Chapter 6

Methods of Approximation

So far we have solved the Schrodinger equation for rather simple systems like the harmonic os-
cillator and the Coulomb potential. There are, however, many situations where exact solutions
are not available. In the present section we will discuss a number of approximation techniques:
Time independent perturbation theory (Rayleigh-Schrédinger), the variational method (Riesz)
and time dependent perturbation theory. As applications we work out the fine structure of
hydrogen, discuss the Zeeman and the Stark effect, compute the ground state energy of helium

and derive the selection rules for the dipol approximation for absorption and emission of light.

6.1 Rayleigh—Schrodinger perturbation theory

Time independent (Rayleigh—Schrodinger) perturbation theory applies to quantum mechanical
systems for which a time-independent Hamiltonian H is the sum of an exactly solvable part

Hy and a small perturbation,

H = Hy+\V, (6.1)

where \ serves as a formal infinitesimal parameter that organizes the orders of the perturbative
expansion. Of course only the smallness, in some appropriate sense, of the product A\V' will be

relevant for the quality of the resulting approximation.

Non-degenerate time-independent perturbation theory. We first assume that the

eigenvalue problem for Hj has been solved
Hy|a0) = E,pla0) (6.2)

with discrete! non-degenerate eigenvalues E,q for some index set {a} and corresponding eigen-

states |a0). The label 0 refers to the unperturbed Hamiltonian Hy and to the 0th approximation.

L If appropriate, sums have to be augmented by integrals over continuous parts of the spectra as usual.
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We now make the ansatz that the exact solution to the eigenvalue problem

Hl|a) = E,|a) (6.3)

can be expanded into a power series
Ei=Eup+ My + NEp+...= Z N E,, (6.4)
la) = |a0) + Mal) + A2|a2) + me (6.5)

Even if E, and |a) are not analytic in A so that the expansion does not converge to the exact
solution we may get excellent approximations for sufficiently small A. In that case (6.4)—(6.5)
is called an asymptotic expansion. A well-known example is the anomalous magnetic moment

of the electron (5.6), for which the perturbation series is known to diverge.
The next step is to insert the ansatz into the stationary Schrodinger equation

(Ho + AV) (Z Nai) ) = (i Aanj> (i Ak|ak>> : (6.6)

J=0

or .
> NHolai) + > NV ai) =Y X (Z Ew»_l|al>> : (6.7)
=0 =0 =0 =0

and to compare coefficients of A\*. For A\’ we obtain, of course, the unperturbed equation
Hyl|a0) = E,|a0). For the higher order terms we bring the |ai)—terms to the left-hand-side and

collect all other terms on the other side,

o for \!:

(HO - EaO)‘a1> = (Eal - V)|a0>7 (68>

o for A% (Ho — Fu)[a2) = (Eut — VY|al) + Euaa0), (6.9)
o for \i: . )

(Ho — Eqo)lai) = (Ear — V)|a,i—1) 4+ ... + Eqy;|a0). (6.10)

The best way to analyze the content of these equations is to compute their products with the

complete set (b0| of eigenstates of Hj.

First order corrections. When evaluating (b0| on (6.8) we can replace (b0|Hy in the first

term by (b0|Eyo and thus obtain
(b0|(Epo — Eao)]al) = (00|(Ear — V)]a0) = 04pFEa1 — (b0|V]a0). (6.11)

We thus have to distinguish two cases:
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e for a = b the equation can be solved for

E,1 = (a0|V|a0), (6.12)

so that the first order energy correction is simply the expectation value of the perturbation.

e for a # b the equation can be solved for

~ (b0[V]a0)

b0lal) =
< | > Eb() - EaO

(6.13)

These scalar products are just the expansion coefficients of |al) in the basis |b0) so that

B0V [a0)
al) b0) 6.14
1) = 3 ) p (6.14)

where we omitted a potential contribution of |a0) for reasons that we now discuss in detail.

If we consider the products of (b0| with the equations (6.8)—(6.10) we observe that the
L.h.s. vanishes for b = a and the r.h.s. contains a term FE,;0,. The resulting equations
hence determine the energy corrections E,; for each order \'. For b # a the assumption of
non-degenerate energy levels Eyy # Eqo implies that the Lh.s. becomes (Eyy — Eq)(b0|ai) so
that these equations determine the expansion coefficients of |ai) in the basis |b0) for b # a.
But (a0|ai) remains completely undetermined! The reason for this is easily understood: The
Schrodinger equation is linear, and so are all equations that we derived with our perturbative
ansatz. Every solution |a) = |a0)+ A|al)+. .. can hence be rescaled by an overall factor f(\) =
1+ fiA+ ..., which would reorganize the perturbation series such that the coefficient of |a0)
in the expansion of |ai) can be changed arbitrarily without impairing the orthonormalization

(a0]b0) = 045 of the unperturbed states. We are hence free to simply choose
(a0laiy =0 (6.15)

as is done, for example, in [Schwabl|. This is the most convenient way to fix the ambiguous
coefficients. Then |al) and all higher order corrections are orthogonal to |a0) so that (according
to Pythagoras) the norm of |a) differs from the norm of |a0) by a positive correction term of
order \2. If we want to keep |a) normalized at each order in perturbation theory then we can
divide |a) as obtained with the choice (6.15) by its norm, which will keep (a0lal) = 0 but

change (a0|ai) for i > 2 such that |a) stays normalized. We are now ready to proceed with the

Second order energy correction. Multiplicaton of (b0| with (6.9) yields

(B0|( By — Eao)[a2) = (b0|(Eay — V)|al) + 8uEas. (6.16)
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For a = b we use (a0|al) = 0 and solve for F,5 = (a0|V'|al), thus obtaining the energy correction

(a0]V |b0)|?
a2 _ Z | | | ’ (617)

aO - EbO

which shows that the contribution of other states to the energy correction is proportional to
the squared matrix element of the perturbation, but suppressed by an energy denominator for
states located at very different energy levels. It is straightforward to work out the second order
corrections to the wave function® but since our interest is usually focused on energy spectra

this would only be relevant for the computation of E3.

6.1.1 Degenerate time independent perturbation theory

In the above derivation we used that the energy levels are non-degenerate and the results (6.14)
and (6.17) show that we get in trouble with vanishing energy denominators if E,y = Fj for
a # b. Indeed, equation (6.11) becomes inconsistent if there is an offdiagonal matrix element
(b0|V']a0) between states with degenerate unperturbed energies. The reason is easily understood
because the choice of basis is ambiguous within the eigenspace for a particular eigenvalue and
when the degeneracy is lifted by AV then an arbitrarily small perturbation requires a non-
infinitesimal change of basis. This is inconsistent with a perturbative ansatz. What we thus
need to do is to diagonalize the matrix (b0|V'|a0) within each degeneration space E,g = Eyg SO

that the perturbative ansatz becomes consistent. The vanishing r.h.s. of (6.11) thus implies
Ea = (a0|V]a0)  with  (00|V]a0) =0 for FEu = Eyy, a#b (6.19)

so that the eigenvalues E; of (b0|V|a0) yield the first order energy corrections.

6.2 The fine structure of the hydrogen atom

The fine-structure of the hydrogen atom, which partially lifts the degeneracies of the pure
Coulomb interaction that we observed in chapter 4, is an important application of degenerate

perturbation theory. The relevant Hamiltonian consists of the relativistic corrections

p? p4 1 dV - A2
H = V — —LS AV 6.20
2m. +Vir) 8m3c? i 2m2cr dr * 8m?2c? (r) (6.20)
N—— (. ~ 2 . ~ 2
Ho HRx Hso Hp

2 The solution (b0|a2) = ((b0|V'|al) — E,1(b0Jal)) /(E.o — Epo) of (6.16) leads to the second order wave

function correction

02) = Sy 00) (3, B GOV0) — B O) ) — plan), (6.18)

where the normalization of |a) at order A% requires p = 3(allal).
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with V(r) = —ZTEQ, where we dropped the unobservable zero-point energy mc? of the electron

(as well as that of the nucleus).®> We now discuss the fine structure corrections

Hrx ... relativistic kinetic energy correction
Hso ... spin orbit coupling
Hp ... Darwin term

in turn. At the end we will observe a surprising simplification of the complete result.

Relativistic kinetic energy. Since the electron is much lighter than the nucleus, its
velocity is much larger and the resulting relativistic corrections to the kinetic energy Egryi set
the scale for the size of the fine structure corrections. According to the Bohr model the velocity
of the ground state orbit is

v e? 1 Erk v? 2
¢ he @ 137 Ey c? “ ( )

so that first order perturbation theory is sufficient for the derivation of very precise values for

the level splittings. For small velocities the relativistic expression

2
E = \/m2c* + P?c? = m.c*y 1+ (mic> (6.22)

can be expanded into a power series using

Vite =2 () ar =1+ 1o — a2+ .., (6.23)
with the result
E=md+ 4 —th=+. . (6.24)

The second term is the non-relativistic kinetic energy, which is the kinetic part of the Schrodinger
Hamiltonien Hy. Thus the leading relativistic correction is
P4

Sm3c2’ AESE = (nlm|Hpg|nlm) (6.25)

Hprgx = —

where AE denotes the first order energy correction (6.12), which depends on the principal
quantum number n and the orbital quantum number /. Since the momentum commutes with
the spin operator, we can ignore the spin quantum numbers. Since the states |nlm) satisfies

the unperturbed Schrédinger equation Hy|nlm) = E,|nlm) with energy

7% meet Z2%e? 1
=2 _ 2%~ 6.26
n? 2h2 2n? ay ( )
we can use P? = 2m.(Hy — V) with V(r) = —2762 to trade expectation values of powers of P?

for expectation values of powers of the Coulomb potential,

P4 1 P2 \? 1 Ze2\?
Hpg=———=— —_— | = - Hy+—| . 6.27
RK 8m3c? 2m.c? (Zme 2m.c2 0 r ( )
3While the replacement of the electron mass m, by the reduced mass p with % = n% + % leads to a

larger absolute shift in the total binding energies than the fine structure, it can be ignored for the relative level
splittings.
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Inserting the expectation values

1 A 2F, h? (6.29)
— = = —— an = ——— .
T/ apn? Ze?’ 07 e’
1 VA 4F?
<_2> = 2.3 = >34 n17 (6.29)
2/ agn®(l+3)  Z%e* 1+ 5
where ay denotes the Bohr radius, the relativistic kinetic energy correction becomes
Z4e8 n 3
AREK = T S 6.30
g anic2ht \1+1 4)’ (6.30)

which is of order a? as expected.

Spin-orbit coupling. The Hamiltonian Hgo of the spin-orbit coupling

1 AV - - 1 —-=Ze?
Hsqpop=———LS = LS 6.31
50 2m2cr dr 2m2c? 73 ( )

has been discussed already in chapter 5 and will be derived from the Dirac equation in chapter 7.

For the evaluation of the radial part of the expectation value we need

1 Z3 3,6 1
(5) =55 - (6:32)
/) h n3l(l+ 1)1+ 5)

For the evaluation of the angular part we recall that J? = (L + S)? = L? + 5% + 2LS so that

the spin-orbit term can be written as

LS=1(2—-12-5%). (6.33)

1
2

Since J? does not commute with L, the spin-orbit Hamiltonian is not diagonal in the basis
Inlm;) ® |smg) and we have to apply degenerate perturbation theory in the total angular
momentum basis |n jlsm;). The energy correction thus becomes

2 R +1) — 10 +1) —s(s+1) (nl] Sty (634)
— — — (s nl| — |n )
amz IV r3

e

(njlsm;i|Hsoln jlsm;) =

1
2

the degeneracy of the 6 electron states |21m) in the p orbital with principal quantum number

For an electron s = 3 and therefor j =1+ % The spin-orbit coupling hence lifts, for example,

n = 2 and induces a fine-structure difference between the energy levels of the 4 states in the
spin % quartet 2ps/, and the 2 states in the doublet 2p;/,. We hence need to distinguish the

two cases j =1+ % and obtain

apso _ e <l> {hz((z+%)(l+%§—l(l+1;—%§) (6.35)
nl 2 22

gl dm?c?

Ze? < 1 > nl
= —— (= . 6.36
4m2c? \r3/ , { —R2(1+1) (6.36)
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Inserting (6.32) the final result becomes

Jheb 1 l for j=1+3% 1>0
AESO = e © .{(l N orj=ttsy 1>0 (6.37)

nl 4ctht ndl(l+1)(1+3) for j=1—13, 1>0.

For [ = 0 the result is AESjOO = 0 because the matrix element of J* — L? — S? vanishes.

The Darwin term. For the last contribution to the relativistic corrections we start with

a heuristic argument that is based on the idea of a Zitterbewegung, i.e. an uncertainty in the

position of an electron that is of the order of its Compton wave length

h
X = — ~ 3.86 x 10" Pm. (6.38)

MeC

The effect of averaging over a slightly smeared out position of an electron in an electrostatic

field would amount to an effective potential

Vigs(@) = (VE+60)) = V(@) + (52)av (@) + %<5mi5xj>8i@j‘/(f) o (6.39)

0x

Imposing rotational symmetry of the fluctuations we expect (dx%) = 0 and
L . 1 ... 1 ... 1 ...
S0\ — SU 15,1\ _ — ¢ij RS2\ — S 2N\2 — st 2
<5x oz > J <5x dx > 3(5 <(5:1:(5x> 3(5 (0]7]) 35 (0r)=. (6.40)

If we set the expectation value of the fluctuation dr of the position equal to the Compton

wavelength X, we obtain
h2

6m2c?

Vo (2) = V(@) + AV(Z) (6.41)

where A = §0;0; is the Laplace operator. This line of ideas leads to the correct functional
form, but the correct prefactor (% instead of %) of the Darwin term
h? h2Ze* 1
V(@) = —— 25 A (6.42)

8m2c? r

Hp

- 8m?2c?
is obtained from the Dirac equation, as we will see in chapter 7). The Coulomb potential solves
the Poisson equation with point-like source,

A% = — 476 (7). (6.43)

Because of the -function only the s-waves contribute to the Darwin term

Th?Ze? meZted
55 | am (0)* = 5575 000- (6.44)

D _ _
AE;;, = (nlm|Hp|nlm) = e = 531200

T

Note that the Darwin term exactly corresponds to the formal limit [ — 0 of the spin-orbit

correction (6.37) for the case j =1+ 5
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Figure 6.1: Fine structure splitting of the n = 2 and n = 3 levels of the hydrogen atom.

Fine structure. Putting everyting together we obtain the complete fine structure energy

correction i s
Z%e® (3 n
AEFS = e 2 . 6.45
™ 2hintc2 \4 5+ % ( )

As one can observe in figure 6.1 for the orbitals with principal quantum numbers n = 2 and

n = 3, the energy shift is always negative because j + % < n. It is independent of the orbital
quantum number [ and only depends on n and the total angular momentum j, which leads to a
degeneracy of the orbitals 2s; /5 and 2p; /, that will be important in our discussion of the linear

Stark effect.

6.3 External fields: Zeeman effect and Stark effect

We now analyze the level splittings that are due to external static electromagnetic fields. Such
fields reduce the symmetry, at most, to rotations about some axis and hence can lead to further
liftings of degeneracies that are otherwise protected by the 3-dimensional rotation symmetry

of an isolated atom.

The Zeeman Effect. Taking into account the g-factor of the electron the Hamilton oper-

ator for the interaction with an external magnetic field is

— e — - =

Hy = B(imy +ms) = ——(L + 29)B. (6.46)

2mec
For a constant magnetic field along the z-axis we have

(&

B = B.é, = Hy = (L:+25:)B. =

= J,+ S.)B,. 6.47
2mec 2mec( + ) ( )
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Taking the hydrogen atom without fine structure as the starting point, we note that the energy
levels are degenerate for fixed n in the orbital quantum number [ < n and in the magnetic
quantum numbers m;, m,. If we want to treat the spin-orbit coupling and the Zeeman Hamil-
tonian as perturbations, the problem is that [Hgo, Hz] # 0, so that these operators cannot be
diagonalized simultaneously (in the degeneration space of fixed n). We would therefore have
to treat both interactions at once, thus diagonalizing much larger matrices. While this can be
done (see [Schwabl| section 14.1.3), we rather consider the two limiting situations where one
of the effects is dominant and the other is treated as a small perturbation on top of the larger
one. Accordingly, there is a weak field and a strong field version of the Zeeman effect, where

the latter is associated with the name Paschen-Back effect, as we will discuss below.

Weak field Zeeman effect. For weak external magnetic fields the spin-orbit coupling is
dominant. We hence compute the matrix elements of Hy between eigenstates |njlsm;) of Hgo
and need to diagonalize within the degenerate subspace of fixed n,j,l. This will be a good
approximation as long as the matrix elements of H; between states with different total angular
momentum are small compared to the energy denominators (6.17) caused by the fine structure
splitting due to Hgop so that second order perturbative corrections are small as compared to

the leading order. This is the precise meaning of what we call a weak magnetic field.

Since we assume that Hgo is dominant, the first order energy correction is now computed for
fixed J?, i.e. in the basis |njlsm;) and within the 2j + 1 dimensional subspace m; = —j, ..., j.
But in this subspace Hy is already diagonal because J, + S, commutes with J,. Hence we only

need to evaluate

z . eB. .
AE;, = (n]lsmj|2m . (J, +S.) |njlsmy)

e, ) )
= e (hm; + (njlsm;|S.|njlsm;)).

e

In order to evaluate S, we expand |njlsm;) in the basis |lsmyms),

Injlsm;) = Z |nlsmymg)  (Ismymg|jlsm;) . (6.48)

J/

-~

ms=£3 Clebsch—Gordan coeff. C:f?Yllms

The Clebsch-Gordan coefficients C7, = Cl5 - for J =L+ S were computed in (5.69),
: 1 1
Conim. Ms =3  Ms=—3
: I+m;+1/2 I—m;+1/2
j=1+3 \/ g} : \/ g} : (6.49)
1 \/zfmj+1/2 \/l+mj+1/2
J=t=3 ]~ 20+1 20+1
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Figure 6.2: Schematic diagram for the splitting of the 2p levels of a hydrogen atom as a function
of an external magnetic field B. For small B the degeneracy of the six 2p levels is completely
3 1 1

removed, but as B becomes large the levels j = 5,m = —% and j = 5, m = 5 converge, so that

the degeneracy is only partially removed in the limit of very large B (Paschen-Back effect).

with m; = m; + m,. For the two cases j = [ & % the matrix elements of S, thus become

1+1

1 1 1
(jlsm;|S.|jlsm;) = (lef+;<jlsml,+§‘ + CZ?_;<jlsml,—§D X

1+
2
S. (th+é

2

1 1 1
jlsml,+§> + C’fiz_ jlsml,—§>) (6.50)

2 h 2m.;
= 4+ = J 5l
) 220+ 1 (6.51)

1
2
I+1

— o7

my,—3

The energy shift induced by a weak external magnetic field is therefore

= 20+2 .
B him; hB ot J=1+1/2
ABZ = 57 \pmy £ | = S /2 (6.52)
T 2mec 20+ 1 2mec % j=1-1/2

The spin-orbit coupling already removes the degeneracy in j. From equation (6.52) we see that
a weak external magnetic field in addition lifts the degeneracy in m;, thus explaining the name
magnetic quantum number. A level with given quantum numbers n and j thus splits into 27 + 1

distinct lines. As an example consider the 2p orbitals of the hydrogen atom. The 2p3/, level,

with j = [ + 1/2, splits into 4 levels according to m; = %, %, —%, —% with AE? = ;Zimj . %.
The 2p1 5 levels split into two with m; = +1/2 and AEZ = ;chmj - 2 (see figure 6.2).

Strong field and Paschen—Back effect. In the case of very strong magnetic fields the
spin-orbit term becomes (almost) irrelevant and the Zeeman term Hy forces the electrons into
states that are (almost) eigenstates of L, + 2S5, = J. + S.. The total angular momentum J? is
hence no longer conserved, but L? and S2 commute with H, so that we can use the original
basis |nlm;) ®|sms) for the calculation. The fact that a strong magnetic field thus breaks up the
coupling between spin and orbital angular momentum and makes them individually conserved

quantities is called Paschen—Back effect.
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The energy shift due to the external magnetic field B is now easily evaluated as

LB
AEZ = 7 (4 omy). (6.53)

nlsm;ms 2
e

The magnetic field B does not remove the degeneracy of the hydrogenic energy levels in [ and
it removes the degeneracy in m; and mg only partially. Considering again the 2p level as shown
in figure 6.2 we insert m; = —1,0,1 and m, = £1/2 into equation (6.53). Due to the g-factor
g = 2 the sum m; + 2m, can now assume all 5 integral values between £2, but the value
m; + 2mg = 0 can be obtained in two different ways and hence corresponds to a degenerate
energy level. In figure 6.2 one observes that the m; = —% line originating from 2ps/, and the

m; = % line originating from 2p; /» converge for large B.

The Stark effect. A hydrogen atom in a uniform electric field E = E,&, experiences a
shift of the spectral lines that was first observed in 1913 by Stark. The interaction energy of
the electron in the external field amounts to an external potential Vg = —eE7 and hence to an
interaction Hamiltonian

Hg = —¢EX = —¢E.z. (6.54)

First of all we shall assume that E is large enough for the fine structure effects to be negligible.
We hence work in the basis [nlm) and ignore the spin because the electric field does not couple
to the magnetic moment of the electron. The matrix elements of Hg are strongly constrained
by symmetry considerations. First we note that z is invariant under rotations about the z-axis
so that J, is conserved and (I'm/|z|lm) is proportional to d,, . Moreover, under a parity

transformation X — —X the interaction term H s is odd, so that
Im|2)lm)  TEST (=) 2] im). (6.55)

Since the integral [ d®z|¢(Z)|*z is invariant under the change of variables # — — & the matrix
element can be non-zero only if [ — I’ is odd. Moreover, one can show that |l — | < 1 for
the electric dipole matrix element (|X|), as we will learn in the context of tensor operators.?
Nonzero matrix elements therefore cannot be diagonal so that a linear Stark effect (i.e. a
contribution in first order perturbation theory) can only occur if energy levels are degenerate
for different orbital angular momenta. Such degeneracies only occur for excited states of the
hydrogen atom (in the ground state one can only observe the quadratic Stark effect, i.e. a level

splitting in second order perturbation theory.

The simplest situation for which we can hope for a linear Stark effect is for [ = 0,1 and

n = 2, for which there may be a nonzero matrix element between the states [200) and [210),

4 A vector operator X correponds to addition of spin 1. Adding spin one to a state of angular momentum [
can only yield angular momentum !’ with |I’ — | <1 (see chapter 9). The same argument will apply to selection
rules of in the dipol approximation for absorption and emission of electromagnetic radiation (see section 6.5).
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Figure 6.3: Splitting of the degenerate n = 2 levels of hydrogen due to the linear Stark effect.

which are degenerate and satisfy the selection rules [ — I’ = 1 and m = m/. Evaluation of the
matrix element yields
(210|2|200) = (200|2|210) = —3eE,aq, (6.56)

0 A
A0

shifts of the linear Stark effect in the hydrogen atom for n = 2, which affect the two states with

where ag is the Bohr radius. Since a matrix of the form ( ) has eigenvalues £\ the level

magnetic quantum number m = 0, are

AE® = +3eE.ao. (6.57)

n=2m=0 —

as shown in figure 6.3. Recall that the linear Stark effect can only occur if there are degenerate

energy levels of different parity, which can only occur for hydrogen.

6.4 The variational method (Riesz)

The variational method is an approximation technique that is not restricted to small perturba-
tions from solvable situations but rather requires some qualitative idea about how the ground

state wave function looks like. It is based on the following fact:

Theorem: A wave function |u) is a solution to the stationary Schrodinger equation if and only

if the energy functional

{ul H |u)
Elu)=——+ (6.58)
(ufu)
is stationary, i.e.
Hl|u) = E|u) & 0E =0 (6.59)

for arbitrary variations u — u—+du, where we do not normalize u in order to have unconstrained

variations.

For the proof of this theorem we compute the variation of the functional (6.58). Since variations

are infinitesimal changes they obey the same rules as differentiation, including the formula
(fl9) =f'19—fd /g% ie.
sp = (ulH ) ((UIHIU>)5(2<UIU>) _ OulH|w) 5 0((ulw) (6.60)

(ulu) ({ulu))

(ulu) (ulu) -
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Using the product rule §(ulu) = (dJu|u) + (u|du) stationarity of the energy implies
0= ||ul|]*- 6E = (ou|H|u) — E{Sulu) + (u|H|0u) — E{u|éu). (6.61)

If the variations of u and u* can be done independently then the first two terms (and the last
two terms) on the r.h.s. have to cancel one another, i.e. (0u|H |u) — E(éu|u) = 0, for arbitrary
variations (du| of u*(Z), which is equivalent to the Schrédinger equation. To see that this is

indeed the case we replace u by v = iu in (6.61) so that dv = idu and dv* = —idu*, implying
0= —i((oulH|u) — E(0ulu)) +i((u|H|ou) — E{u|du)). (6.62)
Adding i times (6.62) to (6.61) we find
OE =0 = (ou|(H — E)|luy =0 ¥V (dul, (6.63)

which implies the Schrédinger equation. This completes the proof since, in turn, (H —FE)|u) =0

implies the vanishing of the variation (6.61).

If we expand |u) in a basis of states |u) = > cyle,) then our theorem tells us that the
Schrodinger equation is equivalent to the equations gT]i = 0. But for an infinite-dimensional
Hilbert space we would have to solve infinitely many equations.

The variational method thus proceeds by introducing a family of trial wave functions
u(ag, g, ..., ap) (6.64)

parametrized by a finite number of variables «; and extremizes the energy functional within the
subset of Hilbert space functions that are of the form (6.64) for some values of the parameters
«;, i.e. we solve

OE(u(ay,...)) OE(u(ap,...))
8(11 8&n ( )

If the correct wave function |ug) for the ground state happens to be contained in the family

(6.64) of trial functions then the solution to the stationarity equations with the smallest value of
E(u) provides us with the exact solution to the Schrodinger equation. If we have, on the other
hand, a badly chosen family that does not anywhere come close to |ug) then our approximation
to the ground state energy may be arbitrarily bad. Nevertheless, for an orthonormal energy

eigenbasis |e;,)
(uHu) =) " leal(enlHlen) = Y leal By > |[ul*Emin = E > Epin (6.66)

so that we will always find an rigorous upper bound for the ground state energy.
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6.4.1 Ground state energy of the helium atom

We now apply the variational method to improve a perturbative computation of the ground
state energy of the helium atom, which is a system consisting of a nucleus with charge Ze = 2e
and two electrons. Treating the nucleus as infinitely heavy and neglecting relativistic effects

like the spin-orbit interaction we consider the Hamiltonian

h? 2e?  2€? e?
H=— (A1 +Ay) — — — — + —, (6.67)
2me 1 T2 712
which consists of the kinetic energies T; = —%Ai, the Coulomb energies V; = —2¢?/|7;| due

to the attraction by the nucleus and the mutual repulsion Vi = €?/|Z; — 75| of the electrons. If
we omit the repulsive interaction among the electrons in a first step, the Hamiltonian becomes

the sum of two commuting operators

h? 2e?  2¢?
(A1 +Ag) = — = —=(T1 + Vi) + (T + V) (6.68)

2me, 1 T

Hy = —

for two independent particles and the Schrodinger equation Ho|u) = Ep|u) is solved by product

wave functions
u(‘fbe) = Unqlymy (‘fl> Unglama (fQ) (669>

The energy thus becomes the sum of the two respective energy eigenvalues,
(1 1
Ey=—-Z"R|{—=+—= |, (6.70)
ny  ng
where R = h?/2m.a? = mee*/2h* = 13.6eV is the Rydberg constant. For the approximate
ground state wave function ub™"(Z),72) = w100(Z1)u100(Z2) this implies EF" ~ —108.8eV
where the superscript refers to the Rayleigh—Schrodinger perturbation theory with

62

H=H,+V, V=Vy=—. (6.71)

712
For the wave function we have ignored so far the spin degree of freedom and the Pauli exclusion
principle. In chapter 10 (many particle theory) we will learn that wave functions of identical
spin 1/2 particles have to be anti-symmetrized under the simultaneous exchange of all of their
quantum numbers (position and spin), which is the mathematical implementation of Pauli’s
exclusion principle. For the ground state of the helium atom the wave function is symmetric

under the exchange 7; < ¥5 and total antisymmetry implies antisymmetrization of the spin

degrees of freedom so that
Uo(fl,fQ,Su, 82;:) = U100(f1) U100(52) |0,0>12, (6-72)

where |0,0)15 is the singlet state in spin space. Since this will not influence any of our results

we will, however, ignore the spin degrees of freedom for the rest of the calculation.
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Taking into account now the repulsion term V' between the electrons in (6.71) as a pertur-

bation, the first order ground state energy correction becomes

‘UIOO(fI)P ”Uloo(@)’z
|T) — o

El = <UQH/12‘U0> = 62/d3x1d3$2 (673)

where

3
1 Z\2? _z
7= —|— ag " 6.74
Uloo(fb’) ﬁ (a0> € 90 ( )

is the wave function of a single electron in the Coulomb field of a nucleus with atomic number

Z and qq is the Bohr radius.

The integrals for the energy correction (6.73) are best carried out in spherical coordinates,

Z3 2 o —==r > — =T 2
E, = (T) / dririe “ 1/ drarie % 2/d91d92ﬁ6—ﬁ- (6.75)
agm 0 0 |71 — T

If we first perform the angular integration df2; it is useful to recall that a spherically symmetric
charge distribution® at radius r; creates a constant (force-free) potential —¢/ry in the interior
r < rp; and a Coulomb potential —¢/r of a point charge located at the origin for r > ry.
Performing the §2;—integration we thus obtain

5 \2 [ oo L To > T
E, = 4x (%f) / dro r%/ drq rf/dQQ e w0 a0 {Tf ? ! (6.76)
o 0 0

=y o < T71

2Z 2Z

2 oo o0
= 2(4n)? (%) / dry Tf/ drorg e a0’ e a"? (6.77)
0 r1

where the contribution of the domain r, < r; is accounted for by the prefactor 2 in the second

line and the trivial {2,-integration has also been done. With f re " = —%e_cr and ¢ = %
we find
B, = Z 6 2 OO d 2 ag \ 2 ag —%Tl
1 =32 <a—0> e i Ty ((ﬁ) +r1ﬁ> e @ (6.78)
and with [ drr"~te™ =T(n)/c* = (n — 1)!/¢" the energy correction becomes
Ze? 2! 3! 5 Ze?
E; =32 = ——— =& 34.015 V. 6.79
! a (2243+2~44) 8 aq ¢ (6.79)

With Ey = 8R and R = 13.606 eV our perturbative result for the ground state energy of the
helium atom becomes
EY™ — By + By + ...~ —74.83eV (6.80)

This is about 5% higher than the experimental value
ES™) ~ —79.015¢eV, (6.81)

which is not too bad for our simple approach, in particular if we note that the first perturbative

correction F;, with almost 1/3 of Ey, is quite large.

% Since all solutions to the homogeneous Laplace equation are superpositions of 'Y}, and r—!~1Y},, spherical
symmetry implies [ = 0 so that the potential is constant in the interior r < 7¢pqrge, as there is no singularity at
the origin, and proportional to 1/r for r > 7¢parge, as the potential has to vanish for r — oc.
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6.4.2 Applying the variational method and the virial theorem

In order to improve our perturbative result we note that the second electron partially screens
the positive charge of the nucleus so that the electrons on average feel the attraction of an
effective charge ¢.;y < Ze and are less tightly bound. This suggests to use the ground state
wave function of a hydrogen-like atom with the atomic number Z of the nucleus replaced by
a continuous parameter b. Our starting point is thus the family u(b) of normalized trial wave

functions

b3 — 2 (r1+r
u(Zy, T3 b) = e g (11 2 (6.82)
0

where we recover the case (6.72) for b = Z and expect to find b < Z at the minimum of E(b).
The expectation value
5 be?
(u(b)[Viz|u(b)) = - — (6.83)
8 ao
directly follows from (6.79) by replacing Z by b. But in order to find the expectation value of
Hy =T, 4+ Vi, + 15+ V5 we need to decompose the ground state energy T'+ V into the kinetic
contribution, for which we simply can replace Z by b, and the potential contribution, which is

proportional to the charge Ze of the nucleus. The decomposition can be obtained as follows.

The virial theorem: If the potential V' (Z) of a Hamiltonian of the form

is homogeneous of degree n, i.e.
V(AT) = A"V (Z) vV AeR, (6.85)

then the expectation values of T and V are related by®
2 (u|T|uy = n{ulV]u) (6.89)

so that (u|T|u) = 25 F and (u|V|u) = 25 E for every bound state |u).

6 The proof of the quantum mechanical virial theorem is based on the Euler formula

> 2oV (F) = nV (&) (6.86)
i
for a homogeneous potential of degree n and on the fact that the expectation value of a commutator [H, A]
vanishes for bound states |u;),
(wi| [H, A] Ju;) = (u;|]HA — AH|u;) = (w;| ;A — AE;|u;) = 0. (6.87)
The theorem then follows for A = X P because
(XP, L] =2int  [XP,V]=12X9Vv =  [XP H|=ih(2T —nV). (6.88)

For further details see, for example, chapter 4 of [Grau].
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Since the Coulomb potential is homogeneous of degree n = —1 we find

Ti=-3i=Z"R=22 0 (u®)|Tu®) = L2, wb)Vi]u®) = 2L (6.90)

2a0 2a0 ap

The energy functional E(b) = (u(b)| (T1 + Vi + T + Vo + Vio) |u(b)) thus becomes

e2 o2

BEb) =g (P =22Z+3b) =5 (0-Z+ 7))~ (Z-5)). (6.91)

The minimal value E,,;, = —%(Z — 1—56)2 is obtained for b = Z — 1%. For the helium atom we
thus obtain

B = -2 ()" ~ 7750V, (6.92)

which is only 2% above the experimental value (6.81). The effective charge becomes b ~ 3.

6.5 Time dependent perturbation theory

We now turn to non-stationary situations. In particular we will be interested in the response
of a system to time dependent perturbations

H(t) = Hy + W(t), (6.93)

where the unperturbed Hamiltonian Hj is not explicitly time dependent. For simplicity we

assume that the unpertubed system has discrete and non-degenerate eigenstates
H0|§0n> = En|90n>' (6'94>
If the perturbation is turned on at an initial time ¢y this implies
0
zha]go(t» = Hyle(t)) for  t <t (6.95)
0
zhalw(t» = (Ho + W(t)) |(t)) for t >t (6.96)
where the state [¢;(t)) is defined by the initial condition
|1hi(t =to)) = [i(to)) (6.97)

if the system is originally in the stationary state |¢;). We first consider two limiting situations:

e In the sudden approximation we assume that a time independent perturbation is

switched on very rapidly,

Lswitch <K tresponse = W(t) = e(t - tO)W/ (698)
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so that we can describe the time dependence by a step function 6(t — ty). A physical
example would be a radioactive decay, where the reorganization of the electron shell
takes much longer than the nuclear reaction. Hence the Hamiltonian suddenly changes
to a new time-independent form H' = Hy + W'. For t > t, the system has a new set
of stationary solutions [¢f), and since the wave function has no time to evolve under a

time-dependent force the transition probability into a final state

Piey = [yl (6.99)
is determined by the overlap (scalar product) of the wave functions.

e The adiabatic limit is the other extremal situation,

tswitch > tresponse; (6100)

for which the time variation of the external conditions is so slow that it cannot induce a
transition and the system evolves by a continuous deformation of the energy eigenstate
because we have, at each time, an almost stationary situation. More quantitatively, the
transition probability will be negligable if the energy uncertainty that is due to the time

variation of H is small in comparison to differences between energy levels.

In the rest of this section we will consider small time-dependent perturbations W (t) =

AV (t), where a small parameter A can be introduced to control the perturbative expansion, but

it is equivalent to simply count powers of W. Since the perturbation is small we can, at each

instant of time at which we perform a measurement, use eigenstates |¢y) of Hy to represent the

possible outcomes of the reduction of the wave function. Our aim hence is to determine the
probability

Pies = o shin() (6.101)

for finding the system in a final eigenstate |p) after having evolved from |¢;) under the influence
of H = Hy+W according to (6.96) with boundary condition (6.97). For simplicity we set ty = 0.
It is convenient to perform the perturbative computation of (6.101) in the interaction picture
[W(t))r = et (1) = Ug(le(@),  Uo(t) = e 3", (6.102)

so that
ih O (t))r = Wi(t)|Y(t))r with Wi (t) = en oW (1) e~ 7 Hot (6.103)

as we found in (3.146-3.152).
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Our next step is to transform the Schrodinger equation (6.103) of the interaction picture

into an integral equation by integrating it over the interval from ¢, = 0 to t,

0 =i+ [ WO (6.104)

where we used the boundary condition (6.97). For small W;(t) we can solve this equation by

iteration, i.e. we insert [1;); = |¢;)+O(W) on the r.h.s. and continue by inserting the resulting

higher order corrections of |1;);. We thus obtain the Neumann series’
1 t
B = el i [ W)+
~— th Jq
initial state ~~ 4
first order correction
1 t t!
+ " / dt/ / dt” W](t,)W[(t”)|g0i> + ... (6107)
\(lh}Q 0 0 B

second order correction

The transition amplitude now becomes

Aoy = sl =g = [ at (e Wit o + O WD) (6.108)

In the remainder of this section we focus on the leading contribution to the transition from an
initial state |¢;) to a final state |¢y) with f # i,

l

AL
i—f A

t ) )
/ dt’ (5] en MW (e it ;) (6.109)
0

. t ]
= = | R W) o) (6.110)

where we used Hyly;) = E;|p:) and (p¢|Hy = (pf|Es to evaluate the time evolution operators.
For first order transitions we thus obtain the probability

2

1 1 ! iweit!
Py =gz || @t e oW ele) (6.111)
with the Bohr angular frequency
E; — E;
wp = fT (6.112)

7 Introducing the time ordering operator T by

A(tl)B<t2) if t1 > to
TA(t))B(ta) = 0(ty — ta)A(t1)B(ta) + 0(ta — t1)B(ta) A(t1) = 6.105
(t1)B(tz) = 0(t1 — t2) A(t1) B(t2) + 0(t2 — t1) B(t2) A(t1) {B(t2)A(t1) —— (6.105)
the Neumann series can be subsumed in terms of a formal expression for the time evolution operator
i) = Ur®lea), Us(t) = Te™ # o 4 Wi®) (6.106)

as is easily checked by expansion of the exponential.
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|ALl?

—Wri Wi

Figure 6.4: The functions |[AL|* = Sir(li(f—/“;t)ém — 27t0(Aw) of height t*/2 and width 4 /t.

Note that the transition probability (6.111) is related to the Fourier transform at wy; of the
matrix element (@ ¢|W (t')|p;) restricted to 0 < ¢’ < t.

Periodic perturbations. In practice we will often be interested in the response to periodic

external forces of the form
W (t) = 0(t) (W, e + W_e ™) with Wi =w,. (6.113)

Then the time integration can be performed with the result

1 2
Py = 5| Av lrlWilon) + A= (s W-|i2) (6.114)
in terms of the integrals
t (wpiFw)t ) 1 .
AL = / gt elerort — CT T e SN ((wyi & w)t/2) (6.115)
0 i(wri £ w) (wyi £w)/2

Figure 6.4 shows that the functions A4 (w) are well-localized about w = Fwy;, respectively, and

converge to d-functions

. 2
AL = (%‘7;/2) — 2mt5(Aw)  with  Aw=wtw (6.116)

for late times ¢ > 1/wy;, where the prefactor follows from the integral

[rode(B9) = m s lim }(29)" = moe) (6.117)

t—oo t §
For t — oo the interference terms between A, W, and A_W_ in (6.114) can hence be negleted,

2mt A2 \ |2
Py = = (8(B; = Be— )| IV 1) + 5(By — B+ )| (WL 1F) . (6118)
For frequencies w ~ Fwy; the transition probabilities become very large so that the contribution
of A_W_ is called resonant term (absorption of an energy quantum 7uwy;) while AL W, is called
anti-resonant (emission of an energy quantum fuvy;). Since the probability becomes linear in ¢

it is useful to introduce the transition rate

Dip = limy oo (3Piy)- (6.119)
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For discrete energy levels we thus obtain Fermi’s golden rule
27T N2
Doy = 2 (WLl 8y — B % ho) (6.120)

which was derived by Pauli in 1928, and called golden rule by Fermi in his 1950 book Nuclear
Physics. The d-function infinity for discrete energy levels is of course an unphysical artefact of
our approximation. In reality spectral lines have finite width. For transitions to a continuum
of energy levels we introduce the concept of a level density p(F) by summing over transitions

to a set F' of final states,

Dip=Y Tip — [dfTiy= / dE p(E)Ty_;. (6.121)

Inserting this into the golden rule we can perform the energy integration and obtain the inte-
grated rate

2m _

Li(w) = p(Ey)— [(AWL))®,  Ep = Ei% hw. (6.122)

If f € F is characterized by additional continuous quantum numbers 3, like for example the

solid angle covered by a detector, the level density can be generalized to df (E, 3)=p(FE, 3) dE d

and the integrated transition rate is obtained by integrating over the relevant range of 3’s.

6.5.1 Absorption and emission of electromagnetic radiation

We now want to compute the rate for atomic transitions of electrons irradiated by an electro-

magnetic wave. The relevant Hamiltonian can be written as

1 e -\ 2 eh _ =
H=—(P=24) + V() - 58 6.123
2me, c +Vi(r) 2mecJ ( )
with
A ... vector potential of the electromagnetic radiation,
V() ... central potential created by the nucleus,
2;zcc_r'é ... magnetic interaction with the radiation field.
We split the Hamiltonian as
P2
H = Hy+ W(t) with Hy = 5 + V(r) (6.124)
m@
and interaction term
e ,=2o oo eh - e .
W(t)=— PA+ AP)— 7 ’ 6.125
®) 2m€c< + 2mec 2m.c? ( )
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The last term can be ignored because it is quadratic in the perturbation A. For the vector

potential of the electromagnetic field we take a plane wave
A1) =24, (e*i(wt*’gﬁ + ei(wt*’z@) (6.126)

with frequency w and polarization vector €. Since B = curl A = ik x A the magnetic interaction

term Wy can be neglected for optical light, for which hk < [(f|P|i)| ~ hi/ao. In the radiation

gauge
divA=iPA=0 & k=0, (6.127)
hence PA + AP = 2AP and the relevant matrix element becomes (up to a phase)
. e 4 S ik
(fIWali) :—Aom Ce(f\Peik ). (6.128)

For optical transitions expectation values of Z are of the order of ag < 1/k so that we can drop

contributions from the exponential
(f|Pe™ )iy ~ (f|P|i). (6.129)

This is called electric dipole approximation because the matrix element of P can be related

to the matrix element of the dipole
Dyi = (f|X1i) (6.130)
using

—

[H()?X] =

heﬁ = (f|Pli) =i

Me
m h

(f] [Ho, X)li) = i (Ey — E){fIXl).  (6.131)
Inserting everything into Fermi’s golden rule we obtain the transition rate

2
21 | Age me

Py = 7 [0 (B~ E)E(fIX0)| 0(E; — B % hw) (6.132)
2 2,2 - 2
- 7;;0;” §(Ey — E; + hw) A2 |2 (X)) . (6.133)

The selection rules for the dipole approximation are obtained by considering the matrix

elements
(n'I'm’| X |nlm). (6.134)

Under a parity transformation X — —X the spherical harmonics transform as
Yim(m = 0,90 +7) = (=1)"Yin (6, 0). (6.135)

-U'+1

The matrix element (6.134) hence transforms with a factor (—1) so that spherical symme-

try implies that [ — I’ must be odd. Since

(L., X3] =0, [L., X1 +iXo] = +h(X; +iX>) (6.136)
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the components X3 and X1 = X; £+ X5 of X change the magnetic quantum number by
m' —m € {0,£1}. More generally, we will learn in chapter 9 that the vector operator X
corresponds to addition of angular momentum 1, so that I’ — | < 1. Combining all constraints

we find
I'—1=1,-1, m;—m; = 1,0, —1. (6.137)

Moreover, since we neglected magnetic interactions, spin is conserved m/, = mg. These selection
rules translate to

in the total angular momentum basis |jlsm;).

In the present chapter we could only compute induced absorption and emission. Sponta-

neous emission will be discussed in chapter 10.



