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Review

@ In previous lectures, we have discussed some of the basics of quantum
field theory

@ Let us now use the knowledge gained to apply QFT tools for a
problem of physical interest: thermal phase transitions

@ Prime examples for thermal phase transitions are the QCD phase
transition in the early universe, the electroweak phase transition and
Higgs mechanism in particle physics

@ We do not yet have the tools to do a fully quantitative calculation of
either of these (requires gauge fields, fermions, etc.)

@ But we do have the tools to discuss thermal phase transitions
qualitatively using scalar field theory
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N
A Model Potential

@ In previous lectures, we have considered QFTs with scalar field
potentials of the form

V(6) = %m2¢2 A (18.1)

@ For these potentials, we had

(0(x)) =0, (¢(x)d(y)) = Grree(x —¥) --- (18.2)

@ Higher order correlators given in terms of products of propagators via
Wick's theorem
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N
A Model Potential

@ In previous lectures, we have considered QFTs with scalar field
potentials of the form

1
V(p) = 5m2¢2 + ot (18.3)
o Now let us flip the sign of m? and consider the potential

V(6) = —%m2¢2 v (18.4)

@ We expect the quantum field theory to be well-behaved for A # 0
because the ¢* term makes integrals convergent despite the imaginary
mass term
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N
A Model Potential

Plotting the potential V/(¢) for A = 1, it looks like this:

Vig)
030}

The point ¢ = 0 is classically unstable; this is a consequence of the
negative m? term (imaginary mass always signals an instability)
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N
A Model Potential

@ Because for A = 0 the potential is unstable, perturbation theory will
not work as before

@ In some sense, we would be expanding around the wrong
“ground-state”

@ However, it is easy to realize how this can be repaired: expand around
the stable minimum of the potential instead of ¢ = 0!
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N
Mean Field

@ We can formally separate the quantum field ¢ into a constant plus
fluctuations:

P(x) =+ ¢'(x). (18.5)

o We will refer to ¢ as the “mean field”

@ The path integral will become

7 = /dé/pd)’e—g[@]—y[&w]’ (18.6)

where S[¢ + ¢'] = 5[g] + S'[¢, ¢'].
@ Note that the integral over the mean field is a “regular” integral

paul.romatschke@colorado.edu Lecture 18 Fall 2020 7/12



N
Mean Field

@ We can formally perform the integral over fluctuations ¢’ so that
Z = / dge BVVerr(9) (18.7)

where SV is the space-time volume of the Euclidean thermal cylinder
e and we call V,g(¢) the effective potential

o Note that in the large volume (low temperature) limit where
BV — oo, the partition function is given by the minimum of the
effective potential

Z — e_ﬁvvcff(‘Emin)""o(ln(ﬁv)) , i‘iﬁ‘ g O . (188)
d(zs d_)zamin
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N
Mean Field

@ To get some idea of what these new concepts mean, let us first
simply ignore fluctuations

@ This is a drastic approximation, but often not as bad as expected in
capturing the correct physics

o If we simply ignore fluctuations, all we have is the mean field
¢(x) = ¢ such that

Z = / dge 519! (18.9)

@ Since ¢(x) is constant, the kinetic term does not contribute to the
action:

S0 = [ or [xv@) =@, (810)
where V() is just (18.4) evaluated at ¢ = ¢.
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N
Mean Field

@ Thus we find in mean-field approximation
Zot = /déeﬁ‘/‘/@, (18.11)

with V/(¢) the classical potential

e Comparing (18.7) and (18.11), we find that the effective potential in
the mean field approximation is given by the classical potential

@ The classical potential (18.4) has a minimum located at

(;Z_Smin = il
2v/\

so that within mean-field In Z,¢ = 6V16)\ + O(In(5V))

(18.12)
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N
Mean Field

@ We may consider the expectation value of the field itself

(o(x))fun = W : (18.13)

where the subscript “full” is a reminder that we are not doing
perturbation theory

@ In mean-field approximation, we have

T1.—5
fd¢¢e :gZ;::I:

(A(x))mt = 7 m ) (18.14)

@ In previous lectures, we found that when T > m we can ignore m,
such that we expect (¢(x)) =0
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Thermal Phase Transitions

@ We conclude that in-between the zero-temperature case where
(¢(x)) # 0, and the high temperature case where (¢(x)) = 0 there
must be some sort of transition

@ We call this a thermal phase transition

@ and (&(x))u is the order parameter of the transition
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