o) = / (d ke (3.19)

2m)4 k2 +m? —ie’

is generalised to the so-called contractor

Gola,ta/ ) = / (%4 xp [k(x — X/)kjikwg __let —6TZO (590)
X |:COS (wi(z® =t — (2" = 1)) — % sin (wg (2 —t — (2" = 1))

For 2° = t and 2/ = ¢’ (which is the case if % = 0), the contractor reduces
to (3.19). This approach seems promising in some respects, meaning that one
may extend the formalism to noncommutative gauge fields, although (among
many others) the question of unitarity is still unclear [46].

Finally, one should also remark that similar work, i.e. considerations
concerning proper time ordering when dealing with noncommutative time,
have been done by D. Bahns et al. [47, 48].

3.2 Gauge models

As one generally assumes the commutator 0" to be very small (as mentioned
in the introduction perhaps even of the order of the Planck length squared),
it certainly makes sense to also consider an expansion of a noncommutative
theory in terms of that parameter. In the expanded approach, noncommu-
tative gauge theory is based on essentially three principles,
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e Covariant coordinates,
e Locality and classical limit,
e Gauge equivalence conditions.

Let ¢ be a noncommutative field with infinitesimal gauge transformation

-~

() =ia*P(x), (3.21)

where o denotes the gauge parameter. The x-product of a field and a coor-
dinate does not transform covariantly,

~

(xx(x)) =1ix*a(x) *P(x) #ia(x) xx*P(x). (3.22)
Therefore, one has to introduce covariant coordinates [49]
Xt =al+ g0 A, , (3.23)

such that

~

I(XH x1) =ia* (XH*1)). (3.24)

Hence, covariant coordinates and the gauge potential transform under a
noncommutative gauge transformation in the following way

OXM =i[a X, goAr =0 ot x*] +iglat AY] (3.25)

where we have assumed that 6 is non-degenerate. Other covariant objects
can be constructed from covariant coordinates, such as the field strength,

ighh 0V F = [XF £ XY] — 10", OFM =ila t ] (3.26)

3.2.1 Seiberg-Witten maps

For simplicity, we will set the coupling constant g = 1 in this section. The
star product can be written as an expansion in a formal parameter 6,

frg=1rf-g+> 0"Cu(f.9).

n=1

In the commutative limit § — 0, the star product reduces to the pointwise
product of functions. One may ask, if there is a similar commutative limit for
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the fields. The solution to this question was given for Abelian gauge groups
by [9],

- 0
ALA] = Ay + 507 (A0, A+ FAr) + O(87),
- 0
Vi, Al =y + 59“”Ay3w +0(6%),
0
a=a+0"Ada+OF). (3.27)

The origin of this map lies in string theory. There, the resulting gauge theory
depends on the applied regularization scheme [9]. Pauli-Villars regularization
provides us with classical gauge invariance

whence point-splitting regularization comes up with noncommutative gauge
invariance

A = OA +i [7\ : Ki} . (3.29)

N. Seiberg and E. Witten argued that consequently there must be a local
map from ordinary gauge theory to noncommutative gauge theory

AJA], AN 4], (3.30)
satisfying

A[A + 5,A] = A[A] + 6, A[4] (3.31)

where 0, denotes an ordinary gauge transformation and ES\a a noncommu-
tative one. The Seiberg-Witten (SW) maps are solutions of the so-called
“gauge-equivalence relation” (3.31).

By locality we mean that in each order in the noncommutativity param-
eter ¢ there is only a finite number of derivatives. Let us remember that we
consider arbitrary gauge groups. The noncommutative gauge fields A and
gauge parameters A are enveloping algebra valued. Let us choose a symmet-

ric basis in the enveloping algebra, T, 3(T*T" +T"T*), ..., such that
Az) = A(2)T® + ALy () - TTY: + ...
Ay(z) = Ay ()T + Ay () - TOT® : 4. . (3.32)
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Eqn. (3.31) defines the SW maps for the gauge field and the gauge parameter.
However, it is more practical to find equations for the gauge parameter and
the gauge field alone [50]. First, we will concentrate on the gauge parameters
A. We already encountered the consistency condition

gagﬂ - /6\5/5\,1 - g—i[a’fﬁ} 5

which more explicitly reads

104 BIA] — 05a1A] + [G[A] £ BIA]] = (o, B])[A]. (3.33)
We can expand & in terms of 6,
alA] = a+ o' [A] + o*[A] + O(6%), (3.34)

where a” is O(0"). The consistency relation (3.33) can be solved order by
order in 6¢:

0" order : o = a,
‘ 6
1% order : o! = Z@’“’ {0,0, Ay}

0
= 50" Opcra Ay : TT" : . (3.35)

For fields 12 the condition
0atV[A] = 6,0 A] = ia[A] x [A] (3.36)

has to be satisfied. In other words, the ordinary gauge transformation induces
a noncommutative gauge transformation. We expand the fields in terms of
the non-commutativity

b=y + A + A + ..., (3.37)

and solve Eqn. (3.36) order by order in #. In first order, we have to find a
solution to

St [A] = it +iaty — geﬂ”auaam. (3.38)
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It is given by
0™ order : ¥ =1,
0 i0
I onder : ! = —Z0 4,01 + IZQ#VAuAm. (3.39)

The gauge fields IZ{\M have to satisfy

-~

Sl [A] = 0,a]A] + i [a[A] fAM[A]} . (3.40)

Using the expansion
AA] = A% + ALA]+ A2[A + ... (3.41)
and solving (3.40) order by order, we end up with

0" order : A) = A,

0
1" order : A} = —ZOT” {A;,00A,+F,.}, (3.42)
where F,, = 0,A,—0,A,—1[A,, A,]. Similarly, we have for the field strength
E,

S =i [a, ﬁw]
~ 0 0
and F,, = F,, + 59” {F/w’ F,.} — 19‘77 {A,, (0; + DT)FW} , (3.43)
where D, F;, = 0,F-, —i[A,, F..].

3.2.2 Oscillator models

As a first step, a BRST invariant action including an oscillator term has been
proposed in [51]:

1 1 0?2
S = /d4m (ZLFW * F*" + s(ex 0,A,) — §B2 + §3(5M *Cu)) . (3.44)
where C,, contains the crucial new terms:
Co=Hou v AT A+ [{zu st rd+er{a, 1}, (3.45)
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and ¢, is a new parameter which also transforms under BRST. The noncom-
mutative field strength is given by F),, = 0,4, —0,A,—i[A, ¥ A,]. Summing
up, the action (3.44) is invariant under the following BRST transformation:

sA, = Dyc, sc=1B, sc = igcxc, (3.46)

sB = 0, 5C, = I,

The above set of transformations is nilpotent. The propagator of the gauge
field is given by Mehler kernel (3.12). One-loop calculations have been pre-
formed in [52]. A power counting formula has been obtained and the correc-
tions to the vertex functions have been computed. Remarkably, the one-point
tadpole is UV-divergent. Therefore, the action (3.44) is not stable under one-
loop corrections, and a linear counter terms needed.

It seems natural to look for a more general action. The so-called induced
gauge action [53, 54] contains the terms of (3.44) and more. It is invariant
under noncommutative U(1) transformations. The starting point is the scalar
#* model with oscillator potential (3.9). The scalar field is then coupled to an
external gauge field. The dynamics of the gauge field is given by the divergent
contributions of the one-loop effective action generalising the method of heat
kernel expansion to the noncommutative realm. The induced action is given

by
S = /d4x{g(1—p2)(ﬂ2—p2)(Xu*X”—5:2) (3.47)

+;(1 . p2)2(< N*XN)*Z o <i2>2) _ %Fﬂ’/F/‘V} )

1-02 -~2 m26

where p = 1755, i = {7z Furthermore, the field strength is given by
FMV = _Z.[i‘;m AV]* + i[jua Au]* - 'L.[A;u Al/]* )

and X » denote the covariant coordinates, X p = T, + A, In the limit Q — 0
(i.e.,, p — 1), we recover the usual noncommutative Yang-Mills action. An
interesting limit is 2 — 1 (i.e., p — 0), where we obtain a pure matrix model.
It has a non-trivial vacuum, which makes the quantization more difficult. The
computation of propagator and Feynman rules and also one-loop calculations
are work in progress.
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An alternative model has been proposed in [55]. The gauge model is
constructed on a specific curved noncommutative background space, the so-
called truncated Heisenberg space. In two dimensions the action reads

S = /d%: ((1 — )5 —2(1 —®)pu Flax ¢+ (5 — a?)p?¢* (3.48)
i Fis % 072 + (Dig)? — a2 {ps + A; * 6 ) . (3.49)

where « is some parameter and g has dimension of a mass.

3.2.3 1/p* model

The same strategy as in the scalar case is applied here, the IR divergence is
added as a counter term. Considering the action

S = / d'z F,, *F,, (3.50)

for noncommutative U(1) theory, the vacuum polarization shows the follow-
ing IR divergent contribution:

Puby
(P?)?

A gauge invariant implementation of the above is given by the term [56]

1
/d4xFMVWFHV' (352)

The inverse covariant derivatives in the above expression need to be expanded
in terms the gauge field. Hence, vertices with arbitrary number of photon
legs occur. This situation might still be treatable, but it is simpler to use a lo-
calised version of (3.52). Basically, there are two different ways to implement
the localization:

I, o (3.51)

e By introducing an antisymmetric field B, [57]:

R
But this field is physical and introduces additional degrees of freedom.

Therefore, the model is not pure noncommutative U(1) gauge theory
any more but describes different physics.

2
/ d*zF Z—D2F,w - / @5 (ByFyo — By » D*DB, ) . (3.53)
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e Secondly, BRST doublet structures are employed in [58]. The addi-
tional fields needed for the localization of (3.52) build BRST doublets.
This avoids the introduction of new physical degrees of freedom. Un-
fortunately, the model presented in [58] is not renormalizable.

The virtue of the latter approach is the implementation of the IR damping
as a so-called "soft breaking”. This is in analogy to the Gribov-Zwanziger
approach to undeformed QCD [59, 60], where an IR modification of the prop-
agator is suggested to cure the Gribov ambiguities. The UV renormalizabil-
ity is not altered. In [61], the "soft breaking” approach has been developed
further. As a result the following action is proposed:

S = Slnv + ng + Saux + Ssoft + Sext ) (354>
Sinv = /d4ZL’ 4ELVF,U,V7 (355)
Sy = / d*z s(¢d,A,), (3.56)
Saux = /d4$8 (QZ/J,VB}U/) ’ (357>

Ssoft = /d4$ S ((Q/H/OA,BB/U/ + Quuaﬁém/) (fa,B +o— f)) ) (358)
Sext = /d4x (QZ‘SA“ + Q¢sc), (3.59)

where f,3 = 0,A3—0sA, is the commutative U(1) field strength, ©,5 = € 0,5
and f = Ou5fap, O = 0,0, = 0,00,30,03. For convenience, ¢ has mass
dimension —2, whereas 6, is rendered dimensionless. The additional sources
Q,Q,J,J ensure BRST invariance of (3.54). In the IR, they take their
physical values:

2
~ 7 Y
Quvap |phys = 0, Juvas |phys = 4 <5ua5Vﬁ — Oup Ova),

2
Y
qua5|phys = 0, Juvaﬁ|phys = Z(éuaélﬁ - 5uﬁ51/a> . (3-6())

Inserting the physical values and integrating out the field B, the following
action is obtained:

1 1 _
Sphys = /d4[I§' (ZFMVF/LV "‘74 {aﬂAVﬁflﬂ/ + <O' + ZU ) (3A)D (814)} + s (c@uAu)> .
(3.61)
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The term proportional to v* breaks gauge invariance. It is called “soft break-
ing” since the parameter v has dimension of mass. We have used the com-
mutative field strength in this expression although it is not covariant under
noncommutative gauge transformations. But it only appears in the breaking
term and cannot make it worse, since gauge invariance is already violated.
The advantage is that only the propagation but not the interaction is modi-
fied due to the “soft breaking”.

The full action (3.54) is invariant under the following set of BRST trans-
formations:

sA,=D,c, sc=1igcc, sc=b, sb=0,
s =B, $Bu, =0, sBu, =11, st,=0, (3.62)
sQ=J, sJ=0, sQ=J, sJ=0.

The fields v and B, resp. ¥ and B and the sources @ and J, resp. Q and .J
are BRST doublets. Let us discuss the Feynman rules for (3.54). The vertex
functions are the same as in the usual noncommutative U(1) theory defined
by the action (3.50). The propagator is more complicated, it reads

4N\ —1 —4 7

k., k o k
GA Uy = (K2+ L 5, — 22 i 3.63
u (K) ( +k2> (“ k2 (k2+(54+74)—1)(k2)2>’ (3:63)

where o
o
= 2~* .
¥ (a—l— 1 )

But for 1-loop calculation, it can be approximated by

1 k. k
A v
G;w ~ ﬁ(élw - 22

since both UV and IR divergences result from high momentum range in the
loop. This ignores the IR damping, but as we have seen the damping has no
effect at one-loop. Considering higher loop insertions of a single tadpole (cf.
(3.15)) the damping of the propagators between the single loops is essential
and renders the result independent of the number of inserted loops - at least
in the scalar case, for the gauge model discussed here this still needs to be
shown.
A power counting formula,

Qi

), k*>>1, (3.64)

de =4 — E4 — B, (3.65)
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where Ey denotes the number of external ¢-legs, and one-loop results have
been obtained in [61]. The correction to the vacuum polarization is given by
2¢° pupy | 13g°

W = S0 — pup) A, .
K €272 (252)2 + 3(471’)2 (p W bup ) n (3 66)

where A denotes a momentum cut-off. Remarkably, the one-loop correction is
transversal. Furthermore, we obtained the following results for the vertices:

[BAIR 2ig3 €pP1D2 p] up] l/p] p

wp = T COS—/— — (3.67)
m 2 Ay, )
17g
3A, UV _ 3A tree
Fp,l/p - 6(47'(') lnAVyup (p17p27p3)7 (368)
)
4A UV _ 4A tree
i = —g A Vi, (3.69)

where V3¢ and VA3 denote the tree level vertex functions. Regard-
ing the three-point functlon the IR divergent result (3.67) corresponds to a

counter term

GBAcor / d'z g {A,* A }‘9 4O a 24, (3.70)

Such a term can readily be introduced into the “soft breaking* part of the
action Sgf in (3.54). But in order to do so, we have to restore BRST invari-
ance in the UV regime. Again, this can be achieved by introducing sources

Q' and J’, which form a BRST doublet,
sQ' =J, sJ' =0. (3.71)

Consequently, we insert the following terms into Sgog:

) 9,0,0 ) 9,0,0,
/d% (J (A3 A4,p pAp—Qs<{AM,A - p>) (3.72)

This term is BRST invariant by itself. In the IR, the sources take on their
physical values

J =gy* Q =0, (3.73)
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and the counter term in (3.70) leads to a renormalization of 4/, which is

another parameter of mass-dimension 1.
The above one-loop result leads to a negative S-function:
79°
12727

8=

List of abbreviations

EOM  equations of motion
LHS left hand side

QYBE Quantum-Yang-Baxter-Equation
RHS right hand side
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