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Review

In lecture 43, we derived the amputated photon-electron vertex in
QED

A part of the result was the fermion propagator

S(x) ≡ 〈ψ(x)ψ̄(0)〉 (44.1)

in the free theory

We discussed the fermion partition function in lecture 33, which we
will use as a starting point
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Fermion Partition Function

The fermion partition function was derived in lecture 32

We found

ZF =

∫
Dψ̄Dψe−

∫
x ψ̄[γEµ∂µ+m]ψ . (44.2)

A key difference wrt bosonic theories is that fermions obey
anti-periodic boundary conditions, e.g. ψ(τ = β) = −ψ(τ = 0)

Performing a Fourier transform as in lecture 33 we have

ψ(τ, x) =
T

V

∑
K

e iK ·x ψ̃(K ) . (44.3)

The fermionic Matsubara frequencies are K0 = π(2n + 1)T
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Propagator

The free fermion propagator is given by

S(x) =

∫
Dψ̄Dψψ(x)ψ̄(0)e−

∫
x ψ̄[γEµ∂µ+m]ψ

Z
(44.4)

Fourier-transforming this gives

S̃(P) =
T

V

∑
Q

∫
D ¯̃ψDψ̃ψ̃(P) ¯̃ψ(Q)e−

T
V

∑
K

¯̃ψ[iγEµKµ+m]ψ̃

Z
(44.5)
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Grassmann integration

Using the rules of Grassmann integration, we have∫
dc∗dccc∗e−c∗ac∫
dc∗dce−c∗ac

=

∫
dc∗dccc∗∫

dc∗dc(−c∗ac)
=

1

a
. (44.6)

For the multi-component case, this is∫
[
∏

i dc
∗
i dci ] ckc

∗
l e

−c∗i Mijcj∫ [∏
i dc

∗
i dci

]
e−c∗i Mijcj

=
1

Mkl
(44.7)
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Free Propagator

The relevant integral for the fermion propagator is then∫
D ¯̃ψDψ̃ψ̃(P) ¯̃ψ(Q)e−

T
V

∑
K

¯̃ψ[iγEµKµ+m]ψ̃

Z
=

V

T

1

i /P + m
δP,Q . (44.8)

The free fermion propagator therefore becomes

S̃(P) =
1

i /P + m
. (44.9)
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Rewriting the propagator

We can rewrite the propagator as

S̃(P) =
1

i /P + m
=

1(
i /P + m

) (
−i /P + m

) (−i /P + m
)

(44.10)

In addition, we have(
i /P + m

) (
−i /P + m

)
= /P /P + m2

=
1

2
PµPν

{
γEµ , γ

E
ν

}
+ m2

= P2 + m2 (44.11)

We can use this to rewrite

S̃(P) =
−i /P + m

P2 + m2
. (44.12)
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