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Review

@ In lecture 42, we discussed that g-2 is related to the connected and
amputated photon-electron vertex ;"""

@ In this lecture, we start the calculation of ;"""

o We will take this as a practical opportunity to discuss many details of

QED calculations
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Setting up the Calculation

@ In lecture 41, we calculated the photon-electron vertex in QED to
leading order in perturbation theory

@ Since the interaction term in Spatter X i€ fx &A@/} the second-order
contribution to I, vanishes identically (odd number of A,'s)

@ Therefore, the next non-trivial perturbative correction is third order
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Third order vertex

o Expanding e~ matter to third order in the coupling e we have

3) _ (—de)? - - ; -
r'u (X17 X2, X3) - 3l <waxwx¢yAy¢yszz¢zwlA2,uw3> .
: X,¥,Z
(43.1)

@ For notational brevity, the space-time coordinate has been written as
a subscript, and 17 is meant to represent 1)(xi)

@ The expectation value (-) is wrt the free theory, which is Gaussian

@ For this reason, the expectation value decomposes into the familiar
Wick contractions
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Wick contractions

@ First we start contracting the fermions, using the basic fermion

propagator
5oy = (W2, (43.2)

where we have made the spin indices a, 5 explicit.

@ Starting with 71, we have the option of contracting it with
Yy, Yy, 1, this corresponds to three ways of relabeling coordinates,
which will result in the same integral

@ We choose contraction with v, and multiply this contribution by
three:

(—ie)®

2!

r;(?) (X1> X2, X3) =

/ (BrAtoy Ay oy DAL 7 Ao i) SCy
v (43.3)
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Wick contractions

o Next we pick 13

@ We can connect it to 1y or 1Zy, which again gives the same result up
to relabeling of coordinates

@ Choosing &y, we have

Fff) = _ie3/ <1/_JXAXway,a’)’gﬂlw}éllZ;Azﬂwge A2v“>5§f/ ;:71 ’
X,Y,Z
(43.4)

o Note the minus sign that arose from pulling v, through an odd
number of spinors, which are anti-commuting
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Wick contractions

o Next, we pick 1,
@ We can connect it to 1, or 1), but only connecting it to 1 will give
us a connected contribution

@ Choosing this, we have

FE’) = +ie3/ <IZ>O<ZAX,p’Y?7a/Ay,a’}’gﬂ/d}f/Azﬁ'}/{?e AZ,M>S)?£,/276 é:[j/ ;,i :
X7.y7z
(43.5)
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Wick contractions

@ Finally, rearranging the remaining @Dyﬂzx such that they appear in the
order 1,1, we have

r;(f)) = —ie3/ <AX,p7g,a/Ay7gﬁyg’6,Az,675 A27H>5ﬁ asa s, ,55;,1
7.y z
(43.6)

@ We now need to contract the photons
@ Starting with Ay, we have the option of connecting it to A, or A,
@ Connecting it to A, gives a connected contribution — but it's

(1)

“trivial” because it just corresponds to [';;” with a second-order
propagator
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Wick contractions

@ Connecting therefore Ay, A« as
(A2 uAxp) = Gz’fﬁ (43.7)

we have

10— i | Gphakp T S ses S (438)
X7y7Z

@ Writing the spin-indices in-order so that they correspond to matrix
multiplications gives

F®) (1, xp. 35) = —ie? / G 6L S90Sy a1 S s 5S21 - (43.9)
X,y,Z
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Fourier Transformations

o Next, we Fourier-transform all propagators, writing e.g.

S3y = / eK-0s=y) (43.10)
K

o We get

3 . 3 5
rEL)(Xl,Xzaxs) = —ie / / GY° G} 5375547 5575 S6
x,y,z J K1,K2,K3,Ka,Ks,Ke

x eiX'(K2*K4+K5)+iy-(*K1*K3+K4)+iZ(K1*K5+K6)

Xefixl-stiX2-K2+fX3-K3 ’ (43.11)

where S; now denotes S(Ki)
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Fourier Transformations

@ Integrating over x, y, z gives three delta functions:

5(K2 — Ky + K5)(S(K1 + K3 — K4)5(K1 — Ks + Kﬁ) (4312)

@ Doing an inverse Fourier transform on xi, xo, x3 as
e
e+lx1 P—ix3-P'—iQ-x (4313)

gives three additional J-functions

@ We use the delta functions to do the momentum integrations
K27 K3a K47 K5a K6
@ Relabeling K1 = K we have

I_E’)(P, P = —ie3/K G Ggp5P1’ygSK+P/'yp5K+P’Y§5P5(Q —P' +P)
(43.14)
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-
Amputated Vertex

e We recognize (@ — P’ + P) as the constraint of momentum
conservation

@ We also recognize Ggp as propagator for the photon of momentum
Q, and Sp, Sp/ as the external fermion propagators

@ This is the structure anticipated in lecture 42

@ We therefore get the amputated vertex as

r}(ﬁ3)7conn.,amp.(P7 Pl) _ —ie3/ G;p(U'YaSK—&-P”YuSKJrP'Yé ) (43_15)
K

@ We will evaluate the connected vertex in the next lectures
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